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SUMMARY

A proportional hazards model with varying coefficients allows one to examine the extent
to which covariates interact nonlinearly with an exposure variable. A global partial likelihood
method, in contrast with the local partial likelihood method of Fan et al. (2006), is proposed for
estimation of varying coefficient functions. The proposed estimators are proved to be consistent
and asymptotically normal. Semiparametric efficiency of the estimators is demonstrated in terms
of their linear functionals. Evidence in support of the superiority of the method is presented in
numerical studies and real examples.

Some key word§lobal partial likelihood, proportional hazards model, semiparametric efficiency, varying coefficient.

1. INTRODUCTION

The Cox proportional hazards model is one of the most celebrated models for analyzing
lifetime data. It explicitly postulates the covariate effects on the hazard risk td(He=
Xo(t) exp{f(Z)}, where)y(-) is the baseline hazard function afi¢t) represents the covariate
effects and is commonly assumed to be a linear function. In practice, however, some covariates
may interact nonlinearly with other exposure variables. For example, the effects of a medical
treatmentZ may vary with agéV. The variation often cannot be calibrated properly in a para-
metric form, so the following varying coefficient Cox model is considered by Fan et al. (2006):

A(t) = Ao(t) exp{B(W)'Z + g(W)}, (1)

where3(-) andg(-) are unknown functions of interest, characterizing the extent to which the
association varies with the scalar exposure vari&ileWhen the variablé?” represents time,
model (1) becomes a Cox model with time-dependent coefficients, which has been extensively
studied; see Zucker & Karr (1990), Murphy & Sen (1991), Gamerman (1991), Murphy (1993),
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2 K. CHEN, H.Z. LIN, AND Y. ZHOU

Marzec & Marzec (1997), Martinussen et al. (2000), Cai & Sun (2003), Tian et al. (2005), among
others.

With parametrigg(-) and3(-) in model (1), Cox’s partial likelihood approach is the standard
tool for statistical analysis; see Cox (1972), Kalbfleisch & Prentice (1980), Cox & Oakes (1984)
and Andersen et al. (1993), among many others. For m@adetith unknowng(-) andj(-), Fan
et al. (2006) propose a local partial likelihood approach for estimatingand 5(-). A local
partial likelihood is based on observations with) in a small neighborhood of a givan. The
method is properly motivated and rather simple to implement and analyze. However, the local-
ization suffers a loss of efficiency since the observations outside the neighborhood which carry
information abouty(w) and 5(w) are not used. Moreovey,(w) cannot be directly estimated,
as it cancels out of the local partial likelihood. As a result, amly) andg(-), the derivative of
g(+), can be directly estimated. Althougti-) can be estimated by subsequently integrating the
estimate ofj(-), the large sample properties of this estimate are not formally established and sta-
tistical inference is not immediately available. Also, the local partial likelihood approach cannot
handle a discrete exposure variable.

In this paper, we propose a global partial likelihood method for the estimatighawfd g.

The main idea is to derive estimating functions directly from Cox’s partial likelihood rather than
from local partial likelihood. All observations are used for the estimatiop(af) and g(w).

The superiority of this method is reflected in its semiparametric efficiency in terms of linear
functionals. The coefficient functions and g and their derivatives are estimated directly and
simultaneously. This approach reduces to Cox’s partial likelihood approachiWhemliscrete.

We show that the proposed estimates are uniformly consistent and asymptotically normal. The
optimal bandwidth is found to be at the order;of!/5, the same as in classical nonparametric
regression.

2. PARTIAL LIKELIHOOD ESTIMATION
2-1. Notation and related estimation

Let 7; andC; denote the failure time and censoring time of subjettet 7; = min(7;, C;)
be the observed event time ank, be the failure/censoring index. Assume tifatand C;
are conditionally independent of each other given covariatesnd 1W;. The observations are
(Ti, A;, Z;,W;) fori=1,...,n,whereZ; = (Z;,...,Z;y,)" andW; are two types of covari-
ates. Consider the varying coefficient model (1). Following Fan et al. (2006), for ease of presen-
tation, we drop the dependence of covariates on timéth the understanding that the methods
and proofs in this paper are applicable to time-dependent covariates. The partial likelihood for
model (1) is

exp{B(W;)'Z; + g(W;)}
jerery) exp{BW;)' Z; + g(W;)}

=1

whereR(t) = {i : 7; > t} is the risk set at time.
Suppose all components gfu) andg(u) are unspecified and smooth. For every giveand
u close tow, Taylor expansion implies

Bu) = Bw) + Bw)(u — w) = § +1(u —w),
g(u) = g(w) + g(w)(u — w) = @ +y(u - w), ©)
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Varying coefficient Cox model 3
whereg(u) = dg(u)/du. Let N;(t) = [(T; < t,A; =1),Y;(t) = I(T; > t),
¢ = (&b hy) and Vi = {Z, Z!(W; — w)/h, (W; —w)/h}".

Substituting (3) into (2), Fan et al. (2006) consider nonparametric estimation based on the local
partial likelihood score equation:

- Sl (t7 g)
> it {vi - g Janin =0, (4)
where  S,,(t,0) = S0y Y (V" exp(CV) K (w), V=1, V' =V, Ki(w) =
K,(W; —w), Ky(-)=K(-/h)/h, K is a kernel function, andh represents the size of
the local neighborhood. Note, however, thgtv) is not directly estimable because (4) does
not involve the interceptt = g(w), which cancels out. Furthermore,Jif is a discrete random
variable taking a finite number of values, a small window aroungould only contain itself.
Then (4) reduces to an equation which does not invglve Thus the local likelihood estimator
is not applicable whe#l’ is a discrete random variable.

2-2. Global partial likelihood estimation

The motivation of global partial likelihood is quite straightforward. For every fixeith the
range oflV, suppose that andg are known outside a neighborhodtl (w) of w. Set

§= (¢, o, hn,hy) and X; = {Z], 1, Z{(W; — w) /h, (W; — w)/h}".
Then one can consider maximizing
A
Liexp(&'X;) + (1 — I;) exp(¢y) ]
Yjermtliexp(§X;) + (1 = Ij)exp(vy)} | 7
wherey; = B(W;)' Z; + g(W;) andI; equalsl if W; € B, (w) and0 otherwise. Replacing;
with a kernel functionk’; that decreases smoothly to zero, we obtain
n Ai
( Ki(w) exp(§'X:) + {1 — Ki(w )}exp(wz) ) .
1\ Zjerm) K (w) exp(§'X;) + {1 — Kj(w)} exp(¥;)]

Since the trued(-) andg(-) are unknown, the objective function (6) is not directly useful. The
key idea of our method is to use an iterative algorithm and replace the unkmgyand g(-)
with values from the previous step of the iteration. That is, we may estighatestepm by
maximizing

" K(w) exp(¢'X,) + {1 — Kiw >}exp<w<m‘”> >
Il N
i1 \ Djeren) [KG(w) exp(/X;) + {1 = K;(w)} exp(ey™ )]

wherew](m_l) = Bm=Y(W;) Z; + g™~ (W;). We differentiate the logarithm of (7) with re-
spect to¢ and solve the following equations fér

U Yjer(n) Kj(w) exp(§'X;) X )
2 ( S ereny | Ki(w) exp(€'X;) + {1 = K;(w)} exp(ey™ )]
It follows from (5) that

exp(1hj) = {K;(w) + 1 — Kj(w)} exp(v;) =~ Kj(w) exp(§'X;) + {1 — K;(w)} exp(¢;).

n

(5)

(6)
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145 We then consider the following set of equations§or
146

" Kj(w)e X
147 oA | Kiw) X, - Ljer(n) Kj(w) exp(€X;)X; | 0 ©)
148 ; (m—1)
149 i=1 Yier(m) exp(¥; )
150 which is the following global partial likelihood score, using the counting process notation,
151 n

T Snl (t; 5) ]

153 ; 0 [ ( ) Sn(] (t;ﬂ(m_l),g(m_l)) ( )
154 with
155 n n
156 = > Yi(®) exp{B(W;)'Z; +g(W))}, Sma(t:€) = Y Yi(6)X;K;(w) exp(¢'X;)
157 i=1 =
igg andT = oo. For technical development,is often assumed to be finite to avoid the tail problem.

As g(-) is identifiable up to a location shift, we s¢t™ (WW,,) = 0 for all m > 0 for notational

122 and computational convenience. The iterative algorithm is formally presented in the following.
162
163 * Step 0. Choose initial values 6t (w) andg(®) (w) for w = Wy, ..., W,,. For example, one
164 could choose the local partial |Ike|lh00d estimate@0f) andg(-) (Fan et al., 2006).
165 e Stepm. For every givenv = Wy, ..., W, obtain{ by solving the equations (10), which in-
o~ ~ /
166 volves3"=D ;) andg ™~ (W;),1 < i < n. Leté(w) = {(w)’, a(w), hij(w)’, i (w) }
167 be the solution of. Then 3™ (W;) = 6(W;) for i = 1,...,n and g™ (W;) = a(W;) for
168 1=1,....,n—1.
169 . Repeat the above steps far= 1,2, ... till 50 (W;) andg™ (W;), 1 < i < n, converge.
gg e Foreveryw in the range ofV, the estlmates o (w), B(w), g(w) andg(w), denoted bys (w),
172 B(w), g(w) and§( ), respectively, are obtained by solving the equations (109,fera: and
173 ~. This can be achieved by replaciag” 1 (W;) andg™ 1 (W;) with their estimators,which
174 are defined as the limits of the above |terat|on
175
i;? Suppose the exposure variabletakes finite valuesy, . .., bx. Assumey(bg ) = 0 for iden-
178 tifiability. Then, as long as the bandwidthis smaller thanmin (|bx, — b;| : | # k), we have
179 W; = W; for [W; — W;| < h. As aresult, (10) reduces to
180 " . Y ierm) 23 I(W; = bk)exp{ﬂ(bk)/z‘ + g(bx)}
181 S0 A ZEI(W; = by) = S , )
182 i=1 2 jER(T: Zz 1 I(W; = by) exp{B(b1)'Z; + g(b1) }
183 whereZ* = (Z!,1)". These are the same as the Cox partial likelihood estimating equation. The
184 solutions of3(by) andg(by) are the Cox partial likelihood estimates/@fb;) andg(bx). Hence,
185 the proposed estimate reduces to the Cox partial likelihood estimateWhiemliscrete.
186 Comparing the proposed global partial likelihood score (10) with its local counterpart (4),
187 we can see that the local partial likelihood score is based on the estimating equatign for
188 using only local data, while the global partial likelihood score is based on the estimating equa-
189 tion for X; K;(w) using all of the data. As expected, the global partial likelihood estimator is
190 more efficient. Its semiparametric efficiency is presented in Theorem 3. In addition, the local
191 partial likelihood estimation uses the kernel functions twice and cannot be extended to the Cox

192 model with time-varying coefficients, in which the varialbléis time. However, in this case, the
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193 global partial likelihood estimator based on (10) reduces to the Cox partial likelihood estimate,
194 as considered by Cai & Sun (2003) and Tian et al. (2005) for the Cox model with time-varying
195 coefficients. In this respect, the proposed method is more flexible than the local partial likelihood
196 method.
197 When the variabléV is time, Zucker & Karr (1990) use a penalized partial likelihood ap-
198 proach and Murphy & Sen (1991) use the sieve approach for estimation. Their methods are also
199 global. However, the Zucker—Karr and Murphy—Sen estimators involve maximization of func-
200 tions over a parameter space whose dimension increases with the sample size. This optimization
201 problem can be rather complex. In addition, no guidelines are available for choosing the seg-
202 ments of the sieve method and the asymptotic distribution of the Zucker—Karr estimator is fully
203 established only for the case with a single covariate (Tian et al., 2005). Further, the theoreti-
204 cal efficiency of these estimators has not been formally established. Martinussen et al. (2002)
205 propose a one-step estimation for the cumulative parameter furféﬁ@(m)du of the semipara-
206 metric hazard model with time-varying regression coefficients. Using the fixed point theorem,
207 the estimator is shown to be'/2-consistent and semiparametric efficient. However,the-
208 consistency is obtained only for the cumulative function, not for the covariate effects function
209 itself.
210
211
212 3. LARGE SAMPLE PROPERTIES
213 We now establish the uniform consistency and asymptotic normality of the global partial like-
214 lihood estimator. Without loss of generality, we §i§0) = ¢(0) = 0 and assume that the support
215 of W is [0, 1]. Additional regularity conditions are stated in the Appendix. The uniform consis-
216 tency of 3(-) andg(-) is presented in Theorem 1. The proofs of Theorems 1-3 are given in Part
i; A of the Supplementary Material.
219 THEOREM 1. Under Conditions (C1)-(C7) stated in Appendix Apas> co, we have
220 .
221 sup ||B(w) = B(w)l| — 0 and  sup [g(w) — g(w)| — 0

O<w<1 O<w<1
222
223 in probability.
25‘5‘ LetO(w) = {B(w)', g(w)}’, B(w) = {B(w)’, §(w)} andZ* = (Z',1)". To express explicitly
226 the asymptotic expression of the estimatow) — 6(w), we introduce some notation. Let
227
228 Wi = /xiK(x)d:c, v = /xiK2(1‘)dw, pr(t| z,w)=pr(7 >t|Z =2 W =w),
229
230 andf(w | z) be the conditional density function & givenZ = z. Denote
231 -
232 I'(z,w) = / pr(t | z,w)Ao(t)dt, D(w)=FE [Z*Z"T(Z,w)exp{0(w) Z*}f(w | Z)],
233 0
234
235 so(t;0) = E [pr(t | Z,W)exp{6(W)' Z*}],
236
ol s1(:6,0) = B [Z°pr(t | Z,w) exp{d(w)' 2"} f(w | 2)]
239 and¥ (u;w) = [§ s1(t;6,w)s1(t;60,u) Ao(t)/so(t; 0)dt.

240
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o~

THEOREM 2. Under Conditions (C1)—(C7) stated in Appendix A, fox w < 1, 6(w) —
0(w) satisfies the Fredholm integral equation

~

0w) — 0(w) = D)™ [ W) 8 - 6} + (nh) S (w)
5hf(w) + o, + (nh) ), (1)

where Yo (w)Xo(w)' = vyD(w)~!, ¢ is a standard normal random vector ang{w) =
d%g(w)/dw?.

Let A be the linear operator satisfying(¢)(w) = D(w) ™! fol U (u; w)e(u)du for any func-
tion ¢. Let I be the identity operator. Then (11) can be written as

(I — A0 —0)(w) = (nh)~*Zo(w)p + %h%e)'(w) + o {h% + (nh)"Y?}. (12)

We prove(I — A)~! exists and is bounded in Part A of the Supplementary Material. Then, (12)
yields

O(w) = O(w) = (nh)">(I = A) " (Zo)(w)p + %h%(f — A) L) (w) + 0p{h? + (nh) "2},

The order of the asymptotic bias éfw) — (w) is h? and the order of the asymptotic variance
is (nh)~!. As a consequence, the theoretical optimal bandwidth is of ard&. Corollary 1
below follows from (12) in a straightforward fashion.

COROLLARY 1. Under Conditions (C1)—(C7) stated in Appendix Ayif’ — 0,
N 1 .
(nh)2{0(w) — f(w) — §h2uz(1 —A)7HO)(w)} — N(0,Z(w)), (13)

forw € (0,1), whereX(w) = {(I —A)~1(Zo) (w) H{T — A)~1(Zo)(w)}.

WhenZ = 0, our model reduces to the nonparametric Cox model considered by Chen et al.
(2010) and the asymptotic expression (11) reduces to that in Theorem 2 of Chen et al. (2010).
The difference between the varying coefficient Cox model and the nonparametric Cox model is
the same as that between the varying coefficient model and the simple nonparametric regression
model. The varying coefficient Cox model, compared with the nonparametric Cox model, is more
practical and more complex. It allows covariates to interact nonlinearly with another exposure
variable. However, due to the presenceAfthe closed forms used in Chen et al. (2010) are
no longer available. Based on our current study, the global method can be extended to most of
the cases where local linear smoothing is valid and the global method performs generally better.
In this sense, the global method can be regarded as a general methodology, although theoretical
justification is still made on a case-by-case basis.

For any function ¢(-) defined on (0,1) with a continuous second derivative, let
f01 é(w)'6(w)dw be an estimator ofo1 ¢(w)'8(w)dw. Optimality of this estimator is shown in
Theorem 3.

THEOREM 3. Assume Conditions (C1)—(C6) stated in Appendix A holchAalf — 0 and
nh?/(logn)? — oo, then [ ¢(w)'f(w)dw is an efficient estimator of [ ¢(w)’6(w)dw.

Estimation off, ¢(w)'8(w)dw at the ratex~'/2 requires undersmoothing with= o(n~1/4)
to ensure that the bias is of ordefn—'/2). The necessity of undersmoothing to obtain root-
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Varying coefficient Cox model 7

n-consistent estimation is standard in nonparametric regression; see, for example, Carroll et al.
(1997) and Hastie & Tibshirani (1990).

With estimators of3 andg, we can use kernel smoothing (Fan et al., 2006) to estimate the
baseline hazard function byy(t) = [ K(t — uw)dAo(u), whereb is a given bandwidth and

A AN (w)
_n;/o — _ (14)

i1 Y5 (w) exp{B(W;)' Z; + G(W;)}

Using Corollary 1 and the proof of Fan, et al. (2006), we can show)t@étt) and Ko(t) are
uniformly consistent or0, 7).

4, ESTIMATION OF THE FIXED AND VARYING REGRESSION COEFFICIENTS

In practice, effects of some covariables may be fixed and a mixed model with both fixed and
varying coefficients is desirable. Martinussen et al. (2002) and Tian et al. (2005) examine a
mixed model in the setting of the traditional time-dependent coefficient Cox model \@lere
is a function of the time, and McKeague & Sasieni (1994) study a similar mixed model in the
setting of an additive hazard model. Consider a mixed model

A(t) = Mo(t) exp{a/ Z1(t) + B(W) Za(t) + g(W)} (15)

Again, for the purpose of identifiability, we sy(tm)(Wn) = (O forallm > 0. Based on the idea of
the global partial likelihood, we estimate 5(-) andg(-) using the following iterative algorithm.

« Step 0. Choose initial values of function¥”, 3() (w) andg(® (w) for w = Wry,..., W,.
e Stepm, PartA. For every givenw = Wy, ..., W,, solve the following equations faof =

{Bw)', g(w), hp(w)', hg(w)}":

Yier() Kj(w) exp{a™™V' Z,; + £'U; U,
m— m— . . m—1) . =0, (16)
Z]GR exp{a( b /Zl + pm=1) (W])/ZQJ + g (W)}

where = {241, 2 (Wi = w) /1, (Wi — w) /hY. Let f(w) =
{B( Y Gw), hﬁ( Vb (w)} be the solutions of¢. Then 8™ (W) = B(W;) for
i=1,...,nandg™ (W;) = g(W;)fori=1,...,n— 1.
e Stepm, PartB. Solve the following equations far:
ZAz‘ lZli B Yjer(T) Z1jexp{a’ Zyj + BN W5 Zaj + g™ (W5)}
= Y jer(T) eXpia’ Z1j + B (W;) Zaj + gt (W)}

=0. (17)

 Repeat the above steps for= 1,2, ... till o™, 50" (W;) andg™ (W;), 1 < i < n, con-
verge. .

e For everyw in the range ofi¥/, the estimates ofi(w), #(w), g(w) and g(w), denoted by
B(w), B(w), g(w) and@(w), respectively, are obtained by solving the equations (16j for
replacinga(™=1, g0m=1(W;) andg(™~1) (W;) with their estimators defined as the limits of
the above iteration.
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Following similar arguments to those for Theorems 1-2, we have the following Theorems 4-6.
The proof of Theorem 4 is analogous to that of Theorem 1. The proofs of Theorems 5 and 6 are
given in Part B of the Supplementary Material.

THEOREM4. Under Conditions (C1)—(C7) stated in Appendix A, with= (Z1, Z,)’, we
have

|a—all -0, sup [|Bw)—Bw)|—0 and sup |g(w)—g(w)| — 0
O<w<1 O<w<1
in probability.
THEOREM 5. Under the conditions of Theorem 47ifi* = o(1), then ash — oo
n*? (@ —a) — N{0, A"'B(A™1)'},
whereA and B are defined in Appendix B.

THEOREM 6. Under the conditions of Theorem 4, for< w < 1, we have the Fredholm in-
tegral equation,

D(w) {e(w) - 9(w>} = /01 U (v;w){0(v) — 0(v) }dv

2 ..
Hh) 8w + P2 D(w)i(w) + o0y (07 + (nh) ),
wheref(w) = {f(w), g(w)}, X(w)X(w)" = vyD(w), D(w) and ¥(v; w) are defined in Ap-
pendix B, andp is a standard normal random vector.

Theorem 5 shows that is an!/2-consistent and asymptotically normal estimaton.ofor
any functiong(w) = {¢}, p2(w)'}, which has a continuous second derivative [0n7], let
ha+ fy ¢4 (w)8(w)dw be the proposed estimator ¢f o + Jo ¢5(w)0(w)dw. Theorem 7 be-
low shows thaty is also an efficient estimator of.

THEOREM 7. Under the conditions of Theorem 4,7ih* = o(1), then, asn — oo, ¢ja +

Iy ¢ (w)f(w)dw is an efficient estimator ofg; o + [ ¢ (w)8(w)dw.

Theorem 7 implies that, by takingx(w) = 0, a is an efficient estimator oft and that, by
taking g1 = 0, [ ¢%(w)f(w)dw is an efficient estimator of; ¢ (w)6(w)dw.

In practice, we need to investigate which components have varying and which have fixed
effects. For this purpose, we consider testing a hypothesissifigtis a constant against the
alternative that it is not. Using an idea of Martinussen et al. (2002), we propose a test statistic

Q= sup | ["u)F(s)ds = 5 [ uls)as, (18)

we(0,1) /0

whereu(-) is a given weight functionﬁj(.) is the estimator of3;(-) under the alternative hy-
pothesis, while3; is computed under the null hypothesis. The limit distributiontbtan be
simulated by the bootstrap method.

5. NUMERICAL EXAMPLES
5.1. Simulations

In this section we investigate the performance of the proposed global partial likelihood es-
timator. The performance of estimatg-) is assessed via the weighted mean squared er-
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Varying coefficient Cox model 9

rors, WMSE=n_'>%_, Sy a;{Bj(wy) — B;(wy)}2, wherewy, k = 1,...,n, are the grid

points at which the functions(-) are estimated. In the following examples, the Epanechnikov
kernel will be usedn, = 200 anda; is reciprocal of the sample variance {ﬁj(wk)}. We

adopt the same setting as Fan et al. (2006) have and consider a varying-coefficient model,
A(t) = 4t3 exp[b{Z1(t), Z2, W}], with

b{Z1(t), Zo, W} = 0.5W (L5 — W)Z1(t) + sin(2W) Zs + 0.5{exp(W — 1.5) — exp(—1.5)},

where W is a random variable uniformly distributed d, 3], the covariateZ;(¢) is time-
dependent and is defined &s(t) = Z11(t <1)/4+ Z11(t > 1), and Z; and Z; are jointly
normal with correlatiord).5, each with mean 0 and standard deviatioifhe censoring variable
C given(Z1, Zy, W) is distributed uniformly o0, a(Z1, Z>, W)], where

a(Zl, Zs, W) = 61[(b<Z1, Zs, W) > bo) + CQI(b(Zl, Zs, W) < bo)

with by being the mean function &f Z,, Z,, W). The constantg; = 0.8 andcy = 20 are chosen
so that abous0%-40% of the data is censored in each region of the function.

We conducted 200 simulations with a sample size of 300. Figure 1 depicts the distribution of
the weighted mean squared errors over the 200 replications, using the proposed global partial
likelihood estimator with bandwidth = 0.2,0.3,0.4, 0.5, 0.6, 1 and the local partial likelihood
estimator with bandwidtth = 0.3,0.4,0.5,0.6, 0.7, 1. It is evident that the minimum weighted
mean squared error of the global partial likelihood estimator is smaller than that of the local par-
tial likelihood estimator, suggesting that the global partial likelihood estimator is better. The op-
timal bandwidth for the global partial likelihood estimator is smaller than that for the local partial
likelihood estimator. This is likely due to the following. Givénwe can see from a comparison
of (4) and (10) that the amount of data used by the global partial likelihood estimator is more
than that by the local partial likelihood estimator. The local partial likelihood estimator needs to
compensate for its lower data usage by enlarging the included range of data. In support of this
conclusion, Table 1 presents the empirical standard deviations of 200 estimated valte$, of
31 (w) andfy(w) using the global partial likelihood estimator with= 0.3 and the local partial
likelihood estimator witth = 0.6. Hereh = 0.3 andh = 0.6 are the optimal bandwidths for the
global and local partial likelihood estimators, respectively. We take 0.3,0.75,1.5,2.25 and
2.7, which correspond to th&0th, 25th, 50th, 75th and90th percentiles of the distribution é¥.

From Table 1, we can see that the variance of the global partial likelihood estimator is smaller
than that of the local partial likelihood estimator in most of the cases. These results also sug-
gest that the global partial likelihood estimator is more efficient than the local partial likelihood
estimator.

The calculation of the standard errors is carried out using bootstrap resampling, in which each
subject is treated as a resampling unit in order to preserve the inherent feature of the data. In our
simulation studies with bootstrap sample size over 150, the bootstrap standard errors are stable
and generally close to the empirical standard errors, suggesting that the bootstrap as a resampling
method for estimating the standard errors is reasonably adequate.

5.2. Real example

The proposed approach is applied to the nursing home data described and analyzed by Morris
et al. (1994). The data were obtained from an experiment sponsored by the National Center for
Health Services Research between 1980 and 1982, involving 36 for-profit nursing homes in San
Diego, California. The sample size is 1601. The study was designed to evaluate the effects of
different financial incentives on the durations of stay, among other things. This motivated Morris
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449 Figure 1: Boxplots of the distribution of the weighted mean squared errors over 200
450 replications using (a) the global partial likelihood estimator (GPLE) with bandwidth
451 0.2,0.3,0.4,0.5,0.6,1 and (b) the local partial likelihood estimator (LPLE) with bandwidth
jgg h =0.3,0.4,0.5,0.6,0.7, 1. * stands for the minimum of weighted mean squared errors.
454 Table 1.Standard deviations of the global partial likelihood estimator (GPLE) and the local
jgg partial likelihood estimator (LPLE) with bandwidths 0.3 and 0.6.

457 h=0.3

458 Function Method w =0.3 0.75 15 225 270

459 g(w) GPLE 0300 0.373 0361 0371 0.394

460 LPLE 0.633 0.754 0.841 0.930 1.005

461 B (w) GPLE 0.061 0076 0.079 0.110 0.157

462 LPLE  0.090 0.128 0.145 0.226 0.468

463 B2(w) GPLE 0.050 0.059 0.045 0.061 0.064

464 LPLE 0117 0.244 0.063 0.199 0.190

465 =06

466 . :

467 Function Method w =0.3 0.75 15 225 270

468 g(w) GPLE 0.195 0.262 0.257 0.267 0.301

469 LPLE 0.297 0.448 0.445 0.465 0.487

470 B1(w) GPLE 0.042 0.035 0.038 0.062 0.108

471 LPLE 0.065 0.054 0.063 0.120 0.270

472 B2 (w) GPLE 0.033 0.037 0.023 0.036 0.048
LPLE 0.077 0.090 0.040 0.100 0.106

473

474

475

476 et al. (1994) to take the duration of stay in déysas the response variable and use the Cox
477 model with treatment indicatar;, gender variable:, marital status indicatars, three binary
478 health status indicators,, x5, ¢, and ager; as the covariates. The treatment= 1 if treated
479 at a nursing home an@ otherwise. The gender, = 1 for male and) for female. The marital

480 statusrs = 1 if married and) otherwise. The health status, x5, x4 correspond to very healthy,
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healthy and not healthy. The age ranges from 65 to 104. To explore possible interactions, Fan
& Li (2001) add interaction terms such asx1, z7xz9,.... Fan et al. (2006) consider the more
general model,

6
A(t,z) = Ao(t) exp {Z Bj(xr)z; + g(:w)} :

J=1

This permits us to examine how age interacts with covariates such as treatment, gender, marital
status, among others. Fan et al. (2006) use the penalized likelihood method with smoothly clipped
absolute deviation to show that treatment and marital status are not significant. We fit the data to
the model

4
)\(t, y) = Ao(t) exp {Z ,Bj(25)2’j + g(z5)} s

Jj=1

wherez; is a gender variable, the three binary health status indicators, z4 correspond to
very healthy, healthy and not healthy, ands age.

d(age) beta for gender beta for health1 beta for health2 beta for health3

w @ w w @ w w « w w « w “
age age age age age

Figure 2: The estimated coefficient functions (solid) by the global partial likelihood method,
their 95% confidence limits (dashed), and the estimated coefficient functions (dotted) by the
local partial likelihood method for the nursing home data.

The global partial likelihood method and local partial likelihood method were applied to the
dataset with bandwidthls = 20 andh = 25, respectively. The bandwidthis= 20 andh = 25
were chosen bK-fold cross-validation (Cai et al., 2000; Hoover et al., 1998; Fan et al., 2006) to
minimize the prediction error

[T ~ BUv) Py v,
k=1

where E{N;(t)} = [ Y;(u) exp{3(W;)' Zi(u) + G(W;)}dAo(u) is the estimate of the expected
number of failures up to time We chosek’ = 20 and obtained estimated coefficient functions

and their 95% confidence bands as shown in Figure 2. The results for the global partial likelihood
estimator and the local partial likelihood estimator are similar. They demonstrate the extent to
which the gender effect and the health effect vary with age. In particular, the gender effect is not
significant for the patients aged below 73 or above 98, but among the patients aged between 73
and 98, the male ones are more likely to stay at nursing homes. This is because the patients aged
below 73 are able to take care of themselves but the patients aged above 98 are not, regardless
of whether they are male or female. However, among the patients aged between 73 and 98, the
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female patients may be able to take better care of themselves than the male ones. Figure 2 shows
that the likelihood of staying in nursing homes increases as health declines.
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APPENDIXA: CONDITIONS FORTHEOREMS
Lety = (¢, ) andCyp = {¥(w) : w € [0, 1], (0) = 0, 6(w) anda(w) are continuous or0, 1]}.
Condition:

(C1). The kernel functiork (-) is a symmetric density function with compact supgert, 1]
and bounded derivative.

(C2). Variablesiv and Z are bounded with compact supp@it 1] and [0, 1]?, respectively,
andpr(C =0 |W =w,Z = z) < 1foranyw € [0,1] andz € [0, 1]7.

(C3). The conditional density functiof(- | z) and the density functiof(-) are positive and
have continuous second derivatives[onl| for eachz € [0, 1]P.

(C4). The functiong andg have a continuous second derivative on the corresponding support.

(C5). The conditional probabilityr(t | z, -) is positive, and has a continuous second derivative
on [0, 1] for eacht € [0, 7] andz € [0, 1]P.

(C6). For anyy € Cy, if 9(W)'Z* is a constant almost surely, théft) = 0.

(C7). Asn — oo, h?log(n) — 0 andnh/{log(n)}? — oco.

These conditions are used for deriving the convergence properties, asymptotic representation
and efficiency of3(-) andg(-). Conditions (C1)—(C5) are similar to those in Fan et al. (1997)
and Fan et al. (2006). Condition (C6) is for the purpose of identifiability.

APPENDIXB: NOTATION FOR THEOREMS5 AND 6
To express explicitly the asymptotical expression @f o, 6(w) — 6(w) and G(w) —
g(w), we introduce some necessary notation. Denpt€u | Z1;, Zo;, W;) = pr(7; > u |
Ziy Zois Wi), Zi = (213, 2y, Z3; = (243, 1)), 0(w) = {8 (w), g(w)}',

D) = [ pr(u |2 w)ho(w)du, Tiu,,9) = pru | Zui, Zai, W) exp {Zhey + 23090},
D(w) = E [Z3,257(Z:, w) exp{ Zisa + 0(w) 255} fw | Z0)],
sro(u,v,9) = E {Fi(u,%ﬁ)Zﬁr} for r=0,1and2,
sor(u,y,9,w) = E {I’i(u,’y, N2 | Wi = w} f(w) for r=1and2,

311(“7’%797“}) =F {FZ(’LL7")/,19)Z;ZL ‘ W’l = ’U}} f(w)7

7 so1(u, a, 0, w)sh; (u, o, 6, v)
U(v:w) =
ww) = [ o) No(u)d,
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=0 _/ {810 u, o, 0 Slo(u @ 0) 32()('&,0(,0)} AO(U)du,

so0(u, a, 0)

[1]

T 0)s{ 0
1(11)) _ / {SIO(Uaa, )SOl(U,Oé, ,w) B SIll(“’? a797w)} )\O(u)du
0

so0(u, a, 6)

Let G(w) satisfy the following integral equation:
1
E1(w) = —=G(w)D(w) +/ G)¥(v;w)dv (0 <w < 1),
0

son (w) = E{Ti(u,a,0)G(Wi)Z3;}, A=Eg — J3 G(w)Z) (w)dw and

2

_scon® | [, sw(w) (U, o u)du
B= / HZQz Wi) 500(1) } {le SOO(U)}] Li(u, a, 0) Ao (u)du.
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