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Abstract

This paper aims at the simulation of multiple scale physics for the system of radiation hydro-
dynamics. The system couples the fluid dynamic equations with the radiative heat transfer.
The coupled system is solved by the gas-kinetic scheme (GKS) for the compressible invis-
cid Euler flow and the unified gas-kinetic scheme (UGKS) for the non-equilibrium radiative
transfer, together with the momentum and energy exchange between these two phases. For
the radiative transfer, due to the possible large variation of fluid opacity in different regions,
the transport of photons through the flow system is simulated by the multiscale UGKS, which
is capable of naturally capturing the transport process from the photon’s free streaming to
the diffusive wave propagation. Since both GKS and UGKS are finite volume methods, all
unknowns are defined inside each control volume and are discretized consistently in the
updates of hydrodynamic and radiative variables. For the coupled system, the scheme has
the asymptotic preserving property, such as recovering the equilibrium diffusion limit for
the radiation hydrodynamic system in the optically thick region, where the cell size is not
limited by photon’s mean free path. A few test cases, such as radiative shock wave problems,
are used to validate the current approach.
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1 Introduction

This paper is about the construction of an asymptotic preserving numerical scheme for radi-
ation hydrodynamics. Radiation hydrodynamics describes radiative transport through a fluid
with coupled momentum and energy exchange. The system is routinely used in high energy
density physics, astrophysics, the inertial confinement fusion (ICF), and other flows with
very high temperature. For radiation hydrodynamics, radiation propagates through a moving
hydrodynamic material. Due to the moving velocity of the material, the thermal radiative
transfer equation includes relativistic material-motion correction whenever the radiation
momentum deposition has a measurable impact on the material dynamics. The correction is
applicable for flow with moving velocity being much smaller than the speed of light. Follow-
ing the works of [1-3], we adopt Morel’s radiation hydrodynamic model in this paper, which
is denoted as M M (0) model in Eq. (2.1) with 6 as a free parameter. Morel’s system can be
viewed as a simplified laboratory-frame formulation. The parameter € can be chosen based
on the numerical method, such as M M (6 = 1) for a Lagrangian approach and M M (6 = 0)
for the Eulerian one. Based on Morel’s model and the consideration of multiple time scales in
the radiation hydrodynamic system, the Eq. (2.1) are usually split into time-scale dependent
equations of radiation and fluid movement due to the large discrepancy of the fluid velocity
and the speed of the light.

Though excellent work has been done separately for the study of radiative transfer [4—
13] and fluid dynamics [14,15], the research for the coupled system has only been carried
out recently [3,16-20]. The equations of radiation hydrodynamics include explicitly the
motion of the background material. For low opacity material, such as the case with small
absorption/emission coefficients and small scattering coefficient, the interaction between the
radiation and material is weak and the radiation propagates in a transparent way with a
particle-type behavior, i.e., the so-called optically thin regime. In this regime, the numerical
method for radiation should be able to capture the free streaming transport of photons, such
as the upwind approach with a ray tracking technique in SN method. For a high opacity mate-
rial with large absorption/emission coefficients or large scattering coefficient, the intensive
momentum and energy exchange between the radiation and material diminishes photon’s
mean free path. As a result, the diffusive asymptotic limit in the optically thick regime will
appear. In the case with large absorption/emission coefficients, an equilibrium diffusive pro-
cess for radiation will emerge and the material temperature and the radiation temperature
will approach to the same value. In this paper, the unified gas-kinetic scheme (UGKS) will be
used to solve the radiative transfer equation for capturing both ballistic and diffusive limits
of the photon transport [11-13,21].

For hydrodynamics, the gas-kinetic scheme (GKS) has been developed systematically for
compressible flow computations [15,22,23]. The numerical flux in the finite volume GKS is
based on a gas evolution process from a kinetic scale particle free transport to a hydrodynamic
scale Navier—Stokes flux formulation, where both inviscid and viscous fluxes are recovered
from moments of a single time-dependent gas distribution function. In the discontinuous
shock region, if the cell resolution is not fine enough to resolve the shock structure, the
GKS becomes a shock capturing scheme and the kinetic scale based particle free transport
provides numerical dissipation to build a numerical shock transition. In the smooth flow
region, the GKS becomes a Lax—Wendroff type central difference scheme for recovering the
NS solutions.

For the 1D radiation hydrodynamic system in [17], an implicit—explicit (IMEX) method
is constructed to solve the Euler equations coupled with gray radiative transfer. In such an
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algorithm, the fluid advection component is treated explicitly, whereas the radiation transport
and energy exchange components are treated implicitly. Based on the second-order Godunov
method [24], an entirely explicit scheme for RH was developed and the time step in the
scheme is limited by the time scale of radiative transport.

In this paper we will construct a scheme for the radiation hydrodynamic system by coupling
UGKS with GKS uniformly in all regimes. Since both GKS and UGKS are finite volume
method, all flow and radiation variables are defined as cell averages. The discretization
for both hydrodynamics and radiative evolution can be done consistently. The constructed
scheme has the asymptotic preserving (AP) property for the radiation part, and the equilibrium
diffusion limit can be obtained automatically by UGKS in the optically thick region.

In this paper, Sect. 2 is the introduction of radiation hydrodynamic system. In Sect. 3, the
details of the numerical scheme for the coupled system are presented. In Sect. 4, the asymp-
totic preserving property of the scheme is proved mathematically. The numerical examples
are presented in Sect. 5 to validate the scheme. Section 6 is the conclusion.

2 Radiation Hydrodynamics

For radiation hydrodynamics, when the radiation momentum deposit has a measurable impact
on the material dynamics, the thermal radiative transfer equation requires the correction due
to the material velocity. The modification is needed even for the case where the speed of
flow is much smaller than the speed of light. Under such a condition, the M M (6) model
[3] for the coupled radiation and hydrodynamics is adopted in the current study. The equa-
tions include non-relativistic, inviscid, single-material compressible hydrodynamics and the
thermal radiation transport,

p+V-(pv) =0,

¥ (pE) + V- [V(pE + p)] = g/ @.1)
€ 31 U 4
S+ Q-VI+eV- (9/31) — (— — eov)—acT + —cE
c ot E 4 4
—dkoiB [ = (3-0)eE |+ & (§-0)aEQ 25,

Here p is the mass density, T the material temperature, v the fluid velocity, and pE =
% p|0|% + pe is the total material energy. In order to close the equations, the equation-of-state
(EOS) p = p(p, T) and the material internal energy e(p, T) have to be provided. And 7 is
the radiation intensity, which is a function of space, time, angle direction 52, and radiation
frequency. For simplicity, in this paper we only consider the gray case, where the intensity
is averaged over the radiation frequency. In the above equations, c is the speed of light and
B = % The S term represents the interaction between the radiation and material in the
radiation hydrodynamic system, a is the radiation constant, oy is the coefficient of scattering,
oy is the total coefficient of absorption, and e is the factor of scaling. The free parameter 6 is
related to the correction due to the material motion. The value of 6 varies according to the
numerical scheme. For the Lagrangian formulation with moving mesh following the fluid
velocity, & = 1 is used. In the Eulerian formulation, & = 0 is adopted for the lab-frame,
while the case & = 4/3 can be viewed as an approximate comoving-frame treatment. The
functions E, and ﬁr are the radiation energy and radiation flux respectively, which are given
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by
1 . - o -
E, = f/msz, F, :/QIdQ.
B

The momentum and energy deposition from radiation on hydrodynamics are computed
by angle integrations on the right hand sides of the second and third equations in (2.1). It
is straightforward to derive the corresponding total momentum and energy equations, which
are given by

:a,(pa+;ﬁr)+v-<pﬁ®a+j§5®ﬁ,+ﬁ>+w=0, @2

% (pE + E;) + V- [B(0E +0E, + p) + LF1=0,
and P is the radiation pressure tensor calculated by
= 1 > > -
P=- / QR QIdQ.
c
The system (2.1) has the property that it will approach to the equilibrium diffusion limit

equations for any choice of  as the parameter € approaching to 0 in the optically thick region.
This can be seen by expanding the dependent variables as a power series of €,

oo o0

p=>Y pWe, v=Y 10,
i=0 i=0
o0 o0

T = ZT%", I= 21@6",

i=0 i=0

(2.3)

and comparing the terms of equal powers. Substituting the expansions in (2.3) into the
governing equations (2.1), the 0 (e~ H—terms of the fourth equation in (2.1) give

1
19 = —ac(r )4, (2.4)
4
followed by

- = 1 =
EQ =ar ), FO =0 PO = ar®)'D, 2.5)

where D is the identity matrix. There are no O (e~!)—terms in the first two equations of
(2.1). And the O(¢~2) and O (e~ 1)—terms in the third equation of (2.1) are consistent with
the above Eqs (2.4) and (2.5).

Using Eqs (2.4) and (2.5) again, the O (¢”)—terms in the fourth equation of (2.1) reduce
to

1 ) 3 (4 >
10 = —ac(®)! - —5 & VIO - (5 - 9) EOG . 5O, (2.6)
Oy

therefore,
EO =amy, ED =< _vEO 4 o) E050, p0 = Ly pmyp,
30( ) 3 3

t

Q.7
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Finally, the 0 (€%)—terms in the first equation of (2.1) and the Eq. (2.2) result in

8, + V- (pO30) =0, _
3 (O3 4 V. (0050 @50 4 pOy 4 vp© =, (2.8)
3 (pVE® + E) + V- [3O O EQ +0E” + p©) + FV] = 0.

By substituting 13,(1) in (2.7) into (2.8), the equilibrium diffusion system for radiation
hydrodynamics can be obtained as follows.

3 pO + V. (p050) =0, i
8,(,0(0)5(0)) V. (p(O)ﬁ(O) ® 1O + 13(0)) 4 vp(O) =0, (2.9)
0 (pOE® + E) + v [5O(pOE® + 4EY 4+ pO) = V. = VE?),

where o is the Rosseland mean that is equal to a,(o) here.

This paper will present a scheme with the asymptotic preserving property for the radiation
hydrodynamic equations (2.1), such that the numerical scheme for (2.1) will converge to a
proper numerical method for (2.9) automatically as the parameter € tends to zero. The details
of the method will be presented in the next section.

3 Unified Scheme for the Radiation Hydrodynamic System

In this subsection we introduce the detailed construction of an asymptotic preserving scheme
for (2.1). The radiation and fluid parts in Eq. (2.1) will be solved separately. For the fluid
dynamics, the gas kinetic scheme (GKS) as a Navier—Stokes (NS) flow solver is used, while
the multiscale unified gas-kinetic scheme (UGKS) [11] is employed for the radiative transfer,
where two solvers are coupled in the momentum and energy exchanges. Since GKS and
UGKS are all finite volume methods, all unknowns are defined inside each control volume,
and the discretizations for the hydrodynamics and radiative transfer can be done consistently.

The hydrodynamic and radiative transfer solvers are based on the operator-splitting
approach. The purely hydrodynamic part of our scheme targets on the following Euler equa-
tions, even though the GKS is intrinsically a NS solver,

p+ V- (pv) =0,
¥ (p?)+ V- (pRTV)+Vp =0, 3.1
% (PE)+ V- {W(pE + p)) =0.

The above equations are closed by an ideal gas equation of state (EOS) and internal energy
equation:

(1=t oo

where y is the specific heat ratio and C, is the heat capacity.

For the radiative transfer, the momentum deposition and energy exchange between radia-
tion and material are included in the coupled equations. The algorithm for radiative transfer
solves the following equations:
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i faees a[a (4 ,
0 (pv) = —¢ QSdQL=—|F,—|=-—0)€E,v|,
ec 3
1 =~ 1 o 4 o= | = 4 -
0 (pE) = - SdQ = —(— —€o;)(cE, —acT™)+ —B - | Fr — 3~ 0)eE, v,
€ ¢ €
edl - = ot O 4
-—+Q-VI+eV-0Bl)=——1+(— —€o5)—acT” + —cE,
: € 4 4

C
—oif - [Fr— (3 -0)eE i)+ EG —00EQ 25,

(3.3)

The solver for the radiative hydrodynamic system is constructed by solving the Eqs (3.1) and
(3.3) by GKS and UGKS separately.

3.1 Gas-Kinetic Scheme for Fluid Flow

The compressible Euler equation (3.1) is solved by the GKS [15]. In the finite volume GKS,
the interface flux between neighboring cells plays a dominant role for the quality of the
scheme. The gas evolution at a cell interface is constructed based on the following kinetic
model equation [25]:

fz+ﬁ-Vf=—g;f, (3.4)
where f (X, t, i) is the gas distribution function and # is the particle velocity. The function
g is the equilibrium state approached by f through a particle collision time 7. The collision
term satisfies the compatibility condition

/g ~Syaz =o. (3.5)

T

where ¥ = (1,ii, L(i* + [§[%)7 is the collision invariants, d& = diid&, and & =
(&1, ..., k) is the internal variable.

The connections between the macro quantities (o, pv, pE) and their fluxes with the gas
distribution function f are given by

0 V- (pv)
pv | =[vfdE, |V-(pi@7DV)+Vp |=[vii-VfdE. (3.6)
oE V- [(pE + p)i]

Once the gas distribution f at a cell interface is fully determined, the numerical fluxes can
be obtained. In GKS, the boundary distribution function f is evaluated from the integral
solution of kinetic model equation (3.4):

t

FX, 1,00, &) = %/ g —ii(t — 1), 1, i, E)e a4 o T fy (3 — it i, E).
’ (3.7)
The initial condition fj in the above solution is modeled by
fo=foGE i@ EH(E = X)) + f§ & i, )(1 — H(F — %) - 7)),

where H is the Heaviside function, fol and f are the initial gas distribution functions at the
left and right sides of a cell interface with a normal direction 7, and X, is the center of the
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cell interface. To keep a second-order accuracy, the initial distribution fj in space around X,
is approximated by piecewise polynomials

FOTGL L E) = TG E) + =R - VTG i, ).

Without loss of generality, with the assumption of X; = 0, for the Euler solution (3.1) the
initial distribution functions fé’r (0) can be expressed as the Maxwellians,

fa" ) =gb".

The equilibrium distribution functions g" are

oy B
ALT Lr =l 2 4 212
o = pz,r< . = PHER).

which are determined from the distributions of initial macroscopic flow variables W/ =
(!, (pV), (PE)) and W' = (p", (pD)", (pE)"). The derivatives Vfé’r, such as in the x-
direction, are obtained from

9
ngle’r afl.r

Wy, | =[yvPdE, (k=1,....3) (3.8)
3(;0E)|

Xk Lr

apv)|  (E)

where the derivatives of the macroscopic variables (%l Lr 7.7 o

structed with the MUSCL slope limiter [26].
After determining the initial distribution function fj, the equilibrium state g in the integral
solution (3.7) can be expanded in space and time as

|7,r) are recon-

L9
g=§+V§-x+a—ft, (3.9)

where g is the equilibrium distribution function at a cell interface and is determined by the
compatibility condition

fwng=Wé(,5,/35,ﬁE)T=f wg(l}dE—l—/ VghdE.
ii-n>0 u-n<0
With the following notations

I, “Ir = SLr =

a =3 /g A =g"/z.

the spatial derivatives gt/ = (9g/dxu)l,(k = 1,...,3) and time derivative g =
(dg/at)|;,r are obtained from the relations

0%
Lr 7+ W
dE = — 1.,
/lﬁak %k lr.r /W(
aw

The derivatives for the macroscopic variables for the equilibrium states 5.~|; » are given by

k=3
ugay” + Al”') dE =0.
k=1

aW| w-w W wr—w
=t v -w

k=1,...,3),
0xy Xy

7|r=

0Xy X

where the x,l{‘r denote the left and right cell centers around the cell interface and the cell
interface is located at x = 0.
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Up to now, we have presented the gas kinetic scheme (GKS) for the Eq. (3.1). Then, after
updating the flow variables inside each cell, the radiation equation (3.3) will be solved next.

3.2 Unified Gas-Kinetic Scheme for Radiative Transfer
3.2.1 General Formulation

After advancing the fluid variables (o, pv, pE) by GKS from time step " to "t the fluid
density is updated from p” to p"*+!, but the fluid velocity is updated from " to the intermediate
state v, the same as the total specific energy from E" to E". Therefore, the intermediate
specific internal energy and kinetic energy get to ¢ and %Iﬁh |2, respectively. Based on the
updated flow values (p" !, 3", E"), the radiative transfer equation (3.3) become,

3 (p?) = _g/ QSd<Q,

3 (0E) = —g/Sdfz, (3.10)
€ adl

S 4 Q-VI4eV- @B =S.
c ot

For the radiation intensity in the above equations, the discrete ordinate method (DOM) [27]
is used to discretize the angular variable 2. The vector < in unit sphere is divided into M
discrete directions §2m with corresponding integration weight w,,. Then, the above system
(3.10) can be rewritten (in discrete directions) as

M
8,(pP) = =1 QuSpeom,
"
3.11
0,(0E) = éZsmwm, @10

ealm > >
St V€V OBL) =S, m=1,.... M,
C

where S, is the value of § at the discrete angle calculated from the intensity 7,,,.
The above equations will be solved by UGKS [11]. In the 2D case, the computational cells

are denoted by {(x, y) : [x,_l i+ 1] X [y/_f y,_l]} The discrete conservation laws for

the control volume (1 X 1< [y 1,y 1] over the time interval [¢", "+1] for every
Q= (Um,Em) (m=1,..., M) are

M
T =) = st o
:M
P = S @z
€ Ilnj—in - I,nj m Fi+§,],m - Fl—j,j,m Gi,j+%,m - Gi,j—%,m _ ontl
c At AxiAy; AxiAy; L.m
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Here At = "t — " Ax; = x,

il Tl and Ay; =Vipl 7YoL 1. The boundary fluxes
are given by
t"+1 j+7 ]_'_7
F+ — Jm y 1 Mm l+ /mdyd[+fz‘” fy 1 Geﬂx l+ /mdyd[
A 2
= F F
j ,j.m + i+% j.m’
tn+l j+7 tn+1 )’j+% ~ o~
FF%’Lm =Jo [y - pm j’mdydt—l—ftn fyl_i% e@ﬂxlii%’jymdydt
£F' 4 Fr,
i—5.,j.m 17— ,j,m
tn+1 ,+2
Gi j+% m = Jim fx Sm i,j+3 mdxa’t +ft” fx éeﬂ) i,j+3 dedt
l]+2 m ij-‘rl m’
el 1+2 x[+% s
Gi,jfé, o fx Sm ij— dxdt—i—fln fx,-,% e@ﬁyli’jiéymdxdt
26, G?A e
i,j—% i,j—
n+1 _ o \n+1 n+1 n+1 n+l 44 (€9 n+1 n+1
Sljm_—(g)l] I+ (2 — €0yl 2ﬂatc(T ) (271) - c(En)}

—E(o,)f'f‘,ssl - [(Fr)’.”.‘] —(3-0) e + o J]
+3 (5 -0) @] ENTTQ B

With B = (Bx, By) and E‘l = (Bl”;r] + Eh /2, 5,- j = T)lh/, the conservation of total

momentum and total energy in (2.2) can be kept The boundary values of / in F 2 I n and

Gi2 jil g ATE obtained explicitly through the upwinding according to the fluid ve10c1ty 7 on
e

the boundary. In order to solve Eq. (3.12) completely, two key points have to be clarified. One

is the determination of the boundary intensity / in (3.13) in order to evaluate the numerical

boundary fluxes F! , = and G' | . Another one is to get the macroscopic variables
it5,j.m i,jt5.m

T, E, and F, at time step "*1 in order to discretize the source term S"+1 implicitly.

For the cell interface radiation intensity, we now give the solution i in the integral form of
the radiative transfer equations at the boundary. Denote ¢ = acT*, around the center of a
cell interface X; = (x;_ 1 ¥;), the radiative transfer equation becomes

SOl + Oy Iy + €0 (0B ln) = (% — eoé)h +eoy G — S+ S,
Sn=—0 - [Fr— (3 —0)eE, ] + = (2 —0) 0 E, Q2 - 0, (3.14)
Iy (x, Vis Ole=m = I o(x, yj).

Here we should remark that the initial intensity I, 0 and the functions g?), E,, 17} will be
determined later.
Solving the above equations, the integral solution of (3.14) can be represented by

"¢ o 1 —s) - L.
T (2, Xi—1725 V> Bm»> Em) = ge 2/ (S — €0x(0Bx1n))ds
tn

o . —h C
6'_0’17]/2“7(1‘ t )Im,O Xi—12 M([ — t”) (315)
t €z E,
¢ —o,_ (t s) ¢ c cn
¢ -t + _1pn——A—
+/tn ee ((e EUs) 2 T 2 )(s =172 € = S))
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where 0 = “’f and ;12 ; is the value of o at the corresponding cell interface. Moreover

in order to keep the asymptotic preserving property of the scheme, the values E,, © v, ﬁ
S should be consistently determined from those in the boundary flux Fi2 Lim® such as
—1]

M
Er=/id§2=2fmwm, 3 =" and B“— (v + 9",
i=1

The derivative term €9, (68, L) is given by

50((I§xim)|(i,j) - (5xim)|(i—1,j))

€0y (0B Iy) = (Ax; + Ax;_1)/2

For the determination of the boundary intensity / in (3.15) completely, the initial data
I, 0 is reconstructed by a piecewise polynomial

Do, v;) = I 1;m+6 A ljm(x_xi_l'j)’ %fx < Xi—1/2,j» (3.16)
’ J Ilnj m+5 Il’](x x,,j), if x > Xi—1/2,j-

The two spatial derivatives 8,1/ ; and 8, 1" 1,j,m are the reconstructed slopes at cell centers
of (i, j)and (i — 1, j) in the x- dlrectlon respectlvely In order to remove possible numerical
oscillations, the MUSCL limiter [26] is used in (3.16).

The quantities ¢ and E, are reconstructed implicitly in time by piecewise polynomials.
For the variable ¢, the reconstruction reads as

S, vj, 0 = 48810 ;="

+1,L .
N 12, —xicy2), ifx < xicy2, (3.17)
LR .
x¢:l+1/21(x Xi—1/2,j), x> xi—172,;,
where § ¢l 1 2. (¢ffll/2. j—¢lf’71 P j) /At is the time derivative, and the spatial derivatives
are
n+1 n+1 n+1 n+1
wii L _ Pici2 ~ i wiir _ %~ %o
3([)71/2]:—, 8x¢’,',1/2j:—
Ax,-_l/2 ’ Ax,-/2

The reconstruction for E, can be done similarly.
Finally, we need to evaluate the term S, in the Eq. (3.15). In order to keep the asymptotic
preserving property of the scheme, this term should be given consistently with the terms

F2, and G* _, in(3.13), where the upwind side cell center value is used by the sign
1:|:2 j.m 1,]:t§,m

of the fluid velocity 7 at the boundary, such as

F2 o 91))” l]IrZz L) ifO.S(vx,i,I’j + Ux,,‘,j) <0, 3.18)
O E R N L if 0.5(vy,i—1,j + vr.ij) > 0, '
and
Sv 1 a n+1 Fn+l 4 0 En:'

ml—1/2j—_gﬁ | —(379)¢ P Ulliz12,

- . 3.19

N = (3-0) o TVENQ - Dliy . if0.5(uy o1 4 e j) <O, (3.19)

(3 -0)o/ M EMQ Dl if0.5(vy o1, + vk ) > O
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Here the upper script n and n + 1 are corresponding to the time steps, and the values of
the first term in S, ;_ /2, 1s given by the average of the corresponding values in the cell
(i —1, j)and (i, j). Up to now, the formulation of the cell interface radiation intensity / for
flux evaluation has been presented, but their final determination depends on the solution of

the macroscopic variables ¢>l.”f11/2’j, ¢l."fll’j, ¢;f}“1 and (E,);’fll/z,j, (E,)ffll’j, (Er)?’J;1 . These

unknowns in / and the other unknowns in the source term Sl-” }le of (3.13) will be determined
as shown in the next subsection.

3.2.2 Evaluation of the Macroscopic Variables

In this subsection we shall determine the macroscopic variables in the boundary fluxes and
source term. Instead of solving the radiative transfer equations, we first get the radiation
energy transport equation by taking moments of the last equation in (2.1), and solve them
together with the fluid dynamic equations:

3 (pv) = —H—2LF, + (3 — 0) 0 E, v},

8 (pE) = —H(% — eoy)(acT* = cE;) — o, B - [F, — (§ —0) €E, D),

»
€

1(Q-VI)+eV .- (0F]) = (% — eoy)(acT* — ¢Ey)
o ) (3.20)
—oiB - [Fr — (3 — 0) €E, D),

€ 8ﬁr 1 - - € - - o7 -,

SIE L QeQ- VI + V-0 bl = - LF,

c* ot c c

ce
4—% (% —'9)(7pEr6,

c

where the angular integrations are

(Q-VI):= [QVIdQ, (Q®Q-VI):=[Q®QVIdY;
(0BI) := [0B1dQ, (B ®QI) = [68Q QIdQ.
The finite volume method for system (3.20) reads as follows.

+1
ij

n
n+lz=n+l1 _ n+l=h At 9, = o\n+1 4 n+1 n+l1=h
Py =0l U = ST (RN + (53— 0) ol (BT )

t,i,j

n+1
+1 pn+l +1 h At g% +1 +1\4 +1
P Eij = o El = e —eogi placTT) — (B

o 1B [EDIH = (5 —0) (B! H00 ),
At At
€E)T 4+ —— (@] 0"t ) —— gt
L Ax,-ij i+3.] I=35,] Ax,-ij i,j+s3 L,j—73
ot (3.21)
=€e(E)] 4+ A{(EL — eI (ac(T)TH* — (BT
— ol TIBE LI = (5 - 0) e(ENITUL ),
At 2n+l 2n+l1 At 2> n+l 2>n+l

€ g+l 2L 3 _ = _
2D Raay; Prda T Pk T ey i Y-y

¢ ot 1 /4
= —(F _bhJ oyl +1 +1=h
= sz(Fr),r{j + At [_ o (Fr),"l,j + E <§ - 9) 0',”1,"]' (Er)?’j vi,j} s
where /§l“j =@+ Effj)/Z.

i,
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It should be emphasized that the central ingredient in UGKS is about the use of the same
time evolution distribution function for the microscopic and macroscopic fluxes at a cell
interface [28]. Based on this methodology, the boundary fluxes in (3.21) are obtained by
angular integration of F and G in (3.13),

M M
1 1 2
ot :ZF.I.w:Z(FA 4 F )w
i+3.j i+y.j.m> M l+%,],m+ i+3.jm) "
m=1 m=1
M M
ntl Z _ Z 1 2
q)i*%,j = Fi*%,j,mwm - Fi—%,j,m + Fi—%,j,m @O
m= m=1
M M
1 1 2
gt :ZG" , :Z(G )w
i+l i,j+5%.m®m l,]+%,m+ ij+im)
m=1 m=1
M M
n+1 Z _ Z 1 2
i, _% - Gh]*%,mwm - (Gi,]—%,m + Gt,] ! m) ©Om>
m=l =ty (3.22)
o LS o F LS~ g, (F! F?
i“l’%vj - E Z m i+%,j,mwm - E Z m ( i+%,j,m + i+%,j,m> @
m=1 m=1
. 1M§2F 1M§z Fl F?
1. = = . . = -
i3~ ¢ Z mEi—g jm®@m = Z ’”( i—%,j,m_'— i—%,j,m) O
m=1 m=1
o 1§:§2G ! Mé (G‘ +G2 )
L] = — Ll Wy = — Z . . W
A ¢~ MLy m ¢~ mA\Ti 45 m ij+im) ™
o 1M§zG 15 G! G>
L] = — . = — .
Li-3 T ¢ > S ij—g.m@m = 2 ”’( ij—ym T i,j—%,m) .
m=1 m=1

Thus, based on the macroscopic interface fluxes in (3.22), the system (3.21) reduces to a

coupled nonlinear system of the macroscopic quantities v;’jl, Tl”j“, (E,)?’J]fl and (Fr);’f]fl

only, where the parameters Gt”;r]l. and oj’jr} depend implicitly on the material temperature

s

Tﬁ'l. This nonlinear system can be solved by iterative method, such as the Gauss-Seidel
iteration method as shown in [11,12].

3.2.3 Update of the Solution

After obtaining the macroscopic variables Tl”;rl (E,);’;Tl and (13,);’371 by solving the Eq.

(3.21) iteratively, we can fully determine the radiation intensity at the cell interface for the

microscopic flux evaluation. For example, the boundary value ¢lfl+,l i in (3.17) is given by
-1,

¢t =@ i) 2.

The left and right derivatives in (3.17) are given by

n+1 _ an+l n+l _ n+l
sttt P T e %0 it
Hi=1/2] Axi—y/2 0 ThITL2 Ax;/2
For the time derivative 5,(;5,.”:“11/2 j in (3.17), we can take
n+1 n
¢i—1/2,j —Pic1/2,j

n+1 _
091y =

At
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In the same way, the reconstruction of E, in (3.15) can be obtained.
With the determined macroscopic variables in (3.21), the source term and the numer-

ical boundary fluxes F; 1 jm G, jEbm in (3.13) can be evaluated exphcltly Afterwards,

Sn+l

the radiative intensity in (3.12) can be updated as follows.

Sl"'/"'lm 2 ((’l EGS):l-r (Tn+1)4 (ea; )n+1 (E, )n+1
— ot [(R)'“.1 — (§=0) BT
2 (§ = 0) @O ENQ By, (3.23)
P SRS NN Yl Nis L XY
I-}H_l _ cAt i, j AxiAy; AxiAy; i,], m'
()

This completes the main numerical procedures in our unified gas kinetic scheme.

The final step is to update the solutions in the first and second equations in (3.12) for
the fluid velocity U”J,rl and material temperature T”Jrl with the newly obtained value /] ”+1
The solutions for the momentum equation (3.12) and the energy equation (3.12) are glven

respectively by

n+1—~h At M on+1 o n+l n+l
-n+1 i J l] T c Zm:l Qm(sz Jj.m +( ) Il s m)a)m
Ui,j n+1 ’
Pi.j
n+l ph  _ At M on+1 o n+1 n+1
et _ Pig By = & Dt Ol + CO ) eon (3.24)
i n+1
L.
rn+1 -n+12
gort _ B —lvij /2
i Cv

Based on (3.23) and (3.24), we get the solution of the system (3.10), and complete the
construction of the GKS and UGKS algorithm for the radiation hydrodynamic system.

Here we summarize the whole solving procedure of the GKS-UGKS algorithm for the
radiation hydrodynamic system:

Loop of the GKS-UGKS for the radiation hydrodynamics (2.1) Given p;' ;. v} ;. I1'; ,
+1 = +1 +1 +1
and T.”A one has (E;); I (F. )I jand ¢” Find ,o" , ot ’Iz”] ., and T”
+1 h
(1) Solve the hydrodynamics equation (3 1) by GKS method to to get ,o" U and the

intermediate total material energy E” e

(2) Solve the nonlinear system (3.21) to get T);’erl, Ei”;.rl, (E,);’jl, ([7’,)1’.’;?1;

(3) With the auxiliary macro quantities in step 2, construct the numerical boundary fluxes in
(3.13) with the boundary intensity given by (3.15). Then solve the Eq. (3.23) to obtain Ii'f;r,:n.

(4) Using the newly updated Il”jln obtained in step 3, solve the Eq. (3.24) to get the final

—>n+1 ~n+1
vij oL
(5) Setting p!' = ,ol";rl, ﬁl”j = *I"J]rl, Il”] m Il";r,ln, Tl"] = Tl”]H, and goto step 1 for the
next computatlonal time step.
End

In the following section, the asymptotic preserving property of the proposed scheme will
be analyzed.
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4 Asymptotic Analysis of the Scheme

The scheme presented in the last section possesses the asymptotic preserving (AP) property.
In fact, following the analysis in [11,12], we are able to show such a property for the scheme
in capturing the diffusion solution in the optically thick region for the radiative transfer. The
numerical fluxes F and G in (3.13) play a dominant role in the proof of the AP property.
Firstly, the left boundary numerical flux in the x-direction is given by

n+l1
C 1 cumAy;j !
gFi’j_l/z’m:W/tn Im(tyxi—]/27 iju“m»%-m)dt:

which can be exactly evaluated as follows. For simplicity, with the notation ¢ = cE,,, based
on (3.15), the above integral can be obtained

1 =
2Fi71/2,j,m = AYJ{Aifl/Z,j/*m(linfl/zjmlum>0 + I 1/2] m L it <0)
+1,L +1,R
+ Dl 1/2, ](Mm(S ¢zn 1/2] L,>0 +Mm x¢,n 1/2.j Ly, <0)

I,R
/2, /lﬂm<0)

+ D2y (280 0 + 12,800
+ Bic1y2, j (S Iy o L n=0 + i Su Al 1, <0) 4.1
+ Ei]—l/2,j//‘m8’¢;ljll/2,j + Ci]—l/z,j“m(b;ljll/z,j
+ E?—I/Z,jﬂmal(p?jll/z,j + Ci2—1/2,jum(pinj_]1/2,j
+Pic1y2, i (S — €8x 0BTy ).
Here I/ 2. jme Ii"_’Jlr/zq j.m are the interface values given by
B im = 0o 80 (it = xic, ),
L im = 1o + 8600, i = i),

and 8, 1" 1 n and 3, I !, are slopes in the x-direction which are reconstructed in (3.16).
The coefﬁc1ents in (4. 1) are given by

A= Lo (1—e VA,

cl= 7c22<5;:2m(m — L —evay),

C? = 350 (At = L(1 = e7v8),

Dl = ~ S0 (Ar(1 4 81 — 2(1 — ey,

D? = — 250 (Ar(1 4 e7"A0) — 2(1 — ¢V, (4.2)
B = —ﬁjm(l — VAL _ pAreT VA,

BV = SCEm) (st A LA,

E2 = s C60 (1 — "N —vAre™ — LwAn?),

2
P =5 (At —f(1—e2))

with v = 5.
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The behavior of the scheme in the small-e limit is completely controlled by the limits of
these coefficients, as shown in the following proposition.

Proposition 1 Let o; and oy be positive. Then, as € tends to zero, we have

A(At,e,0,v) = 0;
B(At,e,0,v) > 0;

DY (At,€,0,v) — —c/(2moy);
D2*(At,€,0,v) — 0;
P(At,e,0,v) — c/oy;

C%El (At,€,0,v) — —At/(dmc);
C%Ez(Az, €, 0,v)— 0

o SCH(AL€,0,v) > 1/Q2mc);

° L_%CQ(AI, e, o,v) — 0.

Taking moment of the left boundary flux F,_ 1 jm OVer the propagation angle 2, we
obtain
c c X c X
Cantl b _ ¢ 1 2
S e L it = L L T o
m= m=

M
= AYj {Ai—l/2,j Z Wm MLm (1,-"_1,‘,-,,"1#,,»0 + I,'rfj’mlp.m<0)

m=1
+1 +1 +1
n 27TD1 1/2,j ¢lnj _¢zn 1,j ZﬂDl 1/2/( (plj _wznl/
3 0.5(Ax; + Ax,- 1) 3 0.5(Ax; + Axi_1)
4 =
+ (3= Oy~ — Z Ot (€3 O Bx In)|; _1

m=1

M
+ Bic1y2j Y Ot Gl =0+ 8] 1 <0) + ecérm,-_;,j}

m=1

N (4.3)
= Ayj {Ail/z,j > Omim (Iin—l,j,mlﬂm>0 + Ii'fj,mlu,,1<0)
m=1
+1 +1 +1
n 2D} 1/2,) ‘bz”, - 90 1,j 2D} 1/2,j 90;1,] -9 1,j
3 0.5(Ax; +Axl~ 1) 3 0.5(Ax; + Ax;—1)
4
+ 3By ;- Zwmum@ OBy

m=1

M
+ Bi-1/2,j Z Oy (B Ly o V>0 + 821 lum<0)}

m=1

— A
e—0

n+1 n+1
c ¢)l J _¢l 1,j
Yj

4
P e E
“30, 050m 1 Ay T 3CEIliy }
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and

m —

veul
N\— .—
ﬁ \ —_

% m®m = Z Qm(Fl Lim + Fl-z_%’j’m)wm

m=1

Ai—1)2, /Mm(ll 1/2/m1M/n>0+11 1/2,j,m Ly, <0)

1L I.R
+ Dz'1—1/2,j(/’L315X¢?—+1/2,j Ly,>0 + /‘“rznax(bz"ljl/lj 14, <0)

+ D,'z_l/z,j(l/«m x‘/’,rl+1l/2leum>0 + Mm5x¢:1+11/2R] i <0)

+ Bi_1/2.j(1p, 5 1/,n1u,n>0+/tm5 TETI ) 4.4
+ Ei]—1/2,j/’L"18t¢7j_11/2,j + Ci1—1/2,j/’Lm¢inj_]/2,j

+ Ei2—1/2,jum81(pinj_ll/2,j + Ci2—1/2,jﬂm(/)inj_1]/2,j

+ Pic1y,jiim (S — eaxwﬁximmi_%, jYom

At
+1 +1
e—>0 y]ZQ { /‘«md)ln ]/zyj_4n_cﬂm8t¢in_]/2’j}wm
n+1 n
_ AV gt Al e ar AV iz F Picap g
=30 Pic12) T 5 %m0 = 50 ) 1-

With €; = (1, 0) is the unit vector, then by the limits in (4.3) and (4.5), it is easy to see that
the above coupled GKS and UGKS method possesses the asymptotic preserving property,
provided the following proposition holds.

Proposition 2 Let o; and o be positive. Then, as € tends to zero, the numerical scheme given
by coupling (3.6) for the fluid and (3.12) for the radiation goes to the standard implicit central

difference scheme for the equilibrium diffusion limit system (2.9) of radiation hydrodynamics.

Proof Firstly, as € — 0, the term of e~ !-order in the third equation of (3.12) satisfies

1 1
+1 +1 _ +1\4
]sz m g‘lﬁf,j = 2ﬂac(T” )*. 4.5)

Integrating the above equation with respect to the angular variable, we find that

- = 1 =
(BN = ¢t = ac(r Y, (Rt -0, P - ga(T,.'fjr‘)“D. (4.6)

Secondly, we integrate the flux 1 - F, k+11/2 i in the angular variable to obtain the macro flux
1q>f‘+11/2 jmn I (4.5). Then, takmg € — 0, under Proposition 1 we obtain
1 1 ot =gt 4
O, > A ( bl Ti-L) E, ) 47
i—1/2,j - y./ 30 ln+11/2 05*(Axl+Axl ]) + 3 ( vx)| ( )
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Similarly, as € — 0, the other macro boundary interface fluxes go to

1 g -t a4
1 gyn+1 o _ i+1,j i,j T ~ )
cPitip; Ay,/( 30;,:11/” 05 % (Axi + Axiy) + 3(Ervx)|i+%,j )
1 ¢t — ol 4 -
1 g+l i,j i,j ~
Lyn+ A<(— Z(E, 5y ) 48
/2 7 A 3011, 0.5 % (Ayj + Ayj-1) 3Bl g (+8)
1 ¢t — ot 4
1 gn+l ij+l1 i,J ~
Tygntl Ax(— + 2Byl 1).
€ i, j+1/2 t 30_;3:'1_1/2 05*(Ay]+Ay]+1) 3 rEYj+5

Dividing the third equation of (3.12) by € and integrating the resulting equation over the
angular variable, with the utilization of second equation of (3.12) and Eq.(4.8), as € — 0 the
energy transport equation goes to

+1 +1
Ef —EL B — (BN

At At
1 { ( 1 ¢,{l_:>11,j - ¢,njl

n+1
Pi,j

* B + 2 Erid)ly
Ax; 30750, 05 % (Axi + Axiyy) 30
1 ¢ — o R
T —(E; 00|, 1 ;
30,40, 05 (Ax +Axmy) 30 iTh (4.9)

I {( 1 ol — ot

- + ~(Erdy)l; 41
AYj 30;?;:1/2 0.5% (Ayj + Ayjp) 3 It

! M + &) 0
J— — — P | = V.
30/ 1L, 055 (Ayj + Ayjy) - 37T

Based on the above Eq. (4.9), together with the discretization of the third equation of (3.1)
for the fluid, we recover the numerical discretization of the third equation for the equilibrium
diffusive radiation hydrodynamics (2.9).

Thirdly, multiplying the last equation of (3.12) with C and integrating the resulting equa-
tion in the angular variable, with the help of the first equation of (3.12) and (4.5) we get

S+l = +1 +1
a1 U U 4+ L i, . 6 ),
Pi. At Ax; 6c 6c

(4.10)

_i_ﬁ { ‘/’;’,ﬂl/z;‘bfz,jﬂ/z _ ‘7’;1;11/2;‘7’?,]'71/2 } —0.
Thus, with the discretization of the second equation of (3.1) for the fluid part and the above
equation (4.10), the numerical discretization of the second equation for the equilibrium
diffusive radiation hydrodynamics (2.9) is recovered.

Since there is no € term in the first equation of (2.1), the discretization for the first equation
of (3.6) is the same mass conservation equation of (2.9). This shows that the coupled GKS and
UGKS method for the system (2.1) does have the asymptotic preserving property. By virtue
of (4.8), Eq. (4.9) becomes a standard five points scheme for the third (diffusion) equation of
(2.9). Therefore, the current scheme can recover the diffusion solution without the constraint
on the cell size being smaller than the photon’s mean free path. O
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Table 1 Initial condition for the

Mach 1.2 radiative shock Parameter Pre-shock value Post-shock value Units
problem 0 1.00000000e+00  1.29731782e+00  gcm™3
u 1.52172533e—01 1.17297805e—01 cm sh™!
T 1.00000000e—01 1.19475741e—01 keV
E, 1.37201720e—06 2.79562228e—06 Jkem ™3
KZ::E 23 rg:jiit:tlilvceo:}?;tcilf r;)::))]; lteh; Parameter Pre-shock Value Post-shock value Units
0 1.00000000e+00 3.00185103e+00 gem™3
u 3.80431331e—01 1.26732249¢—01 cm sh™!
T 1.00000000e—01 3.66260705e—01 keV
E, 1.37201720e—06 2.46899872e—04 Jkem ™3

5 Numerical Results

In the following examples, we take the unit for length is cm, the unit for time is ns, the
unit for temperature is keV and the unit for the energy is GJ. With these units, the light
speed ¢ = 29.89¢m /ns, the radiation constant a = 0.001372G J /(cm® % keV*). And we
take 6 = O for the Eulerian simulation. Based on the above units, we can take € = 1 inthe
simulation. For the angle direction, the Sy is used for the DOM method. The maximum error
for the whole nonlinear iteration is 1075, for the macro auxiliary equations is 10~8, and for
the radiation transfer equation is 10~7. The maximum iteration number is 15 for the whole
nonlinear iteration, 50 for the macro auxiliary equations, and 20 for the radiation transfer
equation. Furthermore, all examples are tested on the ThinkPad X250 notebook with Inter
Core i7-5600U, 8GB RAM.

Example 1 (Radiative shock) The newly developed multiscale method will be tested in two
radiative shock cases, which are presented in [17,18]. For both shocks, the parameters are the
monatomic gas y = 5/3, the specific heat ¢, = 0.14472799784454 JKkeV~'g~ ' (1JK =
10°J ), the total absorption coefficient o, = 577.35¢cm™!, and the scattering coefficient
os = 0. The specifications of the conditions in the far-stream pre and post-shock regions are
provided in Tables 1 and 2 for Mach 1.2 and Mach 3 shocks, respectively. The initial condition
for the calculation is that on the left half of the spatial domain the pre-shock condition is
adopted and on the right half of the domain the post-shock state is used. The CFL number is
0.6 and two meshes with 500 and 1000 cells are used in each calculation. The steady state
solutions for both cases are obtained. For the strong shock, the material temperature reaches
its maximum at the post-shock state, this point is called the Zel’dovich spike.

Case 1. (Mach 1.2 shock) For the weak radiative shock at Mach 1.2, the numerical
results are shown in Fig. 1. There is a hydrodynamic shock, but no visible Zel’dovich spike
[18]. In the numerical solution, we observe a discontinuity in the fluid temperature due to
the hydrodynamic shock, and the maximum temperature is bounded by the far-downstream
temperature. This matches with the results in [17,18]. The total computational time is 61
min, and there are 5000 computational steps.

Case 2. (Mach 3 shock) For the strong radiative shock at Mach 3, the numerical results
are shown Fig. 2. Both hydrodynamic shock and Zel’dovich spike appear. Discontinuities in
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Fig.1 Case 1 of example 1: numerical results for Mach 1.2 radiative shock
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both fluid density and temperature are observed in the hydrodynamic shock. The Zel’dovich
spike emerges at the shock front with enhanced fluid temperature, and leads to a relaxation
region downstream where the fluid temperature and radiation temperature get to equilibrate.
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Fig.2 Case 2 of example 1: numerical results for Mach 3 radiative shock

There is in good agreement with the results in [17,18]. The total computational time is 237
min, there are total 10* computational steps.

Example 2 (Interaction between a shock and a bubble) This is about a Mach 3 shock, the same
as the case 2 in Example 1, interacting with a denser bubble. Initially, there is a circular bubble
of radius R = 0.2 with its center located at (—0.008,0.01) in the computational domain
[—0.02.0.4] x [0, 0.02]. The bubble is 25 times denser than the surrounding gas, and the
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(a) (b)
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Material Temperature
Material Temperature
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X
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Fig. 3 Computed results at time ¢ = 1.4ns of example 2. The left figures a, ¢, e the temperature, density,
and velocity of the purely Euler gas dynamic solution, while the right figures b, d, f the numerical results for
radiation hydrodynamics. The g is the computed radiation temperature
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Fig.4 Computed material and
radiation temperatures at line
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opacity parameter in the bubble is 100 times of that in the ambient gas. The shock is introduced
at x = —0.012 with the same initial pre- and post-shock states for (p, T, T,, u) as given in
Table 2, and the initial value for v is zero. The upper and lower boundary conditions are zero
gradients for the flow variables and reflective for the radiation intensity. The radiation constant
ag and the light speed are the same as given in the first two examples. The computation is
performed with 150 x 50 cells. The output time is ¢ = 1.4ns. As a comparison, we also
give the numerical solution of the Euler equations at the same output time. As shown in
the Fig. 3, the phenomena of Zel’dovich spike appears at the shock front by comparing the
material temperature with the radiation temperature at line y = 0.01 in Fig. 4. The total
computational time for the radiation hydrodynamics is 208 min, where the hydrodynamic
part takes 5min only.

Example 3 (Marshak Wave-2B) In order to test the capacity of the current scheme to capture

the radiative equilibrium diffusion solution in the optical thick limit, we set zero fluid velocity
and keep the energy exchange between the material and radiation. The opacity coefficient
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of the material is 0 = ]T%O cm?/g with constant specific heat 0.1 GJ/g/keV and density 3.0

g/cm?. The initial material temperature T is set to be 10~ keV. The computational domain
is a two-dimensional slab [0, 1] x [0, 0.01]. A constant isotropic incident radiation intensity
with a Planckian distribution at 1 keV is kept on the left boundary, and an initial constant
value is set at the right boundary. In Fig. 5, the result of material temperature is compared with
the the diffusion limiting solution at time 74 ns. Reasonable agreement has been obtained.

6 Conclusion

In this paper, a multiscale method for radiation hydrodynamics is developed by coupling
gas dynamic movement and radiative transfer. More specifically, the scheme simulates the
radiation transport through a gas dynamic system with momentum and energy exchange. For
the hydrodynamic part, the GKS is used to solve the compressible flow equations, while for the
radiative transfer part, the multiscale UGKS is adopted. Since both GKS and UGKS are finite
volume methods, all unknowns are defined inside each cell and consistent discretizations for
the hydrodynamics and radiative transfer can be constructed. Due to the multiscale nature of
UGKS, the final scheme has the asymptotic preserving property for the whole system. For
example, the coupled scheme can recover the equilibrium diffusion limit for the radiation
transport in the optically thick gas region, and has no requirement for the cell size being less
than photon’s mean free path. Theoretically, accurate solution can be obtained in different
optical thickness regimes. The standard radiation shock wave problems and the interaction
between the shock and dense bubble have been tested to validate the proposed method. The
Marshak wave problem is simulated to test the asymptotic preserving property of the scheme.
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