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With discretized particle velocity space, a multiscale unified gas-kinetic scheme for entire
Knudsen number flows is constructed based on the BGK model. The current scheme cou-
ples closely the update of macroscopic conservative variables with the update of micro-
scopic gas distribution function within a time step. In comparison with many existing
kinetic schemes for the Boltzmann equation, the current method has no difficulty to get
accurate Navier–Stokes (NS) solutions in the continuum flow regime with a time step being
much larger than the particle collision time. At the same time, the rarefied flow solution,
even in the free molecule limit, can be captured accurately. The unified scheme is an exten-
sion of the gas-kinetic BGK-NS scheme from the continuum flow to the rarefied regime
with the discretization of particle velocity space. The success of the method is due to the
un-splitting treatment of the particle transport and collision in the evaluation of local solu-
tion of the gas distribution function. For these methods which use operator splitting tech-
nique to solve the transport and collision separately, it is usually required that the time
step is less than the particle collision time. This constraint basically makes these methods
useless in the continuum flow regime, especially in the high Reynolds number flow simu-
lations. Theoretically, once the physical process of particle transport and collision is mod-
eled statistically by the kinetic Boltzmann equation, the transport and collision become
continuous operators in space and time, and their numerical discretization should be done
consistently. Due to its multiscale nature of the unified scheme, in the update of macro-
scopic flow variables, the corresponding heat flux can be modified according to any realis-
tic Prandtl number. Subsequently, this modification effects the equilibrium state in the
next time level and the update of microscopic distribution function. Therefore, instead of
modifying the collision term of the BGK model, such as ES-BGK and BGK–Shakhov, the uni-
fied scheme can achieve the same goal on the numerical level directly. Many numerical
tests will be used to validate the unified method.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

The development of accurate numerical methods for all flow regimes is challenging. An excellent example is the nozzle
flow for controlling aerospace orbit, where both continuum and vacuum flows exist from gas container to the nozzle exit.
Both the kinetic methods, such as direct simulation Monte Carlo (DSMC), and modern CFD techniques based on the
Navier–Stokes (NS) equations, encounter computational difficulties when applied to these flows. The DSMC method requires
that the time step and cell size are less than the particle collision time and mean free path, which subsequently introduce
enormous computational cost in the high density regime. On the other hand, the conventional continuum NS methods are
. All rights reserved.
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inapplicable for capturing non-equilibrium effects in the rarefied flow regime. High-order hydrodynamic equations are
mostly limited to the transition flow regime only [22]. In recent years, the hybrid methods which combine NS and kinetic
approaches have been often used to model flows which have both continuum and rarefied regimes [26,27,9,5,30,8,32]. A buf-
fer zone is used to couple different approaches with the assumption of correctness of both methods in this zone. These
approaches may sensitively depend on the location of the interface between different methods. Certainly, it is required that
both methods are reliable in the buffer zone. But, in reality it may become that neither method can be applied there. For
example, in many hybrid methods, it is assumed that in the buffer zone the flow can be correctly described by the NS equa-
tions, which means that the extension of the kinetic approach to the buffer zone should have the correct NS limit as well. But,
this is just the difficult part for the kinetic approach. So, in order to accurately simulate the whole flow regimes, it is still
desirable to have a single kinetic method which presents accurately the NS solution in the continuum flows and the colli-
sionless Boltzmann solution in the free molecule regime. This can be done dynamically through the numerical discretization
of the Boltzmann equation, instead of geometrically through the zone separations.

The Boltzmann equation describes the time evolution of the density distribution of a monatomic dilute gas with binary
elastic collisions. The fluid dynamic Navier–Stokes (NS), Burnett and Super-Burnett equations can be derived from the Boltz-
mann equation. The Boltzmann equation is valid from the continuum flow regime to the free molecule flow. So, theoretically
a unified kinetic method which is valid in the whole range of Knudsen number can be developed once the numerical discret-
ization is properly designed. In the framework of deterministic approximation, the most popular class of methods is based on
the so-called discrete velocity methods (DVM) or discrete ordinate method (DOM) of the Boltzmann equation
[7,38,16,18,1,13]. These methods use regular discretization of particle velocity space. Most of these methods can give accu-
rate numerical solution for high Knudsen number flows, such as those from the upper transition to the free molecule regime.
However, in the continuum flow regime, it is recognized that they have difficulty in the capturing of the Navier–Stokes solu-
tions, especially for the high Reynolds number flows, where the intensive particle collisions take place. Under this situation,
the requirement of the time step being less than the particle collision time makes these methods prohibitive in the contin-
uum flow application. In order to get unconditionally stable schemes with large time step, it is natural to use implicit or
semi-implicit method for the collision part [18,24,11]. However, even though a scheme could overcome the stability restric-
tion and use large time step, there is still accuracy concern. Because these schemes have the same numerical mechanism as
the flux vector splitting (FVS) methods, their intrinsic numerical dissipation is proportional to time step [35], which deteri-
orates the NS solution when a large time step is used.

In order to develop a kinetic scheme for the whole flow regime, much effort has been paid on the development of the so-
called asymptotic preserving (AP) scheme. As defined in [11], a kinetic scheme is AP if (1) it preserves the discrete analogy of
the Chapman–Enskog expansion when the Knudsen numbers go to 0. (2) in the continuum regime, the time step is not re-
stricted by the particle collision time. Besides the above two conditions, we may need a third one as well, (3) the scheme has
at least second-order accuracy in both continuum and free molecule regimes. Therefore, the AP scheme is the appropriate
choice to solve the kinetic equation. For example, for an AP scheme in the nozzle simulation, with a uniform time step in
the whole domain, this time step must be much larger than the particle collision time in the inner high density region,
and be the same order or less in the outer rarefied and free molecular regions. Many kinetic approaches have been developed
to target on the kinetic AP methods [2,9,11,24]. One of the above AP schemes for the NS asymptotic in the continuum regime
is the method developed by Bennoune et al. [2]. Their deterministic method is based on a decomposition of the Boltzmann
equation into a system which couples a kinetic equation (non-equilibrium) with a fluid one (equilibrium). The fluid part of
this system degenerates, for small particle collision time, into the NS equations. However, in the collisionless limit, the phys-
ical basis and numerical formulation of separating a distribution function into an equilibrium and a non-equilibrium part is
questionable. The accuracy of the above scheme in the collisionless limit has to be tested as well. In other words, AP scheme
should not only have the accuracy in the continuum flow regime, the validity of the kinetic method in the collisionless limit
should be kept as well.

In order to develop an AP scheme for the kinetic equation, we need a correct understanding of the Boltzmann equation.
Even though the individual particle movement has distinct transport and collision process, once this process is described by a
statistical model, such as the Boltzmann equation, the transport and collision processes are coupled everywhere in space and
time. To separate them numerically, such as the operator splitting methods, is inconsistent with the underlying physical
model. As shown in this paper, a simple upwinding discretization for the particle transport term in the Boltzmann equation,
i.e., ufx term, is basically an operator splitting approach and introduces difficulties to get AP property. Without correctly dis-
cretizing this term, any other modification in the kinetic method may not work properly in the whole flow regime. In the
high Knudsen number flow regime, the decoupling of transport and collision may not become a problem, because the
numerical error introduced due to the decoupling (being proportional to time step) is much less than the physical one (being
proportional to particle collision time). But, it cannot be tolerated in the continuum flow regime, especially for an AP method.

In the past years, the gas-kinetic BGK–NS scheme for the Navier–Stokes solutions has been well developed [34], and has
been successfully applied for the continuum flow simulations from nearly incompressible to hypersonic viscous and heat
conducting flows [29,36,37,17,15]. In the BGK–NS method, the particle velocity space is continuous and is integrated out
in the flux evaluations in a finite volume scheme. This is not surprised because in the fluid regime, based on the Chap-
man–Enskog expansion the gas distribution function for the viscous flow is well-defined. Therefore, the efficiency of the
BGK–NS method is similar to the traditional NS flow solver, where the same CFL condition is used for the determination
of time step. Theoretically, any kinetic scheme with NS asymptotic AP property should be able to recover the BGK–NS
Please cite this article in press as: K. Xu, J.-C. Huang, A unified gas-kinetic scheme for continuum and rarefied flows, J. Comput. Phys.
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scheme in the continuum limit. So, in this paper we are going to extend the BGK–NS method from the continuum flow to the
rarefied regime, which includes the free molecule limit. In order to do that, we have to discretize the particle velocity space
as well, because the real gas distribution function in the highly non-equilibrium region can be hardly described by a Max-
wellian distribution function and its derivatives. So, the current method can be also considered as a discrete velocity version
of the BGK-NS scheme.

This paper is organized in the following. Section 2 is about the introduction of kinetic BGK model and the discrete ordi-
nate method (DOM). Section 3 presents the current unified multiscale method for the whole Knudsen number flow simula-
tions. Section 4 is the analysis of the unified scheme, especially about the modification of Prandtl number of the unified
scheme. Section 5 includes many numerical tests to validate the current method. The last section is the conclusion.

2. Kinetic theory and discrete ordinate method

In this paper, we will present a unified scheme for all Knudsen number flows. The one-dimensional kinetic equation will
be used to illustrate the idea. In this section, we are going to first introduce the kinetic equation and the traditional discrete
ordinate method (DOM).

The one-dimensional gas-kinetic BGK equation can be written as [6,3]
Please
(2010
ft þ ufx ¼
g � f

s
; ð1Þ
where f is the gas distribution function and g is the equilibrium state approached by f. Both f and g are functions of space x,
time t, particle velocities u, and internal variable n. The particle collision time s is related to the viscosity and heat conduction
coefficients, i.e., s = l/p where l is the dynamic viscosity coefficient and p is the pressure. The equilibrium state is a Max-
wellian distribution,
g ¼ q
k
p

� �Kþ1
2

e�kððu�UÞ2þn2Þ;
where q is the density, U is the macroscopic velocity in the x direction, k is equal to m/2kT, m is the molecular mass, k is the
Boltzmann constant, and T is the temperature. For 1D flow, the total number of degrees of freedom K in n is equal to (3 � c)/
(c � 1). For example, for a monatomic gas with c = 5/3, K is equal to 2 to account for the particle motion in the y and z-direc-
tions. In the equilibrium state, the internal variable n2 is equal to n2 ¼ n2

1 þ n2
2 þ � � � þ n2

K . The relation between mass q,
momentum qU, and energy E densities with the distribution function f is
q
qU
E

0
B@

1
CA ¼ Z wafdN; a ¼ 1;2;3; ð2Þ
where wa is the component of the vector of moments
w ¼ ðw1;w2;w3Þ
T ¼ 1;u;

1
2
ðu2 þ n2Þ

� �T

;

and dN = dudn1 dn2 . . .dnK is the volume element in the phase space with dn = dn1 dn2 . . .dnK. Based on the distribution func-
tion f, all other macroscopic flow variables, such as the stress pij and heat fluxes qi, can be defined as well,
pij ¼
Z
ðui � UiÞðuj � UjÞfdN;

qi ¼
Z

1
2
ðui � UiÞððuj � UjÞ2 þ n2ÞdN;
where Ui is the averaged fluid velocity Ui ¼
R

uifdN=
R

fdN. Since mass, momentum, and energy are conserved during particle
collisions, f and g satisfy the conservation constraint,
Z

ðg � f ÞwadN ¼ 0; a ¼ 1;2;3; ð3Þ
at any point in space and time.
Before we introduce discrete ordinate method, let’s first discretize the physical space, time, and particle velocity space.

The physical space is divided into numerical cells with cell size Dx, and the jth-cell is given by x 2 [xj�1/2,xj+1/2] with cell size
Dx = xj+1/2 � xj�1/2. The temporal discretization is denoted by tn for the nth-time step. The particle velocity space is discret-
ized by 2N + 1 subcells with cell size Du, and the center of kth-velocity interval is uk = kDu, and it represents the average
velocity u in that interval,
u 2 k� 1
2

� �
Du; kþ 1

2

� �
Du

� �
; k ¼ �N;�ðN � 1Þ; . . . ;�1;0;1; . . . ; ðN � 1Þ;N:
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Then, the averaged gas distribution function in cell j, at time step tn, and around particle velocity uk, is given by
Please
(2010
f ðxj; tn;ukÞ ¼ f n
j;k ¼

1
DxDu

Z xjþ1=2

xj�1=2

Z ukþ1
2Du

uk�1
2Du

f ðx; tn; uÞdxdu; ð4Þ
where Dx is the cell size and Du is the particle velocity interval defined later.
The BGK Eq. (1) can be written as
ft ¼ �ufx þ
g � f

s
: ð5Þ
Integrating the above equation in a control volume
R xjþ1=2

xj�1=2

R tnþ1

tn ð. . .Þdxdt=Dx, and keeping the particle velocity space continu-
ous, the above differential equation becomes an integral equation
f nþ1
j ¼ f n

j þ
1
Dx

Z tnþ1

tn
uf̂ j�1=2ðtÞ � uf̂ jþ1=2ðtÞ
� �

dt þ 1
Dx

Z tnþ1

tn

Z xjþ1=2

xj�1=2

g � f
s

dxdt; ð6Þ
where f̂ jþ1=2 is the gas distribution function at the cell interface xj+1/2. The above equation is exact and there is no any numer-
ical error introduced yet. For a kinetic scheme, two terms on the right hand side of the above equation have to be numerically
evaluated.

With discretized particle velocity space, at each particle velocity uk a standard operator splitting method is to solve the
above equation in the following steps [8,38]. Eq. (6) is decoupled to
f �j;k ¼ f n
j;k þ

1
Dx

Z
ukf̂ j�1=2;kðtÞ � ukf̂ jþ1=2;kðtÞ
� �

dt; ð7Þ
for the transport across a cell interface, and
dfj;k

dt
¼

g � f �j;k
s

; ð8Þ
for the particle collision or source term inside each cell. In the transport part, the collisionless Boltzmann equation or
upwinding approach, is used,
ft þ ufx ¼ 0; ð9Þ
for the flux evaluation at the cell interface. For example, for a 1st-order method, the upwinding flux is based on the following
solution at the cell interface,
f̂ jþ1=2;k ¼
fj;k; uk P 0;
fjþ1;k; uk < 0;

�
ð10Þ
which is dynamically equivalent to the flux vector splitting scheme. The above transport and collision steps can be also cou-
pled using Runge–Kutta method within a time step.

If we take conservative moments wa on Eq. (6), due to the conservation of conservative variables during particle collision
process, the update of conservative variables become
Wnþ1
j ¼Wn

j þ
1
Dx

Z tnþ1

tn
Fj�1=2ðtÞ � Fjþ1=2ðtÞ
	 


dt; ð11Þ
where W is the averaged conservative mass, momentum, and energy densities inside each cell, and F ¼
R

uwa f̂ dN is the flux
based on the collisionless Boltzmann equation. The above scheme for the update of macroscopic flow variables is physically
identical to the kinetic flux vector splitting schemes (KFVS) [25,10]. The only difference is the approximation of initial gas
distribution function used at the beginning of each time step in order to evaluate the interface flux f̂ . For the KFVS scheme,
an equilibrium state with continuous particle velocity space is used to construct initial condition f for Eq. (9), and for the
DOM the initial f is explicitly given from the update of the discretized particle distribution function. But, the different initial
condition will not change the numerical dissipative mechanism in the KFVS method, where the numerical dissipation is pro-
portional to the time step. Therefore, if a large time step could be used for the DOM method in the continuum flow regime,
the numerical dissipation would make DOM scheme be inaccurate for the NS solutions. It is a well-known defect for all flux
vector splitting methods [31,35]. So, in the continuum flow regime, for the DOM method the requirement of time step being
less than the particle collision time helps the scheme not only for the stability, but also for the accuracy. Unfortunately, this
constraint deviates the above scheme away from an AP method for the NS solutions in the continuum flow regime.

In order to design an AP scheme which is able to capture NS solutions in the continuum flow regime and also get an accu-
rate free molecule solution in another limit, the full BGK Eq. (1) has to be solved in the flux evaluation in Eq. (6) across a cell
interface. The kinetic equation models the transport ufx(x, t) and collision (g � f)/s as a continuous function of x and t. For
these molecules passing through a cell interface, they do suffer from particle collisions during their passage moving towards
cite this article in press as: K. Xu, J.-C. Huang, A unified gas-kinetic scheme for continuum and rarefied flows, J. Comput. Phys.
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to the cell interface. The collision frequency of these molecules distinguishes the continuum and rarefied flow regimes
dynamically, subsequently presents the corresponding distribution functions.

3. Unified kinetic scheme for all flow regimes

In this section, we will present a unified kinetic scheme based on the BGK model for all flow regimes. The current method
is a natural extension of the gas-kinetic BGK-NS method for the compressible Navier–Stokes solutions to all Knudsen number
flows. In this section, only one-dimensional formulation will be presented. The extension to 2D and 3D cases is straightfor-
ward for the kinetic method.

With the discretization of space xj, time tn, and particle velocity uk, the finite volume scheme based on the integral solu-
tion of Eq. (6) is
Please
(2010
f nþ1
j;k ¼ f n

j;k þ
1
Dx

Z
ukf̂ j�1=2;k � ukf̂ jþ1=2;k

� �
dt þ 1

Dx

Z Z
g � f

s
dxdt; ð12Þ
where f n
j;k is the averaged distribution function in the jth-cell x 2 [xj�1/2,xj+1/2] at the particle velocity uk. Instead of using

upwinding scheme for the evaluation of the distribution function at a cell interface, the solution f̂ jþ1=2;k in the above equation
is constructed from an integral solution of the BGK model (1) using the method of characteristics [12],
f̂ jþ1=2;k ¼ f ðxjþ1=2; t;uk; nÞ ¼
1
s

Z t

tn
g x0; t0; uk; nð Þe�ðt�t0 Þ=sdt0 þ e�ðt�tnÞ=sf n

0;k xjþ1=2 � ukðt � tnÞ; tn;uk; n
	 


; ð13Þ
where x0 = xj+1/2 � uk(t � t0) is the particle trajectory and f n
0;k is the initial gas distribution function of f at time t = tn around the

cell interface xj+1/2 at the particle velocity uk, i.e., f n
0;k ¼ f n

0 ðx; tn;uk; nÞ. In the above equation, f n
0;k, is known at the beginning of

each time step tn, and a high-order reconstruction can be used to reconstruct its subcell resolution using TVD and ENO meth-
ods. The use of the following discontinuous reconstruction is to introduce artificial dissipation for the unified scheme once
the scheme becomes a shock capturing method when the dissipative flow structure cannot be well resolved by the cell size. If
the solutions are well resolved, the discontinuous reconstruction will become a continuous one automatically. In order to
simplify the notation, in the following the cell interface xj+1/2 = 0 and tn = 0 are used. For example, around each cell interface
xj+1/2, at time step tn the initial distribution function becomes,
f0ðx; tn;uk; nÞ ¼ f0;kðx;0Þ ¼
f l
jþ1=2;k½1þ rj;kx�; x 6 0;

f r
jþ1=2;k½1þ rjþ1;kx�; x > 0;

(
ð14Þ
where nonlinear limiter is used to reconstruct f l
jþ1=2;k, f r

jþ1=2;k and the corresponding slopes rj,k. For example, in this paper we
will use van Leer limiter in the reconstruction. The cell interface distribution functions become
f l
jþ1=2;k ¼ fj;k þ ðxjþ1=2 � xjÞrj;k;

f r
jþ1=2;k ¼ fjþ1;k � ðxjþ1 � xjþ1=2Þrjþ1;k;
and
rj;k ¼ ðsignðs1Þ þ signðs2ÞÞ
js1ks2j
js1j þ js2j

;

where s1 = (fj,k � fj�1,k)/(xj � xj�1) and s2 = (fj+1,k � fj,k)/(xj+1 � xj).
There is one-to-one correspondence between an equilibrium state and macroscopic flow variables. For the integral solu-

tion of the equilibrium state in Eq. (13), we can first use a continuous particle velocity space to evaluate the integral. For an
equilibrium state g around a cell interface (xj+1/2 = 0, t = 0), same as the BGK-NS scheme, it can be expanded with two slopes
[34],
g ¼ g0 1þ ð1� H½x�Þ�alxþ H½x��arxþ At
h i

; ð15Þ
where H[x] is the Heaviside function defined as
H½x� ¼
0; x < 0;
1; x P 0:

�

Here g0 is a local Maxwellian distribution function located at x = 0. Even though, g is continuous at x = 0, it has different
slopes at x < 0 and x P 0. In the equilibrium state g, �al; �ar , and A are related to the derivatives of a Maxwellian distribution
in space and time. In the above calculation of the equilibrium state in space and time, it is not necessary to use a discretized
particle velocity space. Based on the macroscopic flow distributions, we can construct the integral solution with a continuous
particle velocity space first, then take its corresponding value at the specific particle velocity when necessary. The expansion
of the above equilibrium distribution is coming from a Taylor expansion of a Maxwellian in space and time. In order to have
AP scheme for the Navier–Stokes equations, to keep the first-order expansion of an equilibrium state in space and time is
cite this article in press as: K. Xu, J.-C. Huang, A unified gas-kinetic scheme for continuum and rarefied flows, J. Comput. Phys.
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necessary. Certainly, if you would like to increase the order of accuracy or solve Burnett equations as the asymptotic limit in
the continuum regime, a high-order expansion needs to be used [15].

The dependence of �al; �ar and A on the particle velocity can be obtained from a Taylor expansion of a Maxwellian and have
the following form,
Please
(2010
�al ¼ �al
1 þ �al

2uþ �al
3

1
2
ðu2 þ n2Þ ¼ �al

awa;

�ar ¼ �ar
1 þ �ar

2uþ �ar
3

1
2
ðu2 þ n2Þ ¼ �ar

awa;

A ¼ A1 þ A2uþ A3
1
2
ðu2 þ n2Þ ¼ Aawa;
where a = 1,2,3 and all coefficients �al
1; �a

l
2; . . . ;A3 are local constants.

The determination of g0 depends on the determination of the local macroscopic values of q0, U0 and k0 in g0, i.e.,
g0 ¼ q0
k0

p

� �Kþ1
2

e�kððu�U0Þ2þn2Þ
0 ;
which is determined uniquely using the compatibility condition of the BGK model. Taking the limit t ? 0 in Eq. (13) and
substituting its solution into Eq. (3), the conservation constraint at (x = xj+1/2, t = 0) gives
W0 ¼
Z

g0wdN ¼
Xk¼N

k¼�N

f l
jþ1=2;kH½uk� þ f r

jþ1=2;kð1� H½uk�Þ
� �

w; ð16Þ
where W0 = (q0,q0U0,E0)T is the conservative macroscopic flow variables located at the cell interface at time t = 0. Since f l
jþ1=2;k

and f r
jþ1=2;k have been obtained earlier in the initial distribution function f0 around a cell interface, the above moments can be

evaluated explicitly. Therefore, the conservative variables q0, q0U0, and E0 at the cell interface can be obtained, from which g0

is uniquely determined. Different from the BGK–NS method, the integration of f0 term in phase space in BGK–NS scheme is
replaced by the quadrature formula in particle velocity due to the discretization of phase space. Also, due to the particle
velocity discretization, the gas distribution function has more freedom here to recover any shape distribution function in
the highly non-equilibrium flow regime, and the macroscopic governing equations underlying the current kinetic approach
can be beyond the NS in the general case. For the equilibrium state, k0 in g0 can be found from
k0 ¼ ðK þ 1Þq0 4 E0 �
1
2
q0U2

0

� �� ��
:

Then, �al and �ar of g in Eq. (15) can be obtained through the relation of
Wjþ1ðxjþ1Þ �W0

q0Dxþ
¼
Z

�arg0wdN ¼ M0
ab

�ar
1

�ar
2

�ar
3

0
B@

1
CA ¼ M0

ab
�ar

b; ð17Þ
and
W0 �WjðxjÞ
q0Dx�

¼
Z

�alg0wdN ¼ M0
ab

�al
1

�al
2

�al
3

0
B@

1
CA ¼ M0

ab
�al

b; ð18Þ
where the matrix M0
ab ¼

R
g0wawbdN=q0 is known, and Dx+ = xj+1 � xj+1/2 and Dx� = xj+1/2 � xj are the distances from the cell

interface to cell centers. Therefore, �ar
1; �a

r
2; �a

r
3

	 
T and �al
1; �a

l
2; �a

l
3

	 

can be found following the procedure as BGK–NS method [34].

In order to evaluate the time evolution part A in the equilibrium state, we can apply the following condition
d
dt

Z
ðg � f̂ ÞwN ¼ 0;
at (x = 0, t = 0) [14] and get
M0
abAb ¼ ð@q=@t; @ðqUÞ=@t; @E=@tÞT ¼ � 1

q0

Z
u �alH½u� þ �arð1� H½u�Þ
	 


g0

� 

wdN: ð19Þ
Up to this point, we have determined all parameters in the initial gas distribution function f0 and the equilibrium state g in
space and time locally. After substituting Eq. (14) and (15) into Eq. (13) and taking u = uk in g0, �al; �ar and A, the gas distribu-
tion function f̂ ðxjþ1=2; t;uk; nÞ at the discretized particle velocity uk can be expressed as
f̂ jþ1=2;kð0; tÞ ¼ ð1� e�t=sÞg0 þ sð�1þ e�t=sÞ þ te�t=s	 

�alH½uk� þ �arð1� H½uk�Þ
	 


ukg0 þ s t=s� 1þ e�t=s	 

Ag0

þ e�t=s ð1� uktrj;kÞH½uk�f l
jþ1=2;k þ ð1� uktrjþ1;kÞð1� H½uk�Þf r

jþ1=2;k

� �
, ~gjþ1=2;k þ ~f jþ1=2;k; ð20Þ
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where ~gjþ1=2;k is all terms related to the integration of the equilibrium state g and ~f jþ1=2;k is the terms from initial condition f0.
The collision time s in the above distribution function is determined by s = l(T0)/p0, where T0 is the temperature and p0 is the
pressure, and both of them can be evaluated from W0 at the cell interface. The above time-accurate gas distribution function
can be used in Eq. (12) for the fluxes at a cell interface.

In order to discretize the collision term in Eq. (12) efficiently and accurately, a multiscale unified formulation is the fol-
lowing. Let’s first take moment w on Eq. (12). Due to the vanishing of the particle collision term for the conservative vari-
ables, we have
Please
(2010
Wnþ1
j ¼Wn

j þ
1
Dx

Z Z tnþ1

tn
u ~gj�1=2 � ~gjþ1=2
	 


wdtdNþ 1
Dx

X
k

Z tnþ1

tn
uk

~f j�1=2;k � ~f jþ1=2;k

� �
wdt; ð21Þ
where ~gjþ1=2 has the same expression as ~gjþ1=2;k, but is integrated in a continuous particle velocity space uk = u. The integra-
tion of the equilibrium part ~g can be evaluated exactly and the integration of the non-equilibrium part ~f can be done using
the quadrature. For the update of the conservative variables, the difference between the above formulation and the BGK–NS
scheme is that the discrete sum is used for the integration of the initial distribution function f0 in particle velocity space. For a
highly non-equilibrium flow, the real distribution function f0 can be a complicated function, and a discretization of particle
velocity space has to be used. For the original BGK–NS scheme targeting on the NS solutions [34], the initial gas distribution
function f0 can be reconstructed from the distribution of macroscopic variables according to the Chapman–Enskog expan-
sion. Therefore, the specific form of initial condition f0 can be mathematically reconstructed. In the continuum flow limit,
due to the sufficient number of particle collisions and with the condition of time step being much larger than the particle
collision time, the contribution of the integration of the equilibrium state ~gjþ1=2 will be dominant in the final solution of
the distribution function f̂ jþ1=2;k. The ~gjþ1=2 itself gives a corresponding NS distribution function [33], and the contribution
from initial term ~f jþ1=2;k vanishes. As a result, the updated discrete form of the distribution function f nþ1

j;k will present a Chap-
man–Enskog NS distribution function. Therefore, in the continuum flow regime, the BGK–NS scheme with continuous
particle velocity space and the current unified method with discretized particle velocity space will become the same scheme.
In the continuum flow regime, for the NS solutions the update of the conservative variables through the above Eq. (21) is
enough, because the gas distribution function f nþ1

j;k can be reconstructed from the updated conservative variables. Therefore,
for the continuum flow only, like the BGK–NS scheme [34], we do not basically update the gas distribution function. This also
illustrates that in terms of the conservative flow variable update, the unified scheme is an AP method in the continuum limit.
However, the unified scheme is not limited to continuum flow. In the highly non-equilibrium flow regime, Eq. (21) for the
update of conservative variables is still correct. For example, in the collisionless limit, the non-equilibrium part ~f j�1=2;k and
~f jþ1=2;k will take dominant effect, and the contribution from the equilibrium part vanishes. Therefore, the unified scheme has
the correct collisionless limit as well.

In general, based on the above updated conservative variables, we can immediately obtain the equilibrium gas distribu-
tion function gnþ1

j;k inside each cell, therefore based on Eq. (12) the unified kinetic scheme for the update of gas distribution
function becomes
f nþ1
j;k ¼ f n

j;k þ
1
Dx

Z tnþ1

tn
uk ~gj�1=2;k � ~gjþ1=2;k
	 


dt þ
Z tnþ1

tn
uk

~f j�1=2;k � ~f jþ1=2;k

� �
dt

 !
þ Dt

2
gnþ1

j;k � f nþ1
j;k

snþ1 þ
gn

j;k � f n
j;k

sn

 !
; ð22Þ
where trapezoidal rule has been used for the time integration of collision term. So, from the above equation, the unified mul-
tiscale scheme for the update of gas distribution function is
f nþ1
j;k ¼ 1þ Dt

2snþ1

� ��1

f n
j;k þ

1
Dx

Z tnþ1

tn
uk ~gj�1=2;k � ~gjþ1=2;k
	 


dt þ
Z tnþ1

tn
uk

~f j�1=2;k � ~f jþ1=2;k

� �
dt

 !
þ Dt

2
gnþ1

j;k

snþ1
j

þ
gn

j;k � f n
j;k

sn
j

 !" #
;

ð23Þ
where no iteration is needed for the update of the above solution. The particle collision times sn
j and snþ1

j are defined based
on the temperature and pressure in the cell, i.e., sn

j ¼ lðTn
j Þ=pn

j and snþ1
j ¼ lðTnþ1

j Þ=pnþ1
j , which are known due to the update of

macroscopic flow variables in Eq. (21).

4. Physical and numerical analysis

In the previous section, we present a unified kinetic scheme based on the kinetic BGK model. The scheme is a natural
extension of BGK–NS scheme for the NS solutions to the rarefied flow regimes with discretized particle velocity space.
The scheme can be further understood in the following aspects.

4.1. Dynamic hybrid method

The unified scheme is a multiscale hybrid method with both macroscopic and microscopic variable updates. The tradi-
tional hybrid approach is based on a geometrical one. In different flow regions, different governing equations are solved.
At the same time, different patches are connected through buffer zone. However, instead of solving different governing
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equations as most hybrid schemes do, we couple them in the way of evaluating the flux function across the cell interface. In
the continuum flow regime, the intensive particle collision will drive the system close to equilibrium state. Therefore, the
part based on the integration of equilibrium state ~gjþ1=2;k in Eq. (20) at the cell interface will automatically take a dominant
role. It can be shown that in smooth flow region ~gjþ1=2;k gives precisely the NS gas distribution function. Since there is one-to-
one correspondence between macroscopic flow variables and the equilibrium distribution, the integration of the equilibrium
part can be also fairly considered as the macroscopic composition part of the scheme. In the free molecule limit with inad-
equate particle collisions, the integral solution at the cell interface will automatically present a purely upwinding scheme,
where the particle transport from ~f jþ1=2;k will be the main part. Therefore, the scheme captures the flow physics in the col-
lisionless limit as well. This unified approach can be considered as a dynamic hybrid method instead of geometrical one. The
reason for most other approaches to use a geometrical way is due to the fact that their flux functions across a cell interface
are solely based on the kinetic upwinding discretization, i.e., the so-called ~f jþ1=2;k term in Eq. (20). As we know, the kinetic
upwinding is only correct in the collisionless or highly non-equilibrium regime. Therefore, in the traditional hybrid scheme,
the computational domain has to be divided into equilibrium and non-equilibrium flow regions. Physically this kind of geo-
metrical division is artificial and there should have no region where both approaches are applicable, because the above two
approaches have significant dynamic differences in their flux evaluation. In the unified method, a single computation domain
is used and the dynamic differences in the particle behavior is obtained by solving the full approximate Boltzmann equation,
which is valid all the way from the continuum to rarefied flows. Certainly, in order to save computational time we may also
develop a hybrid method which uses the current unified scheme as a non-equilibrium flow solver and adopts the BGK–NS
method as a continuum flow solver. In the continuum flow regime, this kind of hybrid scheme is actually a scheme which is
different from the unified method only by simply replacing the discretized particle distribution function f0 of Eq. (14) by a
distribution function f0 of the Chapman–Enskog NS-type with a continuous particle velocity space [34].

4.2. Asymptotic preserving property

Asymptotic preserving for the NS solution in the continuum limit is a preferred property for the kinetic scheme. In order
to design an AP method which is valid for both NS equations and the free molecule limit, it is necessary to solve the full BGK
Eq. (1) for the flux evaluation in Eq. (6) across a cell interface. The necessity of using the above equation can be understood in
the following. First, let’s forget about numerical mesh. Since the Boltzmann equation couples the particle transport and col-
lision everywhere, at any point in space and time (x, t), both collision and transport exist. For example, ufx(x, t) and (g � f)/s
are continuous functions of x and t. When evaluating particle transport across a cell interface, dynamically all particles in a
small domain around the cell interface will effect the particle evolution through transport and collision. In other words, those
molecules passing through cell interface do suffer from particle collisions as well. The collisionless or upwinding discretiza-
tion which accounts only for ~f jþ1=2;k term in Eq. (20) is physically incorrect.

As shown in the last section, the distinguishable point of the current scheme is that the collisional BGK is solved for the
flux evaluation at a cell interface. In the continuum flow regime, only conservative flow variables are concerned. The flux
evaluation for the conservative variables update in Eq. (21) is simply a discretized version of the BGK–NS method for the
NS equations. For the unified scheme, for the continuum flow, we can use the time step which is much larger than the par-
ticle collision time, i.e., Dt� s. In this case, the distribution function for the flux evaluation at the cell interface Eq. (20) will
become
Please
(2010
fjþ1=2ðtÞ ¼ g0 1� sð�auþ AÞ þ tA
� �

; ð24Þ
which is exactly the Chapman–Enskog expansion of the NS solution [34] with �a ¼ �alH½uk� þ �arð1� H½uk�Þ. In other words, in
the continuum limit, the integral solution from the equilibrium state is dominant, and the updating of the macroscopic flow
variables follow the NS solutions. So, the unified scheme provides an accurate NS solutions in the update of the conservative
variables inside each cell. The unified scheme is an AP method and its accuracy in the continuum flow regime is O(s(Dt)2)
[21,23]. Theoretically, in the continuum limit it is not necessary to evaluate the distribution function anymore. If a simple
upwinding method is used for the flux evaluation through ~f jþ1=2;k, as done by most kinetic methods, an artificial viscosity
term being proportional to time step Dt will be introduced in its governing equations. So, in this case, the kinetic scheme
can only become an asymptotic preserving method for the Euler equations.

4.3. Determination of time step

In the continuum limit, for the unified scheme the time step is determined by the CFL condition,
Dt ¼ CFL
Dx
jUj þ c

;

where CFL is the CFL number and c is the sound speed. On the other hand, the particle collision time is defined by
s ¼ l
p
¼ qjUjDx

pRe
;
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where Re = qDxjUj/l is the cell’s Reynolds number. With the approximation,
Please
(2010
jUj þ c ’ c;
which is true for low speed flow and is approximately correct even for hypersonic flow because the flow velocity is on the
same order of sound speed, we have
Dt
s
¼ Re

M
;

where M is the Mach number. So, for the continuum flow computation, even for a modest cell Reynolds number, such as 104,
the time step for the unified scheme can be several order larger than the particle collision time. The above equation can be
also written in the following form
Dt ¼ s
Kn

; ð25Þ
where Kn = M/Re is the local cell Knudsen number. So, for a flow with all Knudsen regimes from the continuum to free
molecules, such as the nozzle flows, the overall time step taken by the unified scheme can be the one which maximizes
the above time step. As a result, the time step Dt used in the whole domain will be Dt� s in the continuum and Dt < s
in rarefied regimes. In comparison with the schemes which use a time step solely controlled by the mininum particle col-
lision time, the current unified scheme is much more efficient.

4.4. Prandtl number fix

The unified scheme is based on the BGK model, which presents unit Prandtl number. For real gas, due to the interaction
forces between molecules, the Prandtl number is approximately equal to 2/3 for a monatomic gas. In order to extend the
unified scheme to simulate flow with any realistic Prandtl number, the heat flux in the scheme has to been modified.
Traditionally, in order to fix the Prandtl number, many approaches have been investigated. The well-known ones include
Ellipsoid BGK model, velocity dependent particle collision time, and Shakhov model [19,28,16]. Since the heat flux is a mac-
roscopic flow variable, it is related to the collective flow properties, it is very hard to directly modify it in the update of gas
distribution function. Fortunately, the current unified scheme is a multiscale method. Both microscopic distribution function
and macroscopic conservative flow variables are updated in the scheme. As a result, similar to the BGK–NS method [34], in
the process of updating conservative flow variables, we can modify the heat flux across the cell interface in Eq. (21) in the
following way. In the flux evaluation in Eq. (21), the interface flux is given by
Fjþ1=2 ¼
Z

u~gjþ1=2wdNþ
X

k

uk
~f jþ1=2;kw; ð26Þ
which include the energy flux FE. Therefore, the easiest way to modify the Prandtl number is to change the heat flux. The heat
flux at a cell interface is
qjþ1=2 ¼
Z

1
2
ðu� Ujþ1=2Þ ðu� Ujþ1=2Þ2 þ n2

� �
w~gjþ1=2dNþ

X
k

1
2
ðuk � Ujþ1=2Þ ðuk � Ujþ1=2Þ2 þ n2

� �
w~f jþ1=2;k; ð27Þ
where the interface averaged flow velocity is defined by
Ujþ1=2 ¼
Z

u~gjþ1=2dNþ
X

k

uk
~f jþ1=2;k

 ! Z
~gjþ1=2dNþ

X
k

~f jþ1=2;k

 , !
:

So, with a given Prandtl number Pr, we only need to replace the original energy flux FE in Eq. (26) by the new one
Fnew
E ¼ FE þ

1
Pr
� 1

� �
qjþ1=2:
With the correct Prandtl number in the updated macroscopic variables, subsequently it effects the construction of the equi-
librium state gn+1 at the next level. Therefore, the update of microscopic gas distribution function in Eq. (23) is modified as
well. The above procedure of the modification of heat flux has some similarity with the DSMC method. For example, in the
current scheme the post-collision particle velocity and directions are controlled through the modified gn+1. The effectiveness
of the above Prandtl number fix will be tested in the next section in the shock structure calculations.

4.5. Collisionless limit

In the free molecule limit, i.e., s ?1, the unified scheme becomes
f nþ1
j;k ¼ f n

j;k �
1
Dx

Z tnþ1

tn
uk f̂ j�1=2;k � f̂ jþ1=2;k

� �
dt;
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where only the initial term f0 in the integral solution of the BGK model (13) remains, and
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f̂ jþ1=2;kðx;0Þ ¼
f l
jþ1=2;k½1� uktrj;k�; uk P 0;

f r
jþ1=2;k½1� uktrjþ1;k�; uk < 0;

(

The above equation is a purely free molecule transport equation. So, in this limit the unified kinetic scheme is a valid one.
5. Numerical experiments

The development of accurate kinetic methods for simulating flows in entire Knudsen number regime is difficult. The dis-
crete ordinate methods (DOM) of Yang–Huang, Mieussens, and Li–Zhang [38,18,16] are accurate numerical methods in all
Knudsen numbers, but the limitation of the time step on these schemes in the continuum flow regime makes them impos-
sible to be applied in computations. But, still the results from DOM methods can be used as a benchmark solution for these
flows if the computational cost is affordable. This is also true for many other kinetic methods, such as DSMC and direction
Boltzmann solver [4,1].

In this section, in order to test the unified scheme we are going to present four one-dimensional test cases from free mol-
ecule flow to continuum Euler and NS solutions. The flow features of different local Knudsen numbers will be covered. In this
section, we are going to test three schemes, which are the unified scheme (unified BGK), discrete ordinate method (BGK-
DOM) [38], and the continuum flow solver BGK–NS for NS solutions [34]. The unified scheme will be applied to all Knudsen
number flow regime. BGK–DOM will be applied to rarefied and near continuum flows where it is applicable. The BGK–NS will
be applied to near continuum and continuum flows. For the unified BGK method, in most test cases the time step is deter-
mined by the CFL condition with CFL number 0.9. For the BGK–DOM, the time step is limited by the particle collision time,
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cite this article in press as: K. Xu, J.-C. Huang, A unified gas-kinetic scheme for continuum and rarefied flows, J. Comput. Phys.
), doi:10.1016/j.jcp.2010.06.032

http://dx.doi.org/10.1016/j.jcp.2010.06.032


D
en
si
ty

0.00 0.25 0.50 0.75 1.00
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Collisionless
Unified BGK
BGK-DOM

μref = 1.

Ve
lo
ci
ty

0.00 0.25 0.50 0.75 1.00
0.0

0.2

0.4

0.6

0.8

1.0

Collisionless
Unified BGK
BGK-DOM
μref = 1.

Te
m
pe
ra
tu
re

0.00 0.25 0.50 0.75 1.00
1.4

1.6

1.8

2.0

2.2

2.4

Collisionless
Unified BGK
BGK-DOM
μref = 1.

lo
ca
lK
nu
ds
en
nu
m
be
r

0.00 0.25 0.50 0.75 1.00

10.0

20.0

30.0

40.0

50.0

μref = 1.

Fig. 2. Sod test: unified BGK, BGK-DOM, and collisionless Boltzmann solutions at lref = 1. All x-coordinates and physical quantities are dimensionless.
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which is on the order of Dt 6 2sm, where sm is the minimum particle collision time in the domain. For the BGK–NS code, the
time step is also determined by the CFL condition.

Case (1). From free molecule to Euler solutions

The first case is the standard Sod test. In the computational domain x 2 [0,1], 100 cells with uniform mesh in space are
used. In the particle velocity space, 200 points with uniform distribution are used. The main purpose of this paper is to test
the idea instead of optimizing the velocity space. So, a large number of velocity grid points is used. The initial condition for
the mass density, velocity, and pressure is
Please
(2010
ðql;Ul;plÞ ¼ ð1:0;0:0;1:0Þ; x 6 0:5;
ðqr ;Ur ;prÞ ¼ ð0:125; 0:0;0:1Þ; x > 0:5:
The reference mean free path ‘mfp is evaluated by reference state with pref = 1.0, qref = 1.0, and the viscosity coefficient lref,
which is defined by
‘mfp ¼
16

5
ffiffiffiffiffiffiffi
2p
p

lrefffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qref pref

p :
So, the local mean free path in the gas becomes
‘local ¼
l

lref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qref

q
pref

p

s
‘mfp;
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where l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi

p
pref

qref

q

q
lref is determined as hard sphere molecules. For the Sod test case, the initial mean free path of the left

state is equal to the reference mean free path, and the mean free path of the right side gas is about nine times that of the
left state. With the variation of lref, we can basically simulate flows with different degree of rarefaction. The output time
for all simulations is t = 0.15. In the simulating cases with a variable reference viscosity coefficients lref = 10,1.0,10�3, and
10�5, and the corresponding mean free path for the left state of the Sod test become 12.77,1.277,1.277 � 10�3, and
1.277 � 10�5, which cover the flows from free molecule to continuum one in terms of the size of the computational domain.
A useful parameter is the local flow Knudsen number, which is defined by
Please
(2010
Knlocal ¼
‘local

q
dq
dx

:

For example, for the case of lref = 1.0, the local mean free path is much greater than 1. So, with the unit length of computa-
tional domain, the flow is basically a free molecule one.

Fig. 1 shows the simulation results of density, velocity, temperature, and Knudsen number for the case with lref = 10. As
shown in the Knudsen number plot, it is basically the free molecule flow. The results from the unified BGK precisely recovers
the exact solution of the collisionless Boltzmann equation. Fig. 2 shows the same calculation at lref = 1.0, where the collision-
less, unified BGK, and BGK–DOM results are plotted. From the local Knudsen number plot, it is obvious that most part of the
flow is still in the collisionless regime. At lref = 10�3, the flow is near continuum regime. Fig. 3 shows the solutions from all
three schemes, which are unified BGK, BGK–DOM, and BGK–NS. Since the BGK–NS is an accurate Navier–Stokes flow solver
for the linear dissipative contact wave [34,36,37], its solution can be used as a benchmark NS solution. Fig. 3 clearly shows
that unified BGK and BGK–DOM can get the NS solution as well. However, for the nonlinear shock front with Kn ’ 0.1, all
three schemes have no enough resolution to resolve the shock structure. As lref gets to 10�5, the flow is basically in the con-
tinuum regime. It becomes impossible for BGK–DOM method to get solution due to its computational cost. So, Fig. 4 shows
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the solutions from unified BGK and BGK–NS only. In this case, unified BGK basically becomes a shock capturing scheme for
the Euler solution because the numerical mesh size cannot resolve the physical structure at all. In the under-resolved case,
there is obvious numerical oscillation from both BGK–NS and unified BGK schemes at the contact wave. The reason for the
oscillation may be due to the nonlinear limiter used in the scheme. The BGK–NS scheme uses nonlinear limiter on the con-
servative variables directly in the initial data reconstruction, and the unified BGK uses that on the discretized gas distribution
function. It seems that if characteristics variables are used for the initial reconstruction for the BGK–NS scheme, the oscil-
lation can be reduced. Using different flow variables in the reconstruction is basically to redistribution the total energy into
kinetic and thermal ones differently [34].

Case (2). Upper and Lower transition flow regimes

The second test case is designed as a case which covers flow in the upper and lower transition regimes. The purpose is to
show the efficiency of unified BGK and BGK–DOM method. The computational domain is x 2 [0,2] with different number of
mesh points. The output time for all simulations is t = 0.1. The initial condition for this case
Please
(2010
ðql;ul;plÞ ¼ ð0:001; 0:0;0:001Þ; x 6 0:8;
ðqm;um;pmÞ ¼ ð10:0; 0:0;10:0Þ; 0:8 < x 6 1:2;
ðqr;ur; prÞ ¼ ð0:001;0:0; 0:001Þ; 1:2 < x 6 2:0: ð28Þ
We have tested this case with two reference viscosity coefficients lref = (10�3,10�4). The mean free path in the central region
and two sides are (1.27 � 10�4,1.27 � 10�5) and (1.27,0.127) separately. The corresponding collision times are
(1.0 � 10�4,1) and (1.0 � 10�5,0.1). Therefore, the flows are basically in the upper and lower transition regimes. In this cal-
culation, for the BGK–DOM method, the time step is limited to Dt 6 2sm, where sm is the minimum particle collision time.
For the unified scheme, the time step is determined by the CFL condition. As we know, BGK–DOM method is actually an
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accurate flow solver in all Knudsen number regime. The problem for it is that the time step is limited and the scheme will
become extremely expensive in the continuum limit. In the following test, we would like to show that the unified scheme
can present accurate solutions as well with a much larger time step. Also, in order to test the sensitivity of the solution on the
numerical mesh size, three meshes with 50, 100 and 200 will be used in the domain. The first one is about the upper tran-
sition flow calculation with lref = 10�3. Fig. 5 shows the temperature and local Knudsen number distributions by the unified
scheme and BGK–DOM in three different mesh sizes. As shown in the figure, with the similar solution the unified scheme can
use a larger time step, which is on the order of 10 times. In the lower transition regime with lref = 10�4, Fig. 6 presents tem-
perature and local Knudsen number distributions with three different mesh sizes. As shown, the unified scheme can use a
time step which is on the order of 100 times larger than the time step used in BGK–DM method. For the continuum high
Reynolds number flows, the reference viscosity coefficients can be on the order of 10�5, 10�6. Under these conditions, the
BGK–DOM method is computationally prohibitive due to its extreme cost. However, under these conditions the time step
used by the unified scheme can be 104, 105 times larger than the BGK–DOM time step. Also, in the continuum flow regime,
the unified scheme will converge to the BGK–NS solution, where the Navier–Stokes solutions can be confidently obtained.
However, in the highly non-equilibrium regime with local Kn > 1, both unified and DOM schemes need to use a time step
which is less than the particle collision time. Under these situation, the unified and DOM schemes are similar and there
is no obvious advantage to use unified method.

Case (3). Shock structure tests

The following test cases are related to the shock structure calculation with low and high Mach numbers. The purpose of
these tests are two folds. First, the shock structure calculation does not involve any boundary condition. The effect from the
physical modeling in the scheme can be clearly observed. Second, there are abundant experimental and numerical solutions
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for the shock structure study. It is much easier to evaluate the correctness of the physical and numerical modeling of the
scheme, such as the capability to capture the highly non-equilibrium flow behavior.

First we present test cases on the shock structure for argon gas at M = 1.2 with Pr = 2/3. Ohwada solved the full Boltzmann
equation for this case [20]. For the hard sphere molecules, the viscosity coefficient l � T0.5 and Pr = 2/3, where the x-coor-
dinate is normalized by

ffiffiffiffi
p
p

k1=2 and k1 is the mean free path of the gas molecules at the upstream condition. Fig. 7 shows
the density, temperature, stress and heat flux of an argon shock structure. Comparisons of the results from the unified
scheme are made with the solutions of the Boltzmann equation. The results from the direct Boltzmann solver and the current
solutions have good agreement. At Mach number 1.2, where the local Knudsen numbers are less than 0.02, as expected, the
standard Navier–Stokes equations suffice. The current solution also indicates that the unified scheme can capture accurately
the NS solutions.

Next we are trying to get Mach 8 argon shock structure from the unified scheme. Fig. 8 shows the shock structures for
viscosity coefficient l � T0.81 at both Pr = 1.0 and Pr = 2/3. At the same time, the DSMC solution is included for comparison
[4]. From this figure, we can clearly observe the effectiveness of the Prandtl number fix in the unified scheme. With the mod-
ification of heat flux, the numerical solution gets much better match with the DSMC solution. In comparison with many other
DOM solutions for the shock structure [19], the current result from the unified scheme is definitely favorable.
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Case (4). From shock structure resolving to shock capturing scheme

The last test case is related to the shock wave as well. However, instead of fully resolving the shock structure, we are
going to change the cell size, from the well resolved case to highly under-resolved one. For the Mach number 1.2 shock struc-
ture calculation, the unified scheme uses a time step with a fixed CFL = 0.95. As the increasing of cell size, i.e., Dx = 0.1k1, k1,
10k1, 100k1 with the upstream particle mean free path k1, the time step used by the unified scheme is increasing. Fig. 9 pre-
sents both density and temperature distributions from the unified scheme. Due to the variation of cell size, the scheme
changes from a shock structure resolving method to the shock capturing scheme. With Dx = 100k1, the unified scheme basi-
cally goes to the Euler solution and the shock transition is captured sharply. For the same test case, when a DOM–BGK meth-
od is used, the CFL number for the time step has to be changed. With the increasing of mesh size, the CFL number has to be
reduced. For example, at Dx = 100k1, it is found that the DOM–BGK scheme needs to use a time step with CFL = 0.1. Other-
wise, the solution will blow up. Fig. 10 presents the solution from DOM method with kinetic Shahkov model [28]. Even with
the same reconstruction scheme, in the under-resolved case, i.e., Dx = 100k1, the number of transition points in the shock
layer clearly indicates that the numerical dissipation of the DOM–Shahkov method is much larger than that of the unified
scheme. The reducing of the numerical dissipation in the unified scheme is mainly due to the inclusion of particle collisions
in the flux evaluation across a cell interface.
6. Conclusion

In this paper, we present a unified kinetic approach for flows in the entire Knudsen number. The validity of the approach
is based on its full representation of particle movement, i.e., transport and collision. Different from many other approaches,
the critical step is that the integral solution of the kinetic model is used in the flux evaluation across the cell interface. The
integral solution gives an accurate representation in both continuum and free molecule flows. The current scheme can be
considered as a dynamic hybrid method, where the different flow behavior is obtained through the different limits of the
integral solution of a single kinetic equation, instead of solving different governing equations in different flow regimes.
The weakness for the most existing kinetic methods is that a purely upwinding technique is used in the flux evaluation
for the transport term ufx, which is equivalent to solving the collisionless Boltzmann equation and its solution is only a par-
tial solution of the integral solution used in the unified scheme. Theoretically, the Boltzmann equation is a statistical model
with a continuous particle transport and collision process in space and time. So, there is no reason to believe that these par-
ticles which transport across the cell interface will not suffer particle collision during its movement toward the cell interface.
Therefore, an ‘‘exact” integral solution of the full kinetic equation has to be used and it is the key for the success of the unified
scheme. Due to its multiscale nature of the unified scheme, through the update of macroscopic flow variables the heat flux of
the scheme can be modified according to correct Prandtl number.

The numerical tests presented in this paper validate the current approach in both continuum and rarefied flow regime.
For the continuum flow at high Reynolds number, a standard CFL condition for the macroscopic NS equations can be used
to determine the time step in the unified scheme, which is much larger than the particle collision time. At the same time,
the capability of capturing highly non-equilibrium distribution inside high Mach number shock layer and the free molecule
limit has been validated. Overall, the unified scheme is an AP method for the kinetic BGK equation. The method presented in
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this paper can be easily extended to 2D and 3D cases. Even though the Prandtl number can be fixed numerically in the mul-
tiscale unified scheme, the BGK model is still an approximation of the full Boltzmann equation and the single relaxation is
certainly inappropriate. The development of a multiscale unified scheme for the full Boltzmann equation will be an interest-
ing and important research topic.
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