MATH301 Real Analysis (2008 Fall)
Tutorial Note #5

Limit Superior and Limit Inferior
(*Note: In the following, we will consider extended real number system R U {—0o0, 00}

In MATH202, we study the limit of some sequences, we also see some theorems related to
limit. (Say root test, ratio test etc). In general, we may meet some sequences which does not
converge (i.e. lim,,_,, a, does not exist or = +00). Here is one classical example:
{a;,ay,a5,a4,...3={1,-1,1,-1,1,-1,1,—1, ... ... ... }
We can see the limit does not exist as the sequence oscillates. To study the “limit” of this
sequence, consider some subsequences of original sequence
{a;, a3, as, ... ... }={1,11,..... }
{ay, a4, aq, ... ... }={-1,-1,-1,.... }

We see the frontier subsequence converges to 1 and the later one converges to —1.

After considering all subsequences of {a,,}, we have a set of collection of limit of
subsequence L.
L={-11}

We define the limit superior and limit inferior of a,, to be

limsupa, =supL and liminfa, = inflL
n—-oo n—oo

Definition: (Limit superior and Limit inferior)
Given a sequence {a,a,,as, .... }, we define the limit superior and limit inferior by

limsupa, =supL = sup{z: z is limit of some subsequences ani}

n—,oo

liminfa,, = infL = inf{z: z is limit of some subsequences ani}
n—-»>oo

Remark:

1. limsup,_ a, = sup L € L and liminf,_,, a,, = infL € L, i.e. there is subsequence {a,, }

and {by, } such that lim;_, ap, = limsup,_,., a, and limy_,,by,, = liminf,_, a,

2. If limsup,_,e a, = liminf,,, a, = a
©supl =infL=a e L ={a}

© lima, =a

n—-oo



Example 1
Find the limsup,_,. a, and liminf,_, a, of
s
0 = (%)

forn=1,2,3, ...

IDEA:

By writing out the sequence, we have

_ sink osinz sin>T sin2m Sins—n sin3m
{a,,a,,a5,a,,...} =41772,2507 3°72° 4 ,5°72,6 L
1 1
={1,2°,371,49,56%,...} = {1, 1,§, 1,5, 1,;, 1,9, ...}
By observation, there are 3 possible limits of subsequence:

0 for{as,a; a;;,..} = {%%1—11 },

1for{a,, a4, a4,aq, ...} ={1,1,1,1,...};

and +oo for {a,, as,aq, a3, ...} = {1,5,9,13, ... }

One may guess the limsup,,_,, a, = +o0 and liminf,_,,a, = 0, but we still need to prove
it formally

©Solution

(Step 1: Guess the range of L by considering {a,, })

Since 0 < a, < 4+ forn = 1,2,3 ..., hence for any converging subsequence {a,, }, the limit
a should lies in [0, o],

Thus 0 < infL < supL < +oo (or L € [0, =])

(Step 2: Verify infL = 0 and supL = +o by picking 2 specific subsequences)

By picking {ank} = {as, a7, a4, ...}, we have limy_,, a,, =0

By picking {a;lk} = {ay, as, ao, ... }, we have limy_, a’,, = +o0

Example 2

Find the limsup,_,, a, and liminf,_,, a, of

n
—— if nisodd
a, = 1
——" if nis even

IDEA:

By writing the first few terms, we have

( }_{1 1315171 }
al;aZ;aB;alL;aS;aﬁr-" - 2’3’4'5’6’7’8’9'."“

By simple observation, we see there is 2 possible limits:



1357
1 for{a,y,as,as,ay, —{—,—,—,—,. }
{ 1, 43, %5, %7 } 2’4’6’8 ’
1111
0 for{a,,a,, ac ag, —{—,—,—,—,..}.
{ 2,414,416, U8 } 3’5’7’9
We guess limsup,,»a, = 1 and liminf,.a, = 0

©Solution
(Step 1: Guess the range of L by considering {a,})

Since 0 < — < 1 and 0<L< 1,
n+1 n+1

Hence 0 < a, < 1forn = 1,2,3 .., for any converging subsequence {a,, }, the limit a should
liesin [0,1],

Thus 0 < infL <supL <1 (orL < [0,1])

(Step 2: Verify infL = 0 and supL = 1 by picking 2 specific subsequences)

By picking {ank} = {ay,as,as, ...}, we have limy_,, a,, =1

By picking {a;lk} = {a,, a4, ag, ... }, we have limy_,, a’y, =0

When computing limsup,,_,,, a, and liminf,,_,., a,, using definition may be a bit messy
since we need to consider all combinations of subsequences. So to make our computation
easier, we have the following theorem

Theorem: (My, my theorem)
limsup,_way = lim M, = lim sup {a,, ar,q, .-}
k—oo k—oo

liminf, _,,a, = lim m;, = lim inf {ay, ay,q, ...}
k—oo k—oo

Example 3

Find limsup,,_, X, and liminf,_ x,, of

Solution:

o\ . (2m\ _ (3m\ _ (4m\  (5m\  (6M\  (Tm\ _ (8w
{sm(g),sm<?>,sm(?>,sm<?),sm(?>,sm(?),sm<?),sm(?>,...}

We see the sequence is repeated every 6 terms.

VIVi V3 A3
27 "7‘70}

V3
2

Hence sup{xXy, Xx4+1, Xkq2, - } = sup{



Thus limsup, Xy = limy e sup{xg, Xx41, - } = limy_ e ?3 — ?3

V3 V3 V3 V3 V3
Hence lnf{Xk, Xk+1n’ Xk+2’ "'} = 1nf{7,7, 01 - 71 - 7; 0} = - 7
Thus liminf,, o x, = limy_, inf{xy, xp 41, ... } = limp_ o —g = _g

Example 4

Find limsup,,_,o X, and liminf,_ x,, of

1
X, = {ZW if nisodd
1 if niseven

IDEA: We first write out a few terms, we have
1 1 1
{xl.xz,xg,x4, ...... } :{22, 1,24, 1,26, 1,.....}

Solution:
For some complicated sequence, we can compute our M;, and m;, as follows:
k= |1 2 3 4 5 6 7 ]
M, 1

1
2% | 27 | 26 | 26 | 28 | 28 |
me | 1|1 1] 1]1]1]1]..

We can get

2k+2  if kis even
1

lim,_ . 2k+1 if kis odd
Hence limsup, X, = limy_, M}, = k . f =1

limy_, 2k+2  if kis even

and liminf, X, = limg_,my; =1

*Remark: Since limsup,,_,o X, = liminf,_,, x,, we see lim,,_,, x,, exists and equal to 1.

Next, we try to look at some abstract problems

Example 5 (Practice Exercise #33)
Let {x,,} and {y,} be 2 sequences of real numbers, prove that

limsup(x,, + y,,) < limsup x,, + limsup y,,

n—-0oo n—oo n—-oo

Provided that the R.H.S. is not the form co — oo




Solution:

Note that limsup,,_, . (%, + V) = limy_ o, M}, (where My, = sup {Xx + Vi, Xk+1 + Yi+1, - })

Note that
M, = sup{xy + Vi, X1 + Vis1s -} = sug{xn + Y} < Sug{xn} + sug{yn}
n n= n=

Taking limit to both sides, we have
lim M, < ’11

k—oo

m sup{x,} + Ilim sup{y, }

—® nxk nzk

© limsup(x, + y,) < limsup x,, + limsup y,,

n—->0oo n—-oo n—,oo

Application of limit superior and limit inferior

To check the convergence of }.a,, in original root test and ratio test, we need to check the
value lim,,_, 1/|a,| and lim,,_,,

Then the root test and ratio test does not have any conclusion. Now with limit superior and

an+1

. But in some cases, the limit of a,, does not exist.

limit inferior, we can derive a stronger test.

Theorem: (Strong Root Test)
Given Y,0_; ay, if

a) limsup,_e+/lap] < 1, then X2, a,, converges absolutely
b) limsup,_e+/lanl > 1, then X5, a, diverges
c) limsup,_e+/lap] = 1, then NO information is given

Theorem: (Strong Ratio Test)

Given Yo ap, if

a) limsup,_e [ < 1, ¥, a, converges absolutely
n

b) liminf,_ aZ“ > 1, ¥, a, diverges
n

For Example, please refer to Tutorial Note #25 in MATH202 which is available either
http://www.math.ust.hk/~makyli

Here we shall go through a proof of root test, since there is important technique involved
here.



Proof of Root Test:
a) For limsup,_e+/|ap] < 1, say limsup, e /|2, = limge M = M < 1

(where My = sup {/lag], ““Vlaxs1l, Va2l ... )
Pick r such that M < r < 1, there is N such that

My < r < sup{VIaxl, " Viansil " lanszl, o <1 \

e Yagl <r e lag] <r¥ forallk > N

Important Technique!!

Then
o) N ) N 0o
Dl =Y lal+ D lael < D lad+ ) rk
k=1 k=1 k=N+1 k=1 k=N+1

The first part is finite and therefore converges and second part is a geometric series with

r < 1 and hence converges. Thus Y.z—,|a,| converges and ).;°_; a; converges absolutely.

b) For limsup,_e 4/ |ag| > 1, let limsupy, e v/ 12| = limg,e M =M > 1
There is N such thatfork > N, M;, > 1

Then there are infinitely many &/ lax| > 1 (or |ag| > 1), thus limy_,., a; # 0, by term test,

the series diverges.

The Technique used in part a) is particularly useful in handling many problems about limit
superior and limit inferior. We shall see it later.

In the following, there are some suggested exercises, you should try to do them in
order to understand the material. If you have any questions about them, you are
welcome to find me during office hours. You are also welcome to submit your work
(complete or incomplete) to me and | can give some comments to your work.

©Exercise 1

Find the limit superior and limit inferior of the following sequence by
1) Original Definition and 2) M, m;-theorem

a) x, = (—1)™n

b) vy, = {0,1,0,1,2,0,1,2,3,0,1,2,3,4, ... .... }

C) Z, = 2ncos(2%)

(—;)")“

d) wn=(1+

(Hint: e = lim,,_,4, (1 + %)n and e ! =lim,,_,c (1 - %)n)



©Exercise 2

Check whether the following series converges
a+l1+ad+a?+a+a*+a’+ ..

fora<1

©Exercise 3

For any sequence {x,, } and ¢ > 0, prove that

limsup cx,, = climsupx,, and liminfcx, = climinfx,

n—oo n-oo n—oo n—-oo

©Exercise 4 (Practice Exercise #35)

Let {a, } and {b,,} be sequences of non-negative real numbers. Show that

limsup a, b, < (limsup an> (limsup bn>

n—-oo n—->oo n—-oo

Provided that right side is not of the form 0 - oo

©Exercise 5 (Practice Exercise #34)
a) Let {a,} and {b,,} be sequences of non-negative real numbers. Show that

liminf a,, + liminf b,, < liminf(a,, + b,,) < liminfa,, + limsup b,, < limsup(a, + b,)
—00 n—-oo n—-oo

n-—oo n n-—oo n—oo
(Hint: To prove the 2™ inequality, i.e. liminf, e (ay + by) < liMinfy_e ay + iMsupy_e by
Use the fact that there is subsequence a,, such that limy._,., a,, = liminf,_,. a, and let
M, to be sup{by, bx11, ---- } and limy_, ., M}, = limsup,,_,, by,,. Verify the inequality
inf{an, + bny, Anpr1 + bnys1, Angrz + bnyrzs o} < any + by, < an, + My,

and complete the proof by taking limlt. The 3 inequality is similar.)

b) If liminf,_, a, = %and liminf,_,, b, = % and lim,_,.(a, + b,) = 1. Show that

1
lim a,, = = = lim b,
n—-oo 2 n—-oo

©Exercise 6 (Part a of strong ratio test)

an+1

Prove that limsup,_,q < 1, Y= a, converges absolutely.

(Hint: The method is similar to the one in root test, try to follow that, the following equality

may be useful: forn > N

an an+1
ay

ap-1
lan| =

lay|

Ap-1110p_>



