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f X — X be a function m ological space X to itself. If
(x) = x for some x in X, then x maps tself und f and is known as a
xed an

point of f. Fixed points and theorems about them play an important role

many areas of pure and annlied mathematics. Within tonolooy itself there is
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a large body of work on fixed point resuits. One of the most well known is the
Brouwer Fixed Point Theorem. It states that every continuous function from
an n-ball B" to itself must have a fixed point. We proved the One-Dimensional
Brouwer Fixed Point Theorem as a consequence of the Intermediate Value The-

orem in Section 6.3. Here. in Section 10.1. we nrove the Two-Dimensional

ANVLIE AL WWLRRAURL Ued/e AdAWVI Wy LIL WOVWRIUILL A Vi, A g SV A2 DAV IV IS

Brouwer Fixed Point Theorem as a consequence of the Two-Dimensional No
Retraction Theorem. In Section 10.2, we present an application of the Brouwer
Fixed Point Theorem to prove the existence of equilibrium price distributions

in a pure exchange economy. In Section 10.3, we present a generalization of
the Brouwer Fixed Point Theorem. known as Kakut ’s Fixed Point Theo-

(S S LS D3 AV A U W V. AW A VUXIIV A AAVULWIIkg DIV YVLL QO AaQnuv uxx A AANAS A Viziv & aAVY

o

rem, which applies to set-valued functions. Finaily, in Section 10.4, we apply
Kakutani’s Fixed Point Theorem to prove the existence of Nash equilibria in
game theory. This is one of the most important results in the field of game
theory, as it demonstrates that there is a choice of strategies that optimizes the

expected outcome for all nlﬂyprc ofa game.

10.1 The Brouwer Fixed Point Theorem

Tmagine takineg two nieces of the same-sized paper an

102 GRS AvS S U2 AR SGLLAVTIALNAS AU UL

y SR PR B A U, S Ry

LUp Ul LIIC otner. nvcry pOHll on e LOp bl’lCC[ ()] pdeI' lb dbele[CU Wl[l'l some
point right below it on the other sheet. Now take the top sheet of paper and
crumple it up into a ball without ripping it. Place the crumpled ball back on
top of the bottom sheet of paper. Somewhere on the crumpled ball of paper

there is a point that is sitting directly above the same point on the bottom sheet
P VIS NP NI R Y LR I LS 41_ e (Qas T lcczien 1M 1N\
Ul Pdpcl Uidi It Sdt dDOVC DCLOIC UIC CIupling oK p1ace. (S rigulc 1v.l.)
Thisisana pphcatlon of the Two-Dimensional Brouwer Fixed Point Theorem,
which we prove in this section.

| Y ed od | N1 el P ¥ @}

DEFINITIO

:YA“"DI : 1“ 1 he cnara __1 11 hac tha fivad nnint nranartu hy tha mna_
/A AIVIS Eabkm FWUs i 4 iIv OP“D\.« L L4 4] 12D UIV 1IAVU PUlllL PIUP\JL\, v UiV v
Dimensional Brouwer Fixed Point Theorem.
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SN

FIGURE 10.1: After the paper crumpling, some point still sits above the same point
it sat above prior to crumpling.

EXAMPLE 10.2. The real line R does not have the fixed point property since
there exist continuous functions from R to R that do not fix any point. The
function f : R — R given by f(x) = x + 1 is an example.

EXAMPLE 10.3. The ci

A sivis A4 1Iw

the continuous function f : §* — §*, given by rotatmg
circle through an angle of 7, does not have any fixed points.

[¢]
oo
o,

The fixed point property is a topological property, meaning that if spaces X
and Y are homeomorphic, then X has the fixed point property if and only if ¥
does. (See Exercise 10.3.) Therefore all closed bounded intervals [a, b] with
the standard topology have the fixed point property since [—1, 1] does. Also,
all open intervals (—o0, b), (a, b), and (a, co) with the standard topology do

not have the fixed nmnr nronertv since R does not

23U 228V VidV iiinvne VAIAL pPAVEPVALY SIIEVE 4% BUWS 22U,

One of the most useful theorems in topology is the Brouwer Fixed Point
Theorem. Itsays that for each n, the n-ball B" has the fixed point property. This
theorem is named after the Dutch mathematician L. E. J. Brouwer (1881-1966)

who proved the general n-dimensional version of the theorem in 1912. We show
here that the Two-Dimensional Brouwer Fixed Point Theorem is equ valent to

R ey

LHC 1W0 lJlITlCl'lblUIldl 1\40 l\CIIdLLlUIl IIICUFC 1 (W t}_ ap“om tinat 'dLlU'dﬂy CalTleS
over to establish this equivalence for all n). Since we established the Two-
Dimensional No Retraction Theorem in Section 9.2, the Two-Dimensional
Brouwer Fixed Point Theorem follows.

In asetof supplementary exercises in this section, we present a second proof
of the Two-Dimensional Brouwer Fixed Poin ""heoreT one ‘uat involves the

t
degree of circle functions, but does not rely on

THEOREM 10.2. The Two-Dimensional Brouwer Fixed Point Theo-
rem. Every continuous function f : D — D, mapping the disk to itself, has

As already indicated, our approach to proving this theorem is to show its
equivalence to the Two-Dimensional No Retraction Theorem. That is done via
the following theorem:



Proof. To begin, assume that there is a retractionr : D — S I' Consider

the map g : S — D, defined by g(x) = —x, where we consider x as a
vector in the plane. The functiong or : D — D is continuou S and has

o~

no fixed point. Therefore, if there is a retraction r : D — S', then D
does not have the fixed point property.

On the other hand, assume that a continuous function f : D — D

ac nn fived naint We choaw that thare ic a ratraction » « N ('1
1140 11U 114V Y\Jlllt. YYw O11UYVY iIAAL jiIviI W 10 A4 1vuadAaviiavir 7 . y =4 4 [ 9] .
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Define r : D — S! as follows. First, take the ray in R running from
f(x) through x. Such aray is well defined since f has no fixed point. Let
r(x) be the point where the ray intersects S!, as illustrated in Figure 10.2.
Clearly, » maps D to S! and (x) = x for all x € S!. It will follow that

» 10 a retraction once the r\nnhnl itv of r is established
r LAMWLLVILL Vllwh Ui CALEGR ‘r.’ A Sy ) ALY VO ULLIUVLIEWNA .

FIGURE 10.2: Defining r from the disk to the bounding circle.

To prove that r is continuous, let U be open in § I'and x be a point
in r 1 (U). We show that there is an open set V containing x such that

[e=g

r\v ) , aila inereiore 7 \u ) yuu 10 uvslu, WwE CnooSe Smian

open balls 01 and O; centered at f (x) and x, respectively, such that

every ray beginning in O; and passing through O, intersects S! in the

set U. (See Figure 10.3.) Since f is continuous, we can find an open set

V. containing x and contamed in O, such that f(V) C 0,. Thus, for
h
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in J . Therelore r(ﬂ) € U and it follows that r is continuous. Hence

N @2

1 .1

D does not have the fixed point property,
then there is a retraction r : D — S!, and the proof of the theorem is
complete. - |
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mediately imply Theorem 10.2, and therefore we hav
Dimensional Brouwer Fixed Point Theorem.
The approach to the proof of Theorem 10.3 carries through if we replace

the disk D and the circle S! with the n-ball B” and the (n — 1)-sphere S"~1, re-
nr\ar\i«x Al‘l and 1n thic wwaw vwa ~an n]v\r\i rthat tha g _Thirmoancinnal Renrivrarr D:vnrl
Pbbl l)’, allg 1l uuiw VVC&)’ wio vdall ditv uidtl uic 72-11111C11S1011d1 Bbirou ClL 1'LIACU
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Point Theorem is equivalent to the n-Dimensional No Retraction Theorem.

EXAMPLE 10.4. Suppose we take a map of New England and place it on
the ground anywhere within New England, as in Figure 10.4. We assume that

New H Tand ig tannlacically An|11\1 ntta o dicly and wao rafart~n it ag AV T

INC WY thslallu 1o Luy\uusu,au_y CLJ a}e 1L WU auudhbh, auu WU L1UICL to it ad [y, 1_461'
f be the function assigning to each point in New England the point on the map
corresponding to it. We can view f as a continuous function from N to itself.
Therefore f must have a fixed point, from which it follows that there must be
a point on the map that corresponds exactly to the point on the ground directly
beneath it. If, as a guide to travelers, we leave the map where it is, then on the
map we would indicate the location of the fixed point with an arrow labeled
“You Are Here!”
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10W WINg spaces Goes not nave tne ixea point propeity:
(a) The interval (0, 1]

(b) The torus

(¢) The figure-eight space obtained by taking two circles and gluing them
together at a point on each

(d) The sphere



10.3. Show that if X has the fixed point property and Y is homeomorphic to X, then
Y has the fixed point property.

10.4. Show that if X has the fixed point property and A is a retract of X, then A has

the fixed nmnr property.

10.5. Show that if X does not have the fixed point property, then for all Y, the product
space X x Y does not have the fixed point property.

Dimensional Brouwer Fixed Point Theorem.

10.7. Consider the topological graphs of the letters A—E as illustrated in Figure 10.5.
Determine which of these spaces has the fixed point property. (Hint: For the
letter E, you may want to use Exercise 10.4.)

A N /\\ | SN "
/ \ V) \ » I /
d bS | N | o

FIGURE 10.5: Which of these letters has the fixed point property?

Supplementary Exercises: Another Approach to the Two-Dimensional
Brouwer Fixed Point Theorem

] b 4 1 i 1 1 3. P

I
Point Theorem. In this case the proof is based directly on the degree of circle functions
and does not rely on the No Retraction Theorem. In what follows, we assume that
points x in S LD, and so on, are vectors based at the origin in the plane. We begin
with a lemma.

IERMAMA ANA T .. -.c¢cl . m2 92 ) B AL I i d i that th s Lii sl
elVIVIA V.5 LELY .0 —7 IN — {UjLE LN nuous, ana assiime inai i CJM iciion
h:S' — Si defined by h(x) = g"; has degree 1. Then there exists x € S such

that g(x) = ax for some a > (.

ala a 2 dimntac that cmmmn - —~ Ol focnim mammoidama no a vanten lhacad ot sla
Nne IEmiinia inaicateés nat Soime x € o \agaul, considered as a vector based at the

origin) maps to a positive scalar multiple of itself under g.

Proof. Define G : S' x [0,1] — R? by G(x,1) = (1 — t)g(x) — tx. The
function G defines a straight-line homotopy from g (considered to have range
RR?) to the function a(x) = —x, which maps each x € S! to its antipodal point
—x e Sh.

SE 10.8. Show that there exists (x,?) € S! x (0, 1) such that G(x,t) = 0. (Hint:
Assume that no such point (x, ) exists, and consider the homotopy of circle

functions H(x, ) : S! x [0, 1] — S!, defined by H(x, t) = Igg ;gl )
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Circle functions do not necessarily have fixed points. A simple rotation of a circle by
7 leaves no point fixed. This rotation function has degree 1. Interestingly, that is the
only degree for which a circle function can have no fixed point. For circle functions
whose degree is not equal to 1, we have the following theorem:

THEOREM 10.5. Let f : S! — S| be a circle function with deg(f) # 1. Then there
exist x', x" € SY such that f(x') = x" and f(x") = —x".

SE 10.10. Prove Theorem 10.5. (Hint: Regard f : S — S! as a function mapping
into R? — {0}, and use Lemma 10.4 to prove the existence of the fixed point.
Then consider the function 4 : S! — S! defined by h(x) = f(—x) and apply

the first assertion of the theorem to #.)

Now, we proceed with the Two-Dimensional Brouwer Fixed Point Theorem. Let D be
the disk in the plane.

THEOREM 10.6. Let f : D — D be continuous. Then there exists x € D such that
f(x)=ux.

Proof. Assume that this is not the case. Let k : D — R? — {0} be the function

defined by k(x) = f(x) — x. The function k£ maps to R? — {0} since we are
n £ hage nn £ A

assuini lg na nas no nxea pOmt.
oA AN e 1 '7
SE 10.11. Indicate Wny Lemma 10.4 appues to the function K|S1 = - {U}

(Hint: Show that the degree of the circle function involved is 0.)

Therefore there exists x* € S! such that k(x*) = ax* for some a > 0.

SE 10.12. Show that f(x*) € D, thereby arrivin

1g at a contradiction an ing
the proof of the theorem. =

10.2 An Application to Economics

In this section, we show how fixed point theory can demonstrate the existence
of economic equilibria. Suppose we have an economy consisting of a finite
number of individuals who have certain items to buy and sell. We assume

that there is neither consumption of the items nor new production of them

Avafna s diidniala bk rich #4a hava mansn AF A sansbiazzlae fdases smmcaot oall
LUCICIU € 1INnaiviaguaiS wino DIl W 11ave 111UlIC Ul a Pcullbuldl 1LCLHIL ILIUDL dCLL
some of their current stock of other items in order to purchase the item they

desire. This is called a pure exchange economy.

The price of the items is determined by supply and demand, what in 1776
philosonher and economist Adam Smith (1723-1790) called the “invisible
h

and ?” Tfthara 1¢ 1 Aorand fae a wendsn thaon thana 10 g1l

uauu. .Ll tIvIC 1D lllOlC acmana ior a PLUUU\./L Lllall l.llClC n DUI_JPI)’, LhC Plodubl hl
price goes up. If there is excess supply and little demand, the product’s price
goes down. We would like to know whether there is a choice of prices that
balances supply and demand, an equilibrium point where prices stabilize and
where all consumers are happy with their particular bundle of goods.



In 1932, John Von Neumann (1 v
entitied “On a System of Economic Equations and a Generalization of the
Brouwer Fixed Point Theorem.” In it, he outlined how fixed point theory
could be utilized to prove the existence of equilibria in economic models.
Generallzatlons and applications of this concept have resulted in Nobel Prizes
onomics for Kenneth Arrow in 1972 and Gerard Debreu (1921-2004) in
. Applications to game theory, as discussed in Section 10.4, also led to a
Nobel Prize in economics for the mathematician John Nash in 1994.

Let us look at a particularly simple example as a starting point. Suppose we

have an economy with only three items available. These are cashmere, butter,
cmd unnowder. The total nncmhtv of each. in nounds. is called the ennn]v and

Qiive Py vVLeLi. 1iaib vl [¢S SN RN Vi vQviiy axi tl\lu Sy 10 VQRLIVG IV SUp Qizvs

the mree supplies are denoted Sc, Sp, and Si, respectively. We keep track of
the supply of each item in a vector called the supply vector S = (Sc, S, Sg)-

There are n individuals trading in this economy. We denote them by the
integers 1, 2, ..., n. Each individual starts with some number of each item,

lv called his or her bundle of nnnde Individual ; has a bundle b =

Vi LIVI UUlINALIv VN ALV IAUQL ¢ QS u UniiiNneiw
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(bes b 7+ bi), a three-dimensional vector giving the quantity of each item in
the corresponding component. At any given time, the sum of all of the bundle
vectors over the individuals in the economy gives the supply vector,

S —\ 'K
(&) LJU.

i

We are assuming that none of the items are consumed or destroyed over time,
SO D lb constant. nveryone 15 blIIlply S[OCKpllng ‘melr gOO(.lb and desirous of
a particular mix, depending on the going prices. If an individual wants more
butter and less cashmere, she can sell some of her cashmere to someone else at
the going price and purchase additional butter. However, if everyone is trying

et rid of cashmere. the nrice of cashmere is driven down.

LV Ty VARV paaA VL SQolniiiva A3 [SeaiVivail =V

e denote the going prices per pound for cashmere, butter, and gunpowder
by pc, pB,and pg respectively. We then represent this set of prices by a single
price vector p = (pc, pPB, PG)-

In fact, it is only the relative price of these items that matters. The particular

cost of any item is 1rrp]pvanf mnnp 1f 1S the ratio of costs that Hefprmvnpc for

1"1

LV LIRS,y A UL

instance, how much butter can be purchased when a pound of cashmere is sold.
Therefore we divide each of the individual prices by the sum of the prices
pc + pB + pc to “normalize” the situation. We denote the resultant prices by

N pC

[}C = 1 o ~ 0
PC + PB T PG

pp = P5 , and
pc +pB+ PG

, PG

Pg = .

pc +PB+ PG

These normalized prices have the advantage of summing to 1. To simplify
notation, we drop the primes on the price vectors, but keep in mind our as-
sumption that the prices have been normalized. We then keep track of these
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vectors in our overall price vector » = (pc, pp, Pg) such that
~ I ~ e | of \FUs FDY FUJ =

In addition, we assume that none of these items is so despised by a consumer
that he might pay you to take it away. In other words, the prices are never

pc >0, pp >0, and pg = 0.

emand for that item. Each
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We can graph the set of possible price vectors in 3-space. The equation
pc + pB + pg = 1 defines a plane. That pc > 0, pp > 0, and pg > O limits
us to that part of the plane that lies in the first octant of 3-space, yielding a

triancle T. as shown in Ficure 10.6. Each noint in the trw\n(ﬂp r‘nrrpepnndc to

X/
1Qrigav ¢ 4S5 Si1XVU VY 2R 11X 1Eu A pULALRL A

o

a triple of prices, one for each of our three goods. It will be important for us, in
applying the Brouwer Fixed Point Theorem, that T is topologically equivalent
to a disk.

(PC, pBa pG)

Pc -

NINTNA .

Given a particular price vector p, each individual in the economy has a
certain amount of “wealth” in the form of the value of his or her bundle of
goods. For the ith consumer, this wealth is given by

w'(p) =p-b.

An individual’s wealth can change depending on the current price vector, so

we represent it as a function of p.
At a narhml]ar nﬂ(‘e vector p, individual i

.......... of go
not be her optimal ch01ce She mlght want to trade certain goods f others We
keep track of her preferences for an optimal bundle at price p with a demand
vector d’ (p), which gives the combination of items she would like to have at
these prices. We assume she spends all of her weaith in exchanging her bundle
b’ to obtain her desired bundle d’(p). We express this with the following
equation:

>
—"
‘Q
3
=9
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<

i’s current bundle

w'(p)=p-b =p-d(p). (10.1)



Section 10.2 An Appilication to Economics
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EXAMPLE 1 e.u. SﬁppGS’c‘ Wilma ha

and three pounds of gunpowder So she has a supply undle
the price vector p = (6 ) she has a net worth of p - b = 5 / 3. Further—
more, assume that at this pnce vector, she would prefer a goods distribution as
given by the demand vector d¥ (p) = (2, 2, 1). As required by Equation 10.1,

+ A that tha tn
this demand vector is constrained so that the to
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prices, p - d% (p), is equal to her net worth 5/3

On the other hand, suppose Dexter has bundle b? = (1, 2, 4), giving him
a net worth of 5/2. For the same price vector p, he has a demand vector of
d?( p) = (6, 2, ) 5). Notice that Dexter seems to like cashmere more than Wilma
since he wishes to convert proportionately more of his wealth to cashmere than
she does.

Now, if the prices change, the demand Vectors can change as well. For

A 1
example, if the price vector is p’ = (35, +, m) then Wilma’s net worth
nnfnnoan L 723 v\ I\W Qor-unn arvirh a 1A : nrina Far hiittar cho mawv vwich tn
Hvivasvd wu P A. ILUL 15 SuUlil a 1w l.)lle 1Ul vutiel, siiv ula_y ol W
w

"y = (1, 11, 1). Here too, her
she has converted much of it

_____

Each consumer i has a vector-valued demand function d’ which maps price
vectors in T to the consumer’s corresponding demand vector. Adding together

the individual demand vectors for all of the consumers yields the demand vector
D(p) for the entire economy at the given price vector p. Thus,
_ i
Dp) =) _d'(p).
‘ PSS PR LD R, S Y IOV B NI SIS S PR

Ve assume that this vector-valuea function 1 1S continuous in tne sense tnat
small changes in the price vector cause small changes in overall demand.
Since p - d’ (p) is the net worth of individual i given price vector p, the dot

product p - D(p) equals the total wealth of the community given those prices.
Note that

LG

p-Dp)=) p-d@=) p-b =p:S

This yields
Walras’s Law: p-D(p) =p - S.

This relationship is named for Leon Walras (1829-1910), one of the first

namigte tn nnt tha Gald thamatinal FAntin

economists to put tne ficid on a matnematicar rooting.

If the coordinate of D(p) corresponding to cashmere is greater than the
coordinate of the supply vector S corresponding to cashmere, then at this price
there is more demand for cashmere than there is supply. This will drive up the
price of cashmere.
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an obtain their optimal choice
t qu anti ty o of each item, then

the economy is in equilibrium.

Let v; denote the jth component of a vector v.

DEFINITION 10.7. A pricevector pisan equilibrium price vector if D ;(p) <

C. Lase 11 5 R T
L)J Jur akt j.

For such a price vector, the supply of every item exceeds the demand.
Everyone can obtain their optimal choice of goods. No one desires further

veohanoag AlthAanagh tha Aamand fo ita lho gtrintly lage tha tha
\.«Auuaugvo odtnvuglil tnc amana 1or an 1LL«111 111a_y UL suivily 1vds tnan me

total supply of that item, this does not necessarily drive down the price of that
item. Since the prices are relative and everyone may have enough of the other
products, the price of the item in excess supply need not fall.

Is there an equilibrium price vector? Can the economy be in balance? We

will see that tha ancweaer ic vac neino tha Rranwear Rivad Paint Tha
Wi S€C tnat e answer 1s Y5 usiiig ull STOUWCT MIXCA ¥ oint 1heorem.

To do so, we define a function f : T — T that maps the set of possible
price vectors to itself and tells us how the demand for items causes prices to
change.

To see how prices change, we consider the following vector:

DEFINITION 10.8. The excess demand vector is defined by E(p) =
D(p) -S

The coordinates of the vector E(p) tell us whether or not there is more
demand or more supply for the items at the prices in the vector p. If a coordinate

AfF L) 1¢ nagitivae wa avnmant tha mrica ~Af tha ~Aarragcnanding ita QA QinOs

Ui M\P} 1D HUDILIV\/, \MAAY \.«AP\.:UL LLIV Pll\z\.« vl Lll\.« bUll\/Dl}Ullullls lt.\.d.ll l,U llD\.z Q1lIVC

there is more demand than supply. People want more of this product at this

prlce than is available. If the coordinate is negatlve however, conditions could
Py o

_ - " i VR [

iere is more supply than demand at this

drive down the price of this item, as tt
price.
Using the excess demand vector, Walras’s Law can now be rewritten:

Second form of Walras’s Law: p - E(p) = 0. (10.2)

vector p,
the prices to move from p. From it we can construct a function f that takes each
price vector p in 7 to another price vector f(p) in T toward which we would
expect the vector p to move. Hence we will have created a continuous map

from T back to itself. The Two-Dimensional Brouwer Fixed Point Theorem

fn“o g that thic fiinastin ot ha Avad naint In nthar wnrde tha
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price vector p such that there is no incentive to trade goods when the prices are
at p. At that price, the entire economy is in equilibrium.

The rest of this section is devoted to making this idea mathematically
precise by appropriately defining f : T — T and proving that a fixed point of
£

carracnnndce tn an aanilihrinnm nrice vactar
\./Ull\.aoy\llluo 1V Al V\iulllullulll t}ll\a\.« AA YA AV

We begin by defining a function £* : T — R3 by f*(p) = p + E(p). This
function gives us an idea of how prices should move due to excess supply or

P DR |
aciiidid.
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not necessarily send price vectors in 7' back to price vectors in 7. The vectors
that result might have negative entries, and their coordinates do not necessarily
sum to 1. We need to remedy these problems so that we can be in a position to
apply the Brouwer Fixed Point Theorem.

In order to make a" nf the pnfﬂpc no a
AN/ N/RAULL A LANJLAL lV&“

vector obtained from a vector v by changing all negative entries into 0 entries.
Then we define our new, improved function to be f**(p) = (p + E(p))*.
The function £** maps T to the first octant in R3, but £**(p) need not lie in
T, since its entries do not necessarily sum to 1. However, by “normalizing”

f**(n\ which i< to say, dividino the resultine vector by the ciim of ite entriec

VVALEVAL 40 WV OQyy WA VIUIIILG WV LI VOWILIIIE VVIUL Uy LIV SUILLL U1 10 VAW IVS,

e he the
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we obtain a vector in 7. It is important to note that at least one coordinate of
p + E(p) is positive, and therefore in normalizing f**(p) we are not dividing
by 0. (See Exercise 10.15.)

With (p + E(p))*.' representing the jthentry of (p+E(p))™, welet 8(p) =

3, 1(p + h(p)), , and we define our desired function, mapping T to itself,
as follows:

DEFINITION 10.9. The price change functionf : T — T is defined by

oy — PF E(p)*
P)=—7—"
B(p)
ionre 107 denicte an evamnle af the vectare m EF/m) n L Ein)
lbul ~ LT/ \JVIJAUI'D “Ars \Jl\ulllyl\-f AV 2 5 Lilw YwwiviLro P, ...J\l’} 9 l’ ...J\l)/
(p + E(p))™, and f(p) for a two-dimensional situation, as opposed to tne three-

d1mens1ona1 one we have been considering. The second form of Walras’s Law
implies that p and E(p) must be perpendicular.

&SE@))*
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Now, we are ready to apply the Two-Dimensional Brouwer Fixed Point
Theorem. Since f : T — T is a continuous function and 7 is a disk, there
must be a price vector p* such that f(p*) = p*. That is to say, there is some
price vector that is fixed by f. We show, in fact, that such a vector is the
equilibrium price vector we seek.
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Chapter 10 Fixed Point Theorems and Applications

THEOREM 10.10. The fixed
[ibrium price vectors.

In order to prove this theorem, we need the following lemma:

LEMMA 10.11. Ifp* is a fixed point of f, then B(p*) = 1.

Proof. Since p* is a fixed point of f, we have

@ +E@N*T _ .,
B(0*) '

f(p*) =

This implies that, for j =1, 2, 3,

(0" +E@®))] =P p}. (10.4)
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(P* + E(p*))a >0

(P* +E@P9)y = @ +EP")a-
Plugging this back into Equation 10.4, we have
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which yields
Eo(p") = (B(P™) — Dp3-
Multiplying both sides by pJ;, we obtain

PaEa(P*) = (B(P*) — D plpy. (10.5)

Although we derived Equation 10.5 with the assumptio

t1o
the equa ation also holds when n* = () since it then ‘educes to Q) =

s ¥ L ; Qraaz QI3 RaVAReS VYiavax Saiiv

(2 o MR e .
1

herefore, since p is nonnegative, Equation 10.5 hol
summing Equat1on 10.5 over all j, we obtain

3
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p*-E(p*) = ) piE;(p"
j=1
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= (Bp*) — 1)p*
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Rv the second form of Walras’s Law (FEauation 10.2). n* . E(n*) = 0
AL PRAV DWWAIIIE AVAALL VL YT T RAL MUY T A \~ "]"“‘""V ANy \l’ 7 b
Therefore, 0 = (B(p*) — 1)p* - p*. Since p* € T, itfollows that p pr=
1. Thus, it must be that 8(p*) — 1 = 0, implying that 8(p*) = 1, as
desired |
With the help of Lemma 10.11, we can now prove Theorem 10.10
Proof of Theorem 10.10. Let p* be a fixed point for f. So f(p*) = p*.
Since B(p*) = 1, Equation 10.3 becomes
(p* + E(p*))T = p*,
r \K /77 r
which is actually three equations of the form
* T %
®* +E@)] = p} (10.6)
Wa ~ranoidae to ilhiliting far n¥e atthar ¥ — NaAar 2% N Wann
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X

= 0, then (p* + E(p*))+ = 0 Therefore E;(p*)* = 0, and it
follows that E;(p*) < 0. This means that there is no excess demand for
item j in this case.

C
in mind that all price
*

UG [ ISR -

Now, consider the case in which p

(p* + E(p”‘));.F > (. Therefore,

*> 0
; )

(p* +E(p*)] = (0" +E(p);.

Plugging this back into Equation 10.6, we obtain (p* + E(p™)); = p7,
and therefore E;(p*) = 0.

Together, these cases imply that E;(p*) < O for all j. Therefore
D;(p*) < §; forall j, a.n_d p* is an equilibrium price vector. |

When we have an equilibrium price vector p*, where D;(p*) < S; for all

J, we say the markets clear. Everyone can achieve their demand vector. The
Brouwer Fixed Point Theorem tells us there is such a price. So we can all sleep

available.

1ght.
Nothing that we have said depended on the fact that we had three item
The same would hold for an economy with hundreds of thousands

of items and millions of individuals. Of course, establishing a corresponding
result for a general setting would require the n-Dimensional Brouwer Fixed
Point Theorem.

Exercises for Section 10.2

10.1

10.1

3. Describe the topological space of price vectors if the economy consists of only
two items. Does the analysis of this section go through in that case?

4. In an economy with four goods, the resultant set of normalized price vectors
will yield the analog in 4-space of the triangle T we created in 3-space. What
is it? How many faces does it have, and what are their equations? How many
edges and vertices does it have? What are their equations?
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10.15. Show that at least one coordinate of the vector p + E(p) is positive
10.16. Suppose that our entire economy consists of only Carmen and Dexter with

1n1t1al bundles b¢ = (1, 1, 2) and b? = (3, 4, 2) and initial price vector p, =
(6 & 6) Let f be the price change function.

(a) Assume that when the price vectoris p = (%, %, %), Carmen has demand
vecior d¢ = (3, 1, 1) and Dexter has demand vector d? = 8,1,4).
Determine f(p) for this p.

(b) Assume that when the price vector is p’ = (%, é, %), Carmen has demand

vector d° = (1, 1, 2) and Dexter has demand vector d? = (2,3, 7).
Determine f(p’) for this p’.

10.17. Let k be a fixed positive real number. Define

o) = 2 TRE®)*
= —3 .
> =1+ kE(P));r
-who\xf that a fixed point p* of this general price change function also yields an
equilibrium price vector.

10.3 Kakutani’s Fixed Point Theorem
In 1941, Shizuo Kakutani (1911-2004) proved a generalization of the Brouwer

Fixed Point Theorem that has had powerful applications since. Instead of

applying to functions from the n-ball B” to itself, Kakutani’s Fixed Point
Theorem applies to so-called set-valued functions. Usually, functions associate
a point x in a domain X to a point y in the range Y. Here, we will look at

functions that take a point x in the domain X and send it to a nonempty subset
A of the rance Y. We denote such a set-valued function by f : X —<¢ Y. (In

43 ULl uiiw lulls YTYW UVILIUW ouwill u DWWl VAlUuwLwe LuLiviiavil UJ J . 4 b L . \J.ll

this section we call our usual functions, whose values are points, point-vaiued
functions, in order to distinguish them from set-valued functions.)

all of t 1
Let f assign to each pu son the set of all people that person has ever seen.
is an example of a set-valued fllIlCthIl. To each point (person) the function f
associates a set of points (the set of people that person has ever seen).

e set of
e ~1
dil

(t»
=

EXAMPLE 10.7. The following are set-valued functions:
t

(i) Let f assign to each real number x the set of all real numbers
greater than x. We write f(x) ={ye R |y > x}

ial | S AW \"v / Ladd B

(#ii) Let h assign to each real number x the set [—1, 4] if x is negative
or the set [—4, 1] if x is not negative. Therefore,

cgative.
1 if
1 1

f

=

=
vV A

[y

A4
, a
1

4,

_.
o o

U [ WS
(x) = i[_ ]
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For a point-valued function f : X — Y, the graph is defined to be the
set {(x,y) |y = f(x)}in X x Y. We need a similar notion for set-valued
functions:

DEFINITION 10.12. The graph of a set-valued function f : X —s Y is the
subsetof X x Y givenby Gy = {(x,y) |y € f(x)}.

EXAMPLE 10.8. The graphs of the set-valued functions f, g, and & from
Example 10.7 are shown in Figure 10.8.

-

In the hypotheses of the Brouwer Fixed Point Theorem, the continuity
of the function is critical. For set-valued functions we do not directly define
continuity, but instead we work with a property closely related to it. Combining

tha racnlte Af Fyvarcicee 4 10 and 7 12 it fallawe that if V ic ramnact and
LT 1UOUILS UL DATILIOTS F.1U alll /.10, 1L 1ULIUWDS uiat 11 1 15 Lullpatt aliu

Hausdorff, then a point-valued function f : X — Y is continuous if and only
if the graph of f is a closed subset of X x Y. Therefore we focus on set-valued
functions having graphs that are closed sets. In Example 10.8, the set-valued
functions f and g have graphs that are closed sets, but the set-valued function

h dnac not
v AUV 11VUL.

Having a closed graph is advantageous since it implies that convergent
sequences behave reasonably, as the following lemma indicates:

EMMA 1013 7.

1 £ .V N V ho 1 e S 7s 1 :n{-
e B § 12

ViR V.10, Lel J 1 X =5 I beasel-va alued a junc
is closed in X x Y. If (x,) is a sequence in X tha tconverge

(yn) is a sequence in Y that converges to yo € Y and satisfies y, € f (xn) for
each n, then yg € f(xp).

(xn, ¥n). Since y, € f(xy), this entire sequence lies in the graph of f.

Since (x,) converges to xg and (y,) converges to yg, ((x, y),) converges
to (xo, yo). Now, either there exists N such that (xg, yo) = (xn, yn), Or
(x0, yo) is distinct from every (x,, y,). In the first case, it directly follows

that (v~ va) < » In the cacaond cacae (va va) muct he a

limit noint
Lllub \J\«U .yU/ — \J] A1l Ullwvw Oovvuiiu vuo\/, \./DU _)’U/ I11U0L Uw Q 11i1i11C JL1iL

23

of the set {(xy, yn)}nez, and therefore must also be a limit point of G .

Since G ¢ is closed, it follows that (x, yo) € G in this case, as well. In
either case, (xg, yo) is in the graph of f, and therefore yp € f(xo) as we
wanted to show. -]



DEFINITION 10.14. Given aset-valued function F : X — s X, afixed point
is a point x* in X for which x* € F(x™).

A fixed point of a set-valued function is a point that maps to a set containing
the point, in contrast to a fixed point of a point-valued function, which is a point
that simply maps to itself.

The functions considered in the Kakutani Fixed Point Theorem are assumed

to have a domain that is a polyhedron in R”, where a polyhedron is a bounded
et that can be expressed as a solution set to fini ve]v many 1neq J_alitieg of the

t car pressed as a soiution set 1o nmiely man 1nnes
1

e Ve —

formajx; + ...+ apx, < b. (See Definition 0.12.)

The n-Dlmenswnal Kakutani Fixed Point Theorem states that for a poly-
hedron X in R”, a set-valued function F : X — ¢ X has a fixed point if F(x) is
a convex subset of X for each x 1n X and 1f the graph of F is closed in X x X.
The n-Dimensional Kakut i

sional Brouwer Fixed Point T
Kakutani Fixed Point Theorem in dimensions one and two, but the proof di-
rectly generalizes assuming the n-Dimensional Brouwer Fixed Point Theorem.

For the one-dimensional case, the possibilities for the polyhedron X C R
1

are limited. In fact, such sets m_.ist be closed and bounded intervals [a, b]. (See
Neoarrica TN INNY WA aclr cx70:: ¢ 2mzencra ¢lh g MNann TNics ccvcimm T aliiitnam: e o1
LACICIDC 1U.LVU.) VYO dadKk YOUU WLV PIUVC UIC UlIC- llllCllblUlldl Dadakuldill r'IACU

Point Theorem in Exercise 10.21.
Now we present the Kakutani Fixed Point Theorem in dimension two:

0.15. The Two-Dimensional Kakutani Fixed Point The-
vhedron in R2 and F X —¢ X beaset-valued funct ”l

p lyhe nR*and s X beaset-valued

such that F (x) is a convex subset of X for each x in X. If the graph of
closed in X x X, then there exists X* € X such that x* € F(x%).

Proof. A polyhedron in R? is either a point, a line segment, or a con-
vex polygon. The cases for a point or line segment fall under the one-
dimensional version of the theorem, assigned in Exercise 10.21. Here we
address the case for a convex polygon in R?. For simplicity, we prove the
theorem when X is a triangle 7 in R“. We then discuss how the method
of proof for a triangle carries over to a general convex polygon.

Let T be a triangle in the plane with vertices v(l), v(z), and v(3). (The

reason for using the multiple indices will become clear as we progress.)
Qi a teiano Axra P PP Y e | 1s

Since T is a Luaugic, cvci’y yuiut in T can be represenica as a iin-
ear combination of Vn, Vn, and vn Specifically, for x € T we have

X = Alv + AOVO + A 0VO, where each )‘0 > 0 and kl + Az + A = 1.
(See Flgure 10.9.)

Notice that T is homeomorphic to the disk, and therefore the Two-
Dimensional Brouwer Fixed Point Theorem applies to every continuous

Frrin btz nsn Foomenn T T
runction irom £ to 1.

To find a fixed point of F, we build a sequence fy, f|, f5,... of
point-valued continuous functions that approximate F. By the Two-
Dimensional Brouwer Fixed Point Theorem, each f, has a fixed point



Kakutani's Fixed Point Theorem 339

it
(]
W

Section

m

FIGURE 10.9: Every pointin T is a linear combination of the vertices.

X, € T. We prove that the sequence of fixed points (x,) has a subse-
quence that converges to a fixed point of F.

For each of the three vertices vf), i = 1, 2,3, we pick a particular
nointyf\ f(v’n) Then we define a functionfy : T — T sothat fn(v’n\ =

JIL RO 11C

ya on the vertices. We extend this linearly to the triangle by, for each
N . 11yl 22 33
X = AgVy + A 0v0 + AOVO, setting fo(X) = Ay + Ag¥p + Ao
¢ )

ot a set-valued function. T

»

Y U T :
1

Moreover, because iy is d
combination of its values at the vertices, it is continuous. Therefore the
Two-Dimensional Brouwer Fixed Point Theorem applies, and we have a
point Xg € 7 such that fp(xg) = xg.
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F (but would be, for instance, if it was one of the vertices of 7).

Now, to define the next function f; in our sequence of functions
approx1mat1rl§ F, we begin by subdividing T into four smaller triangles,

P 1N 1N

das snown 1 rigure 1U.1u.

\p)

FIGURE 10.10: Subdividing T into smaller triangles.

The vertices of these four triangles are made up of the vertices of T
and the midpoints of the edges of 7', given by

We define f; (x) in a manner analogous to how we defined fo(x). For
each vertex v in the four triangles, we choose a pointy in F(v) and define
fi(v) =vy. Then as with fn we extend fy linearly over edch triangle.
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it depends only on the definition o
endpoints of the edge containing x.

The function f; maps T to itself and is continuous since it is a linear
extension of the values at the vertices. Therefore, by the Brouwer Fixed
Point Theorem, there is a fixed point x| of f|. Here too, x| is not neces-
sarily a fixed point of the set-valued function F. But it would be if it was
one of the vertices of the four triangles in the subdivision of 7. Let T be
a subdivision triangle that contains this new fixed point x|, and assume
that the vertices of 7} are v1 v2 and v3

14l LNEC VCILICCS O , Al V.

We continue this process. Specifically, assume that we have a con-

tinuousf,_; : T — T with fixed point X, in triangle 7,,_; C T having
1 2

. 3
vertices v, |, Vv, _;,andv, ..

To define f,,, we subdivide each of the triangles used in the definition
of f,,_; into four subtriangles as described earlier. Then for each vertex v

in each triangle, we define £, (v) to be a point in F(v). Finally, we extend

111 VAVAL UIGLIEIVy VWL MVRRRIL R\ YVUOUL G pPURLIL LA i X 1piGiky v vaiaLwiine

f, linearly over each triangle in the subdivision to obtaln a continuous

functionf, : T — T. Sincef, is contmuous it has a fixed pointx,, € T.

T ot T — Lnn nv\nr\v\lﬂ Qv
1L Ip O 1 1a15 ll h]10 8

T, has vertices v,,, Vi, and v

" " InTn " NAQoII A

Ing w and
1HIIE Ap, Aallu adsSuliic

We now have a sequence xg, X1, X2, . of fixed points of the functions
fo, f1, £, ... . Note that x,, = Alv + A + A3 3 for some values )Ln,

A2, and A3 in [0, 1]. Furthermore, if we have v = fn (v} for each n and

i thenx, =1f. (x. \;)1 14 32¢2 4 93y 39\2\)\7 11. vieldino
J,hen x; 1, (X;) nYn T ALY, T ALY, well, yielain g

Xy, = )\.,11Vn + A -|— A3 3 = klyn + knyn + knyn (10.7)
Since T i

is a
every sequence in T ha

mpact subset of the plane, Theorem 7.16 implies that

buv uence. Let x* be the limit

AdL im VRANS XARARIEL
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a9 converoent
a convergent

AN g N

of a convergent subsequence (x,) of the sequence (x,). We show that
x* is a fixed point of the set-valued function F.

Because the side lengths of the triangles 7,, shrin

proaches infinity, every sequence m d, up of one point fro
e 7 yad

11 must dlbO converge io X . nce, € sequenc
and the corresponding sequences of vertices (V;
converge to x*.

mnn tlaa 2 tbae

ince the interval [
every sequence in [0, 1] has aconvergent bseq_uence. Thus the three co-
efficient sequences ()L}n ), (A?n ), and ()\3'1 ) have convergent subsequences.
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Similarly, the three sequences (y}n )s (y?ﬂ), and (yifn) are sequences in the
compact set 7 and thus also have convergent subsequences. By taking
subsequences, one at a time, of all of these additional sequences, we can

tharahv rhnnce a ecinoala indavine cannanca (1 ) ench that all tan ~carra_
l.ll\/l\zu-y VIIVUUOLV A 011151\4 uluuzxxus D\/\i“\.«ll\/\/ \Illon} QULVIl L1IAl all wwll vull v

sponding subsequences converge: (Xp,) to x*, (an) to x*, (v, ) tox*
(v3 1o X", (kl Jtoa value 1!, ()\2 ) to a value A2, (A ) to a value A3
(y! )toapoint v1 (y2, ) to a point y?, and (y>, )toa nomt y>

\J iy NV iy o R U /57
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AY T+ ATY T+ ATY Furthermore A* + A° + = l,and A", A", A~ €

[0, 1]. Therefore x* is in the “triangle” with vertices y', y2, and y>. (We
use quotes since the triangle could be a line segment or a point if exactly
two of the y* are equal or if they all are equal, respectively.)

—

Since F has a closed graphin T x T, Lemma 10.13 appiies There-
the sequences (v1 ) an d (vl ) conve , respec-

h § e \Jmn T = = T It

tively, and since ymn e F (an) for each m,,, we know that y € F(x*).
Similarly, y> € F(x*) and y> € F(x*).

pnt X* —_— I)\‘lvl 12‘72 _L. }3‘73 ;o in t

1
g3 P

and y~, ali of which lie in F(x*). Since F(x*) is convex, x* must aiso be
contained in F'(x*). In other words, x* € F(x*), as we wished to show.

We have now proven the Two-Dimensional Kakutani Fixed Point

Thanram o that tha damain 1¢ a triangal n tha nrnun
14 11vVvi vl uoouuuus Lllat tll\.« uuuxcuu ioa ulausxu 111 Lll\.« l}lull\/ lU lJ

the result for a general convex polygon in the piane, we use the same
approach, but we start by subdividing the polygon into triangles. The
initial approximating function fy is first defined on the vertices of these
triangles and then is extended linearly to each of the triangles, just as was

. . .
Annn imn fl’\ﬂ Fr\rnnrnnn nrocacg T hnn agQ wag r‘r\nn nrn‘nnno]u CrrAQ_
ViV 111 ulv 1V \/6\11115 lJl A4 N3 7% % 2 A 1lvily GO YVAO UULIV l.ll\-f A\ l\JUOl] sy DUVWVLVO

sive approximating functions f,, are defined by subdividing each triangie
considered at the previous stage, defining f,, on the vertices of the new
triangles, and extending the definition linearly to each triangle. The same
argument yields a point x* such that x* € F(x*). ]

This method of proving the Two-Dimensional Kakutani Fixed Point Theo-
rem carries over to the general n-dimensional version, with the n-Dimensional

Brouwer leed Point Theorem required along the way.
Kakutani’s Fixed Point Theorem contains the Brouwer Fixed Point

-
]

rem as a SpeCIai case, but we need to view the domain of ¢
Point Theorem as a polyhedron to see this. Let

P'={(x1,...,x) €R"| —1<xj<lforj=1,...,n}

The set P” is an n-dimensional cube. By definition P” is a polyhedron, and it
is homeomorphic to the r-ball, B". Let us consider the Brouwer Fixed Point
Theorem on P" Iff : P* — P" is a continuous point-valued function, then
nction mapping x € P” to the single-point
omain of f is a compact polyhedron, and {f(x)} ib a single-
point set in P" and therefore is a nonempty convex subset of the domain.
Furthermore, the point-valued function f is continuous; thus the graph of f is
closed in P" x P" by Exercise 4.10. Kakutam s Fixed Point Theorem then
implying that there exists x € P" such that x € {f(x)}, and therefore
Itis 1mportant to realize, however, that although the Brouwer Fixed Point
Theorem is a special case of the Kakutani Fixed Point Theorem, the latter does
not supplant the former, since the Brouwer Fixed Point Theorem is needed in
the proof of the Kakutani Fixed Point Theorem.
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10.22.

10.23.

For each of the following set-valued functions, draw the graph and determine
whether or not F(x) is convex for all values of x in the domain:

@ LetF:R—>gRbegivenby F(x) ={yeR|y <x}.

(b) LetG:R —->gsRbegivenby G(x) = {nx e R | n € 7Z}.

() Let H:R —¢g TRZ be mVPn hv H(x) = {(y, c R2 | yiy2 = x}.

il U \J L3 I- — AN

Define a relation on R by a ~ b if there exists an integer ¢ such that a, b €
[c,c+1).
(a) Show that ~ is an equivalence relation.

(b) Let f : R — 5 R, be the set-valued function defined by f(x) = [x], where
lamna ~lace ~E - PO L I DI B Qs La
I_.XJ lb lllU qu,ll dICIICC Cladd 01 X UulJcIL UIc CqUIleC 1CC IC1dLIVUI ™~. DKCLCH

the graph of f.
(c) With f as defined in (b), is f(x) convex for each x € R?
(In general an equivalence relation on a set X gives rise to a natural set-valued
function, sending each point in X to the equivalence class of points in X that
contains it.)

Prove that a polyhedron in R must be a closed and bounded interval [a, b].
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points xp and x; in your explanatlon

Determine whether or not the Kakutani Fixed Point Theorem applies to each
of the following set-valued functions. Note that you need to check that X is
a polyhedron, that F(x) is convex for each x € X, and that the graph of F is
closed. If Kakutani’s Fixed Point Theorem applies, find as many fixed points
as you can for F.

(@ X=[0,1]and F(x) =
b)) X=
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2,3] ifxel0,1],
0,11 ifx e[2, 3]

® X=1[0,1] x[0,1] and

Fx,y)={(x,»€l0,1]x[0,I][x=yandy =1—x}.

For each of the following hypotheses in the Kakutani Fixed Point Theorem,
give an example to show that the theorem does not hold if the hypothesis is

dropped. That is, find a set-valued function F : X — S X that satisfies each of
the other two hynotheses. but does not have a fix d

the other two hypotheses, but does not have a fi xed point.
{(a) X is a polyhedron.

(b) F(x) is convex for each x € X.

(¢) Grisclosed.
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Section 10.4 Game Theory and the Nash Equilibrium

Kakutani Fixed Pomt Theorem, using it to prove John Nash S celebrated the-
orem on the existence of equilibria in n-person games. Although all of what
follows applies to n-person games, we will restrict ourselves to at most three
players in order to keep the notation straightforward.

anpncp that Elaine, George, and Newman agree to

that Elaine, rge, and Newman agree to pla

given turn, each of the three has a finite number of moves that she or he can
make. For Elaine, these choices are labeled 1 through ng. For George, they
are Takhalad 1 theraiigh 20 nAd far N\ ewma v nwr\‘ halad 1 th.- nnn N
alcv laUClUU 1 lluUUéll rdy. nuu 1U1 l Cwiliall, l' )’ alv iavcivuau 1 Ul él UV
These moves are called pure strategies.

We set the rules of our game so that all three players make a move without
knowing what the other players have chosen to do. Then they each receive

some payoff. When Elaine makes move i, George makes move j, and Newman

liaoamp At

Q pQiiiv. 4;-. u

mn]}an ™Mo ]7 r‘ noamiant E]n1v\a ‘IQO "o 'FF E‘ r‘ CI‘I‘YCI(‘
HIaRCH ITIUYC K. \,leou\:luulltly, £iaime receives Payuu. .LJZ]K’ U\/ULS\/ receives

payoff G ijkos and Newman receives payoff N; ijk- Each player has an associated
ng x ng x ny three-dimensional payoff array and all three are familiar with
the three payoff arrays.

Of course, if Elaine always made the same move, it would not take George

nd N man lang ta dacida nw hagt tn mavimiza thair
a lu L‘\./ Vlll“ll lUlls tU ULV IUL 1IVYY ULOL WU 111AALRLLILZZANS ULVl

to hers. So instead of consistently making move i, Elaine may choose to play a
different strategy. She may choose to play each move with a certain probability.

It makes good sense to do this. For instance, in a poker game, a player
does not want to bluff every time certain cards are in her hand, as the other

players may soon pick up on the fact that she consistently does this. Rather,

she should bluff with a certain probability that she has predetermined. This

will be her strategy. Then no particular card pattern will be associated with her

bluffing.

We denote the probability that Elaine plays move i by p;, that George
Lk

plays move j by g;, and that Newman

probab1l1ty assumpt1ons that

pi >0, g; >0, andry > Oforalli, j, k, (10.8)
and
}_;pl=l, ZQJ-:l, and erz (10.9)
i J k
DEFINITION 10.16. The corresponding probability vectors

p (PI,PZ,-HaPnE);qz(QI’CD,---,‘InG),
andr = (r1,r2, ... ,I'ny)

are called mixed vfrntompv

Now, the payoff for each
is given by
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ability that such a payoff occurs. We similarly define the expected values
G(p,q,r) and N(p, q, r) for George and Newman, respectively. If Elaine,
George, and Newman play their games enough times, we expect their pay-
offs to average out to approximately E(p, q,r), G(p,q,r), and N(p, q, r),

resnectivelv
respectively.

EXAMPLE 10.9. Suppose Elaine, George, and Newman are deciding where
to go for dinner. They can choose either the Happy Star Chinese Restaurant
or the New Yorker Diner. All three agree to simultaneously vell out either
“Chinese” or “diner.” If two of them agree and the third does not, they all go
to the restaurant chosen by the two who agreed, and the third has to pay 10
dollars to each of the others for their dinner. If all three agree, they go to the
restaurant that they all chose, and everyone pays for their own dinner.
Elaine’s payoff array then has entries of the form

[ ifi £j=k,
Eje=) 0 ifi=j=k
10 nthoarwice
l PRV} ULLIVE VY 10V

The payoff arrays for George and Newman are defined similarly.
Let us assume that Elaine, George, and Newman are equally likely to pick

the Chinese restaurant or to pick the diner on any given evemng Then their
/1

= \2 2} L
can compute the expected value of Elaine’s payoff. We find that

m1vnA (‘f"‘)fﬂr\"ﬂ(‘ aro Q]] fl’\ﬂ CamMmao le‘l N — “
11IIAVAE O utusluo alyv all uiv salliv, llulll\/lj VY — \1 -_

L 102 — 0
T 11U » ) = V.

N —

Now, suppose that in a particular game, Elaine knows that George
ewman are using mixed strategies q and r, respecti 1

Z

- J
btain the largest possible payoff; ulat iS she w'ai“tS to maximize her expect
value, given q and r. Thus, she wants to find a strategy p so that E(p, q,r) >
E(p/, q.,r) over all possible probability vectors p’. There may be more than
one such strategy for Elaine, and therefore we have the foliowing definition:

Q. !
)
E
)
4
)
)
)
CD (o,
o O

DEFINITION 10.17. Let P(q, r) be the collection of all probability vectors p
that satisjy E (p q, r)> E@p,q, r) over all mixed strategies p’. Thisis called

______ P S| S R,

the sei 0] apumat mixed bzra'teg 'SSOua‘wa to mixed urawgwo q and r.

Similarly, Q(p, r) is the set of optimal mixed strategies for George, max-
imizing his payoff when p and r are given, and R(p, q) is the corresponding
set of optimal mixed strategies for Newman, given p and q.
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Now, how does Elaine choose vectors

w, how choose v to n ected value
E(p, q, r)? For a fixed q and r, the expected value is a linear equation in the
components of p, as follows:
E@,q.v) =) Ejpiqjre = Z(Z Eijkq;r)pi- (10.10)
i,j,k i jk

EXAMPLE 10.10. Suppose that in a particular game played by Elaine,
George, and Newman, there are five possibie moves from which Elaine can
choose. Further suppose that for the fixed mixed strategies @ and r of George
and Newman, respectively, The expected value of Elaine’s payoff is

E(p,q,r) =3p1 +5p2 +4p3 +5ps + ps.

She wantsto findp = (p1, p2, P3, P4, p5) tomaximize E(p, q, r). Clearly, the
best choice for Elame is to make the components of p with smaller coefficients
as tiny as possible and those with the largest coefficients as big as possible. In
this case, the largest coefficient is 5. So pi, p3, and ps5 should be chosen to be
0. Since the coefficients of p; and p4 are both 5, she could choose p, = 1 and
pa = 0. Or she could choose pr = 0 and ps=1.1In fact, she could choose D2

and P4 to be any combmatlon that adds to 1. She will still have a probablhty
vector that maximizes the payoff. Therefore she chooses her set of optimal

. .
mivad ctrataciac tn ha
LIIACU SUALLERIUS W UL

P(q,r) = {(0, p2,0, p4,0) | po + ps = 1, pp =0, pg = 0}.

In general, we see that the set of optimal mixed strategies P(q, r) is given by

—
—
§>

l

p——
Q

.

——

——

~~
[u—y
[—y

p—

Now, 1f Elame chooses an optimal mixed strategy p in response to the
mixed strategies q and r of George and Newman, then George might want to
change his mixed strategy to an optimal one, given that Elaine and Newman
have chosen mixed strategies p and r. And, of course, Newman might want to
change his mixed strategy as well.

We would like to know if there is a choice of mixed strategies for all of the
players such that every player is using an optimal mixed strategy at the same
time. Under that circumstance, there would be no incentive for the players to

change strategies.
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P(q, r), q € O(p,r), andr € R(p, q).
and r are a Nash equilibrium.

)

In a Nash equilibrium, no player has an incentive to change his or her
strategy, assuming no one else changes theirs. Each player is making as much
as he or she possibly can, given the current strategies of the other players.

t. 1T 1t in 108N Tahn Nach
In his doctoral dissertation at Princeton University in 1950, John Nash

proved that every game has at least one equilibrium (which later became known
as a Nash equilibrium) His results revolutionized the field of game theory and
Su q ‘llly uau a blglllllbdl t llllpd.Ll, on €Conoi ﬂlbb dllU l.[lC bUbldl SCiel‘lces
In 1994, the Nobel Prize in economics was awarded to John Nash, Reinhard
Selten, and John C. Harsanyi, with the latter two receiving the award for their
refinements to the Nash equilibrium theory for situations where multiple equi-
libria exist and situations where each player does not have complete information
about the other piayc str aLeg‘es ina gaimne.
We present and prove Nash’s Theorem momentarily, but first we look at

an example.

EYARMD

1 at 11q
b AFAVIT B L ub

T
game of Example 10.9. We consider the situation from Elaine’s point of view.
Letp = (a, 1 — a) be her mixed strategy. So a is the probability that she picks
the Chinese restaurant, and 1 — a is the probability that she picks the diner.
Similarly, let George’s mixed strategy be q = (b, 1 — b), and let Newman’s be

\Wy 1

Then the expected value for Elaine’s payoff is

E 1N
= IV

-L

1.
e 10

E =10[ab(l1 —c)+a(l =b)c+ (1 —a)(l = b)c+ (1 —a)b(1 — )]

M (1 — BY(1 _ ) L
(C VAT SR Y

~ L 1

(1 — DN(he)
\+ w}\Ub

J1»
which simplifies to
E=102a(b+c—1)+c+ b —3ch].

For the time being, assume that b and c are fixed. Let us see how Elaine
can maximize E by choosing an appropriate a. We consider three different
possibilities for the sum b + c. First, if b+ ¢ > 1, then Elaine obtains maximum
E by choosing a = 1. Note that with a = 1, both a + b and a + ¢ are greater

s

A ko and ¢ must be nonzero foc b w1t 1 d e il
than 1, since both b and ¢ must be nonzero for b + ¢ > 1 to hold. Then, with

a + ¢ > 1, by the same argument we used for Elaine, it follows that George
can maximize his expected value by choosing b = 1. Similarly, by choosing

= 1, Newman can maximize his expected value. Soa =b =c=11isa
Nash equilibrium. This equilibrium corresponds to having everyone always

thoe (Chinaca ragtanrant
LIV L l1t1IVoL 1vottaui alit.

In like fashion, it can be shown that if b + ¢ < 1, then all three players
will maximize their expected values with the choices a = b = ¢ = 0. (See
Exercise 10.27.) Therefore everyone always choosing the diner is a second

Nash equilibrium.
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what probability Elaine picks, as far as her expecrea value goes. But from the
perspective of George and Newman, it does matter. If either a + b or a + ¢ does
not equal 1, then, as we saw earlier, the corresponding player will change his

probabilifcy to 0 or 1, forcing the other players to change, and having everyone
one of the two eauilibria lrpnrlv mentioned. The rmlv case where this

1 of the two equilibria already mentioned. The onl
does r10[ C “uris fa+b=1,a+c=1,and b + ¢ = 1. In this case we have
a = 5,b = 5,and ¢ = 5. So this is a third Nash equilibrium; it corresponds
to having each player choose each restaurant half of the time.

2

(i) In an n-person game each player has a choice of moves to make,
and each move is made without knowing the moves of the others.

Q‘If\'FF arravyv oivin o r‘\Q\If\'FF(‘
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gy, and the combined choices

of mixed strategies determine the average payoff, or expected value,
for each player.
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(iv) Each player has a set of optimal mixed strategies for each choice of
mixed strategies by the other players. Each optimal mixed strategy
results in the maximum possible expected value for the player given

the mived ctratagiac nf the nthare
Uil 111INANVG OuUL ubus WO ULl LIV ULlliwiO.

(v) A Nash equilibrium is a choice of mixed strategies that yields, for

each player, the maximum possible expected value relative to the
mixed stratecies of the other plavers.

AAAAAA L SUQTveaIvS UL ouab Vil paliyvio

THEOREM 10.18. Nash’s Theorem. There exists a Nash equilibrium
for every n-person game.

roof. We nregent the

0
A 474 VYL privoviIn v
o~

simple, but the same proof applies to n-person games. Given the three
payoff arrays E;ji, Gijk, and N, jk» we need to demonstrate that there is

a set of mixed strategies p*, q*, and r* that solves the game.

Tetm — ne 4+ n~ 4+ na For a choice of mixed ctrateov vectore
Let m ng + ng + ny. For a choice of mixed strategy vectors
P= (- s Png) 4= (@1,--.,qng), and r = (r1,...,rpy), We
define an m-vector by concatenating the components of these vectors, as
follows:
h § § Jpe— b 2% s} Iﬂ\ P, /v\_ - e I Pl E 2 e E2) \
W= P Wt) = \Wils---s Png>-Yls -+ sYngsf1s .-+ sIny)-

Each such vector w represents a combined choice of individual mixed
strategies from each player. Its components must satisfy Inequalities
10.8 and Equations 10.9. It follows that the set of possible vectors w is
a polyhedron X in R™.
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In other words, the vector w = (p, q,r) is sent to the collection of
vectors that have the property that their first n g components are an optimal
gWPn that GPQ‘ oe and Newman stick with qtmtemec

[ REUURPE | T T o a1 e T O

q and r; their SeCOI‘ld ng components are an optimal strategy for George,
given that Elaine and Newman stick with strategies p and r; and their last
ny components are an optimal strategy for Newman, given that Elaine
and George stick with strategies p and q.

PP Py RS .. | R = e W XN\ 4. ........

11 WE SIIOW I,lld.l Uicicidvpna w bUbll llldl. w t I \w ), i1 W Wlll lldVC
proven the theorem, because such a vector w* = (p*, q*, r*) 1s made up
of three vectors, p*, q*, and r* such that p* € P(q*, r*),q* € Q(p*, r*),
and r* € R(p*, q*). Thus, we need to prove that there is a fixed point
for the set-valued function F : X —¢ X.

We show that Kakutani’s Fixed Point Theorem applies to F. It was
previously observed that X is a polyhedron in R™. Since each of P(q, r),
Q(p, r), and R(p, q) is convex, it must be that F(w) is convex as well.
(See Exercise 10.25.) Hence, we need only show that the graph G is

Mevend cihent nf Vv ¥ o~ D21 T ot (v o) 1 it ~F (7
a CIUDUU dDUUDLL UL A A A U 1IN « LLUL \AU JU} UU (1 lllllll PUlllL Ul U[-«

For each positive integer i, pick a point (X;, y;) in the intersection of G
with the ball of radius 1/i centered at (xo, yo). We obtain a sequence
of points (x;,y;) in G converging to (Xp, yo). Let x; = (pi, qi, I'i),
yi = (si, t;,1;), X0 = (pPo, qo, o), and yo = (So, tg, ug). We then have

fhﬂ ‘Fﬂ]lﬂ“’;ﬂn ranvaraant
uiC 100UWIILE COLIVOTZELTL S

to sg, (t;) to tg, and (u;) to ug.

Note that y; € F(x;) for all i. Therefore s; € P(q;,r;), t; €
Q(p;,r;), and u; € R(p;, q;). Hence, for all p’, @', and r’, we have

E(Sl‘ q!q r!) Z E(pls (!is ri)a
G(pi, ti,r;) > G(pi,q, r;), and
N(pi,q;,u) > N(@p;, q;, r').

Since E, G, and N are continuous functions, these inequalities hold
as we take the limit as i approaches infinity. (See Exercise 10.24.) This
implies that

E(so, 90, ro) > E(p’, qo, 1o),
G (po, to, ro) > G(po, q’, ro), and
N (po. 90, wo) > N(po. qo, I').

Therefore sg € P(qp,

l’\l]Q YVn & p(v,\\ 1mn]\l1n ‘1 1t (Vr\ ‘7:\\ 1
L IR O, JU N 1 \AUI’ llllylj.ll uu.u.

&
that the graph of F' is closed. The Kakutani Fixed Point Theorem now
applies, and therefore there exists a w* such that w* € F(w*), as we

ichhad £~ olaness -

WiSii€a 1O SiiOw. [ ]
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exists, and therefore it is possible for each praye o choose a mixed strategy
that results in maximum expected value relative to the others’ choices of mixed
strategy.

general version of the Kakutani Fixed Pemt | hv orem to establish the existence
of the Nash equilibrium. This is because it is the total number of plays that the

players can make, rather than the total number of players, that determines the
dimension of the space in which we are working.

As we indicated earlier, these results carry Over to n-person games for any

3

existence of the Nash equilibrium.

EXAMPLE 10.12. Here we look at an example of the classic prisoner’s
dilemma two-person game. George and Newman have been charged with
a crime, and each of them is interviewed separately about it. Since the prose-
cutor does not have sufficient evidence for a conviction, George and Newman

ava aarh Affawnd A 12 imiiana sentenc 2o o e
are cacii UllClUU a lllllllllldl SENCiice U Cllll g vl ine otner.

Newman can each either remain silent or tell on the other.

If both George and Newman choose to be silent, each will receive a six-
month sentence for a lesser crime. If they each tell on the other, then they each
receive a reduced 24-month sentence because they assisted in the prosecution.

)
’
i
?
S
r
)
)
L
oo“

$~11 e nncrerao a thhann

A tallg vxyhilas thn ~Athaw 10 cilam than tha ~An

If one tells while the other is s }eru, then the one who told receives a three-
month sentence while the one who remained silent receives the full 72-month
sentence.

For each player, the four possible outcomes and the resulting consequences
are drsolaved in the Davoff matrrces in Frgure 10. 11 The navoffs G;,j and

and Newman, respectively, in each circumstance. Here, of course, the desire
of each is to minimize their sentence.

George George
SILENT  TELL SILENT  TELL
= =
el 6 | 3 sl 6 |72
g” g”
Bl 1 gl o~ 1
Zd 72| 24 Zd 3 |24
G N

FIGURE 10.11: The prisoner’s dilemma payoff matrices.

Itis straightforward to show that the only Nash equilibrium in this game cor-
responds to having both players always tell on the other. (See Exercise 10.28.)
Note, however, that the Nash equilibrium does not yield the best cooperative
outcome of the game. If George and Newman agreed in advance to be silent,
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they would receiv ! n W
ever, since the game is not played cooperauvely, for each player the threat of
having the other player tell on them while they remain silent leads the player
away from silence into the equilibrium.

10.24. Assume that f : X — R is a continuous function, (x;) converges to xg, and
(y;i) converges to yg. Show thatif f(x;) > f(y;) foralli, then f(xg) > f(yo).

10.25. Prove that if A is a convex subset of R” and B is a convex subset of R™, then
A x B is a convex subset of R* ™.

10.26. Given that the set of optimal mixed strategies P(q, r) satisfies Equation 10.11,
prove that P(q, r) is a closed, bounded, and convex subset of R"E.

10.28. Show that the only Nash equilibrium in the prisoner’s dilemma game in Exam-
ple 10.12 corresponds to having both players always tell on the other.

10.29. Elaine, George, and Newman are playing the same restaurant game as in Ex-
ample 10.9. Suppose, however, that they have payoffs as follows:

(i) If George and Newman agree, regardless of what Elaine calls out,

they then go to the restaurant that George and Newman chose, and

abhag ta nay tham thran A-llare aash far anffan
1C Has> o p y UICIII ulCC uliiaid Calil 101 CO1ICT,
€S
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1€ a with either George or Newman, but not both, they
then go to the restaurant chosen by the two who agreed, and the
third person pays 10 dollars to each of the others for dinner.

(2328 T€ a1l thhwenn novan tharxs thanm on t4 tha vactarsrant that thas: 211 Ao a
(1) 11 all Ullte axgl C, LIICY UWICTIH ZU LU UIC 10auldlil Ulal ticy dil LHung,
and George and Newman each pay Elaine five dollars toward her

dinner.

Find all Nash equilibria for this game.

10.30. Elaine, George, and Newman can choose between the Happy Star Chinese
Restaurant, Bobo’s Burgers, or Pat’s Pizza in the same game as in Example 10.9.

anpncp that when two or three of them agree. the pavout is the same as in the

ST H1AGT VWWALLEE TVVU UL WU UL wail Ghi T,y iDL PG UL A5 LU SGLAIT GO Al wuae

game in Example 10.9, and when all three disagree they all eat at home and

there is no payout.

(a) Ifall three use a mixed strategy vector ( i % , %) to determine which restau-
t

what ara tha w:cn]hng
s VVIIAL &lC e LUSUILILLE
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ilibria for this game.
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