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ABSTRACT. We give an explicit description of the solutions to the determinant con-
dition on a third order complex linear differential equation studied by Chiang, Laine
and Wang.

1. INTRODUCTION Content-Length: 12564

For complex differential equations, there is an interesting line of investigations
on the distribution of the roots of the solutions. If a complex-valued function f(z)
has roots z1, z2, ... (ordered by nondecreasing moduli), the exzponent of convergence
M(f) of f is defined as inf{\ : 3 1/]z;|* < co}. The oscillation theory of complex
differential equations (see [1] and [4]) investigates the exponents of convergence of
the solutions, which yield informations on the distributions of the roots.

In [2], Bank and Laine studied the oscillation theory of certain second order
differential equations with entire periodic coefficients and found explicit represen-
tations for the solutions with finite exponents of convergence. Recently, in [3],
Chiang, Laine and Wang established the following result concerning the oscillation
theory of a third order linear differential equation with entire periodic coefficients
using Nevanlinna value distribution theory.

Theorem. Let K € C and suppose that

(1.1) f"=Kf'+ef=0

admits a non-trivial solution f such that

(1.2) logt N(r,1/f) = o(r) asr — oo.
Then there exist integers r and s such that r + s > 0 and

(r—l—s—l—l)2

1.3 K =
(13) x .

1991 Mathematics Subject Classification. 34C10, 30D35.
The research of this paper was supported in part by a Hong Kong UGC RGC grant, UST 106.

Typeset by ApS-TEX



Moreover, if n = r+s > 0, then n satisfies the following tridiagonal (n+1) x (n+1)-
determinant condition:

(1.4) det A =0,
where the non-zero diagonals of A are determined by

ajj-1 == 1j(j+1) =2n—jn*,  j=1...,n,
(1.5) ajj=—3j(j+ 1) +2n +n? j=0,...,n,

aji+1:=3(7+1), j=0,...,n—1.

Furthermore, f admits one of the following representations:
(1.6) filz) = e T/ exp(cie™/?),
where ¢} +27=10,1=1,2,3, and

(1.7) W(Q) =Y 4, do,d, £ 0.

j=—r

Conversely, suppose K takes the form (1.3) and, if n = r + s > 0 and n satisfies
(1.4) and (1.5), then there exist a rational function of the form (1.7) such that
the three functions defined by (1.6) are linearly independent solutions of (1.1) each
with exponent of convergence \(f;) <1 fori =1,2,3.

As observed in the concluding remarks of [3], the matrix A can be expressed as
the product of three matrices (3;;), (o;;) and (7;; ), where (o;;) is a diagonal matrix
such that

(18) Qp,0 = do,0 = n(n + 2)
and
Ajt1,j%5,j+1 B :
(19) A 41,5+1 :CL]‘_|_17]‘_|_1—7:A]‘—|——, ¥ :0, ,n—l,
Qg Qg
with
(1.10) Aj=ajp1 41 =n(n+2) =3 +1)+2)
and
(1.11) B; = —aja1 05,41 = 3(j + 1*In(n +2) = j(j + 2],

while (3;;) is a lower triangular matrix such that 5; ; = 1 for all j, and (+;;) is an
upper triangular matrix such that +; ; = 1 for all 7. So the determinant condition
(1.4) is equivalent to the product of «; ;, 7 =0,... ,n being zero.

In [3], Chiang, Laine and Wang expressed that the determinant condition (1.4) in
the theorem seemed to be equivalent to n # 2 (mod 3), which also meant K would
be a ninth of a perfect square, but not an integer. Here, we will prove that this is
indeed the case. In the next section, we will first give the proof of the easier half,
namely the determinant condition implies n # 2 (mod 3). Then the remaining half
will be established by analyzing the entries a; ; using three recurrence relations.



2. PROOF OF EQUIVALENCE

First we present a proof of the easier half.
Proposition 2.1. If det A = H a;; =0, thenn # 2 (mod 3).
7=0
Proof. Suppose n = 2 (mod 3), then n(n + 2) = —1 (mod 3). We will show by
induction that the entries «; ; is either of the form (3p; + 1)/(3¢; — 1) or of the
form (3p; — 1)/(3¢; + 1), where p; and ¢; are integers. Then we will get the

contradiction
& S 3pi+1
th:” “:”7‘7 0.
€ Qjj 3¢; T 1 #

7=0 7=0

Now since ag o = n(n +2) = —1 (mod 3), apo = (3po — 1)/1. For the inductive

step, suppose «;; = (3p; + 1)/(3¢; — 1). Since A; = —1 (mod 3) and B; = 0
(mod 3), we have A; = 3r; + 1 and B; = 3s; for some integers r;,s; and

B; 3s;

Oz‘+17‘+1:A‘—|——]:3T‘—1—|— J
s = = B T U G G 1)

_ 3(rjpj —pi+ri—3siqj —sj) =1

3p; +1 '

Similarly, suppose «; ; = (3p; — 1)/(3¢; + 1), then

ajt1,j41 = Aj + ‘]4 = = ’ 3]< 1] ’ ’ :
Qjj Pj —

This completes the induction. O
Next, we will examine the converse.

Proposition 2.2. The sequences {fi}, {gx}, {h+} defined by
(2.1) fo(z) = go(x) = ho(z) =1
and for k =1,2,3,...,
fr(z) = [z — 3(3k — 1)3k]hg—1(z) + 3(3k — 1) gx—1 (),
[v — 3k(3k + 2)]gk(2) = [z — 3(3k)(3k + 1)]fe(x)
+ 27k [x — (3k — 1)(3k + 1)]hg—1(z),

(2.4)
[ — (3k + 1)(3k + 3) () = [0 — 3(3k + 1)(3k + Dga(x) +3(3k + 1)” fu(x)

are all polynomials.

Assuming the truth of Proposition 2.2 for the moment, the converse of Proposi-
tion 2.1 follows easily.



Theorem 2.3. Let m = n(n +2), then

[m — 3k(3k + 2)] if 7 = 3k,
fr(m)
aj = [m—(3k—|—1)(3k—|—3)]hk(m) if j=3k+1,
gr(m)
fegr(m)
if 7 =3k + 2.
i (m) ’
Consequently,
gm)x I [m-jGi+2]=0 ifn=3,
/=0
JZ2 ](mod 3)
det A = [[ ey =4 0~ ]:[0 m—j(j +2)]=0 if n=30+1,
7=0 JE2 ](:nod 3)
fram)x I m—iG+2)]#0  ifn=31+2
/=0
JZ2 ](mod 3)

Proof of Theorem 2.3. The three initial cases ago =m,a11 =m —3,a22 =m —6
follow easily from (2.1) and (2.2). Next, suppose the case j = 3k — 1 is true, then
using (2.3), we have

Bj;
ask sk = Asr—1 + St Lt
O3k—1,3k—1
Iy _
= m — 3(3k)(3k + 1) + 3(3k)*[m — (3k — 1)(3k + 1)]M
fr(m)
gr(m)
=|m —3k(3k +2 .
[ ( )]fk(m)
Suppose the case j = 3k is true, then using (2.4), we have
B
a3k41,3k4+1 = Az + 3k
Q3k,3k

3k + 1) fr(m)

=m —3(3k+1)(3k +2) + 3

gr(m)
=|m—(3k+1)(3k +3 .
= (3 )38+ 324
Suppose the case j = 3k 4 1 is true, then using (2.2), we have
B
askp+2,3k+2 = Aspp1 + S
Q3k+1,3k+1

3(3k +2)%gr(m)

= m — 3(3k + 2)(3k + 3) +

_ S (m)



Therefore, the first statement follows by induction. As for the last statement, it
follows from telescoping products, the factor j = n and Proposition 2.1. O

To complete the overall argument, we now give a proof of Proposition 2.2.

k—1.
Then (2.2) implies fi is a polynomial. Now to show g is a polynomial, it is
equivalent to showing the right side of (2.3) vanishes at @ = 3k(3k+2). Substituting
xg = 3k(3k + 2) for = into the right side of (2.3) and simplifying, we see that we
have to show

Proof of Proposition 2.2. Suppose fj, g;, h; are polynomials for 7 =0,1,...

Y

(2.5) Frlwo) = Okhg_1(xo).

Now by (2.2), we get

(2.6) fr(x0) = —3k(6k — 5)hg—1(z0) + 3(3k — 1)%gr—1(0).

By (2.4) with k replaced by k — 1, we get (after cancelling a factor of 3)
(2.7) dkhg_1(20) = (3k — 2)* fr—1(w0) — (6K — 11k 4 2)gr—1(20).

Substituting (2.7) into (2.6), we get
(2.8) 4fr(zo) = 3(36k> — 60k* + 43k — 6)gr_1(x0) — 3(6k — 5)(3k — 2)? fr—1 (o).

Next if in (2.2) we replace k by k + 1, multiply both sides by « — (3k + 1)(3k + 2),
and apply (2.4) to the right side, we will get (after grouping terms)

(2.9)
[z — (3k + 1)(3k + 3)] fet1(x) = [z — 3(3k + 2)%z + 6(3k + 1)(3k + 2)*(3k + 3)]
x gr(z) + 3(3k + 1)*[x — 3(3k + 2)(3k + 3)] fr(2).
If we replace k by k — 1 in (2.4) and apply it to the right side of (2.3), we get

(2.10)
27k%*[x — (3k — 1)(3k + 1)]
—3k(3k+2 = |z —9%k(3k +1

x {[z — 3(3k — 2)(3k — 1)]gr—1(z) + 3(8k — 2)* fr—1(x)} .
Observe that (2.9) allows us to express gy in terms of f; and fr41. Replacing k
by k — 1, we can express gr—1 in terms of fr_q and fi. In (2.10), if we substitute

gr 1in terms of fr and fr41 and gr—1 in terms of fr_; and fi, then we will get a
recurrence relation involving fr_1, fr and fr41. Setting @ = x¢ = 3k(3k +2) in this
recurrence relation and simplifying, we will get

(2.11) 2k(6k — 5) fr(x0) = 9(3k — 1)(3k — 2)* fr—1(z0).

If we solve for fr_i(wo) in (2.11) and substitute that expression into the right side
of (2.8), then after simplification, we will get

(2.12) 9(3k — 1)gk—1(x0) = 2fx(z0).

If we solve for gr_1(wo) in (2.12) and substitute that expression into the right side
of (2.6), then after simplification, we will get (2.5). Therefore, g is a polynomial.
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Now to show hy is a polynomial, it is equivalent to showing the right side of (2.4)
vanishes at @ = (3k + 1)(3k + 3). Substituting x1 = (3k + 1)(3k 4 3) for = into the
right side of (2.4), we see that we have to show

(2.13) (2k + 1)gr(z1) = (3k 4+ 1) fa(z1).
Now by (2.2), we get
(2.14) frlwr) = —=3(6k* — Tk — V)hj—1(z1) + 3(3k — 1)2gx—1 (1)

By (2.3), we get (after cancelling a factor of 3)
(2.15) (2k + Dgr(z1) = —(2k — 1)(3k + 1) fr (1) + 36k (3% + 1)hg—y(21).
Next if we use (2.2) to substitute fi(z) in (2.4), we will get

(2.16)
[ — (3K + 1)(3k + 3)]hr(x) = [ — 3(3k + 1)(3k + 2)]gx(x)

+ [z — 3(3k — 1)(3k))hg—1(2z) + 3(3k — 1)* gr—1 ().
If we use (2.2) to substitute away fi(x) in (2.3), then after simplification, we will
get
(2.17)

[2% — 27k*x + 54k*(9k* — 1)|hg—1(z) = [z — 3k (3K + 2)]gk(z)
—3(3k — 1)z — 9k(3k + 1)]gk—1 ().

Replacing k by k41 in (2.17), we can express hy in terms of g; and gx41. In (2.16),
if we substitute hgx_1 using (2.17) and hj using the “k replaced by k + 17 version

of (2.17), we will get a recurrence relation involving ¢gr_1,gr and gg+1. Setting
x =121 = (3k + 1)(3k 4+ 3) in this recurrence relation and simplifying, we will get

(2.18) (4k% — Dgr(x1) = 18k(3k — 1)?gg—1(x1).

If we solve for gr_1(x1) in (2.8) and substitute that expression into (2.14), we will
get

(2.19) Felzr) = =3(6k* — Tk — 1)hgp_y (1) + 4]{;{_ 1gk(:1;).

Multiplying both sides of (2.15) by 2k — 1 and making substitution to the right side
of (2.19), we will get (after simplification)

fk(wl)
2.2 hp— = .
(2.20) k—1(r1) = T op
Putting (2.20) into (2.14) and simplifying, we obtain (2.13). Therefore, hy is a
polynomial and the induction is complete. O
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