2.1 Foundation and Model Structure

e One example.

One shoe company asks you to look for the average foot size of
Chinese in China. It is clear that the sample space is all people
in China. You can first get an i.i.d. sample and calculate its

average, say 38cm. So you may claim that the population mean

roughly equals to 38cm.

If someone doesn’t believe this, he/she can get another i.i.d.
sample and calculate the average. This new average should be
almost 38cm as long as the sample size is large enough and the

sample design is almost the same.

That is, 38cm is a convincing number as the average foot size of

Chinese.



e Space

We go back to the example of HSI in Section 1. Let r; be the
daily log-return of HSI at day t.

r; has its own probability space (2, F;, P;), and

my = ETt = / Ttdpt.
Qy

On day ¢, we have only one observation.
How to estimate m;?

We use the historical data, say rq,--- ,7r,, to estimate my, i.e.,
1
. Z i
n —_—

Do you believe it?



First, we need to assume that
(Qe, F2, Pr) = (4, F,P)

—time invariant, i.e., (Qy, Fy, Py) EN (2, F,P). But these are not
enough yet.

Definition 2.1: {Y;} is said to be a (strictly) stationary
sequence if, for every k and n, (Yp,---,Y,) and (Yg, -, Yiin)
have the same distribution.

Stationarity actually means that the time series have the same

distribution under the time transformation 7.



Recall that any r.v. X on (2, F,P) transforms its probability
space into a real space, i.e.,

(Q,F,P) = (R, B, P).
By Kolmogorov’s extension theorem,

~

X = (Y, Y1,Ys, -+ - ) transforms the space (€2, F,P) into the
sample space (RY, BN, P), i.e.,

(Q,F,P) = (RN,BN, P),
X :weQ— (wy,w,---) € RV
For simplicity, we assume that
(Q,F,P)=(RY,BN, P).

Now, w = (wg, wy,- ) € Q.



Then,
Yo(w) = wg and Y, (w) = w, for n > 1.

We now define the shift operator 1" to be the mapping from
Q=RN to Q= RV:

T :w= (wy,wy, ) — (wi,wa, ).
Thus,
Yo (w) = w, =Yy [(Wn, Wna1,- -+ )] = Yo (T"w) .
The shifts T* define operators on r.v. Y on (Q,F,P) by
(T*Y)(w) =Y [TF(w)] .
Thus, it follows that

Y, =TY, 1 =---=T""1Y,



and

T T T
<Y07"' 7Yn) — (Y17"' 7Yn—|—1) A (Yka 7Yk—|—n)7

i.e., the time transformation is the shift operator in mathematics.

For VA € F, let B=T"1A. Then,

P(A) = P(weA)
:(wOawla"'> EA]

P
= Plw: (Yy, Y1, ) (w) € A]
= Plw: (Y1,Ys, -+ )(w) € A] (stationarity)
= Plw: (wy,ws, ) € A]
= Plw:T(wy,wy, ) € A



So we call the shift operator a measure preserving map.

Thus, the stationarity time series {Y;} are determined by the
shift operator and Yj.

Let’s go back to {r;}. Assume that {r;} is stationary. Then,

= / ridP
Q

is the space average or population average.

When r; is i.i.d., each observation of r; can be treated as a

sample point from the space. Thus,

n

M%%Zm. (1)

t=1



When r; is not i.i.d., r; is still a sample point from the space.
Thus, we still can count the time average 1/n> " | r; as some
kind of the space average. The difference is that the sample r;’s
effect each other, not independent.

How to guarantee that (1) still holds?



In the shoe example, we cam draw a non i.i.d. sample in the

following way:

you randomly and continuously walk in China and get one sample point

at 6:00 pm each day.

The sample foot size x; depends on the region where you are on
the t-th day, while the region on the ¢-th day depends on your
place on the (¢t — 1)-th day. Thus, z; and x;_; are not

independent. After n days, we can get a sample mean. I claim

that
1TL
~ — T+ .
Mn;t

Do you believe this?



A condition for this is that you can walk to everywhere or you
cannot limit yourself to a region.

i.e., the time transformation 71" cannot always transform yourself
from the region A to region A, for VA in China.

Definition 2.2. The shift operator T on (2, F,P) is said to be
ergodic if there is not any A € F such that

T A= Afor P(T"'A=A)=1]

except for A = Q or 0.

Theorem 2.1. (1) If {Y;} be a sequence of i.i.d. r.v.s, then {Y;}
s stationary and ergodic.

(2) Let g : RN — R be measurable. If {X;} is stationary and
ergodic, then Y; = g(X3, X4 _1,-++), t = —00,--- ,—1,0,1,---, are
stationary and ergodic.
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e Markov Chain

A time series {Y;} on (€2, F,P) is said to be a Markov Chain
with respect to the o-filed F; it Y,, € F,, and for all B € F,

P(Yni1 € B|F,) = P (Yot € B|Y,) = P(Y,, B)

where P(x, B) is called the transition probability. If there is a
distribution 7 such that

(B = / P(z, B)dr(z), for VB € F.

then 7 is called the invariant distribution (measure).

If a Markov Chain {Y;} has an invariant distribution 7 and
Yy ~ 7, then {Y;} is stationary and ergodic, see Durrett (1995,
page335).
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Definition 2.3

A Markov Chain {Y;} is called ¢-irreducible if there exists a
measure ¢ on §2 such that, for VA € Ft, we have

i P"(x,A) >0
n=1

for all z € Q, where F©™ ={A: p(A) >0,A € F} and P"(x, A) is
the n-step transition of {Y;}.

A set A is called recurrent if

E — 00

f:I(Yn c A)|YO —

n=1

as m — oo, for all x € A.
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An p-irreducible Markov Chain {Y;} is called recurrent if

E — 00

S I(Y, € A)|Y0 —
n=1

as m — 0o, for Vo € Q and A € FT. Otherwise, it is called

transient.

If {Y;} is p-irreducible and recurrent, then there exists a unique

(up to constant multipler) invariant measure 7, see Page 230 of
Meyn and Tweedie (1993).

To make 7w(£2) < oo under which we can get a unique invariant
probability measure after a normalization, we need another

concept.
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A set A is called Harris recurrent if

P( lim ZI(YneA)—oo‘YO—x> — 1,
n=1

for Vo € A. A -irreducible chain {Y;} is called Harris recurrent
if each set in 7 is Harris recurrent.

A recurrent chain {Y;} differs only by -null set from a Harris

recurrent chain.

In the finite state space, recurrence is equivalent to Harris

recurreice.

If an irreducible chain {Y;} has an invariant probability measure
7, then it is recurrent, see Page 231 of Meyn and Tweedie (1993).
Thus, the recurrence is necessary for {Y;} to have an invariant
probability measure.

14



For an irreducible chain {Y;}, there exists sets Dy,---,Dg € F
such that

(Z) fOFl‘EDi,P(SIZ,DH_l):1,i:0,-'°,d—l,

d C
(41) the set N = [U DZ-] is w-null and transient,
i=1

where d is called the period of {Y;}, see Page 188 of Meyn and
Tweedie (1993). When d = 1, {Y;} is called aperiodic.
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An irreducible and periodic example is as follows:

o 1 2 3
0,0 x x 0
110 0 0 x
210 0 0 x
3| x 0 0 0

0 ——=1 Dy = {0} —= Dy = {1,2}

X ™~ |

3<—2 D; = {3}

Thus, we have three sub-Markov Chain
Yt(k) = Y3t|lv,en,, k = 1,2, 3, and each Yt(k) is aperiodic and has

its own invariant probability distribution on (Dy, Dy N F).
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Thus, we only focus on the irreducible and aperiodic Markov
Chain.

Proposition 2.1. A necessary and sufficient condition for an
irreducible {Y;} to be aperiodic is that there exists an A € F+
and B C A with B € FT,

P"(xz,B) > 0 and P""'(z,B) > 0

for Yo € B and some positive integer n.

In the finite space, an irreducible chain is recurrent as long as
one state is recurrent. In the general spaces, a similar idea is
there. If we can find out a recurrent A € F*, then we can claim

that the irreducible chain is recurrent, see Page 174 of Meyn and
Tweedie (1993).

17



What kind of sets are most likely recurrent? It is small set.

Defintion 2.4. A set C' € F is called a small set if there exists
an m > 0, and a non-trivial measure v,, on F such that, for all
rxre(C, BelF,

P™(x,B) > v (B).

The small set means that we start in C' and can reach to any set
in F uniformly in a finite step m. It just likes the center of a
country.

(a). If {Y;} is a @-irreducible Feller Chain [i.e., for each bounded
continuous function g on R, given z, F [g(Yt)‘Yt_l — :13} is also
continuous , see Feigin and Tweedie (1985)], then any relatively
compact set A is small if p(A) > 0.
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(b). If {Y;} is pp,-irreducible and aperiodic and takes the
following form:

Y; =T(Yi1) + e, T:R™— R™

where Y; € R™ and (R™, B™, i) is Lebesgue measure, then any
non-null compact set is small if one of the following conditions

holds.
(1) {et} is i.i.d., the marginal distribution is absolutely continuous and he
a positive pdf over R™.
(1) e = (n,0,---,0) with n,’s i.i.d. each having an absolutely continuot

distribution and positive pdf everywhere in R.

Small set is the so-called petite set and a petite set is a small set

if {Y;} is p-irreducible and aperiodic.
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To check if a small set C' is recurrent, we use a function V(x) to
"test” it. In many cases, V(x) can look at as a distance from the
starting point x to the "center C”. When you hold the Markov
Chain to walk around in €2, the average distance is

/Q Pz, dy)V (y)

Starting outside of C', it should be less than V(z) when C is

recurrent, and larger than V' (x) when C' is transient.

We now give a little strong drift criterion for the test function
V(z). It not only makes sure that {Y;} is Harris recurrent, but
also m(2) < o0.
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Theorem 2.2

Suppose that {Y;} is p-irreducible and aperiodic. If there exists
some small set C', some b < 0o, and a non-negative function V
finite at some one xg € §) such that

i) [ PadVe) < V@) -1+ be@), sen
(22) Cy(M)={y:V(y) < M} is a small set for VM > 0,
then {Y:} has a unique invariant probability measure ™ and

sup |P"(z, 4) — m(A)| — 0, (2)
AeF

as n — o0o. If (i) is strengthen as

(iii) / P(a,dy)V(y) < (1 - B)V(z) + bl (x)
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for some constants > 0 and b < oo, then (ii) hold and

p~ " sup |P"(z,A) —m(A)| — 0, (3)
AeF

for some p € (0,1) as n — oc.

Under the assumptions of Theorem 2.2, {Y;} is Harris recurrent
with an invariant probability, by Theorem 17.1.7 of Meyn and
Tweedie (1993), the invariant set Z of {Y;} is trivial to the
probability P(x,-) for all x € Q. Thus, for VA € Z, we have

T(A) = /P(:U,A)W(d:p) =0 or 1.

Thus, {Y;} is stationary and ergodic.
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In the Markov Chain literature, {Y;} is called to be ergodic if (2)
holds, which is equivalent to the ergodicity in Theorem 2.1, and
is called geometrically ergodic if(3) holds.

If {Y;} is geometrically ergodic, then it is strongly mixing with

the rate of convergence p".
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Example 2.1 Suppose {e;} are i.i.d. r.v.s with F|e;|” < oc.
Then, the AR(1) model:

Yi=0¢Yi1+¢& (4)

has a unique stationary solution if and only if |¢| < 1, and the

solution is ergodic with E|Y;|? < oc.

Proof.

Yi = oY1 +e
= ¢Wiot et =

m—1
— ¢mY;5—m + Z qsigt—i-
1=0
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Let S,, = 2261 ¢'er—;. Then, for Ym,n > 0,

m-+n—1 Rl

Z ¢i€t—z‘

1=m

m+n—1
< <§j<wﬁEmv—mw»

1=m

E|Smin—Sm|? = E

for some p € (0,1). By Cauchy criterion, we can show that
S — Sso, a.s. and in L7, as m — oo.

It is easy to see that Y; = Soo = > .0y ¢er—; is a solution of
model (4), and it is stationary and ergodic.

To see the uniqueness, we suppose that there is another solution
{Y/} to model (4). Then,

AV =Y, Y = ¢(Yeor Y y) = = " Yo — Yi ).
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Thus,
E|AY [T < [¢]"™ (E|Y3|” + E|Y/[") — 0,

as m — 0o. Hence, AY; =0 a.s..

Remark. When ¢ = 1, we have Y; = >0, &; + Y. If
Fe? = 0% < o0, then

[n7]
1
% Zz:; E; = O'B(T),
where B(7) is the standard Brownian motion on C'0, 1].
When |¢p| > 1, we have

as t — oo. It is the explosive case.
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If we are allowed to use the future information, we can have a

stationary and ergodic solution to model (4) when |¢| > 1.

In fact,

Yi=¢ Wiy — ¢ e == " Yim — <Z Cbigt—l—z') .
i=1
It follows that
St = — Z ¢_i<€t—i—z’ — Soot = — ¢_i€t—|—ia
i=1 i=1

which is a stationary solution to model (4).

Figure: ¢ = 0.9, 1.0 and 1.1, ; sin N(0, 1).
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Example 2.2. Consider GARCH(1,1) models:

&t = nt\/hita
ht = Qg + &8%_1 + 5}%_1.

Model (5) has a unique stationary solution if and only if
Eln|an? + 8] <0, (6)

and the solution is ergodic.

Proof. First, if (6) holds, then there exists a v > 0 such that
p=Elan; + 8" < 1.

We now write (5) as

29



he = ao+ (ani_y +B) his
= Qo+ Qg (0477?—1 + ﬂ) + (0477752—1 + ﬁ) <0477t2—2 + 5) hi_o

m—+1

= ap |1+ zm: H (om?_z- + ﬁ) + H (cmf_i + ﬁ) he_ 1.

Let




For any m,n > 0, we have

Y
m-+n
Elsm—i—n,t_smt‘fy — &gE Z H CW’]t z+6
j=m-+1i=1
m-+n
< af ). HE‘O”?t + 8" = 0(p").
J=m—+11=1

Thus, by Cauchy criterion, we can show that
St — Soot = ht, a.s. and in L7, as m — oo.

We can verify that h; is the solution of model (5) and is

stationary and ergodic with Eh; < co.
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Suppose that we have another solution h; to model (5). Then,

Ah, = hy — h* — (@77? 1 _I_ﬁ)Aht—l — ...

H&nt Z+BAht m

and

E|Ah" < HE lan? + B|" E|Ahi—p|” < Cp™ — 0, as m — oo.
i=1

Thus, Ahy =0 a.s., i.e., hy = h} a.s..
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When Eln |an? + 8| > 0, we have

J

hy, > «ap max an? .
b= 0 1< i + )
1=

. J 2
= peM¥isism 2iny n(ani_i+5) _, 00, a.8., as M — 00.

Thus, there is not any solution to model (2.5) when
Eln|ani + 8| > 0.
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Example 2.3 Consider the double AR(1) models:

Yy = ¢Yio1 + iy fw+ ¥, (7)

where {n;} are i.i.d. symmetric r.v.s with a continuous and
positive density function f(x) on R and En? =1, ¢ € R, w,
a > 0 and Y} is independent of {n;}. If and only if

Eln|p + vamn| <0, (8)

{Y;} is geometric ergodic and hence has a unique stationary
distribution and is strongly mixing with geometric rate of

convergence.

Proof. It is easy to see that Y; is a Markov Chain on (R, B, v)
and it is a v-irreducible Feller Chain since the transition
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probability function

1 Z— Qx
P(x,A) = dz, for A € B,
(@ 4) /A\/w—l—oz:EQf(\/w—l—ozﬁ) i

is strictly positive and continuous, where v is the Lebesgue
measure on (R, B).

This implies that the set [—M, M| is small for VM > 0. Thus, we
only need the drift condition.

Let h(u) = E|¢ + v/an;|". Since h'(0) < 0, Ik > 0 such that
h(u) < 1 for every u € (0,k). Let § € (0, min(k,2)) and
g(z) =1+ [z,

Since f(x) is symmetric, we assume that ¢ > 0 without loss of
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generality. Note that

ElgY)|Yiei =] = 1+ B¢z +nvw+ az?|’
1)

|

T
f +Van

w 2
oz_l_x

= 1—|—(g—|—aj2) E
84

Since
(2 4 :1;2)% ’

¢x
E \w/a+x? T \/ant
)
[Z]°E |¢ + /an,|

— 1, as ¢z — o0,

we have
E[g)|Yir =2] = 141 +o()]al’E|é+an|

g() + ol {[L+ o(D)E |¢ + Vam|' —1}
g(x) + o’ (20 - 1),

IA
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as x > M and 0 < 2C < 1. Thus,

) (1~ 20)
Elg¥)Yir =2] < g(@) - g(e) = PR
g(x)(1 —2C)
< g(ﬂ?) o 9
= (1-Co)g(z),

since |z[°/(1 4 |z|°) — 1. When |z| < M, it is easy to see that
E [Q(Y;t)}yt—l = 513] < (1,
Thus, we have
E [(¥D)|Yi1 = 2] < (1 - Co)g(a) + C1In(a).

where B = [—M, M]. Now the conclusion follows from Theorem
2.2.
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Example 2.4. Consider the TAR(1) models:

¢1§t—1 Et, if )t—l > 07 (9)
)t
QSQY;g_l + &4, if Y%_l < O,

where ¢; is i.i.d. r.v. with mean 0 and each having a strictly
positive density f(-) on R. Then, {Y;} is stationary and ergodic
if and only if

01 < 1,00 <1 and 109 < 1. (10)

Proof. Note that {Y;} is a Markov Chain with state space
(R, B) and its transition density is given by

p(z,y) = fly — ¢ral(z > 0) — gozl(z < 0)].

It is not hard to see that {Y;} is v-irreducible and aperiodic,
where v is the Lebesgue measure. Since f is strictly positive, any
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non v-null compact set K € B is small.

From (10), we can select positive constants a and b such that

b
—g<¢1<1and——<¢2<1.
b a
Choosing
azr, if x>0,
g9(x) = |
—bx, it x<O0.
Then,

Eg(p1x +¢e), if x>0,

Elg(Y)|Yio1 =] = ,
Eg(pox +¢¢), if x<0.
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When z > 0 and ¢ <0,

Eg(p1x + )

<

<

ar + aFE {[(¢p1 — D) +e¢] [ (¢ > —17)}
—bE{[(p1+ab Nz +e] (et < —17)}
ax —bE{[(¢1 +ab Nz +e| I (ss < —¢12)} + o(w)

ar — 1, as x — o0.

When > 0 and ¢; > 0,

Eg(p1x + )

<

ar +al {[(p1 — 1)z +&] I (e > —p12) } + o(x)

< axr—1, as x — oc.
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When z < 0 and ¢, < 0,

Eg(pox +e¢;) = —bxr—bE{|[(¢p2— 1)x+ei]l(er < —¢pox)}
+aF { [(gbg + a_lb)x + 515} I(ey > —(bga:)}
< —bx—bE{[(¢p2 — L)z +¢e¢] I (e¢ < —¢oz)} + o(x)

< —=bxr—1, as x — 0.
When > 0 and ¢, > 0,

Eg(pox +e1) < —br+aE{[(p2+a "b)x+et] I (er > —p2x)} + o(x)

< —bx—1, as x — 0.
Combining the previous inequalities, we have
Elg(Yi|Yi—1 =2)] < g(z) — 1, when z & [-M, M],

as M is large enough. It is not hard to see that there exists a
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constant ¢ such that
Elg(Ye|Yi—1 = z)] < g(x) — 1 + clj— s an) ().

Thus, there is a unique stationary and ergodic solution to (9).
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