1 Fundamental Concepts
1.1 Stationarity

A time series is a stochastic process {X : ¢t € T'}. In this course,
we consider the case with 7" = {0,+1,£2,---}. Let X; = X(¢), then

X1, X9, X3, -+, X, -+ is a sequence of time series.

Definition 1.1. Let X, Xi,, -+, X2 ) % (Xoyah Xegiws - 5 Xeoon). If

F (xtlaxt27 T 7xtn) - F (xt1+k7 xtz-i—k‘) e 7xtn+k) )

for ¥ t1,t9, -+ ,t,, k, then we say that {X;} is strictly stationary.

Mean function of X is

pe = EXy
Variance function of X; is

of = B (X, - Mt)2
Convariance function of X;:
v (1, t2) = E[(Xy, — py) (Xoy — i)
Correlation function of X; and X, is
p(tyt) = —==

Definition 1.2. If the following three conditions are satisfied:

(i) EX? < o0

(ii)) EX; =m (m is a constant)

(i) E[(Xe —m)(Xs —m)] = R(|t - s|)

then we say that X; is weak ( or convariance, or second-order) stationary.

1



Example 2.1

(1) if Xy, Xo, -+, X, be i.i.d r.v.s, then {X,} is strictly stationary and

covariance stationary.

(2) if {X;} is strictly stationary and EX? < oo, then {X;} is covariance

stationary.

1.2 Autocovariance and autocorrelation functions
Assume that {X,} is covariance stationary time series and denote
Ve = cov( Xy, Xivr)

cov(Xy, Xiir) _ Tk

- Vovar(Xy)var(Xerg) 0

Pk

We call v, and p; autocovariance function (ACV) and autocorrelation

function (ACF), respectively.
Properties of v and pg:
(v =0% po=1,

(2)% = Y-k P& = Pt

(3)vk <70, P < po-

1.3 Partial Autocorrelation Function

Assume that {X;} is a stationary time series. Let

Ork = COU(Xta Xt+k|Xt+1a T 7Xt+k—1)
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¢rk is called partial autocorrelation function (PACF) of {X;}. ¢11 = p1

and

1 P1 P2 o Prk-2 P1

P1 1 pPr o Pr-3 P2
Pk—1 Pr-2 Pr-3 -~  P1 Pk

Pk =
1 P1 P2 Pr—2 Pr-1
p1 L p1 - pr—3 Pr—2
Pk—1 Prk-2 Prk-3 - A 1

1.4 White Noise Processes

Definition 1.3. A time series {a;} is called white noise process if
(1)Ea; = 0 and Ea} = 02 < 00,

(2)v = cov(at, arry) =0 if k#0Vt.

If a; is a white noise, then

(1) (ACV): vy = { . i;g
@@er: p={ 0
® ®acr: ou={ g 1

If a time series {X;} does not satisfy (1)-(3) above, then {X;} is not

white noise.

1.5 Estimation of ACV and ACF

Given X1, ---, X, we want to find u, o2, 12 and pi2. Assume that X,

is strictly stationary and ergodic.



(1) it E | X;| < oo, then

I~y as
—E Xy — EX, = p, as n — o0o.
n

t=1

so we can use 2 X, = = > ' | X, as an estimator of p.

(2) if EX? < oo, then

n
1 a.s.
—E X2 Y% EX? as n— oo
n

t=1

IRS RS s
S r LY S O
(g [

Thus, 62 can be used as an estimator of 2.

(Xt - M)(Xt+k - M) =5 Vi

(X = Xo) (Xpgr — Xp) =% as n— o0

>
|

S|

g

Ak is the estimator of vx. pr = A%/ is the estimator of py and it

converges to pr a.s. as n— oQ.

We can estimate ¢y by the following formula: én = p; and

~

1 ,51 ,52 ﬁk—z P1

1 1 P2 Pr—3 P2
. Pk—1 Pr—2 Pr—3 - P1 Pk
Ork = N N " R

1 P P2 Pr—2 Pr—1

p1 1 p1 ot Pr—3 Pr—2

Pe-1 Pr—2 Pr—3 -+ P1 1

N a.s. . . . . N
and ¢pr — ¢rr. In particular,when X, is white noise, we have 4, ~ 0,

pr ~ 0 and ¢p ~ 0 if k # 0.



1.6 Moving average and Autoregressive represen-
tation

Definition 1.4. We call a time series {X;} a MA(o0) process if

Xe=p+a+va—1 +eaio+ - =p+ ijat—j
=0

where ¢y = 1, a is white noise, and ) 7% 97 < oco. X; is also called

linear process or has Wold’s representation.

Theorem 1.6.1. Let X;, = pu+ Z?:o Yjae—j. Then

n—oo

(1) P(lim Xy = Xpoo = p+ > _thjar;) =1,
j=0

(2)  lim E|X;, — Xl = 0.

Proof. Let F,=o(a;,a;-1, -+ ,a;—,). Then

E(th|fn—1) = M_{_ZZL;(} ¢jat—j+E(wnan|fn—2)+E<wnat—n|JTn—1)

n—1
=p+ Z Yjar—j = Xin—1
=0

Thus, Xy, is a martingale with respect to F

Jj=0

EX}, =+ UrEa ;= p*+ (D _v3)o2
j=0

< K:M2+(Z¢?)02 < oo for all n

3=0

By Martingale convergence theorem, we have

(2) lim B|X;, — Xiol® = 0.
We understand X; = X;,, a.s. This completes the proof.
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Notation Backshift operator: Bz, = z;_;.

Xe=p+ Yy $iBlac;=p+ Yy ;B)a = p+d(Ba,
j=0

J=0

where BY = 1 and ¢(B) = > o B

Some properties:

EX,=p+ > jEa_j=p
j=1
Var(X;) = E[Z Viari* = Z@/}?Ea?_j
=0 =0

[e9)

— 2 E 2 .

- Ua % ’
J=0

o2 for 7=0
0 for j>0;

e = Bl — 1) (X — 1)) = 023 witbios
j=0

Pp = Z(;i() wlwerk
2iso¥;

Definition: AR(co) model.

o0
Xe=mXp g +mXi o+ +a = ZWithi + a;
i=1

where » 77 |7;| < oo an E|X;| = a constant.

Theorem 1.6.2. > " | m X, exists a.s. and Y, | mX,_; + a;converges

to X; in L' as n — oo.



Proof. First, we note that Y ., |m||X;—;(w)| exists and its limit is a
finite number or infinity. Let X (w) = lim, o Y., |m||Xi—i(w)|. Then

o |mil|Xi—i| — X a.s.. By the Monotone convergence theorem,

E) |mil| X, — EX,
i=1
as n — oo. But max, E(> " | |m||X:—|) < E|X| > 2, |mi| < oo. Thus.
EX <oo= P(X <o0) =1

Thus, we can claim that P(lim,, .o Y ,_; ;X1 exists ) = 1,1e., Xy(w) =
Yo miXe—i(w) + ar(w) is well defined.

Let X3, = >0 m Xy, forV.on > m.

E| X — Xim| = F| z”: X | <c 2": || — 0
i=m+1 i=m+1
as n,m— oo. By Cauchy criterion, there exists a r.v. X;,, such that
Xin — Xpoo in L' (Xpoo = iWiXt—i)
i=1
We want to prove that
P( X0 = iwiXt_i) =1.
i=1

It is sufficient to show that

E| X0 — nll_{& Xin| = 0.
By the Factou’s Lemma,
E| X0 _nlggo Xin| = E[JLIEO | Xtoo — Xinl] < nlggo inf E| X0 — Xim| =0.

So,we have X;,, = lim,_ . X;,. Furthermore, we know that X;, + a;

converges to X;o + a; in L. This completes the proof.

Relationship of MA (c0) and AR(00):
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(1) if the root of m(B) = 0 all lie outside the unit circle,then

b
m(B)

(2) if the root of ¥(B)=0 all lie outside the unit circle,then

W(B)xt = Qs = Ty = Ay = 7T_1<B)(It

a = 07N (B)[X: — ] = v (B) X, — o (1)
Time series models:
Xi=f(Xi1, Xpg, o)ty
what is f 7
AR Model
MA Model
Threshold AR Model

GARCH model

vector ARMA-GAREM model

1.7 Appendix: Two Theorems

Strong Ergodic Theorem. Let {X, : n = 0,1,2,---} be a strictly
stationary process with finite mean m = EX,.Let X, = Z?:_ol X;/n.

Then, as n — oo,

()X, == X, a random variable :

(2) Furthermore, i f{X,} is ergodic, thenX = m.

Martingale Mean Square Convergence theorem. Let {X,} be a

martingale with respect to F,, = 0{Yy, Y1, -, Y.}, and for some constant
K
EX?2 < K < oo, foralln
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Then {X,} converges as n — oo to a limit X, with

P(lim X, = Xo) =1 and lim E|X, — Xo|* =0

n—oo n—oo

Furthermore, EXg = EX,, = EX, forV n.

2 Stationary Time Series Models

2.1 Autoregressive Processes

2.1.1 AR(1) process
Xy =0Xi1 + ay, (2.1)

where a, is white noise.

(1) when |¢] < 1,

X = a+ O Cbt_lalj‘{‘ﬁbtflfo-

Let Xy =Y ooy ¢"as—i,then

00 )
i a.s. i
th - E ¢ At Xtoo - § ¢ At—i-
=0 =0

Put A into (2, 1), we have
Sy = ¢Si—1 + ay.

So S; is a solution of (2,1) and S; = X, is covariance stationary.

If there is another solution S; to model (2,1),then
S‘t = gzﬁgﬂ + a;
= Se— Sy = ¢(Sp-1 — Si-1)
= ¢2(St—2 - gt—2)

= ¢n(st—n - gt—n)
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E’St — gt|2 = ¢2nE|St_n — S’t—n|2 = C¢2n — 0
= St = gt a.s.
So the solution S; is unique.

(2) When |¢| = 1, in particular,when ¢ = 1,

Xi=a+ a1+ -+ a1+ Xo

X, is called the random walk or unstable process.
(3) When |¢| > 1,
m t
X = Z Pari+ " Xy 1 = Z Pas_i + ' Xy (when m =t).
1=0 i=0

We call model (2.1) an explosive AR(1) model.
In this chapter, we only consider the case when the model is stationary.

For AR(1) model (2, 1), we have

,LL:EXt:O,

2 05052

-

0 2 1k

_ 2 gtk a9
7k_0a;¢;¢;+k_1_¢2’
pe=2—gb  (ACF),

Yo

QS _ p1:¢1 ]{;:1

w 0  fork>2 (PACF) -

2.1.2 AR (P) process
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Xe=01 Xy + -+ 0p Xy +ay

(2.2)

Xy o1 P2 bp X1 ay
X1 1 0 0 Xi o 0
X9 = 0 1 0 Xi 3 0
[ Xepn | L0 0 1 0| X5 ] |o0]
Let A be the matrix in the previous equation, Y; = (Xy, -+, X;_p41) and
e = (ag,0,---,0). We can rewrite (2.2) in the vector form as follows.
}/t = AYt_l + &¢. (23)

Thus,

Y, = AY, 1 +e&

et Aei g+ AT + AT
Smt + Aerletfmfla
where S,,; = > Aley;.

Theorem 2.1. If all the roots of the polynomial \? — g NP~ - — ¢, =0
lie inside the unit circle, then there exists a unique, and the second-order
stationary, and Fy-measurable solution to model (2.2) This solution has

the following representation:
X, = Z@/Jiat_i m m.s and a.s.
i—0

where ¥; = o(p"),with p € (0,1).

Proof. First, we have

A= o : o
-1 A v oo 0 0

IIN— Al = 0 -1 A =N P - —
0 0 O -1 A
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Thus, all the eigenvalues of A in absolute value are less than 1.

Denote p = maz{|the eigenvalue| of A}. Then 0 < p < 1. By corollary

A.2 in Johansen (1995, pp.220), there is a constant ¢ > 0 such that
147 < ep?.

Similar to the proof of Theorem 1.6.2, we can show that y "  Ale,;
exists a.s. as n — oo and hence Z;’io Ale,_; is well defined. We can see
that -7, A’e;_; is a solution of model (2.3). Denote S, = >, A'g;;.
Then

E|Snt = Snimell”
= Bl|Af et + o+ AT e |
< (AP A+ AP Bl let—m—nl
< 2e(pt 4 "0

— 0 as n,m — 0.
By Cauchy criterion, we have know that there is a r.v. S; such that
Spt — S in m.s.
By the Factou’s lemma,

E|S, =) Aleil| = E}lli_)rgo||St—ZAi5t_i||2
1=0

1=0

IA

lim infE||S, — S™||? =0

= P(S;=lim S, =Y A'g,;) =1,
=0

1.e. St ng Zjio Aigt_i.

So, S — 5, = 32, Ale,,; in mus..
It is easy to check that S; in (1.8) is a solution of model (2.2)
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Let X; = (1,0,---,0)S;. Then
Xy = Z’Y,Ai%?t—i
i=0

is a solution of model(2.2), where v = (1,0,---,0)". y; is strictly sta-
tionary and JF, is measurable. Since Fy? = a constant, y; is also weak

stationary.

For uniqueness, assume that there are two solutions Y, and Y;” to model

(1.2). Then

Y/ =AY/, +¢&
Y/ =AY/ + 4,

Y/ =Y =AY, Y )= =AY, - Y,
Thus, we have

EllY, =Y/I* < [JAY|E]Y, = Y]]

IN

1AM [(EIYZ ]+ BNV

= lim [JA"|[(B]YZ, || + El[Y,]) = 0.

Thus, Y/ ¥ Y/, i.e. the solution is unique. This completes the proof.

Theorem 2.2 Suppose that model(1.1) has a covariance stationary so-
lution y;. Then it is necessary that all the roots of 2P — ¢12P71 -+ ¢, =0

lie inside the unit circle.

Proof. Ey? = a constant = E(Y,Y/) = Q a constant matrix. By(2.2)

BYY)) = AB(Y YL )A + B&é,
Q = AQA + oy,
where v = (1,0,0---0)".
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Assume that A has an eigenvalue A with corresponding left eigenvector

Z = (21,22,

vector of z. Thus,

2’0z

If 2y # 0, then |\ < 1.(7).
$1

1

(Zlv"' 7ZP> .

0

,2p), e, 2’A = Az and Z’A = Az, where Z is the conjugate

ZAQA'Z + 2y z0?
MQ(ZA) + 0|z
A2QZN + 02|z 2

IA22Q2 + 0|2 |

Note that
e gy
0O --- 0
: _)\(217..' 72]’)
1 0

If z; = 0, then using the previous equation, we have

201+ 20 = Az,
2102 + 23 = Ao,

Zl(bpfl + Zp = >\Zp717
210, = Az

Thus, if 21 = 0, then 2y = 25 = --- = 2z, = 0. This is a contradiction

since z # 0. This completes the proof.

In particular, when p=2, the roots of 22> — ¢z — ¢ = 0 lie inside the

unit circle is equivalent to that

{

G2+ 1 <1
G2 — 1 <1
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Basic Properties of AR(P) model: Q = ES,S] = 02y .2, Alyy/AY

(1) Ey,=0
(2) EZ/?:UQZ(’Y/Ai”Y)Q
(3) ACF:

Yo=dm+ -+ Gy + 0,
Ve = O1Vk—1+ -+ OpVi—p, k > 0.

Pk = O1Pk—1 ++* + Oppr—p, k >0
P1 = ¢,00 ++ ¢ppp—1 P1
p2 = @1p1+ Gapo + -+ + Pppp2 N P2

Pp = ¢1pp71 + -+ ¢pp0 Pp

When k> p+1, pr — d1pp-1 — - — Gppr—p(ox =7).
(4)PACEF:
Using formula. In particular, ¥p; = 0 when k& > p.

For AR(2)model:

When k£ =1, 2,
o1 Qﬁ—i—qﬁz—szﬁ
= d =
P1 1_¢2an P2 1— oy )
¢11—01—1i¢;1@7
¢22:¢27

O = 0as k > 2.

2.2 Moving average processes
2.2.1 MA(1) Process

X; = a; + 0a;_1, where a; is white noise.
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Properties:

=20
Var(z;) = 02(1 + (92)
7M1= —0102

ACF{p:_ﬁ%

Pk = O,Zf k> 1
_ —6(1 — 6%)
dnu=p1 = W
oy = —6%(1-62)
PACF{ "% _J %
Kk = Tgrarn sk =1

MA(1) process is always covariance stationary.
New problem:

Given x4, 241, - - - ,can we calculate a; accurately from the model? In-

vertibility (invertible)

ag = x;+0a;y

= X+ Gxt,l + 92045,2

= o+ 0x 4+ 0"z, + 0" a0

= S+ 9”+1at_n+1.
We note that if |#] < 1, then
as oo
Stn m.s Z 9i$t—i>
=0
E|0"  arpia| < 0" Elaspia| — 0.
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We can show that 6" a, .1 “3 0. Thus, as 0] < 1, a; = > o0, 0z

a.s.. In this case, we say that MA(1) model is invertible.

2.2.2 MA(q) process

Xe=a; — a1 — Opap_0 — -+ — eqat—qv
where a; is white noise.
(1) Properties:
po= 0

Yo = EX}=02(1+6i+ 4062

_ Ug(_ek‘f‘eﬂkﬂ+"'+9q,k9q) k=1,2,--- ¢
"o 0 k> q.

—O0r+010k 41+ +0, 10 _

ACF : I g R =12
0 k> q.

PACF : calculate from the formula.

Ok = O(Pk> with |p| <1

MA(q) model is always stationary (covariance).

(2) Condition for invertibility:

All the roots of 0,(z) =1 — 612 — - - - — 6,27 lie ouside the unit circle.
Remark:AR(p) is also always invertible.

Summary for AR(p) and MA(q) models:

stationarity (7) stationarity (/)
invertibility (/) invertibility (?)

2.3 ARMA (p,q)process

Xi=oiXon 4+ GpXip — gy -+ — Ogay_g + ay,
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where a; is white noise.

The ARMA(p,q) model can be written as
o(B)X; = 0(B)ay,
where

$(B)=1—¢B---¢,B” and 6(B) =1 —6,B---0,B".

A. Condition for the stationarity:

If all the roots of ¢(2) = AP — ¢ AP~L--- ¢, = 0 and lie inside the unit

circle, then there is a unique solution X,

Xe =) i, (Yo=1)
i=0

where 1); = 0(p') with |p| < 1. [it is also necessary]
B. Condition for invertibility:

If all the roots of 8(z) = X7 — ;\971 ... 0, = 0 lie inside the unit circle,

then

[ Zﬂ-iXt—i (7T0 = 1)
1=0

where 7; = 0(p") with |p| < 1.

B) _ N\~ i
MZ;E‘B,
0(B) _ N~ . i
aﬁ_;@&

Another assumption:
¢(B) and 6(B) have no common root.
C. ACF:
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e = P1Ve—1+ -+ OpYh—p k> g+ 1,

Pk = Q1Pk—1+* + Oppr—p, k > q+ 1.

Important feature:

pr = O(h¥) with |h| < 1.

D. PACF:

@i can be obtained from py, -+, py.

brr = O(h®) with |h| < 1.

E. ARMA(1,1) model.

Xt = leXt—l — Qlat—l + ay or (1 — ¢1B)Xt = (]_ — 91B)at.

The condition for stationarity is |¢;| < 1.

e}

Y e
— 14+ —6)> ¢ B
1 . ¢1B + (¢1 01) p ¢1

Xi = a4+ (1 — )1+ (o1 — b)) prag—o + -

The condition for invertibility is || < 1

e}

1_¢1B i—1 i
1_913 1+<01_¢1);91 B

ar = Xi+ (0 — 1) Xi 1+ (0 — 1)1 Xy o+ -+
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The ACF is

Y = o1+ UZ — 9102@51 —0s)
M= P10 — 9102
MW = O1Mk-1,k > 2.

Po = 17k:O

(¢1 — 01)(1 — ¢101)
1+ 62 —2¢16,

Pk = P1Vk-1,k =2,

Po = 1,k:0

(1 — 01)(1 — ¢16h)
14602 — 2¢16,

pr = O1pp-1,k > 2.

pPL =

pP1 =

The PACEF is obtained from py, p1, p2, - - - .

2.4. AR,MA, and ARMA models with a drift

AR(P): Xi= 6y +01Xia+¢aXio+ -+ Xep+a

|
drift

for 4+, #1, letu:ﬁ. Then
Xi—p = 01(Xpmg —p) + -+ 0p( Xy — 1) + ay.
Let y; = X; — p. Then
Y = Ot Oy +ar. (2.4.2)

So (24.1)=(2.4.2).

20
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X; 1is stationary <= y; is stationary

0 0

all the roots of
N = g g, = 0

lie inside the unit circle

EZ/t:O = EXt:/,L

Ey} E(X}? —p)?
ACF = ACF
PACF PACF

MA(q): Xy =p+ar — a1 - - — 0,00
Let y, = X;—4 — 1, Then:
Y =a; — tha_1 - — eqat—q~

X, isinvertible <=y, is invertible

0 0

all the roots of
)\q—91)\q*1---—9q:0

lie inside the unit circle

Eyt:O = EXt:,u

By; E(X; — p)?
ACF = ACF
PACF PACF
ARMA(q):
Xe=0g+ 01 Xp 1+ +9p Xy p —braz 1 — - — Ogas_o + ay.

If¢1+...+¢p7§1,1etu:1_¢19—3“%. Then

Xe—p = (X —p)+---+ ¢p(Xt—p —p) —bha_y - — Oqat—q + ay.
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Let y = X;y — p. Then

Y = QY+t O — Orap 1 — - — 0pa g + ay.

Thus, the stationarity and invertibility conditions of {X;} are the same
as those of {y;}. They also have the same variance, ACF and PACF.
But Fy; =0 and EX; = p.

3 Non-stationary TS Models

3.1. Nonstationarity in Mean

3.1.1. Deterministic Trend Models

Let {z;} be a sequence of stationary time series. Z; is called a Deter-
ministic Trend Model, if

Zy=ao+ oyt +x, ap #0.

Z,; is not stationary.

Feature: If Z; is a Deterministic Trend Model. then after transformed:
Zt:Zt—CYO—Oélt

Then Zt = z; and hence Zt is stationary.

Other Deterministic Trend Models:

Zy = ap + ant + ait? +
Zy = v + 71 cos(tw + 0) + x;

Zy =y + Z(aj cos(tw;) + fsin(tw;) + ;.

j=1
3.1.2. Stochastic Trend Models
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Let {x;} ba a sequence of stationary time series. Z; is called a Stochastic

Trend Model, if
Zt = Zt—l -+ Ty, or (1 — B)Zt = Tt

Z,; is not stationary.
In particular, when z; = a;, Z; = Z;_1 + a; is a random walk.

Feature: If Z; is a Stochastic Trend Model, then after differenced:
Zy=Zy— Zys

Zt is stationary.

General Stochastic Trend Models:
(1—B)dZt = T, dz 1

Let Z; = (1 — B)*Z,. Then Z, is stationary.
3.2. Autoregressive Integrated Moving-average Model
3.2.1. The General ARIMA Model

Let Z; is a General Stochastic Trend Model:
(1-B)YZ =z, d>1.
If x; is a weakly stationary and invertible ARMA model,
Op(B)r = 0y(B)ay,
where ¢,(B) and 6,(B) have no common roots. Then:
0p(B)(1 = B)'Zy = 0,(B)ay ,
Zy is called ARIMA(p, d, q) model.(?)
If z; is the following ARMA model,
Op(B)ry =0y + 0,(B)ay ,
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then,
$p(B)(1 = B)'Z, = 0y + 0,(B)a,

Zy is called ARIMA(p, d, q) model.
3.2.2. The Random Walk model
ARIMA(0, 1, 0) model:

(1-B)Z; =a; or

Zy = Zy—1 + a; (random walk)
Zi=0g+Zi 1+ a;

——- called the random walk with drift.

Example 3.1: Simulated 100 values from
(1-B)Z; = ay,
and
(1-B)Z; =4+ ay,

Show the sample ACF and PACF.
3.2.3. The ARIMA(0, 1, 1) or IMA(1, 1) Model
ARIMA(0, 1, 1) model:

(1-B)Z,=(1—-0B)a,.
or

Zy =Ly — Oay_1 + ay

where [0] < 1.

Expansion:

ay = Zt — OJZ(l — Oé)j_IZt_j.

7j=1
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or

Zt = OéZ(l — a)j_IZt_j + ag

=1

where o =1 — 0.

Example 3.2: Simulated 100 values from three models:
ARIMA(1, 1, 0) model: (1 —0.8B)(1 — B)Z; = a4,
ARIMA(0, 1, 1) model: (1 — B)Z; = (1 —0.75B)ay,
ARIMA(1, 1, 1) model: (1 -0.9B)(1 — B)Z, = (1 — 0.5B)ay,
a. Show the sample ACF and PACF.

b. Let W, = (1 — B)Z;. Show the sample ACF and PACF of ;.

4  Model Identification

Suppose we have real data: y1, 99, ,y,. How to identify the model?
4.1 Steps for model identification
Step 1. Plot data y; and choose proper transformations.

some common transformation:

yr — 1

Zt:lnyt, or Zt:\/@, or Zt: \

Denote Z; = f(y;), where f is the transformation function.
Step 2. Compute and examine the sample ACF of Z,.
Observe whether or not Z; is stationary or nonstationary.

If it is stationary, then go to Step 4. Otherwise go to Step 3.

Step 3. Differenced data.
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Let @y = Z; — Z; 1 lice. d = 1,2, = (1 — B)Z;]. Now, we have data z,

and go back Step 2. If z; is stationary, then go to Step 4, otherwise:

Let 7, = 2, — 4y [ie. d = 2,2, = (1 — B)?>Z,]. Now, we have data x,,

and go back Step 2. If z, is stationary, then go to Step 4, otherwise:

Let #, =z, — 2, , [i.e. d=3,2, = (1 — B)*Z,]. Now, we have data x,

and go back Step 2. If z; is stationary, then go to Step 4, otherwise:

Usually, when d = 1 or 2, we can obtain a stationary data.
Step 4. Identify p and ¢ in ARMA(p, ¢) model.

Now, we have stationary data x;. Model is:
Gp(B)ar = 0g(B)ar, or  ¢p(B)(ze — p) = 04(B)ay.
The criteria for identifying p and g:

ACF PACF
AR(p) Tails off as exponential decay Cuts off after lag p
or damped sine wave
MA(q) Cuts off after lag ¢ Tails off as exponential decay
or damped sine wave

ARMA(p, q) Cuts off after lag ¢ — p Cuts off after lag ¢ — p

For the stationary ARMA (p, ¢) model, there are three important things:
1. Parameter estimation.

2. Diagnostic checking.

3. Model selection.

We will study these in other chapters .

Step 5. Final Model
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1. When z; = Z; (i.e. d =0), model is
pr(B)[f(yt)] = Qq(B)at
Op(B)[f (y) — p] = 04(B)a
2. When z; = (1 — B)?Z;, model is:
&p(B)(1 = B)![f(y:)] = 8(B)a

d)p(B)[(l - B)df(yt) —pl = Qq(B)at

4.2 Empirical Examples
Example 4.1. Series W1.

Bun (1976, p.134).

daily average number of defects per truck found in inspection at the end

of the assembly line of a truck manufacturing plant between 04/11-10/01

(45 observations)
Model: (1 — ¢B)(Z; — p) = ay.

Example 4.2. Series W2.

Yule (1927), Bartlett (1950), Whittle (1954), Brillinger and Rosenblatt

(1967), - - .

This data set is the classic series of the Wolf yearly sunspot numbers

from 1700-1955. Scientists believe that the sunspot numbers affect the

weather of Earth and hence human activities such as agriculture, telecom-

munications and others.
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Model:
(1= ¢1B — 02B°)(VZi — ) = a.
Box and Jenkins (1976):

(1= ¢1B — ¢2B* — $3B*) (V21 — 1) = ay.

(1— B — ¢B> — - — ¢sB°)(\/Z, — 1) = ay.

Example 4.4. Series W4.

Data: the U.S. monthly series of unemployed females between ages 16

and 19 from Jan. 1961 Dec. 1985.
Model: (1 — B)(Z; — p) = (1 — 0B)a,.
Example 4.5. Series W5.

Data: yearly accidental death rate (per 100,000 population) of Pennsyl-
vania (1950-1984).

Model: (1 — B)Z; =0y + a; or (1 — ¢B)(Z; — p) = ax.
Example 4.6. Series W6.

Yearly U.S. tobacco production (1981-1984) published in the 1985 Agri-

cultural Statistics by the United States Department of Revenue.
Model: (1 —B)InZ; = (1 — 6,B)ay.
Example 4.7. Series W7.

Yearly number of lynx pelts sold by the Hudson’s Bay Company in
Canada between 1857 and 1911.

Model:

1. More (1953): (1 — ¢ B — ¢oB* — ¢3B*)(In Z; — p1) = ay.

2. Nicholls and Quin (1982): Random coefficient AR(2) model. (rank
1).
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3. Subba-Rao and Gabr (1984): bilinear model. (rank 1)
4. Davis and Blockwell (1986): AR(7) model. (rank 3)

5. Tong (1990): STAR(2; 7, 2) model. (rank 2)

5 Parameter Estimation, Diagnostic check-
ing and Model selection

5.1 AR Model

Assume that X, -, X, are generated by the AR(p) model:
Xe =1 Xoo1 4+ + 0p X p + g,

where a; ~ i.i.d. N(0,0?) and the true parameters are ¢y;.

Let X, = (X4, -+, Xi—pt1). Then the density of X; given X; 4,---, X3

is

~ 1 _ (Xpp1-9'Xp)
f(Xp1]Xp) = e )
2mo?
~ 1  (Xpr2—¢'Xp 1)
f(Xp+2|Xp+1) = € 20 )

[XRn) = e

where ¢ = (¢1,- -+, ¢,)". Thus, the joint density of {X,,, X,,—1, -+, X, +
1} given X, is

(Xn—¢'X ,—1)2
[P Timpr gz

~ 1
f( Xy, Xpa] Xp) = [\/ﬁ
We call f(X,,--- ,Xp+1|Xp) the conditional likelihood function.

The conditional log-likelihood function is

L) = ~(n — p)log(2m0”)2 —
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where A = (¢/,0?)". The maximizer of £(\) is called the (conditional)
maximum likelihood estimator (MLE), denoted by An, of Ao, where A

is the true parameter of \. A should satisfy the equation:

AL(\y)

on

Thus, to find \,, we first need to solve the equation:

Let
AL(\y) 1 ¢
dp o2
We get the solution
bn=(> XX )N XiXi).  (5.2)
t=p+1 t=p+1

Here, gzgn is the MLE of ¢y. and it does not depend on o2

Remark: The least squares estimator (LSE) of ¢q is the minimizer of

the following function:

Let ¢, be the LSE. Then

IL(dn)
99

= 2> (X=X )X =0.

t=p+1

an = ( Z Xt—lXt—l)_l( Z Xt—lXt)-

t=p+1 t=p+1

So LSE = MLE in this case.

Let £,(¢) = X, — ¢’ X,_1. Then



If a; is not normal, MLE # LSE.
Question: qZ;n is MLE or LSE 7

O*L(N) 1 &

0009 _ﬁtz;(Xf-lXtI-l)'
82L(¢) . . Y /!
0609 ;(X’”X“)'

Lemma 5.1. Assume that X,,---, X, are generated by AR(P) model

and all the roots of 2P — ¢12271 -+ - ¢, = 0 lie inside the unit circle. Then

l &5 o as. 5 o
- > (XX, ) =5 B(XX)),

t=p+1
and E(X;X!) > 0 (i.e positive definite).

Proof. By Theorem 2.1. {X,} is strictly stationary and ergodic,and

EX}? < oo. Thus, )N(tf(t’ is also strictly stationary and ergodic, and

E|X,—iXj| < \/EX2,EX2; < o0

By ergodic theorem, for Vi, j,

1 & a.s.
ﬁ Z Xt—iXt—j — E(Xt—iXt—j)~

t=p+1

So

1 Z < et a.s. < < o <7
- Y XX, S B(XLX],) = B(XX).

t=p+1

For Ve = (¢, ¢a, -+ - ¢p),

dE(X;X])e = B(¢ X, X]c) = B({X,)? > 0.

So, E(th(t’) >, i.e. semi-positive definite.

If E(X,X!) is not positive definite, 3¢ # 0 such that



=dX,=0as =X, + X+ + cpXi—pr1 = 0.

For simplicity, we assume that ¢; # 0. Then

& c
Xo = ——=Xpa+-+ EXt pi
1 1
c c
= = (_C_z +¢1) X = — (C_p + Op-1)Xe—pt1 — OpXip.
1 1

This is a contradiction with the model (2.1). So E(X;X}) > 0. O

By Lemma 5.1
1O2L(N) as 1 ~
— — ——B(X,X]
n 000¢' Sz E(XGX) <0
2
LOL(9) as, E(X,X]) >0

n 0¢de'

Theorem 5.1. Under the assumptions of Lemma 2.1,

angqﬁo, as n — oo.

Proof. First

n

on—d0 = (D XX, )7 X X) = X X[ 100

t=p+1 t=p+1
= Z X X[ )™ Z (X1 | Xy — X[_100)]
t=p+1 t=p+1
= (Z X X[ )™ Z Xi-1a;
t=p+1 t=p+1
1 & o oo vl &=
= > XX )7C Y X)) (53)
t=p+1 t=p+1

By Lemma 5.1,
1 & > > a.s
=Y XX, 5 BE(XX]) > 0.
n t=p+1

By the ergodic theorem,

I as
ﬁ Zthlat — E(Xtat) = 0.
t=1
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SO, an ﬁ) ¢0- O
Definition 5.1. (consistency)

(i) If A —2 No, we call that N\, is a consistent estimator of Ao in prob-

ability.

(i) If A 225 No, we call that N, is a consistent estimator of \o,almost

surely, (or strong consistency).

Definition 5.2.(Asymptotic Normality) If v/n(A, — Ao N N(0,9),
We say that the estimator An of Ao is asymptotically normal with the

asymptotic covariance matrix §2.

Theorem 5.2. Under the assumptions of Lemma 5.5,

Vi, = o = N(0,0*E~H(X1 X)),

Proof. By (5.3),

Vi =) = (= Y Xt—lXt'_l)_l(T > Xia)
t=p+1 nt:p+1
— Q7! 7

Theorem 5.3. (Central Limit Theorem). Suppose that (i, (o, - is an

ergodic and strictly stationary time series with
0? = EC? < oo and E((,|Fn_1) =0,

where F, = 0{G :t <n}. Let S, =31, (. Then

1

NG

S, — N(0,0%) as n — oo.

Theorem 5.4 (Grame’r-Wold device). Let {w,} be a sequence of ran-

dom wvector. Then:

w, S w if and only if Nw, 2 Nw
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for any constant vector A = (Ay,- -+, A\p)" with AN # 0 where m is the

dimension of w,,.

Back to (5.4): Let w,, = \/iﬁ D iepi1 X;_1a4, For V constant ¢ with ¢c # 0,

consider

n

1 ~
/ _ IR
cw, = _\/ﬁ E X _jay.
t=p+1

Let ¢, = ¢ X|_,a;. Then ¢, is strictly stationary and ergodic, and

E(GlFia) = 0,

E(Z) = (E(X, 11X, a2)c= 0 E(X,1 X, ).
By Theorem 5.3.
dw, — N(0,0%¢ E(X,X})c).

Furthermore,by Theorem 5.4.

wy, — N(0,02CE(X,; X)) (5.5)
By (5.4),(5.5) and Lemma 5.1, we have

Vi, = én) = N(0,0°¢ B(X,X))o).
O

5.2. MA Models.

Assume that X, -+, X, are generated by the MA(1) model:
Xy =a; — Oay_q,

where a; ~ N(0,0?) and |#] < 1 and the true value of 6 is 6.

By the invertibility of MA(1) model,
Ay = Z HiXt,i, (56)
=0
or Xt = — Z QiXt_,- + a;. (57)
i=1
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Denote X; = {X;, X;_1,--- }. Then

Xt‘Xt ~ N(—Zeithi,Oj)
f(XTanfl)'“ 7X1‘X0) = H?:lf(Xi’Xifla"' 7X0)

= |

1 (X 00Xy )?
]ne 202
V2o

The conditional log-likelihood function is

1 2 RN i 2
L(0) = —5 log(2m0%) — — ;(Xt + Zl 0'X,_;)
Let a;() = X¢ + > o0, 0" X—i. ai() is called residual.
L(#) = —§log (2mo?) Zat
To maximize L(), we first need to maximize

Su(0) = = a;(0).

t=1

The minimizer is called CMLE or MLE. Or to minimize

n

Su(0) = > ai(6)  (5.9).

t=1

Denote

~

0, = argmaz)gj<c<15n(9), (5.10)

~

1e. Sp(0,) = maxjg<c<15,(0). Suppose that X; = 0 as ¢ < 0. Then
ap(a) = 0.

a1(0) = Xi1=a1(0)
az(0) = Xo+ 60X, = X+ Qa;(0) = aj(6)

az3(0) = X3+ 0°X, = X3+ 0a3(0) = ai(0)

an(0) = X0 +0X, 1+ +0"Xy =X, +0a;,_,(0) = a,(0).
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Sa0) ==Y la/(OF.  (5.11)

t=1

Denote 0 = argmaxjg<c<15y(0). a:(0) and a;(#) are nonlinear functions

in terms of 4.

Theorem 5.5. If 04,0 € [—c, c] with 0 < ¢ < 1, then, as n — oo,

(1) 6, 2 6,

Proof. For(1), we only need to verify the Assumption A.1.

(i) © = [—c, ] is compact and f(0,Y;) = —a?(f) is continuous and 6 is

an interior point in ©. Thus, (i) holds.

—Eaf(ﬁ) = —E[Xt + 9at_1(0)]2
= —E[—Qoat_l + Q(Zt_l(e) + at]Z
= —Ea? —2E[a,(—0,a,-1 + 0a,_1(0))] — E[—0pa,_, + Oa,_1(0)]?

= —Ug — E[—eoat,1 + Hat,l(Q)]2.

Thus, Ef (0, X;) = —Fa}(0) achieves its maximizer if and only if F[fya,_1—
Ba,—1(0)]* = 0,

i.e. Opa;_1 — Oa;_1(0) =0as (5.12)

By Taylor’s expansion:

ar-1(0) = as_1(6p) — (0 — eo)a“t—a—tgw*).
By (5.12), we have
(0 — 6o)[ar_1 — emté—lf’*)] —=0. (5.13)
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If  — 6 # 0, then

a1 (6*
a1 — eata—le(); (514)
da,(0) a1 (0)
90 = at,1(9)+9 90 )
da,(0) 1 ZOO i ,
o0 1—93%‘1(6)_@-09%_1_1(6)

= a-1(0) +0a;_1(0) + - -

= g(@,Xt_l,Xt_g,---) (515)
By (5.14)-(5.15), we know that
Qi1 = 9(9, X9, Xy3,- - )

This is impossible since a;_; is independent of X; o, X;_3,---. So, 0 = 6,
and hence —FEa?(0) achieves its maximum at and only at § = 6. Thus

(ii) d holds.

Now, we prove that (iii) holds.

max a’(f) < [max |a ()] (5.16)

0€[—c,] veled
max la;(0)] = max |X, — 0" X

< X+ Xl (517)
=1
By (5.16)-(5.17), we have

E 2< B(X | X)) :
e O < BT 3 el < o

By Theorem A.1.

:)Cbz
b

"0y, as n — 00,

i.e. (1) holds. O
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Appendix 5.1. A General Asymptotic Theory

Let {y,t =0,%1,---} be a strictly stationary and ergodic time series.

L,(\) =>_ f(\Y)),
t=1
where Y; = {yi, y1—1,- - - }, A is the unknown parameter and its true value
is \g. Assume that parameter space is © and \g € © and A\ € 6.

Let A, be the maximizer of L,()\) in ©. Denote

0, = argmaxyeoLln(\)

Assumption A.1l.

(i) © is compact and f is continuous, and Ay is an interior point in ©,
(ii) Ef(A,Y;) has a unique maximizer at Ag.

(iii) Emaxe|f(A,Y:)| < 0.

Theorem A.1. If Assumption A.1 holds, then
5‘n L) )‘07
as n — oo.

Assumption A.2.

(i) f(A,Y;) is twice differentiable and 825/\(2;\1?) is continuous in terms of
A;

(i) B[ZOY) |7, ] =0 and 0 < B[ZGeX)0100Y)] - o,

(iii) 3 a neighbor of Ag, Vio(d) = {A : ||\ — Ao|| < 0}, such that

*f(A\ Y1)
E sup ||————

0% f (Ao, V)

|| < oo and E| EYEON

| <.

Theorem A.2. If Assumptions A.1, A.2 hold, then

Vi(hn = Ao) & N(0, B"*AB™Y),
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where

Of (A Y2) 0F (A7)
B N

0’f(\. )

A= E| | and B = E|

Given YnyYn—1,""" Y1, let }/;f* - {yb o, Y1,C60,C-1, 0 } and

n

L\ =Y fANY),

A, = argmazyee Ly, (M),
where © is the parameter space.

Theorem A.3. If Assumption A.1 holds and

n

max |- SO0 = FOL Y = 0,(1).

AEO T
t=1

{x P
then \;, — Ao, as n — oo.

Theorem A.4. If Assumptions A.1-A.2 hold, and

n

max |~ S IFOLY) — LY = o0, (1)

1 Z[a fOWY)  PFYY)

6 'n 1 xow aaax = o)
1~ 0f(No,Ys)  OF(NYY),
max |~ ) =g — =l = (D).

Then

VXt = Xo) = N(0, B"'AB™).

To prove (2), we only need to prove that

n

max |+ [a2(6) - a;2(8)] | = o,(1)

O€[—c,d | N “—

ONON l

(5.18)



B % [af(0) — a*(0)]| < [% > (a®)] + la; (0)]) (| () — a; (6)])
<2 <Z amg) (Z ci|XH|>
For Ve > 0,
P (eg[lﬁjfd %Z [a7(0) = a;*(0)]| > 6)

IN
[
&

: {
max
IS 0€[—c,c]
n

]' *
2 n o0 ) oo )
{5 ) (5o )
t=1 =1 1=t

2A
ne

IN

IN

n
< E dd—0 asn— oo.

t=1

where A is some constant. Thus, (2) holds.

Theorem 5.6. If 0y,0 € [—c,c] with 0 < ¢ <1 and 6y # —c, ¢, then, as

n — oo,
2
(1) \/ﬁ(en _90> i)./\/' (0’ 0'2E 1 {8618(990)} )
2
(2). vn (Zf;; —90) LN (o, o’E! {aageeo)} ) .
Remark. In Theorem A.2,
fWY) = —d}(0)
of(\,Y; Oa(0
f(E)A L= ) aaé )
Thus,
B da,_1(0)]° B day(0p) ]
A =4E [af(@) 5 ] B 402]13[ 6 ] (5.20)



PIAY) _28at_1(9) Day(0)

INON 0 o0 29550
B _op [P O g (9)82‘“(9) 2
- 90 5000
60=0¢
day(0p) 17
_ QE{ ¢ ]

By (5.20)(5.21),

o , [8ai(60)]7
! 1 _ g2t |20
BTAB " =0’ {89 ]

(5.21)

(5.22)

Proof of Theorem 5.6. We only need to verify the condition in The-

orems A.2 and A 4.

(i) of Assumption A.2 holds. Now, we consider (ii) of Assumption A.2,

By (5.20), we only need to prove that

0<]E(aaé—(:°>>2

2
First, if I (aat 00)) = 0, then,

8%(90) .
0 0, a.s..
But
8%(9) . 8&,5,1(9)
oo~ (0 +0 =57,

we have a;_1(6p) = 0 a.s.. This is impossible.

Thus, E (8‘“( >>2 > 0.
B {&Lt (6o) } B

Thus, (ii) of Assumption A.2 holds.
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Next, we prove that (iii) of A.2 holds.

f(N,Y;) (8at_1(6)>2 8at_1(9)’
E — I <2E ———~2 | +2E sup |a; (0 )
e 020N | = TR\ a0 ol O3
da,(0) = i
| < 2ot a)
da,(0) | X >
%‘ < e |9|Z|9|J|at—i—1(9)Hat—j—1(9)’,
af(@) < <Z‘6‘ ‘Xt z> 9
2
Esupa() < ]E(Z |Xt_i|> < 00.
0] <c
So

2 2
sup aata;(e) ' S (Z C Sup |at >

i—0 10|<c

1/2
- ()]
IE sup at(H)aat 1(9)’ < | Esup |a(0)] Esup D )’ < 0.
ol<c 09 jol<c R
By (5.21),
0% f (Mo, Y2)
E Z IR0 7t
bl | ONON

Thus, (iii) of Assumption A.2 holds. Hence, (1) holds.

To prove (2), we need to verify conditions in Theorem A.4.. The first
condition was verified on page 46. The second condition can be verified
similarly as that for the third one. We only prove that the third condition

is satisfied, i.e.,

2= (o 28 — a0 ) — o0 (5.20)

a(0) — al(0) = Z 0'X,_, (5.27)

— Z 0" [ar—1-4(0) — af_,_;(0)] + Z 0la,_1_i(0). (5.28)
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For Ve > 0,

T (oo g - 250 - )

< e o 3 (i 25— 2552
< 2 i oo | 2522+

8at(00) . 8@:(00)
00 00

+E|

E(a,(60) — a{(6))" = E (Z 96Xt_z~>

\at(ﬁo)@ } . (5.29)
By (5.27),

= D ) OPEX X))
i=t j=t
< (B(X)%) D> 66
i=t j=t
S c00(2)1&7
. 2
where ¢g is a constant. Note that I|E 8‘13—(990) < ¢, where c is a constant
independent of ¢. Thus,
. Oa; (0
B {la6u) ~ aito0]| 50
/
ar(0y) |?
< <]E |ai(80) — a; (60))* E ta; ) > < 108 (5.30)
By (5.28),
E (%Lt(QO) . 8&:(00)
00 00
t [e%¢)
< ZQOE |ar1-5(00) — a;_y_;(60)| + Z 05| ar—1—;(6o)]
i=0 i=t+1
S 02067
where ¢y is a constant.
da (90) 6@*(00)
E { t@@ — 89 lai(60)]] < c39f). (5.31)
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By (5.29), (5.30) and (5.31), we can show that

n

(5.29) < ﬁ Z (e + ¢3) 0 = 0,(1).

t=1

Hence, (5.26) holds. O

Assume that Xi,---, X, are generated by the MA(q) model:
Xt = Q¢ — Hlat_l — s — Qqat_q

where a; ~ i.i.d.N'(0,0%) and all the roots of A — )\t — ... — 0, =0

lie inside the unit circle.

Let 0 = (61,---,0,) and A = (#,0%). By the invertibility of MA(q)

model,
ay = i%’Xt—i, i = O(p') with |p| < 1,
i=0
or,
X, = — i Vi Xy + ay.
i=1
Denote X, = {X4, X4—1,---, }, then,

Xt|Xt_1 ~ N(_ ZwiXt—% 02)7

=1

202

n 00 2
o " 2 (Xt + Z %’th')
f(Xn7X'rL—17"' ,X1|X0> = ( > exp _t=1 i=1

2mo?

The conditional log-Likelihood function is



Let at(Q) = Xt + Z ¢’iXt—i = Hil(B)Xt.

=1

Let X; =0,as1:<0.

0(B)a,(0) = X,.

at(e) — Qlat,l(e) — s — ant,q(e) = Xt,

at(é’) = Xt + elat_l(e) + s + Qqa/t_q(e).

ai(0) = a1(0) = Xi;
as(0) = X1 + 61a7(0);

a3(0) = Xo + 01a3(0) + 02a7(0);

ar(0) =X, +601a; ,(0)+ -+ eqa;‘,q(e).

Denote

07 = arg max Sr(0).

6, and 67 are called the (conditional ) MLE of .

Theorem 5.7. Suppose that the parameter space © is compact subset

of R4, and for each 6 € ©, all the roots of X — 1\t — ... —0, =0 lie
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inside the unit circle. Then,

(4) 0, 02— 6.

(i) Vi (B, 60) 5 N(0,9),
Vi (6 — 00) = N(0,Q),

where

4 [0a(8p) Oar(6)
2 1 t\V0 t
Q=0"E [ 20 50 |-
5.3. ARMA Models

gb(B)Xt = G(B)at,

where ¢(B) =1—-¢B—---—¢,BP and §(B)=1—-6,B —--- —§,B%
Denote A = (¢17¢27 U 7¢p7617 U 70q>/'

X, = ¢ '(B)I(B)ay,

a; = 0_1¢(B)Xt

o0

= X;— ZWiXt—i,
i=1

Xt = Q4 —|— Z WiXt—i'
i=1

GiVen Xt = {XtaXt—la s }

Xt|Xt71 ~N (Z WiXt—iy U2> )
=1

2
N 1 " 1 — >

The conditional log-Likelihood function is

L) = —g log(2n0?) — % > (Xt — metl) . (5.32)

t=1 =1
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Let

a(N) = X;— Z miXi—i, —— residuals,

Denote
An = argmax S(A\) ——— MLE of Ao.
AEO

When X; =0, as ¢ < 0.

CL:()\) = at()‘ - Z Wth i) (533)
- ¢1Xt 1= = ¢pXt p— hai y(A) — - —04a;_(N), (5.34)
LO)=—5 " log(2m0?) ~ 53 Zat (5.35)

n

SN == ai(V),

t=1

~

Ay = argrx{laécs*()\) ——— MLE of ).

Theorem 5.8. Suppose that the parameter space © is compact subset
of RP™4, and for each 6 € O, all the roots of N\ — g1 NP1 — -+« — ¢, =0
and X1 — O\ — .. — 0, = 0 lie inside the unit circle, and they have
not common roots. Then,
(i) Ay Ao 6.
(id) Jn (Xn - >\0> L N(0,9),

NG (X:; _ )\0> 2, N(0,9),

where

G — gl {aat(xo) E)at(/\o)} |

O\ oN
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How to find the solution for the following equation

&§§A)210 )
98\ _
O\
05, (%) _ 95;00") _ (3 -2 S5 ()
OA ox \"m 0 axoN
-1
S0 _ _ [PSEN] T {08 ”)
no ONON o |-
A3 _ _ [PPSO [95:(A0)
INON on |’
X — AW =2
0S5 (Nn)  9S;(A\Y) (%, - ) 025, (6)
OA o\ NN
* -1 *
S0 [PSaEM)] T [95:0)
" INON O\ ’
@y _ [PPSO [95;(A0)
NN x|
=A@ =2

n

Ay [PSaA )T 88 ()
- ONON o |

MO AN@ ) —>/):;:, as m — oo. [

5.4. Diagnostic Checking

Let ay,aq, -+ ,a, beii.d. white noises.
1 n—=k
e = ﬁ E AyQyyf — E(atatJrk) = 0;
t=1
n—=k
? Z Qi k;
-~ k t=1 a.s. .

o
t=1
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Denote 5= (fy, pa, -+ » p,)'- Then = 0.

Theorem 5.9. If a; is i.i.d. white noises with Ba? = 02 < oo, then,

Vinp -5 N(0,1,,),

n—1 2 n—1
1 o
E <% E at(lt+1> = E E atatﬂ E -M — 0.

t=n—M+1 t n—M+1
So,
1 n—1
% E Qi1 = Op(l).
t=n—M+1

Similarly, we can show that other elements in B are 0,(1), and hence
B = o0,(1).

We now consider A:
1 <nM n—M /
=0 Z (ACTRS PR Z atat+M> .
v\ 5 P
Let & = (atar, -+ ,araeinr)’. Then {&} is a sequence of strictly

stationary and ergodic time series, E(&|-#—1) = 0.

2
kS = E E E(Cicjat+iat+i+lat+jat+j+1)

i g
— 2 / 4
= E E(ajar,;) = (1,,c)0".
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By the Central Limit Theorem, we have
1 <, = A
= th - N(Oa (C/IMC)O- )
v t=1
Further, by Cramer-Wold device, we know that
AL N(0,6'T,,).

Thus,

n—1 n—M !

1 &

T ( E A1Qpy1,° 0, E at(lt+M> — N(O, OAIM)' (536)
n t=1 t=1

I~ g as
= ap =0 (5.37)
n
t=1
By (5.36)-(5.37), we know that
Vnp = N(0,1,,). (5.38)0

By Theorem 5.9,

Var (\/ﬁﬁk) ~ 1, as n is large enough.

Thus, \/Var (p, ) ~ \/iﬁ

=~/
\/Varpk\ ................................. —pr =0

Hypothesis:

HO: p1:p2:-..:pM:0;
H,: Hg does not hold.

20



Test statistics:
M
Q=n> p’~x(M)
k=1
or

M
PRE S P
k=1

@ is called portmanteau test (or Ljung-Box test).
If Q < xo0.05, we accept Hy, (5% possible error).
If @ > x0.05, we reject H.

Do you believe this test?

We can verify this test by simulation method. From computer, we can

generate a data set.

X, ={ai, a9, ,a,} - calculate @ values.

Xo ={ay, a9, ,a,} — - calculate @ values.

X ={a,a9, -+ ,a,} ——— calculate @ values.

n call the sample size.
X, Xs, -+, X,, — replication.
m - the number of replications.

k denotes the number of () values greater than xg.os.

The reject frequency:

% size if a1, as,- -+ ,a, are white noises.
% —— power if aq,as, - -+ ,a, are not white noises.
% ~ 0.05 as n is large and aq, as, - - - , a, are white noises.
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The power depends on data. If the data are far away from white noise,

then power becomes large, and — 1 as n — oo.

Given a sequence of data: X, Xo, -+, X, we use an AR model to fit

the data:
Xe =01 Xy 4+ 4+ 0p Xy + ay, (5.39)

where {a;} are i.i.d. white noises. Then, we obtain the residuals:

o~

a; = () = X — Q/Z;lnXt—l — = ggant—p

where an = (aln, e ,qun)’. Define:

1 n—=k
T = ﬁ atai4k,
t=1
o~ n—k ~ ~
~ Vk t=1 AQtQi4k

e = = =SS

Yoo D G
Theorem 5.10. If model (5.39) is correct for the data { X1, Xa,--- , X, }

with a; being i.i.d. white noise and Ea? = 0® < oo, then
Pe — 0 asn — oo,

where ggn is the LSE or MLE of ¢o in Theorem 5.1..

Proof.
a; = X; — QAS;Xt—h
where
X = Xoay o, X))
Note that

Xt = ng)Xt—l + Qy (540)

—~ I
at = Qy — (¢n - <Z50) Xiq.
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Thus,

~ ~

@ =a? 2 (Bn— o) Kerar+ (0~ 60) X Xiy (5= o). (5.41)

By (5.3),

n -1 n
C/b\n —¢o = (% Z Xt—1X£_1> (% Z Xt—l%t) . (5.42)

t=p+1 t=p+1

By (5.41)—(5.42),

n n n / n -1 n
LS @= Y a o (% 3 that> (% 3 5(“5(;_1> (% 3 Xﬂat>

t=p+1 t=p+1 t=p+1 t=p+1 t=p+1
1< (1 & AR
+ (g Z Xt—lat) (ﬁ Z Xt—1X£_1> (g Z Xt—lat> :
t=p+1 t=p+1 t=p+1
5 07 (5.43)

(So 0® can be estimated by % > a7.)

n

1 —k 1 n N , 1 n—=k ~
SN G, = — (¢, — “SNTX,
o ; QA n Z Qi <¢ ¢0> n ; t—1Qt+k

t t=p+1
- <$n - (bo)/ (% nZkXtJrklat)
t=1
+ <$n — <Z50>/ (% ”Z_k th)zé+k1> <$n — ¢0>
t=1
20, (5.44)

by ergodic theorem. Thus, we know that

P — 0 as n — o0. O

Theorem 5.11. Under the assumption of Theorem 5.1,

~ o~ ~ <
\/ﬁ(plap%"' 7pM) —>N(0,E),
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asn — oo, where & = [ — D'(Q'® [,)D, Q = E(th(;), D —
o-(Dy, Dy, ,D,,) and Dy, = E (Xt+k_1at>.
Proof. By (5.44),

kol

n— n

n—k
. 1 ~ (1
aa+k = % E Gtat+k—\/ﬁ(¢n—¢o) (EE Xt—1Gt+k>
t=1

t=p+1
n—k
—Vn <<$n - <Z5o), (% > Xt+k1at>
t=1
+vn (c% - ¢0>, (% "Z_k Xt—leiJrkl) (égn - ¢0>
t=1
= % :LZ::_T gy —\/n (gb\n - ¢0>,Dks + 0p(1)

n—k n -
1 1 -~
= % E 1Ay — D;c (E E Xt—lXé_l) ( E Xt 1at> + 0p(1>

t=p+1 t p+1

= \/—Zat(lH—k DO~ ( Z Xt 1%) + 0p(1)

t p+1
n—M n—=k n—M+k

1 1 1
= = atat+k+% Z &tat+k+\/ﬁ Z (D/ X 1%)

t=n—M+1 t=k+1
k

_|_—n Xn: <D;€Q*1Xt71at> \/ﬁ Z (D/Q X, 1at) + 0p(1)

t=n—M+k+1 t=p+1

1
7l

IIM

= — Z Wiy + —= \/— Z DY "Xiiho1@ik + 0,(1)
=1

= — (CLt — D;QilXH_k_l) Aty + Op(l).

1 - -
= — <<at - DiQilxt) A41, (at - D12971Xt+1) Aty

) (at — Dg\/IQ_lXt—i—M—l) at+M) +0,(1)
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Let & =c'Y, = Zk 1Ck( D 0~ Y;H-k 1)at+kz Then,

]E(gt|£6’) = 0
M
E (53,9) = o’ Z GE (at - D;QQ_lyiJrk—lf
k=1
M
2 (
k

— 0220 o? — D, Q 1Dk)Q

1

| gl_;
x

M:

( iD;Q‘lDw)
1

)

:))f

= 0 '[c——c

where
~ . DiQ'D; DD, D' Q7'D,,
0 = dlag{ 3 ’”"MT
= D (Q'wI,)D.
Hence,

%tift ﬁ>./\/<O, ole! <[—§> c> :
By Cramer-Wold device,
\/ﬁﬁi/\/'((), I—Q), as n — 0o0.
O

Hypothesis:

Hy : Model (5.3) is corrected.

H,: H, does not hold.

Test Statistics:

QM) = np’ (1-0) 75



Q(M) is called portmanteau test for diagnostic checking the adequacy
of Model (5.39).
Box and Pierce (1970):

6 Forecasting

Objective of this Chapter:

Given you a sequence of data: 7, Zs,- -+, Z,, ARMA or ARIMA model,
you can forecast Zy 1, -+, Z,4; and give its forecasting interval.

6.1. Minimum Mean Square Error Forecasts for ARMA models

Let Z; be a stationary and invertible ARMA model,

Given the observations: Z,,Z,_1, -,
how to forecast Z,.1, -+, Zpig, -7
Notation:

Z\n(l) denotes the forecast value of Z,,; and is called the [-step ahead of

the forecast of Z,.; at the forecast origin n.
Simply say, [-step forecasting.
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Forecasting function:

Linear Predictors (LP):

an = d]l*an + w;-lan—l + ¢f+2an—2 + - )

where ¢7 are to be determined.

Criterion of the best LP (BLP):

~

Zn(1) is said to be a BLP
if E[Zny1 — Zn(1)]? is the smallest among all the LP.
What is the BLP of Z,.,?

Note that
Ziny1 = B an+l Z %anﬂ G
According to the above criterion, the BLP is that
Z(l) = Yin + bis1n 1 + Yiratn_o+ - .(?)
Forecasting error:

en(l) - n+l - ijan-‘rl —J*

Forecasting variance:

-1

Varle,(I)] = o2 Z V3.

=0

Forecast interval (limit) (FI):




where Na is the a/2-quantile of the standard normal distribution,
ie, P(N > Na)=a/2.
When o = 0.05, Ne¢ = 1.96.

Important Fact:

/Z\n(l) = E<Zn+l‘Zn> anb T )

The Formulas of Computation of Forecasts For ARMA Model:

7o) = 01 Za(l= 1)+ 2 Z(l—2) + -+ + & Zn(1 — p)

where
~ E(Zpii|Zpy Zoqy -+ ) if §=1,2,--- 1.
Zn(7) { T if=0,—1,-2,- .
~ 0 if 7=1,2,---,L
an(j) = { anyy if J=0,—-1,-2,---

6.2 Minimum Mean Square Error Forecasts for ARIMA models
A. Model:

Let Z; be ARIMA(p, d, q¢) model with d # 0,
#(B)(1 — B)*Z, = 0(B)ay.

where all the roots of ¢(z) = 0 and 6(z) = 0 lie outside the unit circle.
Given the observations: Z,,, Z,_1, -,
how to forecast Z,.1, -+, Zpis,- -7

B. Minimum Mean Square Error Forecasts:

271(]) = E(Zn+l|Zna Zn—la T )
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C. Computation of forecast:

Denote
¥(B) = ¢(B)(1-B)?
= 1-U,B—-U,B*— ... — ¥, 4B
Zy = WZi g+ Vel o+ A Vi pa
+ay — Qlat_l — 92(1,5_2 — s = Qqat_q.
Formulas:
Zo(l) = U Zy,(I=1) 4+ UpuZn(l —p —d)
+a,(l) —bia,(l —1) —--- —B,a,(l — q).
where

5 . E(ZyvilZn, Zn-,--+) if jg=1,2,--- L
Zo(j) = { (Zn+] 1 ) J

Lt it j=0,-1,-2,---.
~ 0 itj=1,2---,L
an(j) = { Unyj ifj=0-1,-2--

D. Forecast error:

-1
en(l) = Zn — Zn(l) = ZQﬂjaanj )
§=0
where 1; can be calculated, recursively:
-1
Y=Y miah, j=12- 11
5=0

m; is the coefficients of the expansion:

(B) = —gb(BL((lB—) B) =1- jz_;ﬂij.

oo
Ziy = E TjLip1—j + Qe

J=1
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E. Forecast variance:

Varle,(I)] = o2 Z V3.

where Na is the a/2-quantile of the standard normal distribution,
6.3 Some practical forecasts

Assume we have real data: y,, y,_1, - .

Let Z; = Iny;, we have data: Z,, Z, 1, --.

If Z, ia an ARMA or ARIMA model, then we can forecast Z,,,;.

Denote the forecast value of Z,; by Z\n(l) and the forecast FI by

Then the forecast value of y,.; is eZn®) and FI is
[e{in(l)—N%aa\/Zé;W?}’ e{2n<Z>+N%am/Z§;tw§}}

Similarly, if Z; = /ys, then the forecast value and FT of y,,; are, respec-

tively, Z2(I) and

n
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