
1 Fundamental Concepts

1.1 Stationarity

A time series is a stochastic process {X(t) : t ∈ T}. In this course,

we consider the case with T = {0,±1,±2, · · · }. Let Xt = X(t), then

X1, X2, X3, · · · , Xn, · · · is a sequence of time series.

Definition 1.1. Let Xt1 , Xt2 , · · · , Xtn)
d
= (Xt1+k, Xt2+k, · · · , Xtn+k). If

F (xt1 , xt2 , · · · , xtn) = F (xt1+k, xt2+k, · · · , xtn+k) ,

for ∀ t1, t2, · · · , tn, k, then we say that {Xt} is strictly stationary.

Mean function of Xt is

µt = EXt

Variance function of Xt is

σ2
t = E (Xt − µt)

2

Convariance function of Xt:

γ (t1, t2) = E[(Xt1 − µt1) (Xt2 − µt2)]

Correlation function of Xt1and Xt2 is

ρ (t1, t2) =
γ (t1, t2)√

σ2
t1σ

2
t2

Definition 1.2. If the following three conditions are satisfied:

(i) EX2
t < ∞

(ii) EXt = m (m is a constant)

(iii) E[(Xt −m)(Xs −m)] = R(|t− s|)

then we say that Xt is weak ( or convariance, or second-order) stationary.
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Example 2.1

(1) if X1, X2, · · · , Xn be i.i.d r.v.s, then {Xt} is strictly stationary and

covariance stationary.

(2) if {Xt} is strictly stationary and EX2
t < ∞, then {Xt} is covariance

stationary.

1.2 Autocovariance and autocorrelation functions

Assume that {Xt} is covariance stationary time series and denote

γk = cov(Xt, Xt+k)

ρk =
cov(Xt, Xt+k)√

var(Xt)var(Xt+k)
=

γk

γ0

We call γk and ρk autocovariance function (ACV) and autocorrelation

function (ACF), respectively.

Properties of γk and ρk:

(1)γ0 = σ2, ρ0 = 1,

(2)γk = γ−k, ρk = ρ−k,

(3)γk ≤ γ0, ρk ≤ ρ0.

1.3 Partial Autocorrelation Function

Assume that {Xt} is a stationary time series. Let

φkk ≡ cov(Xt, Xt+k|Xt+1, · · · , Xt+k−1) .
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φkk is called partial autocorrelation function (PACF) of {Xt}. φ11 = ρ1

and

φkk =

1 ρ1 ρ2 · · · ρk−2 ρ1

ρ1 1 ρ1 · · · ρk−3 ρ2
...

...
...

...
...

ρk−1 ρk−2 ρk−3 · · · ρ1 ρk

1 ρ1 ρ2 · · · ρk−2 ρk−1

ρ1 1 ρ1 · · · ρk−3 ρk−2
...

...
...

...
...

ρk−1 ρk−2 ρk−3 · · · ρ1 1

.

1.4 White Noise Processes

Definition 1.3. A time series {at} is called white noise process if

(1)Eat = 0 and Ea2
t = σ2

a < ∞,

(2)γk = cov(at, at+k) = 0 if k 6= 0 ∀ t.

If at is a white noise, then

(1) (ACV): υk =

{
σ2 k=0,
0 k 6=0;

(2) (ACF): ρk =

{
1 k=0,
0 k 6=0;

.

(3) (PACF): φkk =

{
1 k=0,
0 k 6=0.

If a time series {Xt} does not satisfy (1)-(3) above, then {Xt} is not

white noise.

1.5 Estimation of ACV and ACF

Given X1, · · · , Xn, we want to find µ, σ2, γ12 and ρ12. Assume that Xt

is strictly stationary and ergodic.
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(1) if E |Xt| < ∞, then

1

n

n∑
t=1

Xt
a.s.−→ EXt = µ, as n →∞.

so we can use 2 X̄n = 1
n

∑n
t=1 Xt as an estimator of µ.

(2) if EX2
t < ∞, then

1

n

n∑
t=1

X2
t

a.s.−→ EX2
t as n →∞;

σ2
n =

1

n

n∑
t=1

X2
t − (

1

n

n∑
t=1

Xt)
2 a.s.−→ EX2

t − (EXt)
2 = σ2.

Thus, σ̂2
n can be used as an estimator of σ2.

γ̂k =
1

n

n−k∑
t=1

(Xt − µ)(Xt+k − µ)
a.s.−→ γk ;

γ̂k =
1

n

n−k∑
t=1

(Xt − X̄n)(Xt+k − X̄n)
a.s.−→ γk as n →∞

↑
1

n−k

γ̂k is the estimator of γk. ρ̂k = γ̂k/γ̂0 is the estimator of ρk and it

converges to ρk a.s. as n→∞.

We can estimate φkk by the following formula: φ̂11 = ρ̂1 and

φ̂kk =

∣∣∣∣∣∣∣∣∣

1 ρ̂1 ρ̂2 · · · ρ̂k−2 ρ̂1

ρ̂1 1 ρ̂2 · · · ρ̂k−3 ρ̂2
...

...
...

...
...

ρ̂k−1 ρ̂k−2 ρ̂k−3 · · · ρ̂1 ρ̂k

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣

1 ρ̂1 ρ̂2 · · · ρ̂k−2 ρ̂k−1

ρ̂1 1 ρ̂1 · · · ρ̂k−3 ρ̂k−2
...

...
...

...
...

ρ̂k−1 ρ̂k−2 ρ̂k−3 · · · ρ̂1 1

∣∣∣∣∣∣∣∣∣
and φ̂kk

a.s.−→ φkk. In particular,when Xt is white noise, we have γ̂k ≈ 0,

ρ̂k ≈ 0 and φ̂kk ≈ 0 if k 6= 0.
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1.6 Moving average and Autoregressive represen-
tation

Definition 1.4. We call a time series {Xt} a MA(∞) process if

Xt = µ + at + ψ1at−1 + ψ2at−2 + · · · = µ +
∞∑

j=0

ψjat−j

where ψ0 = 1, a is white noise, and
∑∞

j=0 ψ2
j < ∞. Xt is also called

linear process or has Wold’s representation.

Theorem 1.6.1. Let Xtn = µ +
∑n

j=0 ψjat−j. Then

(1) P ( lim
n→∞

Xtn = Xt∞ = µ +
∞∑

j=0

ψjat−j) = 1,

(2) lim
n→∞

E|Xtn −Xt∞|2 = 0.

Proof. Let Fn= σ(at, at−1, · · · , at−n). Then

E(Xtn|Fn−1) = µ+
∑n−1

j=0 ψjat−j+E(ψnan|Fn−2)+E(ψnat−n|Fn−1)

= µ +
n−1∑
j=0

ψjat−j = Xt,n−1 .

Thus, Xtn is a martingale with respect to F

EX2
tn = µ2 +

n∑
j=0

ψ2
j Ea2

t−j = µ2 + (
n∑

j=0

ψ2
j )σ2

≤ K = µ2 + (
∞∑

j=0

ψ2
j )σ

2 < ∞ for all n

By Martingale convergence theorem, we have

(1) P ( lim
n→∞

Xtn = Xt∞) = 1,

(2) lim
n→∞

E|Xtn −Xt∞|2 = 0.

We understand Xt = Xt∞ a.s. This completes the proof.
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Notation Backshift operator: Bjxt = xt−j.

Xt = µ +
∞∑

j=0

ψiB
jat−j = µ +

∞∑
j=0

ψjB
j)at ≡ µ + ψ(B)at,

where B0 = 1 and ψ(B) =
∑∞

j=0 ψjB
j .

Some properties:

EXt = µ +
∞∑

j=1

ψjEat−j = µ

V ar(Xt) = E[
∞∑

j=0

ψjat−j]
2 =

∞∑
j=0

ψ2
j Ea2

t−j

= σ2
a

∞∑
j=0

ψ2
j ;

E(atXt−j) =
σ2

a for j = 0
0 for j > 0;

γk = E[(Xt − µ)(Xt+k − µ)] = σ2
a

∞∑
j=0

ψiψi+k;

ρk =

∑∞
i=0 ψiψi+k∑∞

j=0 ψ2
j

.

Definition: AR(∞) model.

Xt = π1Xt−1 + π2Xt−2 + · · ·+ at =
∞∑
i=1

πiXt−i + at

where
∑∞

j=1 |πj| < ∞ an E|Xt| = a constant.

Theorem 1.6.2.
∑n

i=1 πiXt−i exists a.s. and
∑n

i=1 πiXt−i +atconverges

to Xt in L1 as n →∞.
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Proof. First, we note that
∑n

i=1 |πi||Xt−i(ω)| exists and its limit is a

finite number or infinity. Let X(ω) = limn→∞
∑n

i=1 |πi||Xt−i(ω)|. Then
∑n

i=1 |πi||Xt−i| → X a.s.. By the Monotone convergence theorem,

E

n∑
i=1

|πi||Xt−i| → EX,

as n →∞. But maxn E(
∑n

i=1 |πi||Xt−i|) ≤ E|X|∑∞
i=1 |πi| < ∞. Thus.

EX < ∞ =⇒ P (X < ∞) = 1.

Thus, we can claim that P (limn→∞
∑

i=1 πiXt−1 exists ) = 1, i.e., Xt(ω) =
∑∞

i=1 πiXt−i(ω) + at(ω) is well defined.

Let Xtn =
∑n

i=1 πiXt−i, for ∀ n > m.

E|Xtn −Xtm| = E|
n∑

i=m+1

πiXt−i| ≤ c

n∑
i=m+1

|πi| −→ 0

as n,m−→∞. By Cauchy criterion, there exists a r.v. Xt∞ such that

Xtn −→ Xt∞ in L1 (Xt∞
?
=

∞∑
i=1

πiXt−i)

We want to prove that

P (Xt∞ =
∞∑
i=1

πiXt−i) = 1.

It is sufficient to show that

E|Xt∞ − lim
n→∞

Xtn| = 0.

By the Factou’s Lemma,

E|Xt∞− lim
n→∞

Xtn| = E[ lim
n→∞

|Xt∞−Xtn|] ≤ lim
n→∞

inf E|Xt∞−Xtn| = 0.

So,we have Xt∞ = limn→∞ Xtn. Furthermore, we know that Xtn + at

converges to Xt∞ + at in L1. This completes the proof.

Relationship of MA(∞) and AR(∞):
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(1) if the root of π(B) = 0 all lie outside the unit circle,then

π(B)xt = at ⇒ xt =
1

π(B)
at = π−1(B)at

(2) if the root of ψ(B)=0 all lie outside the unit circle,then

at = ψ−1(B)[Xt − µ] = ψ−1(B)Xt − µφ−1(1)

Time series models:

Xt = f(Xt−1, Xt−2, · · · ) + at

what is f ?

AR Model

MA Model

Threshold AR Model

GARCH model

vector ARMA-GAREM model

1.7 Appendix: Two Theorems

Strong Ergodic Theorem. Let {Xn : n = 0, 1, 2, · · · } be a strictly

stationary process with finite mean m = EXn.Let X̄n =
∑n−1

i=0 Xi/n.

Then, as n →∞,

(1)X̄n
a.s.−→ X̄, a random variable ,

(2)Furthermore, if{Xn} is ergodic, thenX̄ = m.

Martingale Mean Square Convergence theorem. Let {Xn} be a

martingale with respect to Fn = σ{Y0, Y1, · · · , Yn}, and for some constant

K

EX2
n ≤ K < ∞, for all n
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Then {Xn} converges as n →∞ to a limit X∞ with

P ( lim
n→∞

Xn = X∞) = 1 and lim
n→∞

E|Xn −X∞|2 = 0

Furthermore, EX0 = EXn = EX∞ for ∀ n.

2 Stationary Time Series Models

2.1 Autoregressive Processes

2.1.1 AR(1) process

Xt = φXt−1 + at, (2.1)

where at is white noise.

(1) when |φ1| < 1,

Xt = at + φat−1 + · · ·+ φt−1a1︸ ︷︷ ︸ +φtx0.

Let Xtn =
∑∞

i=0 φiat−i,then

Xtn =
∞∑
i=0

φiat−i
a.s.−→ Xt∞ =

∞∑
i=0

φiat−i.

Put λ into (2, 1), we have

St = φSt−1 + at.

So St is a solution of (2, 1) and St ≡ Xt is covariance stationary.

If there is another solution S̃t to model (2,1),then

S̃t = φS̃t1 + at

⇒ St − S̃t = φ(St−1 − S̃t−1)

= φ2(St−2 − S̃t−2)

= φn(St−n − S̃t−n)
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E|St − S̃t|2 = φ2nE|St−n − Ŝt−n|2 = c φ2n −→ 0

⇒ St = S̃t a.s.

So the solution St is unique.

(2) When |φ| = 1, in particular,when φ = 1,

Xt = at + at−1 + · · ·+ a1 + X0

1√
t

t∑
i=1

ai −→ N(0, σ2) = Op(1)

⇒
t∑

i=1

ai = Op(
√

t)

⇒ Xt −→∞ in probability.

Xt is called the random walk or unstable process.

(3) When |φ| > 1,

Xt =
m∑

i=0

φiat−i + φm+1Xt−m+1 =
t∑

i=0

φiat−i + φtX0 (when m = t).

We call model (2.1) an explosive AR(1) model.

In this chapter, we only consider the case when the model is stationary.

For AR(1) model (2, 1), we have

µ = EXt = 0,

σ2 =
σ2

2φ
2

1− φ2
,

γk = σ2
a

∞∑
j=0

φj
jφ

j+k
j+k =

σ2
aφ

k

1− φ2
,

ρk =
γk

γ0

= φk (ACF ),

φkk =

{
ρ1 = φ1 k = 1

0 for k ≥ 2 (PACF )
.

2.1.2 AR (P) process
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Xt = φ1Xt−1 + · · ·+ φpXt−p + at (2.2)




Xt

Xt−1

Xt−2
...

Xt−p+1




=




φ1 φ2 · · · φp

1 0 · · · 0
0 1 · · · 0
...

...
...

0 0 1 0







Xt−1

Xt−2

Xt−3
...

Xt−p




+




at

0
0
...
0




Let A be the matrix in the previous equation, Yt = (Xt, · · · , Xt−p+1)
′ and

εt = (at, 0, · · · , 0)′. We can rewrite (2.2) in the vector form as follows.

Yt = AYt−1 + εt. (2.3)

Thus,

Yt = AYt−1 + εt

= εt + Aεt−1 + · · ·+ Amεt−m + Am+1Yt−m−1

= Smt + Am+1Yt−m−1,

where Snt =
∑n

i=0 Aiεt−i.

Theorem 2.1. If all the roots of the polynomial λp− φλp−1 · · · − φp = 0

lie inside the unit circle, then there exists a unique, and the second-order

stationary, and Ft-measurable solution to model (2.2) This solution has

the following representation:

Xt =
∞∑
i−0

ψiat−i in m.s and a.s.

where ψi = o(ρi),with ρ ∈ (0, 1).

Proof. First, we have

|Iλ− A| =

λ− φ1 · · · · · · · · · · · · φ0

−1 λ · · · · · · 0 0
0 −1 λ · · · · · · · · ·
...

...
...

...
...

0 0 0 · · · −1 λ

= λp − φ1φ
p−1 − · · · − φp.
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Thus, all the eigenvalues of A in absolute value are less than 1.

Denote ρ = max{|the eigenvalue| of A}. Then 0 < ρ < 1. By corollary

A.2 in Johansen (1995, pp.220), there is a constant c > 0 such that

||An|| ≤ cρ
n
2 .

Similar to the proof of Theorem 1.6.2, we can show that
∑n

i=0 Aiεt−i

exists a.s. as n →∞ and hence
∑∞

i=0 Aiεt−i is well defined. We can see

that
∑∞

i=0 Aiεt−i is a solution of model (2.3). Denote Snt =
∑n

i=0 Aiεt−i.

Then

E||Sn,t − Sn+m,t||2

= E||An+1
t εt−n−1 + · · ·+ An+mεt−m−n||2

≤ (||An+1||2 + · · ·+ ||An+m||2)E||εt−m−n||2

≤ 2c(ρn+1 + · · ·+ ρn+m)σ2

−→ 0 as n, m →∞.

By Cauchy criterion, we have know that there is a r.v. St such that

Snt −→ St in m.s.

By the Factou’s lemma,

E||St −
∞∑
i=0

Aiεt−i|| = E lim
h→∞

||St −
n∑

i=0

Aiεt−i||2

≤ lim
n→∞

infE||St − S
(n)
t ||2 = 0

⇒ P (St = lim
n→∞

Snt =
∞∑
i=0

Aiεt−i) = 1,

i.e. St
a.s
=

∑∞
i=0 Aiεt−i.

So, S
(n)
t −→ St =

∑∞
i=0 Aiεt−i in m.s..

It is easy to check that St in (1.8) is a solution of model (2.2)
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Let Xt = (1, 0, · · · , 0)St. Then

Xt =
∞∑
i=0

γ′Aiγεt−i

is a solution of model(2.2), where γ = (1, 0, · · · , 0)′. yt is strictly sta-

tionary and F t is measurable. Since Ey2
t = a constant, yt is also weak

stationary.

For uniqueness, assume that there are two solutions Y ′
t and Y ′′

t to model

(1.2). Then

Y ′
t = AY ′

t−1 + ε̃t ,

Y ′′
t = AY ′′

t−1 + ε̃t,

Y ′
t − Y ′′

t = A(Y ′
t−1 − Y ′′

t−1) = · · · = An(Y ′
t−n − Y ′′

t−n).

Thus, we have

E||Y ′
t − Y ′′

t ||2 ≤ ||An||E||Y ′
t−n − Y ′

t−n||

≤ ||An||(E||Y ′′
t−n||+ E||Y ′′

t−n||)

= lim
n→∞

||An||(E||Y ′′
t−n||+ E||Y ′′

t−n||) = 0.

Thus, Y ′
t

a.s
= Y ′′

t , i.e. the solution is unique. This completes the proof.

Theorem 2.2 Suppose that model(1.1) has a covariance stationary so-

lution yt. Then it is necessary that all the roots of zp− φ1z
p−1 · · ·φp = 0

lie inside the unit circle.

Proof. Ey2
t = a constant ⇒ E(YtY

′
t ) = Ω a constant matrix. By(2.2)

E(YtY
′
t ) = AE(Yt−1Y

′
t−1)A

′ + Eε̃tε̃
′
t

Ω = AΩA′ + σ2γγ′,

where γ = (1, 0, 0 · · · 0)′.
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Assume that A has an eigenvalue λ with corresponding left eigenvector

Z = (z1, z2, · · · , zp)
′, i.e. z′A = λz and z̄′A = λ̄z̄,where z̄ is the conjugate

vector of z. Thus,

z′Ωz̄ = z′AΩA′z̄ + z′γγ′z̄σ2

= λzΩ(z̄′A)′ + σ2|z1|2

= λzΩz̄λ̄ + σ2|z1|2

= |λ|2zΩz̄ + σ2|z1|2.

If z1 6= 0, then |λ| < 1.(?). Note that

(z1, · · · , zp)




φ1 · · · · · · φp

1 0 · · · 0
...

...
...

0 · · · 1 0


 = λ(z1, · · · , zp)

If z1 = 0, then using the previous equation, we have

z1φ1 + z2 = λz1,

z1φ2 + z3 = λz2,

...

z1φp−1 + zp = λzp−1,

z1φp = λzp.

Thus, if z1 = 0, then z1 = z2 = · · · = zp = 0. This is a contradiction

since z 6= 0. This completes the proof.

In particular, when p=2, the roots of z2 − φ1z − φ2 = 0 lie inside the

unit circle is equivalent to that

{ φ2 + φ1 < 1
φ2 − φ1 < 1
−1 < φ2 < 1.
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Basic Properties of AR(P) model: Ω = EStS
′
t = σ2γ

∑∞
i=0 Aiγγ′Ai′

(1) Eyt = 0

(2) Ey2
t = σ2

∞∑
i=0

(γ′Aiγ)2

(3) ACF :

γ0 = φ1γ1 + · · ·+ φpγp + σ2
a,

γk = φ1γk−1 + · · ·+ φpγk−p, k > 0.

ρk = φ1ρk−1 + · · ·+ φpρk−p, k > 0



ρ1 = φρ0 + · · ·+ φpρp−1

ρ2 = φ1ρ1 + φ2ρ0 + · · ·+ φpρp−2
...

ρp = φ1ρp−1 + · · ·+ φpρ0

⇒




ρ1

ρ2
...
ρp


 =

When k ≥ p + 1, ρk − φ1ρk−1 − · · · − φpρk−p(ρk =?).

(4)PACF:

Using formula. In particular, ψkk = 0 when k > p.

For AR(2)model:

When k = 1, 2,

ρ1 =
φ1

1− φ2

and ρ2 =
φ2

1 + φ2 − φ2
2

1− φ2

,

φ11 = ρ1 =
φ1

1− φ2

,

φ22 = φ2,

φkk = 0 as k ≥ 2.

2.2 Moving average processes

2.2.1 MA(1) Process

Xt = at + θat−1, where at is white noise.
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Properties:

µ = 0

V ar(xt) = σ2
a(1 + θ2)

γ1 = −θ1σ
2
a

γk = 0, if k ≥ 1.

ACF

{
ρ = − θ

1+θ2

ρk = 0, if k ≥ 1.

φ11 ≡ ρ1 =
−θ(1− θ2)

1− θ4

PACF

{
φ22 = −θ2(1−θ2)

1−θ6

φkk = −θk(1−θ2)

1−θ2(k+1) , k ≥ 1

MA(1) process is always covariance stationary.

New problem:

Given xt, xt−1, · · · ,can we calculate at accurately from the model? In-

vertibility(invertible)

at = xt + θat−1

= xt + θxt−1 + θ2at−2

= · · ·

= xt + θxt−1 + · · ·+ θnxt−n + θn+1at−n+1

≡ Stn + θn+1at−n+1.

We note that if |θ| < 1, then

Stn

a.s−→
m.s

∞∑
t=0

θixt−i,

E|θn+1at−n+1| ≤ |θ|n+1E|at−n+1| → 0.
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We can show that θn+1at−n+1
a.s.→ 0. Thus, as |θ| < 1, at =

∑∞
i=0 θixt−i

a.s.. In this case, we say that MA(1) model is invertible.

2.2.2 MA(q) process

Xt = at − θ1at−1 − θ2at−2 − · · · − θqat−q,

where at is white noise.

(1) Properties:

µ = 0

γ0 = EX2
t = σ2

a(1 + θ2
1 + · · ·+ θ2

q)

γk =

{
σ2

a(−θk + θ1θk+1 + · · ·+ θq−kθq) , k = 1, 2, · · · , q
0 , k > q.

ACF : ρk =

{ −θk+θ1θk+1+···+θq−kθq

1+θ2
1+···+θ2

q
, k = 1, 2, · · · , q

0 , k > q.

PACF : calculate from the formula.

φkk = 0(ρk) with |ρ| < 1

MA(q) model is always stationary (covariance).

(2) Condition for invertibility:

All the roots of θq(z) = 1− θ1z − · · · − θqz
q lie ouside the unit circle.

Remark:AR(p) is also always invertible.

Summary for AR(p) and MA(q) models:

{
stationarity (?)
invertibility (

√
)

{
stationarity (

√
)

invertibility (?)

2.3 ARMA(p,q)process

Xt = φ1Xt−1 + · · ·+ φpXt−p − θ1at−1 · · · − θqat−q + at,
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where at is white noise.

The ARMA(p,q) model can be written as

φ(B)Xt = θ(B)at,

where

φ(B) = 1− φ1B · · ·φpB
p and θ(B) = 1− θ1B · · · θqB

q.

A. Condition for the stationarity:

If all the roots of φ̄(z) = λp − φ1λ
p−1 · · ·φp = 0 and lie inside the unit

circle, then there is a unique solution Xt

Xt =
∞∑
i=0

ψiat−i, (ψ0 = 1)

where ψi = 0(ρi) with |ρ| < 1. [it is also necessary]

B. Condition for invertibility:

If all the roots of θ̄(z) = λq − θ1λ
q−1 · · · θq = 0 lie inside the unit circle,

then

at =
∞∑
i=0

πiXt−i (π0 = 1)

where πi = 0(ρi) with |ρ| < 1.

φ(B)

θ(B)
=

∞∑
i=0

πiB
i,

θ(B)

φ(B)
=

∞∑
i=0

φiB
i,

Another assumption:

φ(B) and θ(B) have no common root.

C. ACF:
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γk = φ1γk−1 + · · ·+ φpγk−p, k ≥ q + 1,

ρk = φ1ρk−1 + · · ·+ φpρk−p, k ≥ q + 1.

Important feature:

ρk = O(hk) with |h| < 1.

D. PACF:

φkk can be obtained from ρ1, · · · , ρk.

φkk = O(hk) with |h| < 1.

E. ARMA(1,1) model.

Xt = φ1Xt−1 − θ1at−1 + at or (1− φ1B)Xt = (1− θ1B)at.

The condition for stationarity is |φ1| < 1.

1− θ1B

1− φ1B
= 1 + (φ1 − θ1)

∞∑
i=1

φi−1
1 Bi

Xt = at + (φ1 − θ1)at−1 + (φ1 − θ1)φ1at−2 + · · · .

The condition for invertibility is |θ| < 1

1− φ1B

1− θ1B
= 1 + (θ1 − φ1)

∞∑
i=1

θi−1
1 Bi

at = Xt + (θ1 − φ1)Xt−1 + (θ1 − φ1)θ1Xt−2 + · · ·
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The ACF is

γ0 = φ1γ1 + σ2
a − θ1σ

2
a(φ1 − θ2)

γ1 = φ1γ0 − θ1σ
2
a

γk = φ1γk−1, k ≥ 2.

ρ0 = 1, k = 0

ρ1 =
(φ1 − θ1)(1− φ1θ1)

1 + θ2
1 − 2φ1θ1

ρk = φ1γk−1, k ≥ 2,

ρ0 = 1, k = 0

ρ1 =
(φ1 − θ1)(1− φ1θ1)

1 + θ2
1 − 2φ1θ1

ρk = φ1ρk−1, k ≥ 2.

The PACF is obtained from ρ0, ρ1, ρ2, · · · .

2.4. AR,MA, and ARMA models with a drift

AR(P ) : Xt = θ0 +φ1Xt−1 + φ2Xt−2 + · · ·+ φpXt−p + at (2.4.1)

↑

drift

If φ1 + · · ·+ φp 6= 1, let µ = θ0

1−φ1···−φp
. Then

Xt − µ = φ1(Xt−1 − µ) + · · ·+ φp(Xt−p − µ) + at.

Let yt = Xt − µ. Then

yt = φ1yt−1 + · · ·+ φρyt−p + at. (2.4.2)

So (2.4.1)⇒(2.4.2).
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Xt is stationary ⇐⇒ yt is stationary

m m

all the roots of

λp − φ1λ
p−1 · · · − φp = 0

lie inside the unit circle





Eyt = 0 ⇒ EXt = µ
Ey2

t E(X2
t − µ)2

ACF ⇒ ACF
PACF PACF

MA(q): Xt = µ + at − θ1at−1 · · · − θqat−q.

Let yt = Xt−q − µ, Then:

yt = at − θ1at−1 · · · − θqat−q.

Xt is invertible ⇐⇒ yt is invertible

m m

all the roots of

λq − θ1λ
q−1 · · · − θq = 0

lie inside the unit circle





Eyt = 0 ⇒ EXt = µ
Ey2

t E(Xt − µ)2

ACF ⇒ ACF
PACF PACF

ARMA(q):

Xt = θ0 + φ1Xt−1 + · · ·+ φpXt−p − θ1at−1 − · · · − θqat−a + at.

If φ1 + · · ·+ φp 6= 1, let µ = θ0

1−φ1−···φp
. Then

Xt − µ = φ1(Xt−1 − µ) + · · ·+ φp(Xt−p − µ)− θ1at−1 · · · − θqat−q + at.
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Let yt = Xt − µ. Then

yt = φ1yt−1 + · · ·+ φpyt−p − θ1at−1 − · · · − θqat−q + at.

Thus, the stationarity and invertibility conditions of {Xt} are the same

as those of {yt}. They also have the same variance, ACF and PACF.

But Eyt = 0 and EXt = µ.

3 Non-stationary TS Models

3.1. Nonstationarity in Mean

3.1.1. Deterministic Trend Models

Let {xt} be a sequence of stationary time series. Zt is called a Deter-

ministic Trend Model, if

Zt = α0 + α1t + xt, α1 6= 0.

Zt is not stationary.

Feature: If Zt is a Deterministic Trend Model. then after transformed:

Żt = Zt − α0 − α1t

Then Żt = xt and hence Żt is stationary.

Other Deterministic Trend Models:

Zt = α0 + α1t + α1t
2 + xt

Zt = γ0 + γ1 cos(tω + θ) + xt

Zt = γ0 +
m∑

j=1

(αj cos(tωj) + β sin(tωj) + xt.

3.1.2. Stochastic Trend Models
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Let {xt} ba a sequence of stationary time series. Zt is called a Stochastic

Trend Model, if

Zt = Zt−1 + xt, or (1−B)Zt = xt

Zt is not stationary.

In particular, when xt = at, Zt = Zt−1 + at is a random walk.

Feature: If Zt is a Stochastic Trend Model, then after differenced:

Żt = Zt − Zt−1

Żt is stationary.

General Stochastic Trend Models:

(1−B)dZt = xt, d ≥ 1.

Let Żt = (1−B)dZt. Then Żt is stationary.

3.2. Autoregressive Integrated Moving-average Model

3.2.1. The General ARIMA Model

Let Zt is a General Stochastic Trend Model:

(1−B)dZt = xt, d ≥ 1.

If xt is a weakly stationary and invertible ARMA model,

φp(B)xt = θq(B)at ,

where φp(B) and θq(B) have no common roots. Then:

φp(B)(1−B)dZt = θq(B)at ,

Zt is called ARIMA(p, d, q) model.(?)

If xt is the following ARMA model,

φp(B)xt = θ0 + θq(B)at ,

23



then,

φp(B)(1−B)dZt = θ0 + θq(B)at ,

Zt is called ARIMA(p, d, q) model.

3.2.2. The Random Walk model

ARIMA(0, 1, 0) model:

(1−B)Zt = at or

Zt = Zt−1 + at (random walk)

Zt = θ0 + Zt−1 + at

—- called the random walk with drift.

Example 3.1: Simulated 100 values from

(1−B)Zt = at ,

and

(1−B)Zt = 4 + at ,

Show the sample ACF and PACF.

3.2.3. The ARIMA(0, 1, 1) or IMA(1, 1) Model

ARIMA(0, 1, 1) model:

(1−B)Zt = (1− θB)at .

or

Zt = Zt−1 − θat−1 + at ,

where |θ| < 1.

Expansion:

at = Zt − α

∞∑
j=1

(1− α)j−1Zt−j.
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or

Zt = α
∞∑

j=1

(1− α)j−1Zt−j + at ,

where α = 1− θ.

Example 3.2: Simulated 100 values from three models:

ARIMA(1, 1, 0) model: (1− 0.8B)(1−B)Zt = at,

ARIMA(0, 1, 1) model: (1−B)Zt = (1− 0.75B)at,

ARIMA(1, 1, 1) model: (1− 0.9B)(1−B)Zt = (1− 0.5B)at,

a. Show the sample ACF and PACF.

b. Let Wt = (1−B)Zt. Show the sample ACF and PACF of Wt.

4 Model Identification

Suppose we have real data: y1, y2, · · · , yn. How to identify the model?

4.1 Steps for model identification

Step 1. Plot data yt and choose proper transformations.

some common transformation:

Zt = ln yt , or Zt =
√

yt , or Zt =
yλ

t − 1

λ
.

Denote Zt = f(yt), where f is the transformation function.

Step 2. Compute and examine the sample ACF of Zt.

Observe whether or not Zt is stationary or nonstationary.

If it is stationary, then go to Step 4. Otherwise go to Step 3.

Step 3. Differenced data.
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Let xt = Zt − Zt−1 [i.e. d = 1, xt = (1 − B)Zt]. Now, we have data xt,

and go back Step 2. If xt is stationary, then go to Step 4, otherwise:

Let x
′
t = xt − xt−1 [i.e. d = 2, x

′
t = (1 − B)2Zt]. Now, we have data x

′
t,

and go back Step 2. If x
′
t is stationary, then go to Step 4, otherwise:

Let x
′′
t = x

′
t − x

′
t−1 [i.e. d = 3, x

′′
t = (1− B)3Zt]. Now, we have data x

′′
t ,

and go back Step 2. If xt is stationary, then go to Step 4, otherwise:

· · · .

Usually, when d = 1 or 2, we can obtain a stationary data.

Step 4. Identify p and q in ARMA(p, q) model.

Now, we have stationary data xt. Model is:

φp(B)xt = θq(B)at , or φp(B)(xt − µ) = θq(B)at.

The criteria for identifying p and q:

ACF PACF

AR(p) Tails off as exponential decay Cuts off after lag p

or damped sine wave

MA(q) Cuts off after lag q Tails off as exponential decay

or damped sine wave

ARMA(p, q) Cuts off after lag q − p Cuts off after lag q − p

For the stationary ARMA(p, q) model, there are three important things:

1. Parameter estimation.

2. Diagnostic checking.

3. Model selection.

We will study these in other chapters .

Step 5. Final Model
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1. When xt = Zt (i.e. d = 0), model is

φp(B)[f(yt)] = θq(B)at

or

φp(B)[f(yt)− µ] = θq(B)at

2. When xt = (1−B)dZt, model is:

φp(B)(1−B)d[f(yt)] = θq(B)at

or

φp(B)[(1−B)df(yt)− µ] = θq(B)at

4.2 Empirical Examples

Example 4.1. Series W1.

Bun (1976, p.134).

daily average number of defects per truck found in inspection at the end

of the assembly line of a truck manufacturing plant between 04/11-10/01

(45 observations)

Model: (1− φB)(Zt − µ) = at.

Example 4.2. Series W2.

Yule (1927), Bartlett (1950), Whittle (1954), Brillinger and Rosenblatt

(1967), · · · .

This data set is the classic series of the Wolf yearly sunspot numbers

from 1700-1955. Scientists believe that the sunspot numbers affect the

weather of Earth and hence human activities such as agriculture, telecom-

munications and others.
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Model:

(1− φ1B − φ2B
2)(

√
Zt − µ) = at.

Box and Jenkins (1976):

(1− φ1B − φ2B
2 − φ3B

3)(
√

Zt − µ) = at.

(1− φ1B − φ2B
2 − · · · − φ9B

9)(
√

Zt − µ) = at.

Example 4.4. Series W4.

Data: the U.S. monthly series of unemployed females between ages 16

and 19 from Jan. 1961 Dec. 1985.

Model: (1−B)(Zt − µ) = (1− θB)at.

Example 4.5. Series W5.

Data: yearly accidental death rate (per 100,000 population) of Pennsyl-

vania (1950-1984).

Model: (1−B)Zt = θ0 + at or (1− φB)(Zt − µ) = at.

Example 4.6. Series W6.

Yearly U.S. tobacco production (1981-1984) published in the 1985 Agri-

cultural Statistics by the United States Department of Revenue.

Model: (1−B) ln Zt = (1− θ1B)at.

Example 4.7. Series W7.

Yearly number of lynx pelts sold by the Hudson’s Bay Company in

Canada between 1857 and 1911.

Model:

1. More (1953): (1− φ1B − φ2B
2 − φ3B

3)(ln Zt − µ) = at.

2. Nicholls and Quin (1982): Random coefficient AR(2) model. (rank

1).
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3. Subba-Rao and Gabr (1984): bilinear model. (rank 1)

4. Davis and Blockwell (1986): AR(7) model. (rank 3)

5. Tong (1990): STAR(2; 7, 2) model. (rank 2)

5 Parameter Estimation, Diagnostic check-

ing and Model selection

5.1 AR Model

Assume that X1, · · · , Xn are generated by the AR(p) model:

Xt = φ1Xt−1 + · · ·+ φpXt−p + at,

where at ∼ i.i.d. N(0, σ2) and the true parameters are φ0i.

Let X̃t = (Xt, · · · , Xt−p+1). Then the density of Xt given Xt−1, · · · , X1

is

f(Xp+1|X̃p) =
1√

2πσ2
e−

(Xp+1−φ′X̃p)′
2σ2 ,

f(Xp+2|X̃p+1) =
1√

2πσ2
e−

(Xp+2−φ′X̃p+1)′
2σ2 ,

...

f(Xn|X̃n−1) =
1√

2πσ2
e−

(Xn−φ′X̃n−1)2

2σ2 ,

where φ = (φ1, · · · , φp)
′. Thus, the joint density of {Xn, Xn−1, · · · , Xp +

1} given X̃p is

f(Xn, · · · , Xp+1|X̃p) = [
1√

2πσ2
]n−pe−

Pn
t=p+1

(Xn−φ′X̃n−1)2

2σ2 .

We call f(Xn, · · · , Xp+1|X̃p) the conditional likelihood function.

The conditional log-likelihood function is

L(λ) = −(n− p) log(2πσ2)
1
2 −

n∑
=p+1

(Xt − φ′X̃t−1)
2

2σ2
,
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where λ = (φ′, σ2)′. The maximizer of L(λ) is called the (conditional)

maximum likelihood estimator (MLE), denoted by λ̂n, of λ0, where λ0

is the true parameter of λ. λ̂n should satisfy the equation:

∂L(λ̂n)

∂λ
= 0.

Thus, to find λ̃n, we first need to solve the equation:

2L(λ)

2λ
= 0 .

Let

∂L(λ̂n)

∂φ
= − 1

σ2

n∑
t=p+1

(Xt − φ′X̃t−1)X̃t−1 = 0.

We get the solution

φ̂n = (
n∑

t=p+1

X̃t−1X̃
′
t−1)

−1(
n∑

t=p+1

XtX̃t−1). (5.2)

Here, φ̂n is the MLE of φ0. and it does not depend on σ2.

Remark: The least squares estimator (LSE) of φ0 is the minimizer of

the following function:

L(φ) =
n∑

t=p+1

(Xt − φ′X̃t−1)
2

Let φ̃n be the LSE. Then

∂L(φ̃n)

∂φ
= −2

n∑
t=p+1

(Xt − φ̃′nX̃t−1)X̃t−1 = 0.

φ̃n = (
n∑

t=p+1

X̃t−1X̃t−1)
−1(

n∑
t=p+1

X̃t−1Xt).

So LSE = MLE in this case.

Let εt(φ) = Xt − φ′X̃t−1. Then

L(φ) =
n∑

t=p+1

ε2
t (φ).
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If at is not normal, MLE 6= LSE.

Question: φ̂n is MLE or LSE ?

∂2L(λ)

∂φ∂φ′
= − 1

σ2

n∑
t=1

(X̃t−1X̃
′
t−1).

∂2L(φ)

∂φ∂φ′
=

n∑
t=1

(X̃t−1X̃
′
t−1).

Lemma 5.1. Assume that X1, · · · , Xn are generated by AR(P) model

and all the roots of zp−φ1z
p−1 · · ·φp = 0 lie inside the unit circle. Then

1

n

n∑
t=p+1

(X̃t−1X̃
′
t−1)

a.s.−→ E(X̃tX̃
′
t),

and E(X̃tX̃
′
t) > 0 (i.e positive definite).

Proof. By Theorem 2.1. {Xt} is strictly stationary and ergodic,and

EX2
t < ∞. Thus, X̃tX̃

′
t is also strictly stationary and ergodic, and

E|Xt−iXt−j| ≤
√

EX2
t−iEX2

t−j < ∞

By ergodic theorem, for ∀i, j,

1

n

n∑
t=p+1

Xt−iXt−j
a.s.−→ E(Xt−iXt−j).

So

1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

a.s.−→ E(X̃t−1X̃
′
t−1) = E(X̃tX̃

′
t).

For ∀c = (c1, c2, · · · cp)
′,

c′E(X̃tX̃
′
t)c = E(c′X̃tX̃

′
tc) = E(c′X̃t)

2 ≥ 0.

So, E(X̃tX̃
′
t) ≥, i.e. semi-positive definite.

If E(X̃tX̃
′
t) is not positive definite, ∃c 6= 0 such that

c′E(X̃tX̃
′
t)c = E(c′X̃t)

2 = 0
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⇒ c′X̃t = 0 a.s. ⇒ c1Xt + c2Xt−1 + · · ·+ cpXt−p+1 = 0.

For simplicity, we assume that c1 6= 0. Then

Xt = −c2

c1

Xt−1 + · · ·+ cp

c1

Xt−p+1

⇒ at = (−c2

c1

+ φ1)Xt−1 − · · · − (
cp

c1

+ φp−1)Xt−p+1 − φpXt−p.

This is a contradiction with the model (2.1). So E(X̃tX̃
′
t) > 0. ¤

By Lemma 5.1

1

n

∂2L(λ)

∂φ∂φ′
a.s.−→ − 1

σ2
E(X̃tX̃

′
t) < 0.

1

n

∂2L(φ)

∂φ∂φ′
a.s.−→ E(X̃tX̃

′
t) > 0.

Theorem 5.1. Under the assumptions of Lemma 2.1,

φ̂n
a.s.−→ φ0, as n →∞.

Proof. First

φ̃n − φ0 = (
n∑

t=p+1

X̃t−1X̃
′
t−1)

−1[
n∑

t=p+1

[Xt−1X̃
′
t−1 − X̃t−1X̃

′
t−1φ0]]

= (
n∑

t=p+1

X̃t−1X̃
′
t−1)

−1[
n∑

t=p+1

(X̃t−1|Xt − X̃ ′
t−1φ0)]

= (
n∑

t=p+1

X̃t−1X̃
′
t−1)

−1

n∑
t=p+1

X̃t−1at

= (
1

n

n∑
t=p+1

X̃t−1X̃
′
t−1)

−1(
1

n

n∑
t=p+1

X̃t−1at) (5.3)

By Lemma 5.1,

1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

a.s.−→ E(XtX
′
t) > 0.

By the ergodic theorem,

1

n

n∑
t=1

X̃t−1at
a.s.−→ E(Xtat) = 0.
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So, φ̃n
a.s.−→ φ0. ¤

Definition 5.1. (consistency)

(i) If λ̂n
p−→ λ0, we call that λ̂n is a consistent estimator of λ0 in prob-

ability.

(ii) If λ̂n
a.s.−→ λ0, we call that λ̂n is a consistent estimator of λ0,almost

surely,(or strong consistency).

Definition 5.2.(Asymptotic Normality) If
√

n(λ̂n − λ0
L−→ N(0, Ω),

We say that the estimator λ̂n of λ0 is asymptotically normal with the

asymptotic covariance matrix Ω.

Theorem 5.2. Under the assumptions of Lemma 5.5,

√
n(λ̂n − λ0

L−→ N(0, σ2E−1(X̃t−1X̃
′
t−1)).

Proof. By (5.3),

√
n(λ̂n − λ0) = (

1

n

n∑
t=p+1

X̃t−1X̃
′
t−1)

−1(
1√
n

n∑
t=p+1

X̃t−1at)

↪→ Ω−1 ↪→?

Theorem 5.3. (Central Limit Theorem). Suppose that ζ1, ζ2, · · · is an

ergodic and strictly stationary time series with

σ2 = Eζ2
n < ∞ and E(ζn|Fn−1) = 0,

where Fn = σ{ζt : t ≤ n}. Let Sn =
∑n

i=1 ζi. Then

1√
n

Sn −→L N(0, σ2) as n →∞.

Theorem 5.4 (Grame’r-Wold device). Let {wn} be a sequence of ran-

dom vector. Then:

wn
L→ w if and only if λ′wn

L→ λ′w
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for any constant vector λ = (λ1, · · · , λm)′ with λλ′ 6= 0 where m is the

dimension of wn.

Back to (5.4): Let wn = 1√
n

∑n
t=p+1 X̃t−1at, For ∀ constant c with c′c 6= 0,

consider

c′wn =
1√
n

n∑
t=p+1

c′X̃ ′
t−1at.

Let ζt = c′X̃ ′
t−1at. Then ζt is strictly stationary and ergodic, and

E(ζt|Ft−1) = 0,

E(ζ2
t |) = c′E(X̃t−1X̃

′
t−1a

2
t )c = σ2c′E(X̃t−1X̃

′
t−1)c.

By Theorem 5.3.

c′wn
L−→ N(0, σ2c′E(X̃tX̃

′
t)c).

Furthermore,by Theorem 5.4.

wn
L−→ N(0, σ2c′E(X̃tX̃

′
t)c) (5.5)

By (5.4),(5.5) and Lemma 5.1, we have

√
n(φ̂n − φ0)

L−→ N(0, σ2c′E(X̃tX̃
′
t)c).

¤

5.2. MA Models.

Assume that X1, · · · , Xn are generated by the MA(1) model:

Xt = at − θat−1,

where at ∼ N(0, σ2) and |θ| < 1 and the true value of θ is θ0.

By the invertibility of MA(1) model,

at =
∞∑
i=0

θiXt−i, (5.6)

or Xt = −
∞∑
i=1

θiXt−i + at. (5.7)
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Denote X̃t = {Xt, Xt−1, · · · }. Then

Xt|X̃t ∼ N(−
∞∑
i=1

θiXt−i, σ
2).

f(Xn, Xn−1, · · · , X1|X̃0) = Πn
i=1f(Xi|Xi−1, · · · , X0)

= [
1√

2πσ2
]ne−

(Xt+
P∞

i=1 θiXt−i)
2

2σ2 .

The conditional log-likelihood function is

L(θ) = −1

2
log(2πσ2)− 1

2σ2

n∑
t=1

(Xt +
∞∑
i=1

θiXt−i)
2.

Let at(θ) = Xt +
∑∞

i=1 θiXt−i. at(θ) is called residual.

L(θ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

a2
t (θ). (5.8)

To maximize L(θ), we first need to maximize

Sn(θ) = −
n∑

t=1

a2
t (θ).

The minimizer is called CMLE or MLE. Or to minimize

S̃n(θ) =
n∑

t=1

a2
t (θ) (5.9).

Denote

θ̂n = argmax|θ|≤c<1Sn(θ), (5.10)

ı.e. Sn(θ̂n) = max|θ|≤c<1Sn(θ). Suppose that Xi = 0 as i ≤ 0. Then

a0(a) = 0.

a1(θ) = X1 ≡ a1(θ)

a2(θ) = X2 + θX1 = X2 + Qa∗1(θ) ≡ a∗2(θ)

a3(θ) = X3 + θ2X1 = X3 + θa∗2(θ) ≡ a∗3(θ)

...

an(θ) = Xn + θXn−1 + · · ·+ θnX1 = Xn + θa∗n−1(θ) ≡ a∗n(θ).
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S∗A(θ) = −
n∑

t=1

[a∗t (θ)]
2. (5.11)

Denote θ̂∗n = argmax|θ|≤c<1S
∗
n(θ). at(θ) and a∗t (θ) are nonlinear functions

in terms of θ.

Theorem 5.5. If θ0, θ ∈ [−c, c] with 0 < c < 1, then, as n →∞,

(1) θ̂n
p→ θ0,

(2) θ̂∗n
p→ θ0.

Proof. For(1), we only need to verify the Assumption A.1.

(i) Θ = [−c, c] is compact and f(θ, Yt) = −a2
t (θ) is continuous and θ0 is

an interior point in Θ. Thus, (i) holds.

(ii)

−Ea2
t (θ) = −E[Xt + θat−1(θ)]

2

= −E[−θ0at−1 + θat−1(θ) + at]
2

= −Ea2
t − 2E[at(−θaat−1 + θat−1(θ))]− E[−θ0at−1 + θat−1(θ)]

2

= −σ2
a − E[−θ0at−1 + θat−1(θ)]

2.

Thus, Ef(θ, Xt) = −Ea2
t (θ) achieves its maximizer if and only if E[θ0at−1−

θat−1(θ)]
2 = 0,

i.e. θ0at−1 − θat−1(θ) = 0 as (5.12)

By Taylor’s expansion:

at−1(θ) = at−1(θ0)− (θ − θ0)
∂at−1(θ

∗)
∂θ

.

By (5.12), we have

(θ − θ0)[at−1 − θ
∂at−1(θ

∗)
∂θ

] = 0. (5.13)
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If θ − θ 6= 0, then

at−1 = θ
∂at−1(θ

∗)
∂θ

, (5.14)

∂at(θ)

∂θ
= at−1(θ) + θ

∂at−1(θ)

∂θ
,

∂at(θ)

∂θ
=

1

1− θB
at−1(θ) =

∞∑
i=0

θiat−1−i(θ)

= at−1(θ) + θat−1(θ) + · · ·

= g(θ, Xt−1, Xt−2, · · · ) (5.15)

By (5.14)-(5.15), we know that

at−1 = g(θ, Xt−2, Xt−3, · · · )

This is impossible since at−1 is independent of Xt−2, Xt−3, · · · . So, θ = θ0

and hence −Ea2
t (θ) achieves its maximum at and only at θ = θ0. Thus

(ii) d holds.

Now, we prove that (iii) holds.

max
θ∈[−c,c]

a2
t (θ) ≤ [ max

θ∈[−c,c]
|at(θ)|]2 (5.16)

max
θ∈[−c,c]

|at(θ)| = max
θ∈[−c,c]

|Xt −
∞∑
i=1

θiXt−i|

≤ |Xt|+
∞∑
i=1

ci|Xt−i|. (5.17)

By (5.16)-(5.17), we have

E[ max
θ∈[−c,c]

at(θ)]
2 ≤ E(|Xt|+

∞∑
i=1

ci|Xt−i|)2 < ∞.

By Theorem A.1.

θ̃n
a.s.→ θ0, as n →∞,

i.e. (1) holds. ¤
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Appendix 5.1. A General Asymptotic Theory

Let {yt, t = 0,±1, · · · } be a strictly stationary and ergodic time series.

Ln(λ) =
n∑

t=1

f(λ, Yt),

where Yt = {yt, yt−1, · · · }, λ is the unknown parameter and its true value

is λ0. Assume that parameter space is Θ and λ0 ∈ Θ and λ ∈ Θ.

Let λ̂n be the maximizer of Ln(λ) in Θ. Denote

θ̂n = argmaxλ∈ΘLn(λ)

Assumption A.1.

(i) Θ is compact and f is continuous, and λ0 is an interior point in Θ,

(ii) Ef(λ, Yt) has a unique maximizer at λ0.

(iii) EmaxΘ|f(λ, Yt)| < ∞.

Theorem A.1. If Assumption A.1 holds, then

λ̂n
p−→ λ0,

as n →∞.

Assumption A.2.

(i) f(λ, Yt) is twice differentiable and ∂2f(λ,Yt)
∂λ∂λ′ is continuous in terms of

λ;

(ii) E[∂f(λ0,Yt)
∂λ

|Ft−1] = 0 and 0 < E[∂f(λ0,Yt)
∂λ

∂f(λ0,Yt)
∂λ′ ] < ∞;

(iii) ∃ a neighbor of λ0, Vλ0(δ) = {λ : ||λ− λ0|| < δ}, such that

E sup
λ∈Vλ0

(δ)

||∂
2f(λ, Yt)

∂λ∂λ
|| < ∞ and E[

∂2f(λ0, Yt)

∂λ∂λ′
] < 0.

Theorem A.2. If Assumptions A.1, A.2 hold, then

√
n(λ̂n − λ0)

L→ N(0, B−1AB−1),
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where

A = E[
∂f(λ, Yt)

∂λ

∂f(λ, Yt)

∂λ′
] and B = E[

∂2f(λ, Yt)

∂λ∂λ′
].

Given yn, yn−1, · · · , y1, let Y ∗
t = {yt, · · · , y1, c0, c−1, · · · } and

L∗n(λ) =
n∑

t=1

f(λ, Y ∗
t ),

λ̂∗n = argmaxλ∈ΘL∗n(λ),

where Θ is the parameter space.

Theorem A.3. If Assumption A.1 holds and

max
λ∈Θ

| 1
n

n∑
t=1

[f(λ, Yt)− f(λ, Y ∗
t )]| = op(1),

then λ̂∗n
p−→ λ0, as n →∞.

Theorem A.4. If Assumptions A.1-A.2 hold, and

max
λ∈Θ

| 1
n

n∑
t=1

[f(λ, Yt)− f(λ, Y ∗
t )]| = op(1),

max
λ∈Θ

| 1
n

n∑
t=1

[
∂2f(λ, Yt)

∂λ∂λ′
− ∂2f(λ, Y ∗

t )

∂λ∂λ′
]| = op(1),

max
λ∈Θ

| 1
n

n∑
t=1

[
∂f(λ0, Yt)

∂λ
− ∂f(λ, Y ∗

t )

∂λ
]| = op(1).

Then

√
n(λ̂∗n − λ0)

L−→ N(0, B−1AB−1).

To prove (2), we only need to prove that

max
θ∈[−c,c]

∣∣∣∣∣
1

n

n∑
t=1

[
a2

t (θ)− a∗2t (θ)
]
∣∣∣∣∣ = op(1) (5.18)

at(θ)− a∗t (θ) =
∞∑
i=0

θiXt−i −
t−1∑
i=0

θiXt−i

=
∞∑
i=t

θiXt−i.
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Thus,

max
θ∈[−c,c]

∣∣∣∣∣
1

n

n∑
t=1

[
a2

t (θ)− a∗2t (θ)
]
∣∣∣∣∣ ≤

[
1

n

n∑
t=1

(|at(θ)|+ |a∗t (θ)|) (|at(θ)− a∗t (θ)|)
]

≤ 2

( ∞∑
i=1

ci|Xt−i|
)( ∞∑

i=t

ci|Xt−i|
)

(5.19)

For ∀ε > 0,

P

(
max

θ∈[−c,c]

∣∣∣∣∣
1

n

n∑
t=1

[
a2

t (θ)− a∗2t (θ)
]
∣∣∣∣∣ > ε

)

≤ 1

ε
E

{
max

θ∈[−c,c]

∣∣∣∣∣
1

n

n∑
t=1

[
a2

t (θ)− a∗2t (θ)
]
∣∣∣∣∣

}

≤ 1

nε

n∑
t=1

E

{
max

θ∈[−c,c]

∣∣a2
t (θ)− a∗2t (θ)

∣∣
}

≤ 2

nε

n∑
t=1

E

{( ∞∑
i=1

ci|Xt−i|
)( ∞∑

i=t

ci|Xt−i|
)}

≤ 2 M
nε

n∑
t=1

ct → 0 as n →∞.

where M is some constant. Thus, (2) holds.

Theorem 5.6. If θ0, θ ∈ [−c, c] with 0 < c < 1 and θ0 6= −c, c, then, as

n →∞,

(1).
√

n
(
θ̂n − θ0

)
L−→ N

(
0, σ2E−1

[
∂at(θ0)

∂θ

]2
)

(2).
√

n
(
θ̂∗n − θ0

)
L−→ N

(
0, σ2E−1

[
∂at(θ0)

∂θ

]2
)

.

Remark. In Theorem A.2,

f(λ, Yt) = −a2
t (θ)

∂f(λ, Yt)

∂λ
= −2at(θ)

∂at(θ)

∂θ

Thus,

A = 4E

[
a2

t (θ)
∂at−1(θ)

∂θ

]2
∣∣∣∣∣
θ=θ0

= 4σ2E

[
∂at(θ0)

∂θ

]2

(5.20)
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∂2f(λ, Yt)

∂λ∂λ′
= −2

∂at−1(θ)

∂θ

∂at(θ)

∂θ
− 2at(θ)

∂2at(θ)

∂θ∂θ
.

B = −2E

[
∂at−1(θ)

∂θ

]2
∣∣∣∣∣
θ=θ0

− 2E

[
at(θ)

∂2at(θ)

∂θ∂θ

]2
∣∣∣∣∣
θ=θ0

= −2E

[
∂at(θ0)

∂θ

]2

. (5.21)

By (5.20)—-(5.21),

B−1AB−1 = σ2E−1

[
∂at(θ0)

∂θ

]2

. (5.22)

Proof of Theorem 5.6. We only need to verify the condition in The-

orems A.2 and A.4.

(i) of Assumption A.2 holds. Now, we consider (ii) of Assumption A.2,

E−1

[
at(θ0)

∂at(θ0)

∂θ

∣∣∣∣∣Ft−1

]
= 0. (5.23)

By (5.20), we only need to prove that

0 < E

(
∂at(θ0)

∂θ

)2

< ∞. (5.24)

First, if E
(

∂at(θ0)
∂θ

)2

= 0, then,

∂at(θ0)

∂θ
= 0, a.s..

But

∂at(θ)

∂θ
= at−1(θ) + θ

∂at−1(θ)

∂θ
,

we have at−1(θ0) = 0 a.s.. This is impossible.

Thus, E
(

∂at(θ0)
∂θ

)2

> 0.

E

[
∂at(θ0)

∂θ

]
= E

[ ∞∑
i=0

θi
0at−i(θ0)

]2

< ∞.

Thus, (ii) of Assumption A.2 holds.
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Next, we prove that (iii) of A.2 holds.

E sup
|θ|≤c

∣∣∣∣
∂2f(λ, Yt)

∂λ∂λ′

∣∣∣∣ ≤ 2E sup
|θ|≤c

(
∂at−1(θ)

∂θ

)2

+ 2E sup
|θ|≤c

∣∣∣∣at(θ)
∂at−1(θ)

∂θ

∣∣∣∣ . (5.25)

∣∣∣∣
∂at(θ)

∂θ

∣∣∣∣ ≤
∞∑
i=0

|θ|i|at−i−1(θ)|,
∣∣∣∣
∂at(θ)

∂θ

∣∣∣∣
2

≤
∞∑
i=0

∞∑
j=0

|θ|i|θ|j|at−i−1(θ)||at−j−1(θ)|,

a2
t (θ) ≤

( ∞∑
i=0

|θ|i|Xt−i|
)2

,

E sup
|θ|≤c

a2
t (θ) ≤ E

( ∞∑
i=0

ci|Xt−i|
)2

< ∞.

So

E sup
|θ|≤c

∣∣∣∣
∂at−1(θ)

∂θ

∣∣∣∣
2

≤ E

( ∞∑
i=0

ci sup
|θ|≤c

|a2
t (θ)|

)2

< ∞.

E sup
|θ|≤c

∣∣∣∣at(θ)
∂at−1(θ)

∂θ

∣∣∣∣ ≤
(
E sup
|θ|≤c

|at(θ)|2E sup
|θ|≤c

∣∣∣∣
∂at−1(θ)

∂θ

∣∣∣∣
2
)1/2

< ∞.

By (5.21),

E sup
|θ|≤c

∣∣∣∣
∂2f(λ0, Yt)

∂λ∂λ′

∣∣∣∣ < ∞.

Thus, (iii) of Assumption A.2 holds. Hence, (1) holds.

To prove (2), we need to verify conditions in Theorem A.4.. The first

condition was verified on page 46. The second condition can be verified

similarly as that for the third one. We only prove that the third condition

is satisfied, i.e.,

1√
n

n∑
t=1

(
at(θ0)

∂at(θ0)

∂θ
− a∗t (θ0)

∂a∗t (θ0)

∂θ

)
= op(1) (5.26)

at(θ)− a∗t (θ) =
∞∑
i=t

θiXt−i, (5.27)

∂at(θ)

∂θ
− ∂a∗t (θ)

∂θ
=

∞∑
i=0

θiat−1−i(θ)−
∞∑
i=0

θia∗t−1−i(θ)

=
t∑

i=0

θi
[
at−1−i(θ)− a∗t−1−i(θ)

]
+

∞∑
i=t+1

θiat−1−i(θ). (5.28)
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For ∀ε > 0,

P

(∣∣∣∣∣
1√
n

n∑
t=1

(
at(θ0)

∂at(θ0)

∂θ
− a∗t (θ0)

∂a∗t (θ0)

∂θ

)∣∣∣∣∣ > ε

)

≤ 1√
nε
E

∣∣∣∣∣
1√
n

n∑
t=1

(
at(θ0)

∂at(θ0)

∂θ
− a∗t (θ0)

∂a∗t (θ0)

∂θ

)∣∣∣∣∣

≤ 1√
nε

n∑
t=1

{
E

[
|at(θ0)− a∗t (θ0)|

∣∣∣∣
∂a∗t (θ0)

∂θ

∣∣∣∣
]

+

+ E

[∣∣∣∣
∂at(θ0)

∂θ
− ∂a∗t (θ0)

∂θ

∣∣∣∣ |at(θ0)|
]}

. (5.29)

By (5.27),

E (at(θ0)− a∗t (θ0))
2 = E

( ∞∑
i=t

θi
0Xt−i

)2

=
∞∑
i=t

∞∑
j=t

θi
0θ

j
0E(Xt−iXt−j)

≤ (
E(Xt)

2
) ∞∑

i=t

∞∑
j=t

θi
0θ

j
0

≤ c0θ
2t
0 ,

where c0 is a constant. Note that E
∣∣∣∂a∗t (θ0)

∂θ

∣∣∣
2

≤ c, where c is a constant

independent of t. Thus,

E

[
|at(θ0)− a∗t (θ0)|

∣∣∣∣
∂a∗t (θ0)

∂θ

∣∣∣∣
]

≤
(
E |at(θ0)− a∗t (θ0)|2E

∣∣∣∣
∂a∗t (θ0)

∂θ

∣∣∣∣
2
)1/2

≤ c1θ
t
0. (5.30)

By (5.28),

E

∣∣∣∣
∂at(θ0)

∂θ
− ∂a∗t (θ0)

∂θ

∣∣∣∣

≤
t∑

i=0

θ0E
∣∣at−1−i(θ0)− a∗t−1−i(θ0)

∣∣ +
∞∑

i=t+1

θi
0E|at−1−i(θ0)|

≤ c2θ
t
0,

where c2 is a constant.

E

[∣∣∣∣
∂at(θ0)

∂θ
− ∂a∗t (θ0)

∂θ

∣∣∣∣ |at(θ0)|
]
≤ c3θ

t
0. (5.31)
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By (5.29), (5.30) and (5.31), we can show that

(5.29) ≤ 1√
nε

n∑
t=1

(c2 + c3) θt
0 = op(1).

Hence, (5.26) holds. ¤

Assume that X1, · · · , Xn are generated by the MA(q) model:

Xt = at − θ1at−1 − · · · − θqat−q

where at ∼ i.i.d.N (0, σ2) and all the roots of λq − θ1λ
q−1 − · · · − θq = 0

lie inside the unit circle.

Let θ = (θ1, · · · , θq)
′ and λ = (θ′, σ2). By the invertibility of MA(q)

model,

at =
∞∑
i=0

ψiXt−i, ψi = O(ρi) with |ρ| < 1,

or,

Xt = −
∞∑
i=1

ψiXt−i + at.

Denote X̃t = {Xt, Xt−1, · · · , }, then,

Xt|X̃t−1 ∼ N (−
∞∑
i=1

ψiXt−i, σ2),

f(Xn, Xn−1, · · · , X1|X̃0) =

(
1√

2πσ2

)n

exp




−

n∑
t=1

(
Xt +

∞∑
i=1

ψiXt−i

)2

2σ2





The conditional log-Likelihood function is

L(λ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

(
Xt +

∞∑
i=1

ψiXt−i

)2

.
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Let at(θ) = Xt +
∞∑
i=1

ψiXt−i = θ−1(B)Xt.

L(λ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

a2
t (θ)

Sn(θ) = −
n∑

t=1

a2
t (θ)

θ̂n = arg max
θ∈Θ

(
−

n∑
t=1

a2
t (θ)

)

Let Xi = 0, as i ≤ 0.

θ(B)at(θ) = Xt.

at(θ)− θ1at−1(θ)− · · · − θqat−q(θ) = Xt,

at(θ) = Xt + θ1at−1(θ) + · · ·+ θqat−q(θ).

a∗1(θ) = a1(θ) = X1;

a∗2(θ) = X1 + θ1a
∗
1(θ);

a∗3(θ) = X2 + θ1a
∗
2(θ) + θ2a

∗
1(θ);

...

a∗n(θ) = Xn + θ1a
∗
n−1(θ) + · · ·+ θqa

∗
t−q(θ).

S∗n(θ) = −
n∑

t=1

a∗t (θ).

Denote

θ∗n = arg max
θ∈Θ

S∗n(θ).

θ̂n and θ∗n are called the (conditional ) MLE of θ0.

Theorem 5.7. Suppose that the parameter space Θ is compact subset

of Rq, and for each θ ∈ Θ, all the roots of λq − θ1λ
q−1 − · · · − θq = 0 lie
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inside the unit circle. Then,

(i) θ̂n, θ∗n
P−→ θ0.

(ii)
√

n
(
θ̂n − θ0

)
L−→ N (0, Ω),

√
n (θ∗n − θ0)

L−→ N (0, Ω),

where

Ω = σ2E−1

[
∂at(θ0)

∂θ

∂at(θ0)

∂θ′

]
.

5.3. ARMA Models

φ(B)Xt = θ(B)at,

where φ(B) = 1 − φ1B − · · · − φpB
p and θ(B) = 1 − θ1B − · · · − θqB

q.

Denote λ = (φ1, φ2, · · · , φp, θ1, · · · , θq)
′.

Xt = φ−1(B)θ(B)at,

at = θ−1φ(B)Xt

= Xt −
∞∑
i=1

πiXt−i,

Xt = at +
∞∑
i=1

πiXt−i.

Given X̃t = {Xt, Xt−1, · · · }.

Xt|X̃t−1 ∼ N
( ∞∑

i=1

πiXt−i, σ2

)
,

f(Xn, Xn−1, · · · , X1|X̃0) =

(
1√

2πσ2

)n

exp



−

1

2σ2

n∑
t=1

(
Xt −

∞∑
i=1

πiXt−i

)2




The conditional log-Likelihood function is

L(λ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

(
Xt −

∞∑
i=1

πiXt−i

)2

. (5.32)
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Let

at(λ) = Xt −
∞∑
i=1

πiXt−i, ——– residuals,

L(λ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

a2
t (λ),

Sn(λ) = −
n∑

t=1

a2
t (λ).

Denote

λ̂n = arg max
λ∈Θ

S(λ) ——– MLE of λ0.

When Xi = 0, as i ≤ 0.

a∗t (λ) ≡ at(λ)
∣∣∣

Xi= 0
as i≤0

= Xt −
t−1∑
i=1

πiXt−i, (5.33)

a∗t = Xt − φ1Xt−1 − · · · − φpXt−p − θ1a
∗
t−1(λ)− · · · − θqa

∗
t−q(λ), (5.34)

L(λ) = −n

2
log(2πσ2)− 1

2σ2

n∑
t=1

a∗t (λ), (5.35)

S∗n(λ) = −
n∑

t=1

a∗t (λ),

λ̂∗n = arg max
λ∈Θ

S∗n(λ) ——– MLE of λ0.

Theorem 5.8. Suppose that the parameter space Θ is compact subset

of Rp+q, and for each θ ∈ Θ, all the roots of λp − φ1λ
p−1 − · · · − φp = 0

and λq − θ1λ
q−1 − · · · − θq = 0 lie inside the unit circle, and they have

not common roots. Then,

(i) λ̂n, λ̂∗n
P−→ θ0.

(ii)
√

n
(
λ̂n − λ0

)
L−→ N (0, Ω),

√
n

(
λ̂∗n − λ0

)
L−→ N (0, Ω),

where

Ω = σ2E−1

[
∂at(λ0)

∂λ

∂at(λ0)

∂λ′

]
.
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¤

How to find the solution for the following equation

∂S∗n(λ)

∂λ
= 0 ?

∂S∗n(λ̂∗n)

∂λ
= 0,

∂S∗n(λ̂∗n)

∂λ
− ∂S∗n(λ

(0)
0 )

∂λ
=

(
λ̂∗n − λ

(0)
0

)′ ∂2S∗n(ξ(0))

∂λ∂λ′
,

λ̂∗n − λ
(0)
0 = −

[
∂2S∗n(ξ(0))

∂λ∂λ′

]−1
[

∂S∗n(λ
(0)
0 )

∂λ

]
.

λ(1) − λ(0) = −
[
∂2S∗n(λ(0))

∂λ∂λ′

]−1 [
∂S∗n(λ(0))

∂λ

]
,

λ̂∗n − λ(1) =?

∂S∗n(λ̂∗n)

∂λ
− ∂S∗n(λ(1))

∂λ
=

(
λ̂∗n − λ(1)

)′ ∂2S∗n(ξ(1))

∂λ∂λ′
,

λ̂∗n − λ(1) = −
[
∂2S∗n(ξ(1))

∂λ∂λ′

]−1 [
∂S∗n(λ(1))

∂λ

]
,

λ(2) − λ(1) = −
[
∂2S∗n(λ(1))

∂λ∂λ′

]−1 [
∂S∗n(λ(1))

∂λ

]
.

λ̂∗n − λ(2) =?

λ(m) − λ(m−1) = −
[
∂2S∗n(λ(m−1))

∂λ∂λ′

]−1 [
∂S∗n(λ(m−1))

∂λ

]
.

λ(0), λ(1), · · · , λ(m) −→ λ̂∗n, as m →∞. ¤

5.4. Diagnostic Checking

Let a1, a2, · · · , an be i.i.d. white noises.

γ̂k =
1

n

n−k∑
t=1

atat+k
a.s.−→ E(atat+k) = 0;

ρ̂k =
γ̂k

γ̂0

=

n−k∑
t=1

atat+k

n∑
t=1

a2
t

a.s.−→ 0 if k ≥ 1.
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Denote ρ̂ = (ρ̂1, ρ̂2, · · · , ρ̂
M

)′. Then ρ̂
a.s.−→ 0.

Theorem 5.9. If at is i.i.d. white noises with Ea2
t = σ2 < ∞, then,

√
nρ̂

L−→ N (0, I
M

),

as n →∞.

Proof.

√
nρ̂ =

1

1
n

n∑
t=1

a2
t

· 1√
n

(
n−1∑
t=1

atat+1, · · · ,

n−M∑
t=1

atat+M

)′

1√
n

(
n−1∑
t=1

atat+1, · · · ,

n−M∑
t=1

atat+M

)′

=
1√
n

(
n−M∑
t=1

atat+1, · · · ,

n−M∑
t=1

atat+M

)′

+
1√
n

(
n−1∑

t=n−M+1

atat+1, · · · ,

n−M+1∑
t=n−M+1

atat+M , 0

)′

≡ A + B.

E

(
1√
n

n−1∑
t=n−M+1

atat+1

)2

=
1

n

n−1∑
t=n−M+1

E(a2
t a

2
t+1) =

σ4

n
·M → 0.

So,

1√
n

n−1∑
t=n−M+1

atat+1 = op(1).

Similarly, we can show that other elements in B are op(1), and hence

B = op(1).

We now consider A:

A =
1√
n

(
n−M∑
t=1

atat+1, · · · ,

n−M∑
t=1

atat+M

)′

.

Let ξt = c′(atat+1, · · · , atat+M)′. Then {ξt} is a sequence of strictly

stationary and ergodic time series, E(ξt|Ft−1) = 0.

Eξ2
t =

∑
i

∑
j

E(cicjat+iat+i+1at+jat+j+1)

=
M∑
i=1

c2
iE(a2

t a
2
t+i) = (c′I

M
c)σ4.
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By the Central Limit Theorem, we have

1√
n

n∑
t=1

ξt
L−→ N (0, (c′I

M
c)σ4).

Further, by Cramer-Wold device, we know that

A
L−→ N (0, σ4I

M
).

Thus,

1√
n

(
n−1∑
t=1

atat+1, · · · ,

n−M∑
t=1

atat+M

)′
L−→ N (0, σ4I

M
). (5.36)

1

n

n∑
t=1

a2
t

a.s.−→ σ2. (5.37)

By (5.36)-(5.37), we know that

√
nρ̂

L−→ N (0, I
M

). (5.38)¤

By Theorem 5.9,

Var
(√

nρ̂
k

) ≈ 1, as n is large enough.

Thus,
√

Var (ρ̂
k
) ≈ 1√

n
.

———————————————- ← 1√
n

. . .
. . .

... · · · . . . . . . . . . . . .
. . . . . .

√
Varρ̂

k

↗
↘ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ← ρk = 0

. . .
. . .

... · · · . . . . . . . . . . . . · · · . . .

———————————————- ← − 1√
n

Hypothesis:

H0 : ρ1 = ρ2 = · · · = ρ
M

= 0;

H1 : H0 does not hold.
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Test statistics:

Q = n

M∑

k=1

ρ̂2
k
∼ χ2(M)

or

Q =
n(n + 2)

n−M

M∑

k=1

ρ̂2
k
∼ χ2(M).

Q is called portmanteau test (or Ljung-Box test).

If Q < χ0.05, we accept H0, (5% possible error).

If Q ≥ χ0.05, we reject H0.

Do you believe this test?

We can verify this test by simulation method. From computer, we can

generate a data set.

X̄1 ≡ {a1, a2, · · · , an} ———- calculate Q values.

X̄2 ≡ {a1, a2, · · · , an} ———- calculate Q values.

...

X̄m ≡ {a1, a2, · · · , an} ———- calculate Q values.

n ——– call the sample size.

X̄1, X̄2, · · · , X̄m ——– replication.

m ———- the number of replications.

k denotes the number of Q values greater than χ0.05.

The reject frequency:

k
m

——– size if a1, a2, · · · , an are white noises.

k
m

——– power if a1, a2, · · · , an are not white noises.

k
m
≈ 0.05 as n is large and a1, a2, · · · , an are white noises.
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The power depends on data. If the data are far away from white noise,

then power becomes large, and → 1 as n →∞.

Given a sequence of data: X1, X2, · · · , Xn, we use an AR model to fit

the data:

Xt = φ1Xt−1 + · · ·+ φpXt−p + at, (5.39)

where {at} are i.i.d. white noises. Then, we obtain the residuals:

ât ≡ at(φ̂n) = Xt − φ̂1nXt−1 − · · · − φ̂pnXt−p

where φ̂n = (φ̂1n, · · · , φ̂pn)′. Define:

γ̂k =
1

n

n−k∑
t=1

âtât+k,

ρ̂k =
γ̂k

γ̂0

=

∑n−k
t=1 âtât+k∑n

t=1 â2
t

.

Theorem 5.10. If model (5.39) is correct for the data {X1, X2, · · · , Xn}
with at being i.i.d. white noise and Ea2

t = σ2 < ∞, then

ρ̂k
a.s.−→ 0 as n →∞,

where φ̂n is the LSE or MLE of φ0 in Theorem 5.1..

Proof.

ât = Xt − φ̂′nX̃t−1,

where

X̃t−1 = (Xt−1, · · · , Xt−p)
′

Note that

Xt = φ′0X̃t−1 + at (5.40)

ât = at −
(
φ̂n − φ0

)′
X̃t−1.
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Thus,

â2
t = a2

t − 2
(
φ̂n − φ0

)′
X̃t−1at +

(
φ̂n − φ0

)′
X̃t−1X̃

′
t−1

(
φ̂n − φ0

)
. (5.41)

By (5.3),

φ̂n − φ0 =

(
1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

)−1 (
1

n

n∑
t=p+1

X̃t−1at

)
. (5.42)

By (5.41)—-(5.42),

1

n

n∑
t=p+1

â2
t =

1

n

n∑
t=p+1

a2
t − 2

(
1

n

n∑
t=p+1

X̃t−1at

)′ (
1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

)−1 (
1

n

n∑
t=p+1

X̃t−1at

)

+

(
1

n

n∑
t=p+1

X̃t−1at

)′ (
1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

)−1 (
1

n

n∑
t=p+1

X̃t−1at

)
.

a.s.−→ σ2. (5.43)

(So σ2 can be estimated by 1
n

∑n
t=p+1 â2

t .)

1

n

n−k∑
t=1

âtât+k =
1

n

n∑
t=p+1

atat+k −
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t−1at+k

)

−
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t+k−1at

)

+
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t−1X̃
′
t+k−1

)(
φ̂n − φ0

)

a.s.−→ 0. (5.44)

by ergodic theorem. Thus, we know that

ρ̂k
a.s.−→ 0 as n →∞. ¤

Theorem 5.11. Under the assumption of Theorem 5.1,

√
n (ρ̂1, ρ̂2, · · · , ρ̂

M
)

L−→ N (0, Σ),
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as n → ∞, where Σ = I − D′(Ω−1 ⊗ I
M

)D, Ω = E
(
X̃tX̃

′
t

)
, D =

σ−2(D1, D2, · · · , D
M

)′ and Dk = E
(
X̃t+k−1at

)
.

Proof. By (5.44),

1√
n

n−k∑
t=1

âtât+k =
1√
n

n∑
t=p+1

atat+k −
√

n
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t−1at+k

)

−√n
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t+k−1at

)

+
√

n
(
φ̂n − φ0

)′ ( 1

n

n−k∑
t=1

X̃t−1X̃
′
t+k−1

)(
φ̂n − φ0

)

=
1√
n

n−k∑
t=1

atat+k −
√

n
(
φ̂n − φ0

)′
Dk + op(1)

=
1√
n

n−k∑
t=1

atat+k −D′
k

(
1

n

n∑
t=p+1

X̃t−1X̃
′
t−1

)−1 (
1√
n

n∑
t=p+1

X̃t−1at

)
+ op(1)

=
1√
n

n−k∑
t=1

atat+k −D′
kΩ

−1

(
1√
n

n∑
t=p+1

X̃t−1at

)
+ op(1)

=
1√
n

n−M∑
t=1

atat+k +
1√
n

n−k∑
t=n−M+1

atat+k +
1√
n

n−M+k∑

t=k+1

(
D′

kΩ
−1X̃t−1at

)

+
1√
n

n∑

t=n−M+k+1

(
D′

kΩ
−1X̃t−1at

)
+

1√
n

k∑
t=p+1

(
D′

kΩ
−1X̃t−1at

)
+ op(1)

=
1√
n

n−M∑
t=1

atat+k +
1√
n

n−M∑
t=1

D′
kΩ

−1X̃t+k−1at+k + op(1)

=
1√
n

n−M∑
t=1

(
at −D′

kΩ
−1X̃t+k−1

)
at+k + op(1).

So,

1√
n

(
n−k∑
t=1

âtât+k, · · · ,

n−M∑
t=1

âtât+M

)′

=
1√
n

n−M∑
t=1

((
at −D′

1Ω
−1X̃t

)
at+1,

(
at −D′

2Ω
−1X̃t+1

)
at+2, · · · ,

· · · ,
(
at −D′

M
Ω−1X̃t+M−1

)
at+M

)
+ op(1)

≡ 1√
n

n−M∑
t=1

Yt + op(1).
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Let ξt ≡ c ′Yt =
∑M

k=1 ck (at −D′
kΩ

−1Yt+k−1) at+k. Then,

E (ξt|F ) = 0.

E
(
ξ2
t |F

)
= σ2

M∑

k=1

c2
kE

(
at −D′

kΩ
−1Yt+k−1

)2

= σ2

M∑

k=1

c2
k

(
σ2 −D′

kΩ
−1Dk

)2

= σ4

(
M∑

k=1

c2
k −

1

σ2

M∑

k=1

(c2
kD

′
kΩ

−1Dk)

)

= σ4

(
c ′Ic− 1

σ2
c ′Ω̂c

)

= σ4c ′
(
I − Ω̂

)
c,

where

Ω̂ = diag

{
D′

1Ω
−1D1

σ2
,
D′

2Ω
−1D2

σ2
, · · · ,

D′
M

Ω−1D
M

σ2

}

= D′ (Ω−1 ⊗ I
M

)
D.

Hence,

1√
n

n∑
t=1

ξt
L−→ N

(
0, σ4c ′

(
I − Ω̂

)
c
)

.

By Cramer-Wold device,

√
nρ̂

L−→ N
(
0, I − Ω̂

)
, as n →∞.

¤

Hypothesis:

H0 : Model (5.3) is corrected.

H1 : H0 does not hold.

Test Statistics:

Q(M) = nρ̂ ′
(
I − Ω̂

)
ρ̂

=
n

σ2

M∑

k=1

ρ̂ 2
k

(
1−D′

kΩ
−1Dk

) ∼ χ2(M).
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Q(M) is called portmanteau test for diagnostic checking the adequacy

of Model (5.39).

Box and Pierce (1970):

Q1(M) = nρ̂ ′ρ̂ ≈ n

M∑

k=1

ρ̂ 2
k .

Ljung and Box (1978) defined:

Q2(M) = n(n + 2)
M∑

k=1

(n− k)−1ρ̂ 2
k .

Q(M) > Q2(M) > Q1(M).

6 Forecasting

Objective of this Chapter:

Given you a sequence of data: Z1, Z2, · · · , Zn, ARMA or ARIMA model,

you can forecast Zt+1, · · · , Zn+l and give its forecasting interval.

6.1. Minimum Mean Square Error Forecasts for ARMA models

Let Zt be a stationary and invertible ARMA model,

φ(B)Zt = θ(B)at .

Given the observations: Zn, Zn−1, · · · ,

how to forecast Zn+1, · · · , Zn+l, · · · ?

Notation:

Ẑn(l) denotes the forecast value of Zn+l and is called the l-step ahead of

the forecast of Zn+l at the forecast origin n.

Simply say, l-step forecasting.
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Forecasting function:

Ẑn(l) = g(Zn, Zn−1, · · · ).

Ẑn(l) = g(an, an−1, · · · ).

Linear Predictors (LP):

Ẑn(l) = ψ∗l an + ψ∗l+1an−1 + ψ∗l+2an−2 + · · · ,

where ψ∗j are to be determined.

Criterion of the best LP (BLP):

Ẑn(l) is said to be a BLP

if E[Zn+l − Ẑn(l)]2 is the smallest among all the LP.

What is the BLP of Zn+l?

Note that

Zn+l =
θ(B)

φ(B)
an+l =

∞∑
j=0

ψjan+l−j.

According to the above criterion, the BLP is that

Ẑn(l) = ψlan + ψl+1an−1 + ψl+2an−2 + · · · .(?)

Forecasting error:

en(l) = Zn+l − Ẑn(l) =
l−1∑
j=0

ψjan+l−j.

Forecasting variance:

Var[en(l)] = σ2
a

l−1∑
j=0

ψ2
j .

Forecast interval (limit) (FI):


Ẑn(l)−Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j , Ẑn(l) + Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j



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where Nα
2

is the α/2-quantile of the standard normal distribution,

i.e., P (N > Nα
2
) = α/2.

When α = 0.05, Nα
2

= 1.96.

Important Fact:

Ẑn(l) = E(Zn+l|Zn, Zn−1, · · · ).

The Formulas of Computation of Forecasts For ARMA Model:

Ẑn(l) = φ1Ẑn(l − 1) + φ2Ẑn(l − 2) + · · ·+ φpẐn(l − p)

+ân(l)− θ1ân(l − 1)− · · · − θqân(l − q).

where

Ẑn(j) =

{
E(Zn+j|Zn, Zn−1, · · · ) if j = 1, 2, · · · , l.
Zn+j if j = 0,−1,−2, · · · .

ân(j) =

{
0 if j = 1, 2, · · · , l.
an+j if j = 0,−1,−2, · · · .

6.2 Minimum Mean Square Error Forecasts for ARIMA models

A. Model:

Let Zt be ARIMA(p, d, q) model with d 6= 0,

φ(B)(1−B)dZt = θ(B)at.

where all the roots of φ(z) = 0 and θ(z) = 0 lie outside the unit circle.

Given the observations: Zn, Zn−1, · · · ,

how to forecast Zn+1, · · · , Zn+l, · · · ?

B. Minimum Mean Square Error Forecasts:

Ẑn(j) = E(Zn+l|Zn, Zn−1, · · · ).
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C. Computation of forecast:

Denote

Ψ(B) = φ(B)(1−B)d

= 1−Ψ1B −Ψ2B
2 − · · · −Ψp+dB

p+d.

Zt = Ψ1Zt−1 + Ψ2Zt−2 + · · ·+ Ψp+dZt−p−d

+at − θ1at−1 − θ2at−2 − · · · − θqat−q.

Formulas:

Ẑn(l) = Ψ1Ẑn(l − 1) + · · ·+ Ψp+dẐn(l − p− d)

+ân(l)− θ1ân(l − 1)− · · · − θqân(l − q).

where

Ẑn(j) =

{
E(Zn+j|Zn, Zn−1, · · · ) if j = 1, 2, · · · , l.
Zn+j if j = 0,−1,−2, · · · .

ân(j) =

{
0 if j = 1, 2, · · · , l.
an+j if j = 0,−1,−2, · · · .

D. Forecast error:

en(l) = Zn+l − Ẑn(l) =
l−1∑
j=0

ψjan+l−j ,

where ψi can be calculated, recursively:

ψj =
l−1∑
j=0

πj−iψi , j = 1, 2, · · · , l − 1.

πj is the coefficients of the expansion:

π(B) =
φ(B)(1−B)d

θ(B)
= 1−

∞∑
j=1

πjB
j.

Zt+l =
∞∑

j=1

πjZt+l−j + at+l.
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E. Forecast variance:

Var[en(l)] = σ2
a

l−1∑
j=0

ψ2
j .

F. Forecast interval (limit) (FI):


Ẑn(l)−Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j , Ẑn(l) + Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j




where Nα
2

is the α/2-quantile of the standard normal distribution,

6.3 Some practical forecasts

Assume we have real data: yn, yn−1, · · · .

Let Zt = ln yt, we have data: Zn, Zn−1, · · · .

If Zt ia an ARMA or ARIMA model, then we can forecast Zn+l.

Denote the forecast value of Zn+l by Ẑn(l) and the forecast FI by


Ẑn(l)−Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j , Ẑn(l) + Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j




Then the forecast value of yn+l is e
bZn(l) and FI is

[
e

n
bZn(l)−N α

2
σa

qPl−1
j=0 ψ2

j

o
, e

n
bZn(l)+N α

2
σa

qPl−1
j=0 ψ2

j

o]

Similarly, if Zt =
√

yt, then the forecast value and FI of yn+l are, respec-

tively, Ẑ2
n(l) and






Ẑn(l)−Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j





2

,



Ẑn(l) + Nα

2
σa

√√√√
l−1∑
j=0

ψ2
j





2

 .
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