
3.1 Estimation Theory

• Assume that the real p × 1 vector time series

{Yt : t = 0,±1, · · · } is Ft− measurable, strictly

stationary and ergodic, and its conditional den-

sity function is given by

Yt|Ft−1 ∼ f(θ0, Ỹt−1), (1)

where Ft is the σ-field generated by {Yt, Yt−1, · · · },
Ỹt = (Yt, · · · , Yt−p+1) or Ỹt = (Yt, Yt−1, · · · ), and
θ0 is an m × 1 true parameter vector. The

structure of the time series {Yt} is character-

ized by the density f and the parameter θ0.

Given the random sample {Y1, · · · , Yn} and the

initial value Y0, the conditional joint density of

{Y1, · · · , Yn} is

n∏
t=1

f(θ0, Ỹt−1).

Replacing the true parameter θ0 by its un-

known parameter θ, we have

L̃n(θ) ≡
n∏
t=1

f(θ, Ỹt−1).
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L̃n(θ) is called the conditional likelihood func-

tion in term of θ.

Ln(θ) ≡
n∑
t=1

log f(θ, Ỹt−1)

is called the conditional log-likelihood function

in term of θ.

Assume that the parameter space Θ is a com-

pact subset of Rm and θ0 and θ are in Θ. The

maximizer of logLn(θ) on Θ is called the con-

ditional MLE of θ0, denoted by

θ̂n = argmaxΘLn(θ).



Example 3.1. Assume {Y1, · · · , Yn} are from

the AR(1) model

Yt = ϕYt−1 + εt,

with true parameter ϕ0, where εt is i.i.d N(0, σ20).

The conditional density of Yt, given Yt−1, is

f(Yt|Yt−1) =
1√
2πσ20

e
−(Yt−ϕ0Yt−1)

2

2σ20 .

Denote θ = (ϕ, σ2)′ and θ0 = (ϕ0, σ
2
0)

′. The

conditional log-likelihood function in term of θ

is

Ln(θ) = −
1

2σ2

n∑
t=1

(Yt−ϕYt−1)
2−n log(

√
2πσ2).

Denote

Sn(ϕ) =
n∑
t=1

(Yt − ϕYt−1)
2.

The minimizer of Sn(ϕ) is called LSE and it is

equivalent to the MLE of ϕ0.



Example 3.2. Assume {Y1, · · · , Yn} are from
the ARMA(1,1) model

Yt = ϕYt−1 − ψεt−1 + εt,

with true parameter (ϕ0, ψ0), where εt is i.i.d
N(0, σ20).

The conditional density of Yt, given (Yt−1, εt−1),
is

f(Yt|Yt−1) =
1√
2πσ20

e
−

(Yt−ϕ0Yt−1+ψ0εt−1
)2

2σ20 .

Denote θ = (ϕ, ψ, σ2)′ and θ0 = (ϕ0, ψ0, σ
2
0)

′.
Given (Y0, ε0), the log- conditional joint density
function of {Y1, · · · , Yn} is

Ln(θ0) = −n log(
√
2πσ20)

−
1

2σ20

n∑
t=1

(Yt − ϕ0Yt−1 + ψ0εt−1)
2.

The problem is that we do not have εt−1 !!

The first term is

Y1 − ϕ0Y0 + ψ0ε0.

Replaced θ0 by the unknown parameter θ, we
have

Y1 − ϕY0 + ψε0.



The second term is

Y2 − ϕ0Y1 + ψ0ε1,

where

ε1 = Y1 − ϕ0Y0 + ψ0ε0.

Replaced θ0 by the unknown parameter θ, the

second term is

Y2 − ϕY1 + ψε1,

where

ε1 = Y1 − ϕY0 + ψε0??

Denote

ε1(θ) = Y1 − ϕY0 + ψε0.

The second term with unknown parameter θ is

Y2 − ϕY1 + ψε1(θ).



The third term is

Y3 − ϕ0Y2 + ψ0ε2,

where

ε2 = Y2 − ϕ0Y1 + ψ0ε1.

Denote

ε2(θ) = Y2 − ϕY1 + ψε1(θ).

The third term with unknown parameter θ is

Y3 − ϕY2 + ψε2(θ).

Similarly, the t-th term is

Yt − ϕYt−1 + ψεt−1(θ),

where

εt−1(θ) = Yt−1 − ϕYt−2 + ψεt−2(θ).



Given (Y0, ε0), the log- conditional log-likelihood

function of {Y1, · · · , Yn} is

Ln(θ) = −n log(
√
2πσ2)

−
1

2σ2

n∑
t=1

[εt(θ)]
2.

Denote

Sn(θ) =
n∑
t=1

[εt(θ)]
2.

The minimizer of Sn(θ) is called LSE and it is

equivalent to the MLE of θ0.



Example 3.3. Assume {ε1, · · · , εn} are from

the GARCH(1,1) models:{
εt = ηt

√
ht,

ht = ω+ αε2t−1 + βht−1,
(2)

with true parameter θ0 = (ω0, α0, β0)
′, where

ηt ∼iid N(0,1).

The conditional density of εt, given (εt−1, ht−1),

is

f(εt|εt−1) =
1

√
2πht

e
−
ε2t
2ht .

Given (ε0, h0), the log- conditional joint density

function of {ε1, · · · , εn} is

Ln(θ0) = −
1

2

n∑
t=1

[loght+
ε2t−1

ht
].

The problem is that we do not have ht !!

h1 = ω0 + α0ε
2
0 + β0h0.

Denote θ = (ω, α, β)′. Replaced by the un-

known parameter θ, we have

h1(θ) = ω+ αε20 + βh0.



h2 = ω0 + α0ε
2
1 + β0h1.

Replaced by the unknown parameter θ,

h2(θ) = ω+ αε21 + βh1(θ).

Similarly, the t-th term is

ht(θ) = ω+ αε2t−1 + βht−1(θ).

The log- conditional likelihood function of {ε1,
· · · , εn} is

Ln(θ) = −
1

2

n∑
t=1

loght(θ) + ε2t−1

ht(θ)

 .



We assume that the parameter space Θ is a

compact subset of Rm, and the true value θ0 of

θ is an interior point in Θ. We use the following

OF with the initial value Y0 to estimate θ0:

Ln(θ) =
n∑
t=1

lt(θ),

where lt(θ) = l(Ỹt, θ) is a measurable function

with respect to Ỹt and is continuous in terms

of θ. The estimator of θ0 the maximizer of

Ln(θ) on Θ, i.e.

θ̂n = argmaxΘL(θ).

When the dimension of the initial value Ỹ0 is

infinite, it need to be replaced by some con-

stant Ỹ ∗. To make it simple, we assume that

Ỹ0 is available.



We only need the identification condition for

the consistency of θ̂n as follows.

Assumption 2.1.

E supθ∈Θ[lt(θ)] <∞, and E[lt(θ)] has a unique

maximizer at θ0.

Theorem 2.1 If Assumptions 2.1 holds, then

θ̂n → θ0 a.s..

Proof. By the ergodic theorem,

1

n

n∑
t−1

lt(θ) → E[lt(θ)] a.s.

θ0 is the unique maximizer of E[lt(θ)]. θ̂n is

maximizer of 1
n

∑n
t−1 lt(θ). Intuitively, θ̂n → θ0.



For asymptotic normality, we assume that lt(θ)

has continuously twice differentiable almost surely

(a.s.) in terms of θ.

Denote

Dt(θ) =
∂lt(θ)

∂θ
and Pt(θ) = −

∂2lt(θ)

∂θ∂θ′
,

Σ = E[Pt(θ0)] and Ω = E[Dt(θ0)D
′
t(θ0)]. We

need one assumption as follows:

Since the true value θ0 of θ is an interior point

in Θ and θ̂n → θ0. As n is large, θ̂n is an interior

point in Θ. Thus,

1

n

n∑
t=1

Dt(θ̂n) = 0.

By Taylor’s expansion,

1

n

n∑
t=1

Dt(θ̂n)−
1

n

n∑
t=1

Dt(θ0) =
1

n

n∑
t=1

Pt(ξ̂n)(θ̂n−θ0).

√
n(θ̂n−θ0) = −

1
n

n∑
t=1

Pt(ξ̂n)

−1
1
√
n

n∑
t=1

Dt(θ0).



Assumption 2.2. 0 < Σ, Ω < ∞, and the
following holds:

(i) Dt(θ0) is a martingale difference in terms
of Ft;

(ii) E supθ∈V0(η) ∥Pt(θ)∥ < ∞ for some η > 0,
where V0(η) = {θ : ∥θ − θ0∥ < η}.

We now state our second result as follows.

Theorem 2.2 If θ̂n → θ0 a.s. and Assumptions
2.2 holds, then

√
n(θ̂n − θ0) −→L N(0,Σ−1ΩΣ−1).

Σ and Ω are estimated by

Σ̂n =
1

n

n∑
t=1

Pt(θ̂n)

Ω̂n =
1

n

n∑
t=1

[Dt(θ̂n)Dt(θ̂n)
′].

Σ̂−1Ω̂nΣ̂−1 is the estimator of Σ−1ΩΣ−1. De-
note

Σ̂−1
n Ω̂nΣ̂

−1
n = (σ̂ij)m×m.



Then
√
n(θ̂in − θi0) ∼ N(0, σ̂ii).

t-test for θi0 = 0 v.s. θi0 ̸= 0:

√
n(θ̂in − 0)
√
σ̂ii

∼ N(0,1).

Note that lt(θ) = l(Ỹt, θ). The function l(·, θ)
does not depend on t and hence {lt(θ)} is strictly

stationary and ergodic. When Ỹt = (Yt, Yt−1, · · · )
is an infinite dimensional vector, we need the

initial value Ỹ0 as in ARMA(1,1) and GARCH(1,1).

This involves an initial effect problem.


