3.1 Estimation Theory

e Assume that the real p x 1 vector time series
{Yy :t =0,%1,---} is Fs— measurable, strictly
stationary and ergodic, and its conditional den-
sity function is given by

YelFio1 ~ f(0o,Yi 1), (1)

where F; is the o-field generated by {Y:, Y;_1,--- },
Vi = (Y, ,Yipt1) or Yy = (Y3, Y;—1,---), and
O iIs an m x 1 true parameter vector. The
structure of the time series {Y;} is character-
ized by the density f and the parameter 6.

Given the random sample {Y7,---,Yn} and the
initial value Yy, the conditional joint density of
{Y1, -+, Yntis

1] 7C60,Yi—1).

t=1

Replacing the true parameter 6y by its un-
known parameter 6, we have

Ln(0) = [] £(6,Y;-1).

t=1



Ln(0) is called the conditional likelihood func-
tion in term of 6.

Ln(0) = ) 109 f(0,Y; 1)
=1

is called the conditional log-likelihood function
in term of 6.

Assume that the parameter space © is a com-
pact subset of R™ and 6g and 6 are in ©. The
maximizer of log L,(6) on © is called the con-
ditional MLE of 6y, denoted by

0, = argmaxgLn(0).



Example 3.1. Assume {Y7,---,Yn} are from
the AR(1) model

}/t — ¢Y?f—1 _I_ €,

with true parameter ¢g, where g; isi.i.d N (O, 08).

The conditional density of Y, given Y;_1, is

(Yi—¢gV;_1)?
1 - 52

f(YYi—1) = =¢ 0
\/27rc70

Denote 6 = (¢,02)" and 6y = (¢0,03)". The
conditional log-likelihood function in term of 6
IS

1

Ln(0) = =55 > (Yi—¢Y;-1)* —nlog(V2ro?).
t=1

Denote
Sn(¢) = Z (Y — d)Yt—l)Q-
t=1

The minimizer of S,(¢) is called LSE and it is
equivalent to the MLE of ¢g.



Example 3.2. Assume {Y7,---,Yn} are from
the ARMA(1,1) model

Yi = @Y1 — Y1 + &4,
with true parameter (¢, o), Where g is i.i.d
N(0,03).

The conditional density of Yz, given (Y;_1,e:_1),
IS

(Y%_¢Oyt—1-|—¢08t_1 )2
. 1 — g2
f(YiY—1) = =¢ 0
QWJO

Denote § = (¢,%,0°)" and o = (¢o,%0,05)"
Given (Yp,eg), the log- conditional joint density
function of {Y7,---,Yp} is

Ln(0g) = —nlog(y/2mod)

1 n
~5.2 S (Vi — ¢oYi1 + toer_1)°
0t=1

The problem is that we do not have ;1 !!

The first term is

Y1 — ¢0Y0 + Yoeo.

Replaced 6y by the unknown parameter 6, we
have

Y1 — @Yo + vYeo.



The second term is

Y> — ¢oY71 + Ype,
where
e1 = Y1 — ¢oY0o + Yoco.

Replaced 6p by the unknown parameter 0, the
second term is

Y2 - ¢Y1 _I_ ¢51,
where
€1 =Y1 — oYy + ¢eg??

Denote

e1(0) = Y1 — ¢Yp + veo.

The second term with unknown parameter 6 is

Yo — oY1 + ¢e1(0).



The third term is

Y3 — @Yo + peo,

where

g2 = Yo — oY1 + Yoe1.
Denote
e2(0) = Y2 — oY1 + ve1(0).
The third term with unknown parameter 6 is
Y3 — @Yo + eo(0).

Similarly, the t-th term is

Vi — ¢Yy—1 + ber—1(0),

where

e—1(0) = Yi_1 — @Yo +1Pey_2(0).



Given (Yp,e0), the log- conditional log-likelihood
function of {Y7,---,Yp} is

Ln(0) = —nlog(\/2n5?)

— [e:(0)]<.
20% /2
Denote

Sn(0) = > [e()]”.
t=1

The minimizer of Sy, (0) is called LSE and it is
equivalent to the MLE of 6.



Example 3.3. Assume {e1,---,en} are from
the GARCH(1,1) models:

€t — nt\/h_ta (2)
he =w+ ag? | + Bhy_1,

with true parameter 05 = (wqg, ag, Bg)’, where
n ~iid N(0,1).

The conditional density of &, given (g;_1,ht_1),
IS

1 _ct

2
¢
e 2h;
2mhy

fletler—1) =

Given (eg, hg), the log- conditional joint density
function of {e1,--- ,en} is

n 2

Ln(60) = llog ht+€th;t1].
1

1
2., =
The problem is that we do not have h; !!

h1 = wo + aped + Boho.

Denote 0 = (w,a,B)’. Replaced by the un-
known parameter 0, we have

h1(0) = w + aed + Bho.



hQ — WQ + Oéoé‘% + 50h1.

Replaced by the unknown parameter 6,

ho(0) = w + aef + Bhi(8).
Similarly, the t-th term is

hi(0) = w4+ ae? 1 + Bhi_1(0).

The log- conditional likelihood function of {eq,
,En} IS

Ln(0) =

n 2
> {Iog he(0) + ht(e)]

t=1

I\)Il—l



We assume that the parameter space © is a
compact subset of R™, and the true value 6g of
0 is an interior point in ©. We use the following
OF with the initial value Yy to estimate 6g:

Ln() = 3" 1(6),
t=1

where 1;(0) = I(Y;,0) is a measurable function
with respect to ¥; and is continuous in terms
of 8. The estimator of g the maximizer of
Ln,(0) on ©, i.e.

0, = argmaxgL(6).

When the dimension of the initial value Yy is
infinite, it need to be replaced by some con-
stant Y*. To make it simple, we assume that
Yo is available.



We only need the identification condition for
the consistency of 8,, as follows.

Assumption 2.1.

Esupgeollt(0)] < oo, and E[l;(6)] has a unique
maximizer at 6.

Theorem 2.1 If Assumptions 2.1 holds, then

Proof. By the ergodic theorem,
1 mn
— Z 1;(0) — E[l;(0)] a.s.
(L |

6o is the unique maximizer of E[l;(0)]. 6 is
maximizer of %Z?—l 1;(0). Intuitively, 8, — 0g.



For asymptotic normality, we assume that 1;(6)
has continuously twice differentiable almost surely
(a.s.) in terms of 6.

Denote

921:(0)
0000 ’

2. = E[Pt(eo)] and 2 = E[Dt(eo)Dé(eo)] We
need one assumption as follows:

Ol (0)

D:(0) = and P;(0) = —

Since the true value g of 6 is an interior point
in © and 0, — 0. As n is large, 6, is an interior
point in ©. Thus,

— Z Dt(gn) = 0.

nNy—1

By Taylor's expansion,

1 2 ~ 1 2 1 X2 -
— Z Dy (0n)—— Z D¢(0g) = — Z P (&n) (0n—00).
=1 =1 =1

—1

n

\/ﬁ(é\n—eO) - - {:; i Pt(gn)
t=1

> Dy(6p).
t=1

Sl



Assumption 2.2. 0 < 2, 2 < oo, and the
following holds:

(i) D¢(6py) is a martingale difference in terms
of F;

(i) Esupgcyyn) l1£:(8)]| < oo for some n > 0,
where Vp(n) = {9 16 = Ool] < n}.

We now state our second result as follows.

Theorem 2.2 If 0, — 0y a.s. and Assumptions
2.2 holds, then

V(b —0y) —, N(O, =~ 1ox—1).

> and 2 are estimated by

~ 1 2 .
=1
12 A ~
ﬁ Z Dt(en)Dt(en) ]

> 18,51 is the estimator of = 1Q> 1. De-
note

A~ ~~

S50 = (64)mxm.-



Then
Vn(Bin — 0;0) ~ N(0,6).
t-test for 6,0 =0 v.s. 6,0 = O:

\/ﬁ(é'm — O)
Vi

Note that [;(0) = I(Y;,0). The function I(-,6)
does not depend on t and hence {l;(0)} is strictly
stationary and ergodic. When Y; = (Y3, Y;_1,--+)
IS an infinite dimensional vector, we need the
initial value Yy asin ARMA(1,1) and GARCH(1,1).
This involves an initial effect problem.

~ N(0,1).



