3.2 ARMA(1, 1) Models

Example 3.2(continuous). Look for the mini-
mizer of

Sn(0) = > [e«()]7,
t=1

i.e., LSE of 6.

Recall this conditional LSE or MLE, given (Yp,e0).

e1(0) = Y1 — ¢Yp + veo.

e¢(6) Yi — oY1 + Yer_1(6)
-1

= Y '(Vii— oY1) + ¥leo.
i=0

{e¢(0)} is not stationary !

Denote
E(0) = Yi— oY1+ ep_1(0)
= Y (Vi — Y i 1)
i=0

Then {&:(0)} is stationary and ergodic, and

er(0) = Yi— oY1+ vE_1(0).



We study the minimizer of the following objective
function

Sn(0) = Y E2(0),

t=1
where 0 = (¢, )’ and

er(0) =Y — oY1 + ¥ _1(0).

Assume that the parameter space is

©={(,v) :|¢|<c [|<c and ¢# ¢}

for some O <c< 1.

Denote

0, = min S,,(6).
n = argmin n(60)

Note that supgeg |E:(0)] < co X2 0 Ys—i|, Where
pe€ (0,1).
2

> P (B3

E sup |§t(9)|2 < co
coO i=0

< Q.

Secondly, use the following expansion

1(0) et + ¢oYi—1 — Yogr—1 — Y1 + YE;_1(0)
et — (@ — ¢0)Ye—1 + [¥Er_1(0) — Yoer—_1],



it follows that

EE2(0) = o2+ E{(¢ — d0)Yi_1 — [WE1_1(0) — toei_1]}2
> o
and “=" holds if and only if

(¢ — @0)Yi—1 — YEr—1(0) + Yogi—1 = O,
that is,

(¢ — ¢O — ¢ + ¢O)€t_1
+(¢ — ¢o0 — ¥)(¢0Yi—2 — Yoet—2)
+p9Y;_o — P2&_2(0) = 0.

Since ¢;_1 is independent of F;_5, we have

¢ —¢do— 1 +1o=0 and
—olpoYi_o — thoet_o] + YoYi_o — 2E_o(0) = O,

which implies that
(¢ — Ppobo) Yio + Vies_o — ¥2E;_2(0) = 0.
that is,
(¢ — powbo + g — v)er_o + g1—3(0) = 0,

where g;_3(0) is F;_3-measurable. Thus,

oY — dpoho + 3 — Y2 =0
= Y(¢ —¢) —Yo(édog — o) = 0.



Since ¢ — ¢ = ¢g — Y, it follows that

(v —¥0)(¢0 — ¥o) = 0.

Since ¢g #= Yo, we have ¢ = g and then ¢ = ¢g.
T hus, Assumption 3.1 holds.

By Theorem 3.1, we have

gn — 90, a.s..

Initial value problem

Recall

O, = arg gneler; Sn(0).



For any e > 0 and nn > 0O,

P(|0n, — 6g] > €) .
= P(|éfn — 90| > €, E[Sn(é\n) — Sn(eO))] <0)

< P( min 2[Sn(8) — Su(60))] < 0)

|9—90|>6 n
< P( min 2[8.(0) — 8n(60))]
|9—90|>€ n
_25up 215,(8) — Sn(6))] < 0)
0 N
: ) )
< P( Jmin_ [B27(6) ~ 2 (60))]

1. ~
—2sup |[=5,(0) — EE2(0))| —
e N

1 -
—25up =[3n(0) — Sn(6))] < o)
0 N
<.

EXxercises:

(). SUP=[5n(0) — Sn(6))] = op(1).
O N

(b). sup |=8n(0) — FZ2(0))| = op(1).
O N



We now consider Assumption 3.2.

88,5(9) -
59 ct(0);

Q = E[Dt(eowé(eo)]:éta?E[

Dy(0)

0€¢(00) 0+(6p)
06 00’

235t(9) 0€¢(0) n 252615(9) -

I

P(0) = 0
() 80 00 oae 10
0gt(00) 0¢¢(00)
> = FEP(0y) =2F :
t(60) [ YRR
Then,
~ ~ —1
s—1loy—1_ 2| i |96(00) 9&¢(0o)
oL, 06’
The first derivative of £/(6) with respect to 0 is
8515(0) oS 1(9) i
d¢ d¢ ZO .
0et(0) _ . 05 1(0) _ & s
— &, 1(60 = te, . 1(6).
o0 E—1(0) + o0 gzowa;zﬂ)

Thus, there exist constant ¢ and p € (0,1) such
that

04 (0)
su < :
@D 9¢ | = c& pt
05(0) 02&
S < and S < :
g)p o | = cpt Up EY) (99 < c&pt




where 6, = ¢ or ¢ and p € (0,1). Thus,

sup || P(6)] < et
Since E¢3; < oo, Assumption 2.2 holds.

If €2 is not positive definite, then, there exists a
non-zero constant vector (c1,co)’ such that

(c1,¢2)Q(c1,¢2) = 0.
Without loss of generality, assume that ¢; = 1 and
co = c, We have

. {agtwo) N caétwo)}? _,

ol0) o
T hus,
0€¢(0p) n Cc%t(Qo) _o
ol0) oY
that is,

oo
> Y (=Y—j—1+cer—i—1) =0,
1=0

which implies that

o0

Vii1—cepm1= > Y'(—Yi_i_1+cep—i1) € Fro
i=1

= (1 —c)er—1 + doYi—2 — Yoer—2

=Y 5(=Yi_i_1+ceri1).
1=1



If ¢ # 1, other terms are F;_o-measurable. Thus,
et_1 € Fy_o is a contradiction. If ¢ = 1, then we
have

$oYi—2 — Yoo = > Vo(~=Yii_1+ei_1),
i=1
= (¢po + Y0)Yi—2 — 2¢pet—_2

= Z Yo (=Yi_i—1 +er—i_1),

=2
= (¢o — Yo)er—2 + (d0 + ¥0) (PpoYi—3 — Yoer—3)
e F;_3.

Since ¢g #= Yo, €—o € F;_3 is a contradiction.
Thus, €2 > 0.



Initial value problem (continuous)

ZT": Oe7 (On)
00

t=1

= 0.

By Taylor's expansion,

~ 9(0n) _ - 9<7(0) _ - 927 (n)

2. =2
= 00 00 = 9606

—0p).

t=1

189226 1 ¢ aa,?wo)
VN = 00

Vn(0n—0p) = — { Z 9090’

ni—1

EXxercises:

1 & 85,52(90) 1
\Ft— 20 N Z Dy(0g) = op(1).

1 X 0%7(0) 1 &
- swplL Y D - Y POl = )
t=1

(a).

T hus,

Vb, —03) =, N(O, =~ 1ox—1).



