
3.3 GARCH(1, 1) Models

Example 3.3(continuous). Look for the maxi-

mizer of

Ln(θ) = −
1

2

n∑
t=1

loght(θ) +
ε2t−1

ht(θ)

 .

i.e., MLE of θ0.

Recall this conditional LSE or MLE, given (h0, ε0).

h1(θ) = ω + α1ε
2
0 + β1h0.

ht(θ) = ω + α1ε
2
t−1 + β1ht−1(θ).

=
t−1∑
i=0

βi
1(ω + α1ε

2
t−i) + βth0.

{ht(θ)} is not stationary.

Denote

h̃t(θ) =
∞∑
i=0

βi
1(ω + α1ε

2
t−i).

Then h̃t(θ0) = ht, {h̃t(θ)} is stationary and er-

godic, and

h̃t(θ) = ω + α1ε
2
t−1 + β1h̃t−1(θ).
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We study the maximizer of the following objective

function

L̃n(θ) = −
1

2

n∑
t=1

log h̃t(θ) +
ε2t−1

h̃t(θ)

 .

Assumption:

(a) Θ = {θ : E ln(β+αη2t ) < 0, α0 ≥ c, α ≥ c and β ≥ c}.

(b). ηt has a bounded density in some neigh-

borhood of 0.

When using MLE to estimate θ0, we take

lt(θ) = − log h̃t(θ)−
ε2t

h̃t(θ)
.

θ̃n = argmax
Θ

n∑
t=1

lt(θ).

We now consider Assumption 2.1.

Elt(θ) = −E log h̃t(θ)− E
h̃t(θ0)

h̃t(θ)

= −
[
−E log

h̃t(θ0)

h̃t(θ)
+ E

h̃t(θ0)

h̃t(θ)

]
− log h̃t(θ0)

= − [−E logMt + EMt]− log h̃t(θ0),



where Mt = h̃t(θ0)/h̃t(θ).

Note that, for any x > 0, f(x) ≡ − logx + x ≥ 1

and hence

−E logMt + EMt ≥ 1.

When Mt = 1, we have f(Mt) = f(1) = 1. If

Mt ̸= 1, then

f(Mt) > f(1).

Thus, Ef(Mt) ≥ Ef(1) with equality only if Mt = 1

with probability 1.

Thus, Elt(θ) reaches its maximum −1− log h̃t(θ0)

and this occurs if and only if

h̃t(θ) = h̃t(θ0) = ht.

Thus,

ω + αε2t−1 + βh̃t−1(θ) = ω0 + α0ε
2
t−1 + β0ht−1

⇒ (α− α0)ε
2
t−1 = (ω0 − ω)− βh̃t−1(θ) + β0ht−1

⇒ (α− α0)η
2
t−1 =

[
(ω0 − ω)− β

h̃t−1(θ)

ht−1
+ β0

]
.



Since the left-hand-side is Ft−2-measurable, we

have α = α0. Thus,

ω + βh̃t−1(θ) = ω0 + β0ht−1

⇒ ω + βω + α0βε
2
t−2 + β2h̃t−2(θ)

= ω0 + β0ω0 + α0β0ε
2
t−2 + β2

0ht−2

⇒ α0(β − β0)ε
2
t−2

= ω0 − ω + β0ω0 − βω + β2
0ht−2 − β2h̃t−2(θ).

Similarly, we have β = β0. Furthermore

ω = ω0 + β0ht−1 − β0h̃t−1(θ) = ω0.



We next show that, for any integer m ≥ 1,

E sup
Θ

∣∣∣∣∣ ht

h̃t(θ)

∣∣∣∣∣
m

< ∞.

We only give the proof when m = 1. Other case

is similar.

ht = ω0 + α0ε
2
t−1 + β0ht−1

≤ c(1 + ε2t−1 + ε2t−2 + ε2t−3 + ht−3)

h̃t(θ) ≥ c(1 + ε2t−1 + ε2t−2 + ε2t−3).

Furthermore, we have

ε2t−1 + ε2t−2 + ε2t−3 ≥ c(η2t−1 + η2t−2 + η2t−3)ht−3.

Thus,

ht

h̃t(θ)
≤ c+

cht−3

ε2t−1 + ε2t−2 + ε2t−3

≤ c+
c

η2t−1 + η2t−2 + η2t−3
.



E
1

η2t−1 + η2t−2 + η2t−3

=
∫ ∞

0
P (η2t−1 + η2t−2 + η2t−3 <

1

y
)dy

≤ N +
∫ ∞

N
P (η2t−1 + η2t−2 + η2t−3 <

1

y
)dy

≤ N +
∫ ∞

N
[P (η2t−1 <

1

y
)]3dy

= N +
∫ ∞

N

∫ √
y−1

−
√

y−1
f(x)dx

3 dy
≤ N + c

∫ ∞

N
y−3/2dy < ∞,

as N is large enough, where c is a constant. Thus,

E sup
Θ

∣∣∣∣∣ ht

h̃t(θ)

∣∣∣∣∣ < ∞.

Thus, Assumption 2.1 holds. By Theorem 2.1,

θ̃n → θ0 a.s..

As for ARMA(1,1) model, we can show that the

initial values do not affect θ̂n asymptotically, i.e.

θ̂n → θ0 a.s..



We now consider Assumption 2.2.

Dt(θ) = −
1

2h̃t(θ)

∂h̃t(θ)

∂θ

[
1−

ε2t
h̃t(θ)

]
,

Pt(θ) = −
1

2h̃t(θ)

∂h̃t(θ)

∂θ

∂h̃t(θ)

∂θ′
−Rt(θ),

Rt(θ) =
1

h̃t(θ)

[
∂2h̃t(θ)

∂θ∂θ′

−
1

h̃t(θ)

∂h̃t(θ)

∂θ

∂h̃t(θ)

∂θ′

] [
1−

ε2t
h̃t(θ)

]
.

∂h̃t(θ)

∂ω
= 1+ β

∂h̃t−1(θ)

∂ω
=

1

1− β
,

∂h̃t(θ)

∂α
= ε2t−1 + β

∂h̃t−1(θ)

∂α
=

∞∑
i=0

βiε2t−i−1,

∂h̃t(θ)

∂β
= h̃t−1(θ) + β

∂h̃t−1(θ)

∂β

=
∞∑
i=0

βih̃t−i−1(θ),

=
ω

1− β
+ α

∞∑
i=0

∞∑
j=0

βi+jε2t−i−j−2.



1

h̃t(θ)

∂h̃t(θ)

∂α
=

∞∑
i=0

βiε2t−i−1

ω + αβiε2t−i−1

≤ c
∞∑
i=0

βiε2t−i−1

1+ βiε2t−i−1
≤ c

∞∑
i=0

 βiε2t−i−1

1+ βiε2t−i−1

τ

≤ c
∞∑
i=0

βiτ |εt−i−1|2τ ≤ c
∞∑
i=0

ρi|εt−i−1|2τ

for any τ ∈ (0,1), where ρ ∈ (0,1) and c are con-

stants. Thus

E sup
Θ

∣∣∣∣∣ 1

h̃t(θ)

∂h̃t(θ)

∂α

∣∣∣∣∣
m

≤ c


∞∑
i=0

ρiτ
[
E|εt−i|mτ ] 1m


m

< ∞

as τ is small enough.

1

h̃t(θ)

∂h̃t(θ)

∂β
≤ c+ c

∞∑
i=0

∞∑
j=0

βi+jε2t−i−j−2

ω + αβi+j+1ε2t−i−j−2

≤ c+ c
∞∑
i=0

∞∑
j=0

βi+jε2t−i−j−2

1+ βi+jε2t−i−j−2

≤ c+ c
∞∑
i=0

∞∑
j=0

 βi+jε2t−i−j−2

1+ βi+jε2t−i−j−2

τ

≤ c+ c
∞∑
i=0

∞∑
j=0

ρ(i+j)τ |εt−i−j−2|τ



for any τ ∈ (0,1), where ρ ∈ (0,1) and c are con-

stants. Thus, for any m ≥ 1,

E sup
Θ

∣∣∣∣∣ 1

h̃t(θ)

∂h̃t(θ)

∂β

∣∣∣∣∣
m

≤

c+ c
∞∑
i=0

∞∑
j=0

ρ(i+j)τ
[
E|εt−i−j|mτ

] 1
m


m

< ∞

as τ is small enough. Furthermore, we can show

that, for any m ≥ 1,

E sup
Θ

∣∣∣∣∣ 1

h̃2t (θ)

∂h̃t(θ)

∂α

∂h̃t(θ)

∂β

∣∣∣∣∣
m

< ∞

and

E sup
Θ

∥∥∥∥∥∂lt(θ)∂θ

∂lt(θ)

∂θ′

∥∥∥∥∥
m

< ∞.

Using the similar method, we can show that

E sup
Θ

∣∣∣∣∣ 1

h̃t(θ)

∂3h̃t(θ)

∂θi∂θj∂θk

∣∣∣∣∣
m

< ∞

for any m and θi is ω, α or β. Thus, we can claim

that

E sup
Θ

|Pt(θ)| < ∞.



For the convariance matrix, we have

Ω =
E(1− η2t )

2

4
E

[
1

h̃2t

∂h̃t(θ0)

∂θ

∂h̃t(θ0)

∂θ′

]
,

Σ =
1

2
E

[
1

h̃2t

∂h̃t(θ0)

∂θ

∂h̃t(θ0)

∂θ′

]
,

Σ−1ΩΣ−1 =
Eη4t − 1

2
(2Σ)−1 ≡ κ(2Σ)−1.

Thus,

√
n(θ̃n − θ0) →L N(0, κ(2Σ)−1).

As for ARMA(1,1) model, we can show that the

initial values do not affect θ̂n asymptotically, i.e.

√
n(θ̂n − θ0) →L N(0, κ(2Σ)−1).

When ηt ∼ N(0,1), Eη4t = 3 and κ = 1. When

ηt ̸∼ N(0,1), θ̂n is called the QMLE.


