3.3 GARCH(1, 1) Models

Example 3.3(continuous). Look for the maxi-

mizer of
Ln(0) = —lznj l0g hy(0) + i1
" 2 & ! he(0) |

i.e., MLE of 6.

Recall this conditional LSE or MLE, given (hg,eq).

h1(0) = w + a1 + Brho.

w+ a1ef1 + Brhi—1(6).
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> Bi(w+ aief ) + B'ho.
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{ht(0)} is not stationary.
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Denote
o0 .
he(0) = > B (w4 a1efy).
i=0
Then hi(0g) = hy, {ht(0)} is stationary and er-
godic, and

hi(0) = w+ajef 1+ Brhi_1(6).



We study the maximizer of the following objective
function

Ln(9)
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Assumption:

(a) ©@ =10 Eln(ﬁ—l—oth) < 0,ap > c,a>cand 3 > c}.

(b). 7+ has a bounded density in some neigh-
borhood of 0.

When using MLE to estimate 65, we take
2

ht(9)
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argmax > 1;(6).
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We now consider Assumption 2.1.

- h(60)
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- (0) +E o) | log h¢(6o)
= — [-Elog M; + EM;] — log hi(6p),

El(0)

= —FE'log




where M; = Tlt(90>/ﬁt(9).

Note that, for any z > 0, f(z) = —logz+x2 > 1
and hence

—FElog My + EM; > 1.

When M; = 1, we have f(M;) = f(1) = 1. 1If
M, # 1, then
f(M) > f(1).

Thus, Ef(My) > Ef(1) with equality only if M; =1
with probability 1.

Thus, El;(0) reaches its maximum —1 — log h(6p)
and this occurs if and only if

hi(0) = hi(6p) = hy.
T hus,

w+ agf_1 + Bhi_1(0) wo + aper_1 + Bohi—1
= (o —ag)ej_; = (wo—w) — Bhi—1(0) + Boht—1
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Since the left-hand-side is F;_»>-measurable, we
have aa = ag. Thus,

w =+ Bhi—1(0) = wo + Boht—1
= w+ Bw + apBet_o + B2h_2(0)
= wo + Bowo + @oBoet_o + BGhi—2
= ag(B — Bo)ets
= wp — w + Bowg — Bw + BGhi_2 — BZhy_2(0).

Similarly, we have g = Bg. Furthermore

w = wg + Bohit—1 — Bohi—1(0) = wo.



We next show that, for any integer m > 1,

Esup

ht(e)
We only give the proof when m = 1. Other case
IS similar.

he = wo+ aoer 1+ Bohi—1
< c(l4efq+efoteizthis)
hi(0) > c(l+ef 1 +efo+era)

Furthermore, we have
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as N is large enough, where ¢ is a constant. Thus,

E sup |=
e |ht(0)

Thus, Assumption 2.1 holds. By Theorem 2.1,

< Q.

0, — 0p a.s..

As for ARMA(1,1) model, we can show that the
initial values do not affect 6,, asymptotically, i.e.

é\n — 90 a.s..



We now consider Assumption 2.2.
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for any 7 € (0,1), where p € (0,1) and ¢ are con-
stants. Thus
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as 7 is small enough.
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for any 7 € (0,1), where p € (0,1) and ¢ are con-
stants. Thus, for any m > 1,

1 Oh(0)|™
hi(0) 0B
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Esup

< o0

as 7 is small enough. Furthermore, we can show
that, for any m > 1,
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and
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Using the similar method, we can show that
1 93h(0)
ht(e) 00,00 89k

for any m and 6; is w,«a or 8. Thus, we can claim
that

Esup < 0
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For the convariance matrix, we have

o — EQ-n?)? [1 0hi(60)0h:(b0)
T 72 / 4
4 h2 96 BT
s — 1|1 0h(9)0hi(bo) |
2 |h? 00 o6’
Ent —1
s-loy-1 — 77’52 (25)1 = g(2x)~ L.

Thus,

Vn(On — 00) = N(0,k(25)71).

As for ARMA(1,1) model, we can show that the
initial values do not affect 6,, asymptotically, i.e.

Vn(On — 00) = N(0,k(25)71).

When n; ~ N(0,1), En} = 3 and x = 1. When
ne & N(0,1), 6, is called the QMLE.



