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Chapter 1
Introduction

A time-series data set is a sequence of observations ordered in time. The time unit
may be second, day, month or year etc. For example, let ¥; be the daily closing price
of Hang Seng Index (HSI). Figure 1 is the plot of ¥; from the year 1986-2010. Figure
2 is the plot of the corresponding log-return x, = logY; —log¥,_.
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Fig. 1.1 Daily closing price of HSI from 31th Dec 1986 to 30th Jun 2010

If we ask what the HSI is tomorrow, the answer may 20,249, 20,500, - - -, etc.. In
fact, it can take any value in (0, 00), that is, HST is a random variable (r.v.) tomorrow.
Thus, we can understand that HSI is random each day and the closing price is just
its observation. We define a time series as a sequence of r.v.s ordered in time, i.e.,
{Y, :t € T}, where T is the range of time ¢.
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Fig. 1.2 Log-return of daily closing price of HSI from 31th Dec 1986 to 30th Jun 2010

In practice, we never can see {Y, : 7 € T} rather than the data set {Y, : 7 € T}
which is the collection of observations of {Y, : ¢ € T'}. Suppose that we have a data
set{¥,:r=1,--- ,n}. Whatis ¥,,; ?

{yt:tzl,...,n} Y =?

n+l

Y

data set o ntl

Nobody can answer this question. However, we can try to look for

(1) E(YIH-I‘Yla"' aYn)a
(2) P(a <Y, <b) forsome a < b.

These are the main targets in the field of time series.

We now define a general setup of time series. Let (2,.%,4?) be a probability
space and {.%, :t € T'} be a sequence of oc—fields with % C % C--- C.7. We
simply understand .%; as the information available up to time ¢. Let {Y; :7 € T'} be
a time series defined on (2, %, ) and ¥, € % (i.e. ¥, is fully determined by the
information up to time 7). Given .%,_1, the best predictor in mean square [i.e., the
minimizer of E(Y, —c)?] is

W =EY,|% ).
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Let & =Y, — ;. Then, E (&|%#,_1) = 0 and hence {g } is a sequence of martingale
difference in terms of .%;. Thus, we can decompose ¥; as

Y=w+sg. (I.D

Furthermore, we denote the conditional variance of ¥; by A, i.e.,
b= E (%~ w1 Fi | = E (&171).
and 1, = & /+/h;. Then, we can further decompose Y, as

Y, =+ v/, (1.2)

where {1, } is a sequence of uncorrelated r.v.s with E (1,|.%,_;) =0 and E (71,2|e%—1)
1. To answer (1.1)-(1.2), we need to explore L, &, and 1,. We know that both 1, and
h, are functions of .%,_1. However, we don’t know the forms of these functions in
practice. We can try to use some simple functions to approximate u, and #,. These
different functions will create different so-called models. A lot of models have been
proposed in the literature. We will discuss some models in details in other chapters.

In practice, all of models are some different approximations of the time series
{Y;}. We need to build up some reasonable criteria under which the model is close
to {¥;} enough. There are many criteria in the literature, such as AIC, BIC and
portmanteau tests, among many others. To make sure the selected model based on
these criteria are reliable, we first need to study its structure. This is the fundamental
part in the field of time series and will be discussed in the next chapter.






Chapter 2
Foundation and Model Structure

Time series in economics and finance is not as intuitive and convincing as statistics
in other areas. The main difficulties are (i) the sample space is not visible and (ii) the
sample is not reproducible. For example, one shoe company asks you to look for the
average foot size of Chinese in China. It is clear that the sample space is all people
in China. You can first get an i.i.d. sample and calculate its average, say 38cm.
So you may claim that the population mean roughly equals to 38cm. If someone
doesn’t believe this, he/she can get another i.i.d. sample and calculate the average.
This new average should be almost 38cm as long as the sample size is large enough
and the sample design is almost the same. That is, 38cm is a convincing number as
the average foot size of Chinese.

We consider the HSI again. Let ¥; be the daily log-return of HSI at day ¢ with its
own probability space (£, %, %), and

u,zEnz/ Y2,
&

On day ¢, we have only one observation. How to estimate y,? No way ! We first
need the following weak stationarity assumption:

Definition 2.1. A time series {Y; } is called weakly stationary if
(). 1y = i,
(i). 62 = E(Y, — )%,
(ii). px = E(Y; — ) (Y4x — ) /02
That is, the mean, variance and the linear correlation of ¥; and Y, are time-

invariant. This assumption is reasonable if the world does not change too much.
Usually, we use the historical data, say yp,--- ,y,, to estimate U, i.e.,

] n
pr-Y y. 2.0
3
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Do you believe it? In mathematics, we can prove that the previous approximation
is good enough as n is large if ;. | |px| < oo. However, we do not have an intuitive
argument for this.

2.1 Strict Stationarity and Erogicity
We first assume that
(thgzhyl) = (vaa‘@)

—time invariant, i.e., (2,,.%, %) KR (Q,.7,2). Furthermore, we have the fol-
lowing definition:

Definition 2.2. {¥;} is said to be a (strictly) stationary sequence if, for every k and
n, (Yo,---,%,) and (¥, - -, ¥i1,) have the same distribution.

The strict stationarity means that the time series have the same distribution un-
der the time transformation 7. This and the time invariance of the space are not
strictly correct but are relatively reasonable in many cases. Recall that any r.v. X on
(Q,F, ) transforms its probability space into a real space, i.e.,

(@,7,2) 5 (R, B,P).

By Kolmogorov’s extension theorem, X = (Yp,Y;,Y»,--+) transforms the space
(Q2,.7,2) into the sample space (RV, Z",P), i.e.,

(Q,F,2) X, (RN, BN . P)and X : w € Q — (wg,wy,---) €RV.
For simplicity, we assume that
(Q,7,2)= (RN, 5" ,P).

Then,
Yo(w) =wp and ¥,,(w) = w), forn > 1.

We now define the shift operator T to be the mapping from Q = R" to RV:
T:w=(wg,wi, ) — (wy,wa, ).

Thus,
Yn(W) =w, =Y [(Wna Wntl,: )} =¥ (T’IW)-

The shifts T¥ define operators on r.v. Y on (Q,.%, %) by
(T*Y)(w) =Y [Tk(w)} .

Thus, it follows that
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Y,=TY, = =T"y,

and
T T T
(YO7"' 7Y?l) — (Yla"' aYn+1) e — (ka"' 7Yk+ll)a

i.e., the time transformation is the shift operator in mathematics. For VA € .7, let
B=T""A. Then,

A
A] (stationarity)

So we call the shift operator a measure preserving map. Thus, the stationarity time
series {Y;} are determined by the shift operator and Y.

To see why and how (2.1) is reasonable, we draw a sample for the shoe example
in the following way:

you randomly and continuously walk in China and get one sample point

at 6:00 pm each day.

The sample foot size x; depends on the region where you are on the ¢-th day, while
the region on the #-th day depends on your place on the (¢ — 1)-th day. Thus, x,
and x,_; are not independent. The space and the distribution of {x,} are roughly
time-invariant under the time transformation 7. After n days, we can get a sample
average. Can you claim that

1 n
‘LL ~ *th )
3

A condition for this is that you can walk to everywhere or you cannot limit yourself
to a region or you can access to anyone in Mainland China. This condition is so-
called Ergodicity. If this ergodicity holds or almost holds, another samples got
from this way should have almost the same average. We now formula this in the
mathematical way.

Definition 2.3. The shift operator T on (2, %, Z?) is said to be ergodic if there is
not any A € .7 such that T~'A = Afor P(T~'A = A) = 1] except for A = Q or 0,
and {Y;} is called ergodic if ¥, = TY,_;.

Theorem 2.1. (Ergodic Theorem) Assume that {Y,} is a sequence of strictly station-
ary and ergodic time series with E|Y;| < co. Then

] n
lim -) Y, =FEY, :/ Y,dP a.s..
Z i i o

n—oon =1
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The ergodic theorem plays an essential role in the field of time series.

2.2 Criteria for Strict Stationarity

We first give one simple criterion as follows.

Theorem 2.2. (1) If {Y;} be a sequence of i.i.d. rv.s, then {Y;} is stationary and
ergodic.

(2) If {X,} is stationary and ergodic, then Y, = g(X;,X;—1,---) are stationary and
ergodic for any measurable function g from R¥ — R.

Example 2.1. Let
Yy=+ag 1+ +aigi+---,

where Y17 a,-2 <ooand & isiidr.v. s or & = f(1,,M—1,- ) withiid {n, }. Then {¥;}
is strictly stationary and ergodic.

Other criteria need to put the time series Y, into a Markov chain setting. A time
series {¥;} on (Q,.%, %) is said to be a Markov Chain with respect to the o-filed
G ifY, € Z, and forall B € .,

P (Yy+1 € B|#,) = P (Y41 € B|Y,) = P(Y,,B)

where P(x, B) is called the transition probability. If there is a distribution 7 such that
ﬂ@%=/P@BMM@JWVBey,

then 7 is called the invariant distribution (measure). If a Markov Chain {Y¥;} has an
invariant distribution 7 and ¥y ~ 7, then {Y;} is stationary and ergodic, see Durrett
(1995, page335).

Definition 2.4. A Markov Chain {¥;} is called @-irreducible if there exists a mea-
sure @ on £ such that, for VA € .Z, we have

Y P'(x,A)>0

n=1
for all x € Q, where F1 = {A: @(A) > 0,A € Z} and P"(x,A) is the n-step transi-
tion of {Y; }.

Definition 2.5. A set A is called recurrent if
m

Y 1, €a)|vo =x

n=1

E

—> 0

as m — oo, for all x € A. An @-irreducible Markov Chain {¥; } is called recurrent if
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E

m
Y 1y, eA)‘Yo _x] — o0

n=1
as m — oo, for Vx € Q and A € .Z . Otherwise, it is called transient.

If {Y;} is @-irreducible and recurrent, then there exists a unique (up to constant
multipler) invariant measure 7, see Page 230 of Meyn and Tweedie (1993). To make
(L) < oo under which we can get a unique invariant probability measure after a
normalization, we need another concept.

Definition 2.6. A set A is called Harris recurrent if
m
P( tim Y I(¥, € 4) :oo’Y():x —1,
m_wonzl

for Vx € A. A @-irreducible chain {Y;} is called Harris recurrent if each set in .Z# "
is Harris recurrent.

A recurrent chain {Y, } differs only by ¢-null set from a Harris recurrent chain, In
the finite state space, recurrence is equivalent to Harris recurrence. If an irreducible
chain {Y;} has an invariant probability measure 7, then it is recurrent, see Page 231
of Meyn and Tweedie (1993). Thus, the recurrence is necessary for {¥;} to have
an invariant probability measure. For an irreducible chain {Y;}, there exists sets
Dy,---,Dy € F such that

(i) forx € Dy, P(x,Di11) = 1,i=0,--- ,d—1,
d
Ui
i=1
where d is called the period of {Y;}, see Page 188 of Meyn and Tweedie (1993).

When d = 1, {Y;} is called aperiodic. An irreducible and periodic example is as
follows:

c

(ii) the set N = is @-null and transient,

3<—2 D3 = {3}

Thus, we have three sub-Markov Chain Y,k =Y,k =1,2,3, and each Y/‘ is aperi-
odic and has its own invariant probability distribution. Thus, we only focus on the
irreducible and aperiodic Markov Chain.
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Lemma 2.1. A necessary and sufficient condition for an irreducible {Y,} 1o be ape-
riodic is that there exists anA € T and BC A withB€ ™,

P"(x,B) > 0 and P""' (x,B) > 0

for ¥x € B and some positive integer n.

In the finite space, an irreducible chain is recurrent as long as one state is re-
current. In the general spaces, a similar idea is there. If we can find out a recurrent
A € ZT, then we can claim that the irreducible chain is recurrent, see Page 174 of
Meyn and Tweedie (1993). What kind of sets are most likely recurrent? It is small
set.

Definition 2.7. A set C € .% is called a small set is there exists an m > 0, and a
non-trivial measure v,, on .% such that, forallx € C, B € %,

P"(x,B) > Vn(B).

The small set means that we start in C and can reach to any set in .% uniformly
in a finite step m. It just likes the center of a country. If {Y, } is a @-irreducible Feller
Chain [i.e., for each bounded continuous function g on R, given x, E [g(Y,) |Y,,1 = x]
is also continuous , see Feigin and Tweedie (1985)], then any relatively compact
set A is small if @(A) > 0. If {Y;} is w,-irreducible and aperiodic and takes the
following form:

Y, =T(Y—1)+p, T:R"—R",

where Y, € R™ and (R, %™, ) is Lebesgue measure, then any non-null compact
set is small if one of the following conditions holds.

(i) {p.}isi.i.d., the marginal distribution is absolutely continuous and has
a positive pdf over R™.

(i) pr=(n;,0,---,0) with n,’s i.i.d. each having an absolutely continuous
distribution and positive pdf everywhere in R.

Small set is the so-called petite set and a petite set is a small set if {Y;} is ¢-
irreducible and aperiodic. To check if a small set C is recurrent, we use a function
V(x) to “test” it. In many cases, V(x) can look at as a distance from the starting
point x to the “center C”. When you hold the Markov Chain to walk around in €2,
the average distance is

[ Plednv ).
Q

Starting outside of C, it should be less than V (x) when C is recurrent, and larger
than V(x) when C is transient.

We now give a little strong drift criterion for the test function V(x). It not only
makes sure that {Y, } is Harris recurrent, but also () < eo.

Theorem 2.3. Suppose that {Y, } is @-irreducible and aperiodic. If there exists some
small set C, some b < oo, and a non-negative function V finite at some one xg € £
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such that

() [ PlednV() <V~ 1+blc(), veQ.
(i) Cy(M)={y:V(y) <M} is a small set for VM > 0,
then {Y,} has a unique invariant probability measure © and

sup |P"(x,A) —(A)| — 0, 2.2)
AEF

as n — oo, [f (i) is strengthen as
(i) [ Pledn)V() < (1-B)V (x) +ble(

for some constants B > 0 and b < o, then

p" sup |P"(x,A) — w(A)] — O, (2.3)
AEF

for some p € (0,1) as n — oo,

Under the assumptions of Theorem 2.2, {Y; } is Harris recurrent with an invariant
probability, by Theorem 17.1.7 of Meyn and Tweedie (1993), the invariant set .# of
{Y;} is trivial to the probability P(x,-) for all x € Q. Thus, for VA € .7, we have

7(A) = / P, A)T(dx) = O or 1.

Thus, {Y,} is stationary and ergodic. In the Markov Chain literature, {¥;} is called
to be ergodic if (2.2) holds, which is equivalent to the ergodic in Theorem 2.1, and
is called geometrically ergodic if(2.3) holds. If {¥;} is geometrically ergodic, then
it is strongly mixing with the rate of convergence p”.

2.3 ARMA Models

The process {Y;} is said to follow the general autoregressive [AR(p)] model if it
satisfies the following equation:

¢(B)Y; = wi, 2.4)

where ¢(z) = 1 — X7, ¢;z' and {w, } is strictly stationary and ergodic.

Theorem 2.4. Assume {Y,} is generated by model (2.4) with E|w,|? < oo for some
v > 0. Then, Y, has a stationary representation if and only if all the roots of ¢ (z) =0
lie outside the unit circle. Furthermore, {Y,} is unique and ergodic with E|Y|? < e
and its representation is:



12 2 Foundation and Model Structure
Y, =Y aw,
i=0

where a; = O(p') with p € (0, 1).
Proof. We first consider the case with p = 1. Note that
Y, = q)zthzJFq)St—l +&

m—1

= 0"Y Y 9E (2.5)
i=0

Let S,y = 2?501 ¢'g,_;. Then, for Vm,n > 0,

m—+n—1

Z O'e i

i=m

E |Sm+n.,t - Sml |)/ =E

Y m+n—1 )
<| X [oI")Elal”=0(p")

i=m
for some p € (0,1). By Cauchy criterion, we can show that
St — Seor, a.8.and in LY, as m — oo.

It is easy to see that Sey = Y17 ¢" &_; satisfies model (2.4), and it is stationary and
ergodic by Theorem 2.1. Let ¥,_,, = S/ in (2.5). Then ¥, has the representation:

Y, =Y aw i,
i=0

where a; = O(p') with p € (0,1). To see the uniqueness, we suppose that there is
another stationary {Y/} to model (2.4) with E|Y/|" < co. Then,

AY, =Y, _Yl/ = ¢(Yl—1 _Ytl—l) == ¢m(Yl—Hl _Yt/—m)'

Thus,
ElAY|" < |o|"™ (Elv,|" +E|Y/|") — 0,

as m — oo. Hence, AY, =0 a.s..

When ¢ = 1, limsup,_,,. ¥, = Yo+ limsup,_,., Zi-:l w; 18 invariant in terms of the
invariant preserve measure T of {w, } and hence it has to be a constant in [—oo, o],
Thus, we can show that limsup,_,., ¥; is o or —eo and hence {¥;} does not have a
stationary representation. When |¢| > 1, we have

-1
Y, = Z‘P'«‘ftfi"‘(b[YO — o0 q.s.. whent — oo,
i=0

{Y,} does not have a stationary representation either.
When p > 1, we can rewrite model (2.4) in the vector form:
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Xy =AXi—1 + Wy,

WhereXl = (Yh 7YI*]7+1)/’ Wl = (WI707"' 70), and

0102 Pp-1 @p

1 0--- 0 O
A:

00--- 1 0

Using a similar method as for the case with p = 1, we can show that ¥ } has a unique
stationary representation when p(A) < 1, which is equivalent to that all the root of
¢(z) = 0 lie outside the unit circle.

When there are some roots of ¢(z) = 0 not lying outside the unit circle, we can
have the decomposition of ¢ (z):

l

0(z) = 90" (2)(1 —2)*(1+2)" [ (1 —2cos Oz + %)%,
k=1

where a, b, and dj, are nonnegative integers, 6; € (0, @), ¢*(z) =1— {’;1 077" with
all roots outside the unit circle and p* = p— (a+b+2d; +---+2d;). Let

¢ (B)Y, =w.

Then
l

(1—=B)*(1+B)" T](1 —2cos 6B+ B>y, = Y,".
k=1
By the sufficiency of this Theorem, ¥* has s stationary and ergodic representation.
Using a similar method as for the case with p = 1, we can show that limsup,_,.. Y,
converges to 4o or —oo, Thus, the necessity holds. This completes the proof.

The figure 2.1 below gives the sample path of AR(1) model with ¢ = 0.9, 1.0
and 1.1 when {w,} ~ iid N(0,1). If we are allowed to use the future information,
we can have a stationary representation of ¥; in model (2.4) when |¢| > 1T and p=1.
In fact, in this case, we ave

1 1 i
Yy=0"Y1—9¢ 31+1="':—Z‘P 'g1ias..
i=1

When w, = 1+ y(B)g, that is,
®(B)Y, = u+y(B)g, (2.6)

the process {Y, } is said to follow the autoregressive moving-average [ARMA(p, q)]
model, where y(z) = 1+ 01z+---+ 6,27 and {&} is strictly stationary time series.
By Theorem 2.4, {Y;} is strictly stationary and ergodic if all the roots of ¢(z) =0
lie outside the unit circle with E|&|? < eo. Furthermore, if all the roots of y(z) =0
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o
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Fig. 2.1 Time series generated from a AR(1) model ¥, = ¢Y, | + ¢, where ¢ = 0.9 (top), 1.0
(middle) and 1.1 (bottom), respectively.
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lie outside the unit circle, then we have the representation:
g =uy (1) + ) biYi,
i=0

where b(i) = O(p’) with p € (0,1). In this case, we say that ARMA model (2.6) is
invertible. For model (2.6), we can show that 7, = O(p*) with p € (0, 1), that is, the
dependence of {Y,} decays to zero, exponentially.

When (1 —B)%w, = y(B)g, that is,

@(B)(1-B)Y; = y(B)s, (2.7)

the process {Y; } is said to follow the fractionally ARMA [FARIMA(p, d, q)] model,
where y(z) and {g} is defined as model (2.6),d € (—1/2,1/2) and

> . ] — !
(1-2)" =Y auz' and aq; = (i+d—L)! (2.8)

= -1

By Theorem 2.4, {Y;} is strictly stationary and ergodic if all the roots of ¢(z) =0
lie outside the unit circle with E 8,2 < oo and model (2.7) is invertible if all the roots
of ¥(z) = 0 lie outside the unit circle. Furthermore, the representations holds:

Y, =Y aig i,
i=0

& =Y bY i
i=0

where a; = O(i%!) and b; = O(i~9~!) since ag = O(i~!) by Stirling’s formula.
For model (2.7), we can show that % = O(k**~!). Thus, the dependence of {¥;}
decays at a much slower rate than that of {¥;} in model (2.6). In particular, when
d € (0,1/2),{Y;} from model (2.7) is called to be a long memory time series.

2.4 GARCH Models

We consider the first-order autoregressive heteroscedastic [GARCH(1,1)] model:
& = n[\/E and h, =0p+ a81271 +ﬁh[71, (29)
where 1, is a sequence of iid r.v.s with 1, = 0.

Theorem 2.5. Assume {&} is generated by model (2.9). Then, €& has a stationary
representation if and only if

Eln|an?+B| <0. (2.10)
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Furthermore, {€&} is unique and ergodic with E|&|" < e for some v > 0 and h; has
representation:

i ﬁI 0”712—i + ﬁ)

Proof. First, if (2.10) holds, then there exists a ¥ > 0 such that p = E|an? +B|Y < 1.
‘We now write %, in (2.9) as

hy = o+ (0671,2_1 +ﬁ) hi—1
= oo+ 0 (oan?  +B) + (an?  +B) (an? o+ B) b

m+1

+ H (0”7124 +ﬁ) htfmfb
i=1

m

1+ZH (an;+B)

j=li=

Let
m J
Smt = Qo 1+ZH 0”71 1+B)
j=li=1
For any m,n > 0, we have
m+n j
E‘SHH-n,t ml| —OC() Z H OCTh 1+B
Jj=m+1li=
m+n j v
<o ¥ HE|an, +B|"=0(p")
Jj=m+1i=

Thus, by Cauchy criterion, we can show that
St — Sooy = hy, a.s.andin LY, as m — oo.

Let Ay—u—1 = Seoy—m—1. Then h, has the stationary presentation in Theorem 2.5 and

is ergodic with Eh,y < oo, To see the uniqueness, suppose that we have another sta-

tionary solution £ to model (2.9). Then, Al =h, —h = (Om[z,l +B)An_ ==
" (an? 4+ B)Ah_ and

m
ElAh|" <T]E|en?+B| E|Ah_n|” < Cp™ — 0, as m — o.

i=1

Thus, Al =0 as., i.e., i, = k" a.s.. When Eln|an? + | > 0, we have
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J 5
b > a max [] (an? ,+B)

1<j<m i1

= (xogmaxléjﬁmz:j:l ]n(an/{i+ﬁ) — 00, A.8., aS M — 0,
Thus, necessity holds. This completes the proof.

From Theorem 2.5, we can see that the moment of & is highly liked to the param-
eter (o, B). The strict stationarity region and the regions for E|g|* < oo are given
in Figure 4 when 1, ~ N(0, 1).

Parameter region of GARCH(1,1) model

0.9
08
0.7
0.6
al+Bl=1 (i.e.1=1)

04
1=0.5

03 7
1=0.05
02} / strict stationarity
0.1 7
0 L
0 0.5 1 15 2 25 3 35

Fig. 2.2 The regions bounded by the indicated curves are for the strict stationarity and for £|g|** <
oo with 1 = 0.05,0.5, 1, 1.5 and 2, respectively.

‘We now consider the GARCH (p, q) model:
r S
& =mn/handh =ao+Y ouel  + Y Bili, 2.11)
i=1 i=1

where ap >0, 06 >0 (i=1,---,r), B; >0 (j=1,---,5), and 1, is deinfed as in
(2.9). We can rewrite %, in a vector form:
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H =0oo(&+A18-1),

where CI = (7712707"' 707]a"' 70),

(r+5)x1 With the first component n? and the (r +

1)th component 1, and

am? o an?|Bin? - Bn?
A I,_1 O o
= )
o e o ﬁl to Bs
0 L1 O

Thus, i, = i} H;, where u; = (0,---,0,1,---, 0)’

(r+s)x1 with the ith component 1.

Theorem 2.6. Assume that {€,} is generated by model (2.11). Then (i) If

there exists an integer io such that E || H At < 1, (2.12)
k=0

for1 € (0,1), then {&} is strictly stationary and ergodic with E|&|** < oo;

(i) If B = min{o;,B;:i=0,1,---,r,j=1,---,s} >0, and {&} is strictly sta-
tionary with E|g, ' < oo, then (2.7) holds;

(v)if >0,

r S
Yo+Y Bi=1, (2.13)
i=1 j=1

and M, has a positive density on R such that E|1;|* < oo for all T < 19 and E|n,|* =
oo for some Ty € (0,0], then lim, ... x>P(|&,| > x) exists and is positive,
(v). the necessary and sufficient condition for 8,2 < oo s

r s
Yo+ Y Bi<l (2.14)
i=1 i=1

Proof. The proof of stationarity and ergodicity is similar to that for Theorem 2.5
and henc eomitted. Further, let B, = {, +Z’° 1 lA,_,-C,_j and A, = H;“:?)l A
We rewrite h, as

1
m_%Pm&+ZWHHmeMJ (2.15)

k=1 1= =0
where i/, 41 §, = lisused. By (2.15), it follows that

Enh! <0(1 (1) Y (EAIN*
k=

Thus, E|&|*" < e and hence (i) holds.
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Denote hy; = ogo(l +Z/ 1ur+1 A, i&—j). Then (hy —hy—1,)" — 0 as.
when J — oo, {h},} is an increasing sequence in terms of J and E sup; b}, < Eh} < co.
Thus, by the dominated convergence theorem, we have E(u). | HI.J;OI AiG-j) =

E(hj —hj-1,)"/ajy — 0as J — . Since B > 0, there exist J; and J» such that all
the elements of dy;, = (urHHJ] 1A,,,-)’ and do, = HJZ 1A, i¢—j are a.s. positive,
and 0 < Edj;, <eoand 0 < Edj};, < oo, where dj is the i- th elementofdj as j=1,2.
Note that

Jy+ig+Jr—1 Jy+ig—1 L

E(uﬁ._H H AiGi- /) —E[ uCIT Ao+ — 0.

i=I

as igp — oo. Let a;j; be the (i, j)-element of HJIH A;—;. From the preceding equa-

tion, we know that E (d1jaijidaj g, +i,)t — 0 as ig — oo. Since dij, aiji, and daj , +i,
are independent, we know that E a?- — 0 as iy — oo. Thus, there exists iy such that
E[ITT Al = ENTT A ,Hl <1, ie. (ii) holds.

(iit). Since (2.12) is the necessary and sufficient for E82 < oo, (2.14) implies
E€? = . By (ii) of this theorem, E|| H’” 1Ak|| > 1 for any iy > 1. Thus,

n
E| JTAll >0,
k=1

for all n > 1. Note that u; [T} _, Axu; is the (i, j)th element of [T}_, Ax. We have

n rtsr+s n
E|TJAdl = E[Y Z i, HAku 2172
k=1 i=1j=
r+sr+s n r+sr+s
Z Z 7 HAkuj Z E WA ;) < (r+s)%,
i=1j= i=1j=

where A = EA,. By the previous two inequalities, it follows that

lim llnE||A1 <Ayl =0
n—eoon
By Theorems 2.4 and 3.1 (B) in Basrak, Davis and Mikosch (2002), the conclusion
(iii) holds. (v) is in Exercise. This completes the proof. U
We can show that (2.12) and (2.13) are equivalent when 1 = 1. Under (2.14),
model (2.11) is the IGARCH model with an infinite variance. (iii) implies that the
tail index of the IGARCH(r, s) process is always 2.
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2.5 Double AR Models

The process {Y;} is called to follow the double AR(1) model if it satisfies the equa-

tion:
Y, = 0¥, 1+ /wta¥?, (2.16)

where ¢ € R, w and & > 0 and {7, } are iid r.v.s with mean zero and variance 1.

Theorem 2.7. Assume that 1, has a symmetric, continuous and positive density
function f(x) on R. Then, if and only if

Eln|¢ ++an,| <0, (2.17)

{Y,} is geometric ergodic and hence has a unique stationary distribution and is
strongly mixing with geometric rate of convergence.

Proof. Ttis easy to see that ¥; is a Markov Chain on (R, %, V) and it is a v-irreducible
Feller Chain since the transition probability function

_ 1 Z—0x
P(x,A) _-/A \/w+ax2f(\/w+06x

is strictly positive and continuous, where V is the Lebesgue measure on (R, %). This
implies that the set [—M, M| is small for VM > 0. Thus, we only need to check the
drift condition.

Let h(u) = E |¢ + /an, ‘". Since #'(0) < 0, 3k > 0 such that i(x) < 1 for every
u € (0,k). Let § € (0,min(k,2)) and g(x) = 1+ |x|%. Since f(x) is symmetric, we
assume that ¢ > 0 without loss of generality. Note that

2>dz, for A € A,

E [g(Y)|Y1 =x] = 1 +E|¢x+ 10V w+ ax?|°

1)
w 2 g ox
=1+(—+x) E|———+on,
o §+x2
Since
w 2 gE 0x \/> °
(a‘i’X) 7m+ on;
1, asx — o0
5 - b) b
‘X|SE‘¢+\/6771‘
we have

E [s(5)|¥ie1 =] = 1+ [1 +o(D]WPE | + Van,[°
= g(x) |+l {[1 +o(DIE |0+ vam |~ 1}

< gx) +°(2C - 1),
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asx > M and 0 < 2C < 1. Thus,

X 51—
Ek@”ﬁJZﬂggm_g@|h$M?3
g(x)(1-20C)
<glx)— S
= (1-Co)g(x),

since |x[% /(1 + |x|®) — 1. When |x| < M, it is easy to see that
E[g()|Y-1=x] <C.
Thus, we have
E [g(¥)|Y1 = x] < (1 Co)g(x) + Cilp(x),

where B = [—-M,M]. Now the sufficiency follows from Theorem 2.3. We refer the
proof of necessity to Borkovec and Kluppelberg (1998). This completes the proof.

n~N(0,1) n~uU-v3,+3]
m
< o @
<=
N
o
“
5 A A
s o« - =
o
A — 7
- wn
S B
B
e 3
T T T T T T T T T T T T
-1.0 -0.5 0.0 0.5 1.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
]
Dexp(-=) “’
n~Dexp n-—=
2 2
o ©
w
©
<
= <~ - (=] o A
A
~
~
-
B B
o o
T T T T T T T T T T T T T T
-1.5 -1.0 -05 0.0 0.5 1.0 15 -1.5 -1.0 -05 0.0 0.5 1.0 15
@ @

Fig. 2.3 The regions bounded by the indicated curves are {(¢, @)} such that (2.17) holds.



22 2 Foundation and Model Structure

We now consider the DAR(p) model:

)4 P
Y, = Z¢iﬁf+nt\/m, (2.18)
i=1 i=1

where @, > 0, and {n,} is defined as in model (2.16). Model (2.18) is a special
case of the following general model:

Yl :f(Ylflv"' 7Y17p)+nl\/h<ylflv"' 7Y17]7)a

where h(Y,_1, -+ ,¥,_ ,,) > 0. Under this framework, the stationarity and the moment
conditions have been extensively studied in the literature, e.g. Ango Nze (1992),
Masry and Tj¢stheim (1995), Lu (1998), Cline and Pu (1999) and Lu and Jiang
(2001). They obtained sufficient conditions for stationarity by directly checking the
regular conditions in Theorem 2.3. For model (2.18), the weakest sufficient condi-
tions for stationarity is

P P
Y ol +Em|Y <1,
i=1 i=1

which is also sufficient E|y,| < eo. Comparing this condition with that in Theorem
2.7, we can see that it is far away from the necessary condition. The necessary and
sufficient condition for the stationarity of the higher DAR model is quite unclear up
to date.

However, when 1, ~ N(0, 1), we can explore it in an undirect way. We first let
& = (&ir,---,&p) be an independent p x 1 standard normal vector sequence and
independent of {n,} and let A; be the p x p random matrix:

A <¢1 +\/OTI€11 ¢p71 +\/ apflgpfl.t (Pp""‘\/aipépl)

- I[,,1 O(p—l)xl

where I, is the 7 X r identity matrix and O, is the 7 X s zero matrix. We define the
top Lyapounov exponen as

1
y=inf{-En|4s---4,], n>1}. (2.19)

Thus, we have the following theorem:

Theorem 2.8. The necessary and sufficient condition for the existence of a strictly
stationary solution to model (2.18) is y < 0. Furthermore, the solution {Y, :t € A}
is unique, geometrically ergodic and E|Y,|" < oo for some u > 0.

Proof. Let X, = (Y;,Yi—1,--+,Yi—p+1)’, %, be the class of Borel sets of R” and let
V), be the Lebesgue measure on (RP,%P). Then (RP, %P, v,) is the state space of
the process {X;}. Let m : R? — R be the project map onto the first coordinate, i.c.,
m(x) = x; as x € RP. Then, {X,} is a homogeneous Markov chain with state space
(RP, 987 ,vp). It has the transition probability
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1 Y
P(x,A):/(A) (22 ) dzr, xe RPand A € 27, (220)

where x = (xp,--+,x1), £= (1,x3,-- ,x1), and f(x) = (27) 05¢=/2,
We first check that {X;} is v,—irreducibile, i.e., if ¥, P"(x,A) > O for every

n=1
x € R whenever vj,(A) > 0, where

P'(x,A)= [ P""Y(y,A)P(x,dy), x ER",A € B".
RP

It is easy to see that the p—step transition probability of the Markov chain {Y;} is

PP(x,A) /]p‘[ ! f(z"_l‘/x")d d 2.21)

X, g — = Z1 - dZp, .
Ai=1 vV AT M ’

where % = (zi,-++ , 21,1, ,Xp—;) and Xo; = (1,27, , 23, %3, ,x?,_l-). Since the

transition density kernel in (2.22) is positive, we know that {X; } is v,—irreducible.
LetA, =A,---A,_s+1. By Exercise 2.2, there exists an integer, s, such that

E|IA" < 1. (2.22)

Using (2.22), we next prove that the s—step Markov chain {X,} satisfies the drift
condition of Theorem 4(ii) in Tweedie (1983), i.e., there exists a compact set K and
a non-negative continuous function g(x) such that v,(K) >0, g(x) > 1 on K, and

< (1-g)glx), x€ K, (2.23)
<M, xeK, (2.24)

for some € > 0. The key point is to find a function, g, such that (A.4)-(A.5) hold.
It is difficult to get g by a direct method. We first consider the RCAR(p) model:

i =AJ 1 +1, (2.25)
where 7, = (v/on,,0,---,0)" and ¥, is independent of {f}, : ¢’ < t}. It is easy to

see that {, } is a homogeneous Markov chain with state space (R”,%”,Vv,) and its
transition probability is

1 71 — ),fx
P(x,A :/ ( )dui, xR and A€ B (226
(x,4) ) T,ff i 1 (2.26)

We choose g(x) = 1+ ||x||%, where x € RP and u is defined as in (A.3). For a fixed
s such that (A.3) holds, we iterate (A.6) to obtain the following expansion:

s—1j—1

?ls = (ﬁls + Z HAts—rﬁls—j> +A~IS?(171)S' (2.27)
j=1r=0
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By (A.8), we have

s—1j—1
E(g(Wa)l¥1ys=x) < L+ E|us + Y [T Auw—rfls—s 1" + E A" 1]
j=1r=0

= E|| A" |« +C, (2.28)

where C is some constant. Let K = {x: [|x|| <L} and L be a positive constant. It is
easy to see that

E(g(Yy)[¥ 1)y =x) <M, x€K, (2.29)

for some constant M. Note that E||A||* = E||A, ||“. As L is large enough and x € K¢,
by (A.3), there exists € > 0 such that

E(g(T)| T 1) = %) = g() + (El|As [ = D) lx]“ +C — 1
i]}

L [|x([

< (1—¢€)g(x). (2.30)

< g({1 = [(1—El|A]") +

From (A.1) and (A.7), we know that {Y;} and {¥,} have the same transition ker-
nel density. By (A.10)-(A.11), we know that (A.4)-(A.5) holds with the same g(x)
and K. For each bounded continuous function G on R”, E[G(Yy)|Yy(,—1) = x] is con-
tinuous in x. Thus, {¥;,} is a Feller chain. Furthermore, since Yy, is v,—irreducible,
by Theorems 1-2 in Feigin and Tweedie (1985), we know that (i) Y, is geometrically
ergodic which ensures that there exists a unique stationary distribution 7 for {¥y},
and (ii)

/' Y| d7 < /R gl)(dx) <= @2.31)

By Lemma 3.1 in Tj¢stheim (1990), Y, is geometrically ergodic. Thus, ¥; has a
unique stationary distribution, 7. Let ¥ be initialized from the stationary distribu-
tion 7. Then {y, : ¢ € 4"} is the unique stationary solution to model (1.1) and it is
geometrically ergodic. Furthermore, by (A.12), E|y;|" < oo. We refer the necessity
to Ling (2007). This complete the proof.

2.6 Threshold Models

The process {¥;} is said to follow the first-order threshold AR [TAR(1)] model if
the following equation is satisfies:
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Y[ — {¢1Y[1+£[7 lf Yl*l >07 (2.32)

Y, 1+&, if ¥, 1 <0,
where & is iid r.v.s with mean 0.

Theorem 2.9. Assume that € has a strictly positive density f(-) on R. Then, {Y,}
from model (2.32) is stationary and ergodic if and only if

01 < 1,00 < 1and ¢1¢n < 1. (2.33)

The region described above is plotted in Figure 6.

-8t

~10 . . i
-3 -2 -1 0 1 2

Fig. 2.4 The shaded region bounded by the dotted line is {(¢1,¢2) : ¢1 < 1,¢» < 1 and ¢ 9, < 1}

Proof. Note that {Y;} is a Markov Chain with state space (R, %) and its transition
density is given by

p(x,y) = fIy = ¢1xl(x > 0) — $axI (x < 0)].

Itis not hard to see that {Y, } is v-irreducible and aperiodic, where Vv is the Lebesgue
measure. Since f is strictly positive, any non V-null compact set K € £ is small.
From (2.10), we can select positive constants a and » such that

b
—g<¢1<land—7<¢2<l.
b a

Choosing

(x) = ax, if x>0,
EX =9 by, if x<0.
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Then,

_ 4 _ JEg(dix+g), if x>0,
Elg(y)[Y_1 =] = {Eg(%xw)? if x>0

When x > 0 and ¢; <0,
Eg(px+¢&)=ax+abE{[(¢g — Dx+¢&]l(g>—¢1x)}
—bE{[(¢1+ab " )x+g]I(e < —ix)}
<ax—bE{[( +ab_1)x+8,] 1(g < —¢1x)} +o(x)

<ax—1, asx — oo,
When x > 0 and ¢; > 0,

Eg(d1x+&) <ax+aE{[(¢1 — x+&]I(g > —d1x)} +0(x)

<ax—1, asx — oo,
When x <0 and ¢, <0,

Eg(¢ox+&)=—bx—bE{[(¢»— )x+&]I(& < —¢x)}

JraE{[(d)era_lb)erS,} 1(g>—¢x)}
—bx—bE{[(¢2— D)x+&]I(& < —ox)} +0(x)

<
< —bx—1, as x — oo,

When x > 0 and ¢, > 0,

Eg(¢ox+€) < —bx+aE{ [(¢2+a71b)x+8,} 1(g > —x)} +0(x)
< —bx—1, as x — oo,

Combining the previous inequalities, we have
Elg(i[Y1 =x)] <g(x) =1, when x & [-M, M],
as M is large enough. It is not hard to see that there exists a constant ¢ such that
E[g(Yi[Yi—1 =x)] <g(x) = 1+ cl_pyp (%)

.Thus, there is a unique stationary and ergodic solution to (2.9). We refer the proof
of the necessity to Petruccelli and Woolford (1984) and Chan et. al. (1985)

We next considers the m-regime TAR [MTAR] model(m > 2) with order p :

m

Y=Y (Y1 Bj+e)l(rj1 <Yq<rj), (2.34)
j=1
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where Y1 = (1,Y,—1,....Y—p), B; = (90, 0j1,.-, 9jp) ERPTL 0, >0,j=1,....m;
—oo=rg < r; <..<ry=-c0 and I(-) is an indicator function. The number m of
regimes and the order p of model (7.7) are positive integers. d is a positive integer
called the delay parameter. {ry, ..., 7,1 } are threshold parameters. Assume that {g }
satisfy the condition of Theorem 2.9. Vertorizing model (2.34), the Markov Chan
is irreducible, see Section 2.2. Using the test function g(x) = 1 + max;|x;|p; with
max,-Z’j’-l:1 |¢ijlp1/pj < 1 and py > pa--- > py > 0, Chan and Tong (1985) show
that, if

m

max Y (9] < 1.
j=1

then {¥;} from model (2.34) is stationary and geometrically ergodic. This condition
is much stronger than that in Theorem 2.9 and also stronger that of the AR(1) model.
Except for the first-order MTAR model studied in Chan et. al. (1985), the necessary
condition for the stationarity of model (2.34) is open.

It is natural to extend the threshold AR model to the threshold ARMA model.
For the two regimes case, it can be defined as follows:

Y, = 1Y,—q <)

P g
Y ouY i+ ) wug
i=1 i=1

+ 1(Y,_g>7)+&. (2.35)

P q
Y oY i+ ) wig
i= i=1

Ones can write model (2.35) into a vector Markov Chain. Howver, Except for the
case with y1; = yr; = 0 in Liu and Susko (1992), no one shows that this Markov
chain is irreducible. Thus, the stationarity and ergodicity of TARMA models is
greatly unclear up to date.

However, when p = 0, model (2.35) reduces to the threshold MA (TMA) model.
We can use Theorem 2.2 instead if Theorem 2.3. This is the following theorem.

Theorem 2.10. Suppose that {€} is a sequence of iid r.v.s with P(a, < r,b, <r)+
P(a, > r,b, >r) #0, where a, = € +Z?:1 Vi€ _;jand b, = €, +Z?:1 0;&_;.. ThenY,
from model (2.35) with p = 0 has a unique strictly stationary and ergodic solution
expressed by

q
1/1:81+Z‘//i£1—i+
i=1

i=

q
(i —vi)e—i|ot_g, as.,
=1

1

where

j—1

o ]
0 q=Y, [(H‘}Vl—sd)U[—jd], inL' and a.s.,
j=1 s=1

where Uy =1 (a, <r)and W, =1 (b, <r)—1(a, <r).
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Proof. From model (2.35), 1(Y, <r) =U, + W, 1(Y,_4 < r). Tterating k > 1 steps,
we have

k—1  j—1 k—1
1Y <r) =Y [([TWi-sa)Ur-ja] + (TTWi-ia) 1Yo <)
j=0 s=0 i=0
with the convention [, = 1. Let
-1 -1
Gk = Z [(HVV’*-W)UFM]
=0 =0

For given d and ¢, there exists a unique nonnegative integer m such that md <
max(d,q+1) < (m+1)d. Let 8 = E|W;|. Under the condition in Theorem 2.10, it
is not difficult to prove that 0 < & < 1. Observing that both {U,} and {W,} are ¢-
dependent sequences, we can extract an independent subsequence {W,_ jmDdsJ =

0,1,..., [%=}]} from the sequence {W,_ig,i =0,1,2,....,k— 1}, where [a] denotes the
integral part of a. Since |Uy,| < 1 and |W,| < 1,it ylelds that

L
l

’ HWz ia) U kd’ (E|W;[) s

implying

oo j—1 ) oo
Z]IP%MMASZ S = (m+1) Y 6 < oo,

=0 k=0

Using the above inequalities, we can prove that E|oy s — oy ,| — 0 as s,¢ — oo for
each fixed n. By the Cauchy criterion, o ; converges in L' as k — co. Write the limit
as

o =Y [(TTWi-sa)Ui-ja]-
j=0 s=0
Applying the inequalities above again, it is easy to get

ZE|(X,7/(—(X, Z

k=1

||M8

yielding that

lim oy = oy, in L' and a.s.

k—o0

Furthermore, recall that U, = 1 (a, <r) and W, = 1 (b, <r)—1(a, <r), where
ay and b, are defined in (??), we have the iterative sequence: 04 1 = U, and
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QG =Un+Woy gr1=00 -0 gr1)1(an<r)+0_gr11(b, <r)

for each n and k > 1. Note that o ; and 0;_, x have the same distribution for fixed
k since the error {e;} is i.i.d.. By induction over k, we have that o ; only takes two
values 0 and 1 a.s. since ¢4 only takes O and 1. Thus, &, at most takes two values
0 and 1 a.s., namely, o, = 1 (@, = 1) a.s.. Define a new sequence {S, }

9q q
Sn=M+en+ Z Vig—i+ [(.ul - .u2) + Z(¢l - V/I')sl*f] 0—q-
i=1 i=1
By simple calculation, we have
1(S, <r)=1(an <r)l(0g_q=0)+1(b, <r)L(ey—g=1)
=U,+W,1(a_g=1)
=Uy+W,o,g=0, as..
Hence,
q q
S,,:,U,2+6”+Zl[/i81 i [.U'I*IJZ +Z ‘I/I & 1] (Sl—dgr)v a.s..

i=1 i=1

Thus, {S;} is the solution of model (2.1) which is strictly stationary and ergodic.
To uniqueness, suppose that S, is a solution to model (??), then

1S <r)=Un+Wyl(S—a < 1).
Iterating the above equation, one can get for k > 1
- k=1 .
]l(S’ < I’) =0+ (vatfid)]l(slfkd < r).
i=0

We can show that the second term of the previous equation converges to zero a.s..
Thus, we have 1(S, < r) = o, a.s.. Therefore,

Sn “”""@1"‘2%‘% 1+[I~11 2) + —Yi)E - l}al d, S,

q
1:1

ie., S, =S as. The proof is complete. [l

2.7 Exercises

Exercise 2.1. Give the proof of Theorem 2.7(v).
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Exercise 2.2. Let {A,} be iid random matrices with E||A,||® < eo. Prove that the top
Lyapounov exponent

1
y=inf{=E||A;---A,|l, n>1} <0
n

if and only there exists an integer s such that E||A; - - A,||% < 1 for some u € (0,1).

Exercise 2.3. {Y;} is said to follow a smooth TAR(1) model if it satisfies the equa-
tion:

Y_1—r
Y,—¢1Y,1+¢3Y,1F< £ ; )+e,,

where F(-) is the distribution function of the standard normal r.v. and {g} is iid
with mean zero and a finite variance 62. Show that if

¢1 <1, o1+ ¢ < land ¢1(¢1 +¢2) <1,

then {¥;} from the smooth TAR(1) model is stationary and ergodic. Furthermore,
EY[F < oo if E|g [k < oo,

Exercise 2.4. {Y,} is said to follow a bilinear model if it satisfies the equation:
Y=Y 1+ (61&-1+6:62)Y1 +&,
where {g} is iid with mean zero and a finite variance 6. Show that if and only
Eln|¢p+6,g_1+ 015 _2| <0,
then {Y;} from the bilinear model is stationary and ergodic.

Exercise 2.5. Prove that }'_, B; < 1 is equivalent to

o<p(G)<1,whereG=<Ip‘1"'%>7 (2.36)

I is the k X k identity matrix and p(B) is the spectral radius of matrix B.



Chapter 3
Regular Estimation

3.1 A General Theory

Assume that the real p x 1 vector time series {Y; : 1 =0, %1, --- } is % — measurable,
strictly stationary and ergodic, and its conditional distribution is given by

YIL%*I ~ G(G,Y[,l), (31)

where .7, is the o-field generated by {Y,,Y,_1,---}, ¥, = (¥;,--- ,Y,_py1) or ¥, =
(Y;,Y,—1,---), and O is an m x 1 unknown parameter vector. The structure of the time
series {Y,} is characterized by the distribution G and the parameter 6. We assume
that the parameter space © is a compact subset of R, and the true value 6y of 0 is
an interior point in ®@. We use the following OF with the initial value Y to estimate
90:

n
L,(6) =Y 1(6),
=1
where [,(0) = [(Y;,0) is a measurable function with respect to ¥; and is continuous
in terms of 6. The estimator of 6y the maximizer of L,(6) on O, i.e.
6, = argmaxgL(9).

When the dimension of the initial value ¥y is infinite, it need to be replaced by some
constant ¥y. To make it simple, we assume that Y is available. We only need the
identification condition for the consistency of 6, as follows.

Assumption 3.1 Esupg.gll;(0)] < oo, and E[1,(0)] has a unique maximizer at 6.
Theorem 3.1. If Assumptions 3.1 holds, then é” — 0y a.s..

Proof. First, using the standard point-wise argument with the ergodic theorem, we
can show that, for any 1 > 0,

31
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n

1imP< max  sup Z[l,(@) —1(6p)] > 0) =0. (3.2)

[=oe Nsn<eo|ig_gy|>n,=1

Since E[[;(0)] has a unique maximum at 6y, ® is compact, and E[,(8) is continuous,
there exists a constant ¢ > 0, such that

max E[[,(0)—1(60)] < —c, (3.3)
[6—60[I>n

for any 1 > 0. By (3.1)-(3.2), it follows that

P(max sup {i[l,(@)—l,(@o)}+%}>0)

I=n<eo|ig—_gy|>n =1

I<n<eo @

<P max sup{(jlil[zxe)—m,(en\} > o,

as [ — oo, By the previous inequality, for any € > 0, we have

lim P( max |6, — 6| > ¢€)
[—o0  [<n<oo

n
- nmp{ max |8, — 6| > e,lg}ixml; [z,(e,,) - z,(eo)} > o}

[—o0 1<n<oo

n

< lim P{ max  sup Y {l,(e)—l,(eo)} zo} —0.

fre MIsns=o—gy|>ei=
Thus, the conclusion holds.[]

For asymptotic normality, we assume that /,(0) has continuously twice differen-
tiable almost surely (a.s.) in terms of 6. Denote

21,(8 d°1,(6
Di(8) = é(e) *aela(e/)’

Y =E[P(6p)] and Q = E[D,(60)D,(6p)]. We need one assumption as follows:

and P,(0) =

Assumption 3.2 (i) D,(6y) is a martingale difference in terms of Z,
(i) 0 < X < ooand 0 < Q < oo,
(iii) E sup|g_g, | <n P (0)]| < oo for some n > 0.

We now state our second result as follows.

Theorem 3.2. If é,, — 0y a.s. and Assumptions 3.2 holds, then

() 6= o[ (2292 7] 4

(i) /n(6,—6)) — . N(0,Z7'Qx ).
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Proof. Applying Taylor’s expansion to d1,(6,)/d8 and using Lemma 2.2,

n —11 &

=== [, L R(@)] X6

—[2+o(1)]*1% Y Dy(60) a.s.,
=1

where 8 lies between 6, and 6 and 7 — 6y a.s.. By the law of iterated logaritheo-
rem, we can claim that (i) holds. By the central limit theorem, (b) holds. [l

Usually, the initial value ¥; does not effect the asymptotic results. If one wants
rigor to prove this, the following conditions are enough in which [,(0) with the
initial value Y is denoted by ,(6) and similarly define D,(0) and P, (0):

Assumption 3.3

(@) Esupli(6)=1,(0)] = O(-7);
(€]
1

(5) ED,(60) ~ By()] = 0175,
(¢) Esup|l£(6) ~F(8)] =O().
(]

for some v > 0.

The decay rates in these conditions are very low and are satisfied by most of time
series models.

3.2 ARMA Models

Assume the random sample {Y;,---,Y,} is from model (2.6) with & being a se-
quence of iid with mean zero and variance 62 > 0. Denote 6 = (i, ¢y, -- -, Op, V1,
-+, )" and 6y as its true value. Assume that the parameter space O is a compact
subset of R™ and 6 is an interior point in ®, where m = p+ ¢+ 1. The following
assumption is for the stationarity, invertibility and identifiability of model (6.28).

Assumption 3.4 ¢(z) # 0 and y(z) # 0 when |z| < 1, and ¢(z) and y(z) have no
common root with ¢, # 0 or W, # 0.

With initial values ¥y = {¥p,Y_1,- - }, we can write the parametric model as

P q
g(0)=Y,—u—Y oY i— ) vie_i(6). (3.4)
i=1 i=1

Its first derivatives are as follows:
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06(0) _ | - 9&-i(6),
du ! ,-:ZIW’ du
9g,(0) de-i(0) ,
-y i————, for 1 < j<p;
8¢j Yi=j ,:le a¢j 1=
J€(0) L dg-_i(6) ,
——¢ (0)— i——, for 1 < j<gq.
dy; =i(0) ,;W oY =

Similarly, we can write down d%¢,(8)/9000’. Let %, | = 6{& : k <t — 1}. Using
the conditional least squares estimation, we get the objective function is

n
Ly(6) =} €(6). (3.5)
=1
The minimizer, 6,, of L,(0) on O is called the conditional least squares estimator
(LSE)of 0, i.c.,
0, = arggleigL,,(O).

We have the following theorem:

Theorem 3.3. If Assumption 3.3 holds, then it follows that

~ 1/2
(i) 6=+ o (M) ] s,
(ii) v/n(8, — 60) — .2 N(0,6°2; "),
where Qo = E[9€,(60)/26d%(60)/96).

Proof. To make it simple, we only present the proof for the case with p =g =1 and
without u. In this case, the parameter space is

O ={(¢,y1) :|¢1|<c and |yi|<c}

for some 0 < ¢ < 1, and &(6) has the following expansion:

&(0)= Y WY, 1~ 0% i 1),

i=0

Thus, supgeg 1&(0)] < co X5y P'|Y,—i| and hence E supgg |& ()] < oo, where p €
(0,1). Secondly, use the following expansion

£(0)=¢&—(¢—0)Yi—1 +[w&_1(0) — Wo&_1],
it follows that

Ee?(8) = 6>+ E{(¢ — ¢0)Yi—1 — [we1(0) — wo&,1]}? > o2
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and “=" holds if and only if

(¢ —¢0)Yi—1 — y&—1(0) + Yo&—1 =0,
which holds if and only if ¥ = yy and ¢ = ¢p. Thus, Assumption 3.1 holds and

hence we can claim that 6, — 6, by Theorem 3.1.

D,(6) =275z (6);

. 381(9) &81(9) 3231(6)
R(0) =254~ 39 5006 &(9);

where the first derivative of & (0) with respect to 6 is

dg(0) dg_1(0) =

70 =Y+ WT = *5‘!’%44;
dg (0) 2g-1(0) &
811// =&-1(0)+ "’laT = ,-:Zow &-i-1(0).

It is not hard to see that
Q =406Q) and X = Q.

Then, Z7'QX ! = 62Qy. Tt is straightforward to show that E supg ||P(8)]| < .
To prove that Q is positive definite, see Exercise 3.1. Thus, Assumption 3.2 holds
and the conclusion holds by Theorem 2.2. This complete the proof.

3.3 GARCH(, 1) Models

Assume that the random sample {Y1,---,¥,} is from the GARCH(1, 1) model:

&g = n,ﬁand h = oco+aef,1 +Bh_1,

where 1), ~iid with mean zero and variance 1, @y >0, @ >0 and B > 0. Let 6 =
(ap, o, B)" and its true value is denoted by 8y. We make the following assumption:

Assumption 3.5 (a). ® ={0:EIn( + (xnlz) <0,00>c,a>cand B > c}, where
¢ > 0is a constant, and
(b). N, has a bounded density in some neighborhood of 0 with ET],4 < oo,

Using quasi-maximum likelihood estimation with the initial value & = {&g,€_1, -
we get the following objective function:
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n 2

n 8
n = L(0)=— logh, (0 ! ,
L= Y10 Z[ghu%(e)}

=1

where 1,(0) = ag + oe? | + Bhy—1(6). The minimizer of L, on @ is called the
quasi-maximum likelihood estimator (QMLE) of 6y, denoted by 6,

Theorem 3.4. (a) if Assumption 3.4(a) holds, then 6, — 6 a.s.,

(b) if Assumption 3.4 holds and 6y is an interior point in O, then

~ logl 1/2
(i) 9,,:90+0[(%) }a.s.,
(ii) vn(6y—60) — 2 N(0,k2,"),

where Qy =E [hf23h,(90)/868h,(90)/89’} and x = (Eng — 1) /2. Furthermore,
when 1, ~N(0,1), Kk =1 and 6, is the MLE of 6y

Proof. We first note that

o /’L,(Go)
EL(6)=—Elogh(0)—E 0

]’ll(eo) hl(eo)
1(8) TEh(0)
= —[~ElogM, +EM,] —logh(6),

=—|—Elog —loghy (6y)
where M, = h,(6)/h;(0). Note that, for any x > 0, f(x) = —logx+x > 1 and hence
—ElogM, +EM, > 1.
When M, = 1, we have f(M,) = f(1) = 1. If M, # 1, then
(M) > f(1).

Thus, E f(M;) > E f(1) with equality only if M, = 1 with probability 1. Thus, E[,(0)
reaches its maximum —1 —log/,(6p) and this occurs if and only if

hi(6) = hi (60),

which holds if and only if 8 = 6y, see exercise 3.2. Thus, the second part of As-
sumption 3.4(a) holds.
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_ 1 9n(0) &
Di(8) = =5, %) a0 {1_11,(9)]’

1 ah,(@) (9/1,(9)
“2n0) o6 oo MO
1 [*m(0) 1 Om(6)om(0) &
R’(e)_h,(e){aeaef m(6) 6 96 H]_h:w)y

where

n(0) = o+ag’ | +Bh_1(0)=w+al Be, |,
L ama(e) 1

o 1+5 o lfﬁ’
811,(9) 2 &h[ 1

Ja :8171+ ,Zﬁ —i—1>
dh (0 8h
gé = a0+ = 3
—‘,—(XZZﬁhL/S, i—j—2-
i=0j=0

37

To check other assumptions, the difficulty is to show that, for any integer m > 1,

m
< oo,

Esup h[

o |m(0)
We only give the proof when m = 1. Other case is similar. First,

b=+ ol |+ Poh—1 < c(l+€ | +€& 5+ 3+h_3).
Thus, we have
h(0) > c(1+&2, +€& ,+¢€%5).
Furthermore, we have
&1+ &+ E 5> c(NEy + N7+ 1733,

Thus,

h, cen chi_3 <eoqt ¢
<c =¢ :
h(0) g2 +e2,+€, USRS PP

(3.6)
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ni i, i

e 1
< N+/N P(n12—1 +7712—2+7712—3 < ;)dy

° 1
<N+ [ IPE < S)Pdy
N )

:N—i—/Nm /\/\/);f(x)dxrdy

§N+c/ y 3 2dy < oo,
N

e 1
= /O P(n12—1 +n12—2+7712—3 < ;)d}'

as N is large enough, where ¢ is a constant. Thus, E supg /; /h;(0)| < co. Thus. the
first part of Assumption 3.1 holds and Theorem 3.4(a) holds.

1
h,(@)

- i—1
;w—i—(xﬁ’sf, )
o 182 ﬁ
<CZ (—i—1 <CZ —i—1
= 2 = 2
i:01+ﬁ,81 i—1 i=0 1+B18[ i—1

<cY Bole—ia| <cY plle—ial*®
i=0 i=0

for any 7 € (0,1), where p € (0,1) and c are constants. Thus

Esup
c)

as 7 is small enough.

hi(6)

9hi(6)
hi(0)

811,
d

(0

B

Jdo

)

LS
<c+c
— 2
Soo+taptitle, .,
o oo ﬁl+j’ ; )
§C+CZZ—J
i=0j=0 1+ﬁl+j —i—j—2
ﬁHrj ; ) T
§c+cZZ —21
i=0j=0 1+ﬁl 181 i—j—2
< C+CZZP iy |£l i—j— 2|

i=0j=0

ey

m oo . m
SC{ZPPE [E|8,,-|"”]m} < oo
i=0

(3.7)
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for any 7 € (0,1), where p € (0,1) and ¢ are constants. Thus, for any m > 1,

| L 2mi(0)

o [1(6) B

m o o m
< {C+CZ Y pltir [E|s,,-,,-|””]*} <o (3.8)

i=0 j=0

as 7 is small enough. Using (3.5) and (3.6), we can show that Assumption 3.2(ii)-
(ii1) holds. Thus, Theorem 3.4(b) holds and

1
Q=x>Q and £ = E_Qo.

Thus, £~'QX~! = kQ;'. This completes the proof.

3.4 Double AR(1) Models

Assume that the random sample {Y7,---,¥,} is from the DAR(1) model:

Y, =9Y,_1+& and § =N\ /o+aY?

where @, a > 0. We make the following assumption.

Assumption 3.6 (a). ©@ = {0 = (¢, 0,a) : Eln|¢ +/on,| <0 with |¢| <, @ <
0<& ando<a<a}, where 9, ®, &, o and & are some finite positive constants.
(b). N, has a symmetric, positive and continuous Lebesgue density in R with mean

zero, variance 1 and with E 7714 < oo,
Using the quasi-maximum likelihood estimation, we get the objective function:

<Y,—¢Y,_1>21.

In(w+aY> )+
n( ! 1) 2(w+aytz_l)

o) = Lu0) =3 %

The QMLE of 6y is the maximizer of L,(0) on O, denoted by 6,. We have the
following theorem.

Theorem 3.5. (a) if Assumption 3.5(a) holds, then 0, — 6 a.s.,

(b) if Assumption 3.5 holds and 0y is an interior point in ©, then

(i) 6,=6y+0 [(logiogn) 1/2} as.,

(i) v/n(6,—6) — o N(0,diag{Z; ", kQy),

2
where X = E[Y2, /(0 + a0¥?. )] and @ = E | (@ + ag¥2 )2 (Yl 5’41) and
(=1 *r—1

K = (Eng — 1)/2. Furthermore, when 1, ~ N(0,1), k = 1 and 6, is the MLE of 6,
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Proof. Let ®* = max{1,®}. By Jensen’s inequality, we have

2
En(®"+ay2,) = SEn(0"+ ayr,)%?

IN

2
g1n(@*5/2+a5/2Em_1|5) < oo,

where the following elementary relation is used: (a + b)* < a*+ b* for all a,b > 0
and s € [0,1]. Thus,

Esup|In(0+aY¥?,)| < Esupl[{o+aY?, > 1} In(o+aY? )]
6cO 6cO

+ Esup[-IH{o+a¥? | <1}In(0+a¥?,)]
IS¢

<Eln(@ +ar? ) —H{o<1}no < .

Furthermore, since ¥, — ¢Y,_; = & — (¢ — ¢o)Y,_1, it can be shown that

£ sup {(Y1*¢Y171)2}

geo L O+ oY?,
(9 —90)*r2 )+ oY
< 2E sup {71/2’1} +2E sup {7)/2’1}
peco b O+ 0¥, peco L O+ OY~,
Thus, E supgeg |1(0)] < oo
1 (Y — Y1)
El (6 Z—fE[l o+ay> 7}
t() 2 n( + 11)"" w+aY12—1

0)0+060Y,2_1)}_ (¢—¢0)2E( 2, )

1
——{En(o+ar? +E(
2{ ( 1) o+ay?, 2 o+aY?,

The second term reaches its maximum at zero, and this occurs if and only if ¢ = ¢.
The first term is equal to

1 1
— 5 {~EInM, +EM,} - EEm(a)o+oc0Y,2_1), (3.9)

where M, = (0 + a¥? ;) /(@ + a¥? ). For any x > 0, f(x) = —Inx+x > 1, and
hence —EInM, +EM, > 1. Ef(M,;) > Ef(1) = 1 with equality only if M, = 1 with
probability one. Thus, (3.7) reaches its maximum —1/2 — EIn(ay + oY ;) /2, and
this occurs if and only if

W+ oY =0+ ar?,

which holds if and only if @ = @y and o = . Thus, E[;(60) is uniquely maximized
at 6p. Thus, Assumption 3.1 holds and hence (a) of Theorem 3.5 holds.
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We next consider Assumption 3.2. By direct differentiation,

9L(0) _ Y1 (Y —¢Y, 1)

a(b (D—F(XYIZ,I ,

24(6) _ I {1 e/ —¢YH>2}

0w 2(o+ar?,) o+ay?, U
oL(6) Y2, {1 _ (Y1—¢Yt—1)2}

oo 2(@+ar?)) o+ay?, U
1) ¥

09?2 w+ar?,’

9°1,(6) _ 1 [1 2(Y - ¢Y,_1)2}
002 2(w+ar?))? o+ay?,
rue) v [1_2(Y,—¢Y,71>°~}
da?  2(w+ar?))? ot+oay?, I

Similarly, we can have other second-order derivatives. It is easy to show that

d1,(6)72 Y2 (e — (¢ —¢o)Y,—1]?
Esup{ t( )} — Esu 171[1 (‘P ,¢0)2l 1]
pco L 09 0cO (0+ayz,)
£ 80%r, ] +2£] ot }
(0+ay? |)? (0+ay? |)?
Y2 + op¥?
<Ci+2E| 1+ % ’*‘)}gc<oo,
(@+a¥?,)?

where C} and C are some constants. Similarly, we can show that E supy.g [01,(0)/d @]?,
Esupgeg[01(0)/da)?, and other cross product terms are finite. Thus, we can show
that Assumption 3.2 holds. Since the density of 7, is symmetric, we can show that

o) ()

This completes the proof.

3.5 Long Memory FARIMA Models

Assume the random sample {Y;,---,¥,} is from model (2.7). The unknown param-
eteris 6 = (d,91,---,0p, ¥1,--- , ¥,) and its true value is 6y. We assume that the
parameter space @ is a compact subset of RPH4+1 and 6y is an interior point in @,

With the initial value ¥y = {¥p,Y_1,-- }, the parametric model can be rewritten
as follows:
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&(0) =vw '(B)o(B)(1—B)y,. (3.10)

Its first and second derivatives are as follows:

A
éiz ) - log(1 - B)(1-B), = Zal, )Yi—i; (3.11)
0%¢,(0
3;1(2 ) log?(1 - B)Y, = Za21 )Yi-i, (3.12)
where supgcg |a;i(0)| = 0(i7174) as j = 1,2. Using the conditional least squares

estimation, we get the objective function

where & (0) = &(0)|, - The minimizer of L,(6) on © is denoted by 6,. We have
the following results:

Theorem 3.6. If Assumption 3.4 holds and d € (0,1/2), then

(a) 6, = 90—1—0{(10‘%;0‘%”) 1/2] a.s.,

d€(6p) 881(90)]).

(b) \/ﬁ(én —6) —g N(07 o’E™! { 90 90

Proof. We verify Assumptions 3.1-3.2 with [, (8) = —¢&7(8). For simplicity, we only
consider the case with p = g = 0, while the general case can be similarly verified.

First, Assumption 3.7 ensures that {Y;} is strictly stationary and ergodic with
EY? < o, and the following expansions hold:

Y, =Y coig—i and &(0) = (1—B)*Y, = Y ai(0)Y,;, (3.13)
i=0 i—

where coo = ao(8) = 1, co; = O(i~1+d) and a;(8) = 0(i~1=4). Since @ is compact,
there are d and d such that 0 < d < d < d < 0.5. Thus, we have supgcg |ai(0)| =
0(i~1=4), and hence it follows that

(=] (=<} 1
sup|& (6)| =sup| Y. ai(6)Y,—i| <[, [+ O(1) ), a1Vl
o o 5 = e

By the Cauchy-Schwarz inequality, we have E supg | & (0)|* < o. It is not difficult to
show that —E[¢?(6)] has a unique maximum on @. Thus, Assumption 2.1(i) holds.

81(9) 83,(6) 2
2d 9d | +2

Using these, it is straightforward to show that Assumption 3.1(ii)-(iii) holds.

9%&(6)

D,(6) = ~26,(6)° (0) 2

and 7, (6) :2[
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‘We next consider Assumption 3.3. For simplicity, let Yo = (0,0, -

E[SUP|£1(9) _51(9)|]3

43

-). By (5.1),

[supIZa, )Y, - } SCE(Zimm_,w) =o(t™%).
i=t n

It is readily shown that Esupg &2(0) is bounded uniformly in ¢. Thus, by the

Cauchy-Schwarz inequality, we have

Esgp|8,2(9) —&(0)|

< {E[sup|/(6) +&(6)|Elsup|& () —&(6)|]}'/* = 09,
(0] (C]

so that Assumption 2.2(i) holds. Similarly, we can show that Assumption 2.2(iii)

holds.
We now verify Assumption 2.2(ii”). Denote

A = &(60) —&(60) Zaz (60)Yi—i,

i=t

9&(6) 9&(6o)

A =54 od
Ay = (98,&(90 B _Z -
where v, = — ):ﬁ;f &_i/i. We first make the following decomposition:
dg (60y) d&(6y)

51(90) —D;(6y) = 2&(60)

9q a8 —5;
agt( )
2d

- 28](60)1411 +2 A[

= 28,(60)A1, +2A,v, +2A,Ay —2A,A1,.

Since E(Y,Y,4,) = O(|r|~172%), we have

(3.14)

EA} = Za%(eo)EY[“_]_,- +2Y Y ai(60)airr(60)E(Yi—1—i¥—1—i—r)

i=t i=tr=1
it 1
= (1) Z 1+d0 + ZZ 1+d() 1+d0 7l 2d0]

oo

<o(1) Zl, 1+d0 Z 1+d / ) 1+d 2, 4
=

oo

SO(I)IZ 2(1+do) Z / (1+ 7)oz 24y dz] =

o). (3.15)
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3 Regular Estimation
Using a similar method, we can show that

EA; =0t ) and E(AAy) =0(t™") asi=1,2

,2. (3.16)
As in the proof of (4.6), using (5.4), we can show that

l n

1i P( — YV A4 >£):O, = 1,2 3.17
lim /g}ixm\/ﬁ,;‘ A asi (3.17)
We next show that Y/ | &A1, /\/n=o0(1) a.s. as n — oo, which is equivalent to

lim P max —=| Y &idy,| > ) =0. 3.18
lim lg}ixm\[ Z Al (3.18)
By the Kronecker Lemma in Hall and Hedye (1981, p.31), it is sufficient to show
that

Wi M»

A1,£, converges a.s.. (3.19)
By (5.4), it follows that

£y el =0l (¥ &) =0 L)

1+v
- (=t

(3.20)
for any integer 0 < s < k and some o > 1, where O(1) holds uniformly in k and s
Consider the subsequence {Sy : k=0,1,---}. By (5.8), we have

2k+l 1 1
E|Szk+1*52k|§0(l)( Zk, ﬂ?) SO(ﬁ)
=2k 41

for some € > 0. By this equation and the monotone convergence theorem, we have

1
E,}gn Z ‘Szk-#l qu| = hmE Z |qu+1 SZ"‘ < 0( Z 28/() < oo,
Thus, ):}jzo |Szk+1 — S2k| converges a.s. as n — oo, and hence

n
lim Sys+1 = X + lim Z Sok+1 — Sy) converges a.s..
n—oo n—>oo

(3.21)
By (5.8) and Theorem 12.2 in Billingsley (1968), it follows that, for any A > 0
Dk+1
P( max |S, —
2k <p< 2kt

1+v gk )’
1=2’<+1t 2

sulza) o0 ¥ )" =0(5m)
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for some €; > (. By the Borel-Canteli Lemma, we can claim that

max  |S, —Sy| — 0a.s. ask — oo. (3.22)
2k <p< 2kt

By Lemma 2.3.1 in Stout (1974) and (5.9)-(5.10), we know that (5.7) holds.
Note that vy is independent of Ay, as s > 2, so that

E|Z Al,v, E|Z Z ——E (AuA)E(Vivi,)

lslls
ko

:0(1)(é[1+11/2)2:0(1)(’§t1+v)a7

for any integer 0 < s < k, where O(1) holds uniformly in k and s. Using this equation
and a similar method as for (5.6), we can show that

lim P( max — Al >¢€) 3.23
Jlim P( max f\Zv, i (3.23)

By (5.2), (5.5)-(5.6) and (5.11), we can show that Assumption 2.2(ii") holds. [

3.6 Exercises

Exercise 3.1. Prove that €, in Theorem 2.3 is positive definite.

Exercise 3.2. Let &, (0) be defined as in Section 3.2. Show that /,(60) = h, (6 if and
only 6 = 6.

Exercise 3.3. For the smooth TAR(1) model in Exercise 2.3, show that the LSE of
0 = (¢1,¢2,r,2)" is consistent and asymptotically normal.






Chapter 4
Model Diagnostic Checking

4.1 Ljung-Box Tests

Given the random sample {¥1,Y>,---,Y,} and the initial value ¥, we use the fol-
lowing model to fit the data:

=m(0,X,-1)+&, 4.1

where X; = (¥;,Y,_1,--) and & is iid with mean zero and variance o2. Assume that
the conditions of Theorem 3.1 are satisfied. We can have the following expansion:

1 n
\/;l(én_eo): f\f ZDt (60) +0p(1)

After we estimate the model, we have the residuals:
(é ) (en 7X1 1)

The basic idea is that if model (4.1) is correct, then & should be very close to &. We
know that & is iid. Then, & should be almost iiid or at least it should be uncorrelated.
Thus, a simple way is to plot out the sample ACF of & and see if they are close to
zero. However, how close is close? We need to qualify this difference. First, we see
the following expansion:

m(6,,X,-1)
—8,—|—m( ) m(énalel)

. om(6y,X,_ . *’m(E* X,_1) ,
=& — (9,1 - 90)/% - (911 - 90)/%(971 - 90)

A dm(6p,X;—1) 1
:e,—(e,,—eo)’T’Jro,, -

Thus, the sample ACF of & at the lag k is

47
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by = I
A0
Y &

Note that

1., 1 N Om(60,X,—1) 1\12
Sye=_) ft—<9n—90>'T+0P n

=1 3

*ZS 9)1_90 Zut 1&
" o 1
+ ;(0;, — 60)/ Z u,,lu;fl(e,, — 90) + Op <n>
=1

=02 +0p(1),
where 1,1 = dm(6y,X,—1)/986. Thus,

A | LA
o = —————— Y &_1&,
fp/» 0-2+0p(1)\/ﬁl;k 1—k<t

and
n
Zél—kgl Zet k€& — Zblt k—1&
1=k
_(én—eo)/zutflgtfk

t=k

n
+ (6, — 60)’ Z k1141 (6h — 60) + Op(1)

1=k
n
= Z & 1& —n(6, — 6O)/Ak + 0,,(1),
=k
where Ay = E (11§ ). Thus,
Gzﬁﬁk Z &—1& — 9,, - 90) Ay +0p(1)

Usually, we need to check ACF up to M lags. Thus, we consider the vector as fol-
lows:



4.1 Ljung-Box Tests

P1
62/n ﬁ.z :Li
vn S
Pum
.
Uk,

&M

n
= — ZRI ]8,"‘0[7 )

l

[0 o E(Rl lRt 1)]

as n — oo, by the central limiting theorem, where

\/ﬁ(én —6o) +0p(1)

Sy | & 4op(1)

E(R_1R_) =0’ly—A'L'A,

with A = [A},Ay, -+ ,Ay]. Tt follows that

A

P1
p2
NG

o))
< -

as n — oo, Thus,

—4N [O,IM -

Q:n(ﬁla“' aﬁM) [IM_AlzilA/GQ}

as n — oo, 2 is called the portmanteau test.
To look at the covariance of p; closely, we consider the AR(1) model:

In this case,

Ay =E (-18-1) = 29" 1,

L=Eu =0") ¢*=
i=0

Thus,

-1

Y, =0Y-1+¢.

(o3
1—

A'ZTA
o2 ’
(pl "7[5M)I—>%2(M)7

2

9
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1 o - - ¢M*1
¢2 . (PM
AZTA=06%(1-¢%)
¢]\/}—l (PM . ¢2M—2
10-- 0
0 ¢ 0
=0(1-¢9°)¢ 0,
6 0 -- ¢2M—2

where Q'Q = Ij;. It follows that
Iy —A'L7'A/0% = Q'diag{9®,1—- 9>+ %, 1 - 9?72 +¢2V}0,
and its rank is only M — 1. Thus,
2 =4y | asn — oo,

In general, we have
24 x,@_p, as n — oo,

where p is the number of estimated parameters. Note that ¢ is very small, as k
is large. Thus, to make it easy, Box and Pierce (1970) considered the following
modified test

M
2/(M)=nY p; ~x*(M—p).
k=1
A further modification is Ljung and Box (1978) test as follows:
M [32
D) =n(n+2) Y. P~ 20— p).
k=1

4.2 Li-Mak Tests

Given the random sample {Y},---,¥,} and the initial value ¥y = {¥o,Y_1,---}, we
fit the data by the model:
Yl =m1(9)+n,\/h,(9) (4.2)

where 7Nt is iid with zero mean and variance 1, m,(0) = m(6,X,_1) and /,(0) =
h(6,X,—1) > 0 a.s.. Assume that the conditions in Theorem 3.1 are satisfied and 6,
is the estimator in Theorem 3.1. We have the expansion:
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—1 n
(6, 6) = Zﬁ,ZID’(eO) +op(1),

where X and D, are defined as in Section 3.1. Now, the scaled residual, denoted by
1), is defined as

. . Y, —m(0,X,_
i =i (6,) and n,(0) = ’m}(ll(e)ll)

Using Taylor’s expansion, we have

N G 1\ 20, (6°)
U=t =5 G &) 0 () 50907

where 0* lies between 6 and 6,. We can show that

=

1 n . 1 n
- 7712:*27712‘*‘017(1):1"‘017(1)7
=1 3

1 & R R 1 & R
% Z Ne—kMe = % Z Uy’ _AL\/ﬁ(en — ) +0p(1>7
1=k 1=k
where . (60)
Ay =E (77(196017”() .
Let 0 oA a
= Yk kT
Y/ 0
Assume that E[1,D,(6y] = 0. Then,
p1 N1 Al
ﬁ2 1 & Ni—2 Alz .
\/ﬁ : :% Z : n— : \/5(911_90)"’017(1)
(=M .
Py Ni—m Al
[ Ni—1 A/l
1 & Ni—2 AIQ 0
= % Z . n—| - [Z7'D/(6y)
(=M
L \i-m Ajw
+op(1)

—I N[0,y —A'Z'QE 4],

as n — oo, by the central limiting theorem, where A = [A1,A,---,Ay]. Thus,
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R N K oe1,]17 " A A N d o2
as n — oo, The simple modification as the Ljung-Box test is

M 1313
2M) = 2 —r
(00) =nin+2) ¥, P
Li and Mak (1994) used the following statistic to construct test:
o T = D@ 1)
1 (A7 — 1)

Under some regualr conditions, we can show that

n

LY @2 =17 = kt0,(1),

where k = En* — 1. By Taylor’s expansion, we have

*ni(6*) 1

>IN (6o) 4
62 _ 2 9N RY 1
n-=n 00 (611 60) + 0000’ 0[7(”)7
where 8* is between 6 and 8" and 0, (1) holds uniformly inz = 1,--- ,n. Thus,
- i‘,(A2 *1)(”*1)**1 i( St —1)
\/ﬁtzk N~k n; *\/ﬁl:k N~k n

1 n a 2 9 R ,
_\/ﬁZ(an_k_l)nzaéO)(e”_eo) +0,(1)
t=k

== Y0 = D = 1) = B8, — 8-+, (1),
1=k

where
an; (6o)

Y A D) = Y (07— D~ 1)~ B Dy (6y)]
1=k

1 n _
= N Z;(R;a +0p(1).
=

Assume that E[(n? — 1)D,(6y)] = 0. By the central limiting theorem, we have
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a 13/11
f2 1 & R/Zt
Vn =— - | +op(l)
x/ﬁ,;M . g
m R;VII

where
EB, =E|[(Ry, - ,Rus) (Rus- -+ . Ruat)]
=xly—BX 'Qr !B,
with B=[By,Ba,- - ,By]. It follows that
(M) =n(i1, - iy) [Ty — kBZ ' QE B (R, i) — 22(M),

as n — oo, Especially, when 1, ~ N(0,1), x = 3.

4.3 Score Based Test
Given the random sample {Yi,---,¥,} from model (6.2) and the initial values {¥; :
s <0}, we first estimate 6y under the null Hy and assume its estimator 6, satisfies:

Assumption 4.1
V(6 —60) = (Z/7)"" Y Di(80) /v/n+0,(1), 4.3)
=1

where £ = E[D,(680)D,(60)] and v is a positive constant.

The estimator 6, can be quite flexible: it can be a QMLE, a LSE, an M-estimator
or a LAD-estimator, among others. ¥ depends on the estimating method. When 0, is
the MLE, v = 1. Here, D,(0) is a relative score function. Our test statistic is based
on a score-marked empirical process {7, (x, 6) }, where

1 n
L,(x,0) = —= Y Di(0){¥i-1 < x}. (4.4)
=1

Denote Zy = E[D;(60)D;(60)I{Y;—1 < x}]. Let £y = Y1 [Di(0,) D (6,)1{Yi -1 <
x}]/n and X, = X be the estimators of X, and X, respectively. Now, we define our
general test statistic via the linear transformation of 7;,(x, 6,) as follows:

o o I8P
n

a<x<oo ﬁ’(E,,a —Zn )B
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where 3 is a nonzero p x 1 constant vector. When p = 1, §% is equivalent to the
weighted LR ratio test for Hy : ¥, = 1,(0) + & against the alternative (1.4), with
weight (1 —-XX - 1)/(1-XX,; ) We can replaced the threshold variable ¥,_; by
Y,y or Q) (Y, 1, ,Y;—p)' used by Stute et al. (2006). In fact, it can be replaced by
any function &_1 = g(¥,_1,Y,_2,---) and our theory in the next section still holds as
long as Assumption A.2 is satisfied. Our approach can be applied for the multivariate
time series models with Y, replaced by a suitable choice of &_.

Typically, the quantity a is taken as corresponding an early quantile of the pro-
cess values. It should ensure that £,_! exists. Note that maxg S, does not have a
limiting distribution as simple as that of S, see the discussion for Theorem 3.2 in
Section 3. 5% will be invariant with respect to ||B||. If we denote the normalized
score 2”_,\-1 T, (x, én) by Uy (x) = (u1(x), -, uy (x)),’ then B'U, (x) = Zf:] Biui(x) can
be interpreted as the weighted score function. The optimal choice of B remains an
open problem. A simple choice for 8 is (1,---,1)’, which means that we take equal
weigh to each u;(x). The simulation in Section 4 shows that this choice with a be-
ing the 5% quantile of data can be recommended in terms of both size and power.
Another possible choice is § = é,,, but the simulation results in Section 4 show that
this choice is not as good as the previous one.

We can construct the test S? as long as we have D, (0). In fact, D, (6,) is always
available when ones estimate model (1.1). S generally is just the maximum of n
different values. It is easy to implement and is as simple as the Ljoung-Box test and
the Meclod-Li test. (2.1) holds under usual regularity conditions in the time series.
We next illustrate what the score D, () is via various time series models and how
standard to allow the application of our test statistics.

To get the null distribution of S7, we introduce two assumptions as follows.

Assumption 4.2 D,(6y) is a F#,—measurable, strictly stationary and ergodic mar-
tingale difference with E(||D,(60)]|*'*)) < oo for some 1 > 0.

Assumption 4.3 D, (0) has the expansion: D;(0)—D,(60) = P,(0*)(0 — 6y)’, where
0* lies between 0 and 6y, and, for any fixed C > 0,

n

-3 [VB(9> —D,(Go)D,’(eo)} H =0,(1).

L)

sup
Vn||6—8yl|<C

Here, P,(0) is the derivative of D,(0) if it is differentiable. Assumptions 2.1 and
3.2 hold for most of strictly stationary time series models. The moment condition in
Assumption 3.1 is almost minimal. Using the assumptions 2.1 and 3.2, we can show
that following lemma holds. The standard point-wise argument with Assumption
A6.1, we can show that

sup (| Zu = Zif = 0,(1), (4.6)
XERU{eo}
2 1 n
sup | Ty (x, 6,) — Ty (x, 6p) — ZD, (6o) H =o0p(1). 4.7

XER
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By (6.6)-(6.7) and Theorem A.1, we have the following weak convergence.

Theorem 4.1. Suppose that Assumptions A6.1-A6.3 hold and 1, has a bounded den-
sity f. If X, is positive definite for each x € R, then we have

T(x,0,) = G,(x) in D'[R)],

under Hy, where {G,(x) :x € R} is a p—dimensional Gaussian process with mean
zero and covariance kernel K,y = Xypy — ZXZ_IZV\V, almost all the paths of G[,(x)
are continuous in x, and DP [R] be defined as in Theorem A.1 in Appendix.

We first note that ;' T,,(x, 8,) = Gop(x) in DP[R] under Hy, where {Gop(x)} is
a p x 1 vector Gaussian process on RU {£eo} with mean zero and covariance kernel
Ky = ;vl\ — X!, An important observation is that {Gop(x)} has an independent
increment with E{[Gop(x) — Gop(¥)][Gop(x) — Gop(»)]'} = Z'\,’l — X! when x >
y. For the marked empirical processes, the covariance kernel usually has the form
Oy — Ue X~ iy, Tn Theorem 3.1, we have Oyr, = u, = Z,. This is the key for the
process {Gop(x)} to have independent increments. For other marked processes such
as the residual-marked process, since Oyay 7 Uy, ones cannot obtain independent
increment process for any normalization. We take an advantage from the estimator
6, and the score D, () plays a critical role in our approach.

Since the components of Gop(x) are dependent, its covariance kernel does not
have a simple transformation and so is its quadratic form or the maxima of all its
components. However, for any constant 8, B’Gop(x) has a rather simple covariance
kernel oy A\ 0y, where 0y = B'(£, ' — X~1)B. For any finite constant a, 6,/0, is a
continuous and strictly decreasing function in terms of x and it runs through [0,1]
when x runs from oo to a. Thus, B(t) = B'Gop(x)/\/04 is a standard Brownian
motion on T = 6,/0, € [0,1]. Let b > a be a constant and

/2 —.1 T , é 2

$9(b) = max B ‘nx : n()i ;z)} .
asx<b [3/(2};1 -2 )ﬁ

By Theorem 3.1 and the continuous mapping theorem, we have the main result:

Theorem 4.2. If the assumptions of Theorem 6.1 hold and X — X, is positive definite

Jor each x € R, then, for any p X 1 nonzero constant vector B, we have

hmnmpmma<ﬂzp{mm3%ﬂ<4
b—eon—00 7€(0,1]

for any a > 0 and any x € R, where B(7) is a standard Brownian motion on C[0,1].

From this theorem, the constant Cy such that P[max;c[ 1 B*(7) > Cq] = o can
be used as an approximating critical value of S; for rejecting the null Hy at the
significance level . From Shorack and Wellner (1986, p.34), we have

(2k+1)7?
8x ’

2 LA
P[Trg[gﬁ]B (T)zx}—l—gz exp[—
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for all x > O, and C0_1 = 3.83, C0,05 =5.00 and C0,01 =7.63.

We now study the asymptotically local power of S4. Let ri; = r1 (Y;—1, Y2, )
and ry = r2(Y,—1,Y%-2,---) are two .#,_;—measurable random variables as 1 =
0,=£1,---. Consider the local alternative hypothesis

ri(+) ra( ')}
Hy, N+ —=,h()+—=| .
1n ‘Ll.( ) \/}TL ( )+ \/}TL
Assume that 7, is normal and independent of ¥ as s < 0 under both Hy and Hy,,. Let
Py, and Py, be the joint distributions of (Y1, ,¥,) under Hy and Hj,, respectively.
We need to show that Py, and Pj, are contiguous in Le Cam’s sense. Denote

m(x) = E[D;(60) G I{Y,—1 < x}] — Z.Z'E[D,(60)§],
where & = 1,71, /\/hi(60) + (1 —1?)r2 /h:(6o). We have the following result.

Theorem 4.3. If the assumptions of Theorem 6.1 hold and 0 < Er%, + Er%, < oo
under Hy, then under Hy,, it follows that

(a) Ty(x,6,) = m(x)+ Gp(x) in DP[R],

(b) lim lim P[S%(b) <x] = P | max [u(7) +B(7)]* < x|,
N €(0,1]

for any x € R, where u(t) = B'Z, 'm(x)/[B' (X, ' — £~ 1)B]"/? with x such that 6, =
7, and Gp(x) and B(t) are defined as in Theorems 3.1-3.2.

The proof of this theorem can be found in Ling and Tong (2006). It shows that S%
has non-trivial local power if u(7) # 0; otherwise it has no local power. It is unlikely
to have u(7) = 0, except when § = B'D,(6y). When n and b are large, we have

P(S§ > Ca) ~ P{ maxecip ) [u(7) + B > Ca } — 1if maxepo ) ()| — .

4.4 Simulation Study

This section reports some simulation results which give some comparisons with
Ljung-Box test and Li-Mak test. In all the experiments, we take a as the 5p%-
quantile of data {Y¥1,---,¥,} and use 1000 independent replications. We first study
the size of S? when the null hypothesis is the ARMA(1,1) model, ¥; = ¢Y,—; +
ye 1 + &, where g is i.i.d. N(0,1). Table 1 summarizes the sizes of S¢.

To compare the power of Ljung-Box-test, Li-Mak-test and S¢, we consider the
following two alternative models:

TARMA Model ¥, =0.5Y%_1 +0.5¢_, — 0(Y,_1 +&_1)I{¥,_; <0} +¢,
BL Model ¥, =0.5Y,_1 +0.5&_1 — 0Y,_2&_| +&,.
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TABLE 1

Sizes of S;; for Null Hypothesis Hy:
ARMA(1,1) model
at Significance Level (1000 replications)
n=100 n=200 n=400

.01 .05 .10 .01 .05 .10 .01 .05 .10
B= (171)/
.019 .041 .066 .009 .029 .069 .008 .052 .097
.008 .036 .066 .010 .033 .079 .013 .037 .090
.009 .037 .078 .006 .040 .085 .009 .030 .072
.015 .051 .105 .009 .041 .080 .012 .036 .079
.007 .035 .067 .009 .033 .072 .007 .043 .084
.006 .031 .068 .010 .043 .087 .007 .037 .084
.002 .030 .071 .008 .046 .085 .012 .047 .093
.013 .049 .100 .015 .044 .092 .013 .056 .097

0 n O 00D oS |R
. . . . vl .I vl .I
ninnin b in n n €

We take 6 = 0.1, 0.2, 0.3, 0.4 and 0.5 and n = 100, 200 and 400. In Table 2, O, (m)
is Ljung-Box-test and Q2(m) is the Li-Mak-test. Table 2 reports the results when
m=6and = (1,1).

When the null hypothesis is the GARCH(1,1) model, ¥; = n,+/h, and h, = o +
o Y12—1 + Bihy—1, where 1, is i.i.d. N(0, 1). Table 3 summarizes the sizes of S when
ag=0.1.

Two alternative models,

TGARCH \/h; = 0.1+0.3]Y,_ 1| + 0.4/l 1 + 6]Y,_1|[I{¥;_; <0},

NAGARCH £/* =0.1+0.3](0 —sgn(n,)¥:|>/> +0.487/%.
The first model is a threshold GARCH that is a special case of models proposed by
Taylor (1986) and Schwert (1989). The second is a nonlinear asymmetric GARCH
model proposed by Engle and Ng (1993). We take 6 = 0.4, 0.6, 0.8, 1.0 and 1.2.
The sample sizes are n = 100, 200 and 400. Again, we compare the power of S¢
with those of Q,(m) and Q2(m). The sizes of Q,(6) and Q2(6) are very close to
their corresponding nominal values; see Li and Mak (1994) and Wong and Ling
(2005) for simulation evidence. The results reported in Table 5 are for the signifi-
cance level 0.05 when 8 = (1,1)". In all cases, S¢ is more powerful than Q,(6) and
Q%(6). In particular, when the alternative is the NAGARCH model, S? can reject
GARCH with power reaching 50 percent, while both Q,,(6) and Q2(6) have virtu-
ally no power. Again it seems that our test is more powerful against the TGARCH
alternative than against the NAGARCH alternative. Similar conclusions hold when
B = (6&on, 01, P1n)’ and m = 12. Details are available from the authors.
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TABLE 2

Powers of $¢, 0, (m) and Q2 (m) for Null
Hypothesis Hy: ARMA(1,1)
Model at Significance Level 0.05
[B = (1,1)" and 1000 replications]
°] 0 1 2 3 4 5

Hi: TARMA Model

el 026 081 .146 419 681 .884
n=100 0,(6)| .053 .051 .056 .070 .082 .102
02(6)| .027 .028 027 .024 029 .038

S§21.035 .118 403 780 .985 .997
n =200 Q,(6)| .066 .061 .077 .091 .118 .159
Q2(6)] .035 .044 .052 .061 .090 .128

52| .035 .180 .704 980 1.000 1.000
n=400 0,(6)| .052 .057 .064 095 .186 .324
02(6)| .034 .033 .036 .067 .120 .189

Hi: BL Model

sa 052 .114 203 263 .289
n=100 Q,(6) 053 .051 .045 .064 .081
Q%(6) 030 .051 .104 .163 229

s¢ 073 228 406 4S5 440
n=200 0,(6) 072 067 .069 081 .098
02(6) 041 096 206 313 .408

5 165 495 738 721 .634
n=1400 Q,(6) 044 .044 045 053 .095
02(6) 044 161 393 593 .626

TABLE 3

Sizes of S; for Null Hypothesis Hy:
GARCH(1,1) model
at Significance Level o(1000 replications)
n=100 n=200 n=400

.01 .05 .10 01 .05 .10 .01 .05 .10
B = (lv 1, l)/

.016 .031 .055 .005 .027 .056 .008 .035 .063
.007 .027 .051 .007 .025 .057 .007 .034 .064
.008 .029 .056 .009 .032 .062 .008 .033 .063
.009 .032 .058 .010 .036 .069 .008 .037 .069
.011 .041 .070 .011 .034 .071 .007 .037 .069
.010 .036 .068 .008 .038 .070 .011 .038 .073
.010 .042 .069 .008 .035 .068 .010 .037 .078
.015 .055 .090 .016 .043 .084 .012 .048 .092

Q
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4.4 Simulation Study

TABLE 4

Powers of $¢, 0, (m) and Q2 (m) for Null
Hypothesis Hy: GARCH(1,1)
Model at Significance Level 0.05
[B = (1,1)" and 1000 replications]

0 4 6 8 1.0 12

Hi: TGARCH Model

521 310 .543 .614 .618 .670
n=100 Q,(6)| .153 .156 .176 .286 .457
Q2(6)| .072 .083 .069 .108 .177

52| 478 845 766 .666 751
n=1200 Q,(6)| .138 .167 .196 .273 .502
02(6)| .085 .066 .070 .138 286

52| 680 978 .896 .737 .834
n=400 Q,(6)| .125 .132 .146 .230 512
02(6)| .145 .117 .080 .157 479

Hi: NAGARCH Model
St10.099 143 217 322 457

n

n=100 0,(6)| .075 .082 .091 .103 .115
0%(6)| .030 .040 .046 .050 .052

sel 116 .173 283 454 649
n=200 0,(6)| .074 .079 .087 .100 .109
02(6)| .040 .040 .046 .060 .062

el 127 214 393 630 863
n=400 Q,(6)| .051 .055 .063 .068 .072
0%(6)| .034 .044 .053 .065 .073
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Chapter 5
Efficient and Adaptive Estimation

5.1 MLE and Efficient Estimators

In he general model (3.2), we assume that the error 7, is iid with the density f.
Given ¥, = {Yy,Y_1,---,}, the conditional MLE is the maximizer, denoted by 6,
of the log-likelihood function:

L,(8) = Y In f(m(6). 5.
(=1
where
nl(e):[Yl_ml(e)]/\/hl(e)’t:1727"" (5.2)

We first make the following assumption:

Assumption 5.1 The density f is absolutely continuous with a.e.-derivative f' and
h(f) = [0 fWdx < = and () = [ E@)fx)dx <o,
where &1 (x) = f'(x)/ f(x) and & (x) = 1+x&1 (x).

Under the regular conditions of Theorem 3.2, we have the following expansion:
V(6 — 60) = =S, (60)Du(60) +0p(1) —1 N(0,Q71), (5.3)

where Q = EX, (60)I(f)X](60)],

[ 1 sete) 1 an(e)
T | /m(e) 26 2n,(0) 96 |’

5.(60) = '_z'lx,<e>c<e>c<e>x/<e> and D,(6) = - izllx,w)cw). (5:5)

X,(6) (5.4)

61
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It can be shown that the asymptotic variance Q! of 6, achieves the lowest Cram-
rRao bound among the class of the unbiased estimators under Assumption 2.1. Note
that all the estimators in the field of time series in the literature are asymptotically
unbiased ( i.i. consistency). It seems that no one has concluded that the Q! is the
lowest CramrRao bound among the class of the consistent estimators up to now. To
see how good the MLE is, we consider the class of the M —estimators:

{é,,:iw,(é,,)zo,}

where Y'_, y,(6) = 0 is estimation equation and y;(0) = ¥(0,Y,,Y,—1,---) is a
martingale difference in terms of .%, when 6 = 6. Assume that 8, is asymptotically
normal, i.e.,

\/ﬁ(én - 60) L N(O X -szm )7

’=m

where S;,(0) = X, = EJy,(60y)/d0 and Q,, = E[y,(6 )l,l/,( )]. We first note that,
when (Y;,---, Y1) = ((Y,,---, Y1) = 5, £(1n,(0)) and y,(H,) are functions of 3, 6
and ¥y, denoted by £(¥;, 60, ¥y) and w (¥, 60, ¥p). Thus,

0=E Z V/t(én) =E / (Z V’(ym GOa?O)> Hf(yh 90,170)dy~n-
=1 : =1 =1

Taking derivatives to both sides of this equation in terms of 6, we have

" J 76 Y
0= E/( Wyl 0.0 )Hf yl7903Y0)dyn
n B no91 .60, ¥,
+E/ (Z W(yla607Y0)> (Z nf();leoo> Hf yheOYO)dyn
=1

=1

_ nzm+E{ (Zl 1/4(90)) (iz’]meo)c,) }

=nXy +E[Wl (OO)XI(GO)CI}

From this, we can show that Q7! < ¥ 10, ¥ 1) Thus, the MLE achieves its low-
est bound among the M —estimators. An estimator is called M —efficient or simply
efficient if its asymptotic variance is Q'

To obtain an efficient estimator, ones do not have to look for the global MLE as
in Section 3.2 and this may need more restrictive conditions. If one \/n—consistent
estimator, say, 0, is available, the estimator via the following one-step iteration is

efficient:

9)1 = U= 5;1 (é,,)D,,(é,,)/\/ﬁ, (5~6)
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if S,(6,)/n=Q+0p,(1) and D,(0,) = Dy(6p) +0,(1/n). How to check these con-
ditions is not easy in some case. We introduce the discretized initial estimator.

Definition 5.1. A sequence of estimators {é,,} measurable in terms of %, is said
to be discretized and /n—consistent if, for any small € > 0, there exists a constant
A >0 and an integer K > 0 such that

Po,.r(1Vn(6,—60)|| <A) > 1—¢

uniformly in 7 and, for each n, 0, takes on at most K different values in @, = {6 ¢

R':||\/n(6 - 6)|| < A}.

This discretization method was proposed first by LeCam (1960) and has become
an important tool in the construction of efficient estimators. Using the estimator 6,
and the one-step Newton-Raphson iteration,

én = én +n71/25;71 (én)mt(én)7 (57)

by Lemma 4.4 in Kreiss (1987) and Theorem 2.1(ii), we know that, under Pé’o,
V(8 — 6) = S, 1(60)Wu(60) +0,(1) — N(0,271) as n — oo, and hence 6,
is an efficient estimator.

When f is unknown, we need to estimate the density f in (4.4). Since f is an
infinite-dimensional nuisance parameter, its estimator may be effect the efficiency
of 6,. Thus, ones need to explore if the efficient estimator is available in this case.
If not, what is the lowest bound and how achieve it.

5.2 Adaptivity and Efficiency

To explain efficiency and adaptivity for models (1.1)-(1.2), we need to parameterize
the density f. This technique is discussed carefully in Bickel et al. (1993). Denote
the unknown density by ¥ € 2, where Z is a class of Lebesgue densities. Let & =
{Poy : (0,%) € © x P} be a family of probability measures on (%#%,.7%). Assume
that the rescaled errors {1;(0),---,1,(0)} in (2.1)-(2.2) under Pp , are i.i.d. with
density ¥ and independent of Yp. As in Koul and Schick (1996, 1997), we give the
following definition:

Definition 5.2. Let ¢ : ¢ — f. be a map from a neighborhood A of the origin in
R? into 2 such that fy = f. We say that ¢ : ¢ — f. is a regular path if there
exists a measurable function { from R to R? such that [||{(x)||>f(x)dx < e,
Vee = [ E(x)¢' (x) f(x)dx is nonsingular, and

2
[ V- VIR - 3 VD) ar=olldP) 68
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Let Pg_’ P be the restriction of Py , on .%,. The distribution of the initial value ¥y in
(2.1)-(2.2) is the same under both Py r and Py [ The log-likelihood ratio A, (6, 62,
c) of Py, . to Py ,is that:

n

An(01,62,¢) =2 [logse,(62) —logs; (61)], (5.9)

=1

where s.,(0) = /f.(n,(0))/3/h,(6) and 5,(0) = 50,,(6). Define the (I+2)—dimen-
sional random vector and the (I +2) x (I +2) matrix, respectively, by

vy~ Ly (X(0)5m(0) 5 2 Ve
W"(e)ﬁ,g( g ) d 9(0) (Végv, V“),

where v = EX, (6)) and Vg, = E[E(n,)C'(n,)].
Let 8, = 6y +u,/+/n and and i, = (u,,},)" € RI*? are bounded sequences.

Assumption 5.2 (a). The path q : ¢ — f, is regular such that Q({) is positive defi-
nite and (b). under Py, ,

v - 1, ~
An(607 9]17 ﬁ) = IZ;[VV,,(Q()) - Eﬁ:rQ(C)ﬁn +0p(1)a (510)

and, as n — oo,

W, (60) — 2 N(0,2(0)).
The maximizer of (4.7) is
iy = Q(g)ilﬁ/n(QO)/\/%_FOP(l)
Solve this equation, we have
n
=1, Zl[Xté(n:(G)) =V C)]/ v+ 0p(1),
=

where
1(g) = Q= VWeg Vi ViV

The asymptotic covariance matrix of u, is
1g)" +1(q)""V(Veg = Ver)Ved (Ver =Vieo)'VI(a) ™ > 1(9) ™"

When v = 0, u, is the efficient estimator for any path g. When v #£ 0, we need to
look for a § such that the equation holds which if and only if

E{[EM)—EM)]E (n)} =0, (5.11)

i.e., §(x) is the projection of & (x) on the g-direction. Furthermore, we need to iden-
tify a class of path ¢ denoted by 2, and a path ¢* € 2 such that
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1(g") = sup I(q). (5.12)
q*e2

The path ¢* is called least favorable since it contains the least amount of information
about 6. i, achieves the smallest asymptotic variance in the class 2. An estimator
is called 2 —efficient or efficient if its asymptotic variance I(g*)!.

We let 2 be the set of regular paths such that each path, ¢ : ¢ — f¢, in 2 satisfies:

J+R)fewax— [(1+2)7@dx, as e 0. (5.13)

and Tg be the two-dimensional functional space:

To ={(a,b) € 13(F): /(a(x),b(x))’(l,x,xz)f(x)dx —o}.

By Lemma 3 of Schick (2002), each {(x) = (a(x),b(x))’ that appears in (5.7) must
also be in T if (5.8) holds.

For each (a,b) € Ty, we can construct a regular path, ¢ : ¢ — f, such that (5.8)
holds. In fact, let

£elx) = F@) (€100 +e2b())/ [ £ (erax) + eab(0)d,

where W(y) =2/(1+¢ ). It is easy to show that f.(x) satisfies (5.7) and (5.8)
when ||c|| < € with € small enough. (a,b)’ is called the characteristics of g.

N
\ -7
bead

Fig. 5.1 Geometric Figure.

As argued by Schick (2002), it can be shown that



66 5 Efficient and Adaptive Estimation
/é(x)f(x)dx =0 and /(x,)c2 —1)&(x)f(x)dx =1 (5.14)

Thus, & ¢ To and hence we can show that Q () is positive definite for each { € Ty
if Assumptions 1-3 hold. To have (5.8)-(5.9), the { corresponding to the path g*
must be the projection of £ into T, denoted by {,. From the definition of Ty, there
exists a constant vector Cy and a constant 2 X 2 matrix C; such that

E-C. = Cl(x,xz)' + Co.
Since EE(N,) = E&.(n,) =0, we have Cy = —C1(0,1)". Thus, we have
E-C=Cxx-1)=C¢,

where §, = (x,x*> — 1)'. Since & — {, is the projection of & on the {,, we have

6 =&~ [ [ewgwiwa]| [ awgwswa] g,
=&~ [awgwswad ¢,
where we use X
[ @7 () = diag(1.1).

Of course, ones can verify (5.8)-(5.9) in a direction way for this {.. On this path, its
information for estimating 6y is

L=Q—v{Veg —E"' [ ()G, ()]} (5.15)

When an estimator has the asymptotic covariance matrix I, !, it is called 2 —efficient
or optimal. Note that € is the information matrix when the density f is known.

Iy = QL = v(Veg = CE~'[G(n) G (m)]O)V

is the difference of information in the cases with known and unknown f. If I; = 0,
6, is said to be 2—adaptive, or simply adaptive, since there is no information loss
with unknown density f.

Let the loss function L be a Borel measurable function from R'* to [0,0) such
that L(0) =0, L(x) = L(—x), x € R, and L is nondecreasing on [0, ). The following
theorem state how good is I, from the view of the asymptotic minimax bound.

Theorem 5.1. If Assumptions 1-3 hold and ), is an estimator of 0y, then

sup lim liminf sup /L[\/ﬁ(é,, —60)]dPy j, > /LdN(O,I;l)
qe 2T T 10—y |+l <C/va

Jfor every bound function L. Furthermore, if under Py, r, 0, satisfies
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N

V(6 — 6) = \if Y UK (8)E () —vE M) +op(1),  (5.16)
=1

then, under Py, ., Vi(0, — 6,) — 4 N(0,I.1) as n — oo for every local se-

quence 6, every g € 2 and every bounded sequence u, in R, and this implies

sup lim limsup sup /L[\/ﬁ(é,, —6)|dPs ;. = /LdN(O,I*_l)
4e2C7 noo |lo—6y|+|c|<C/vn

for every bounded loss function L.

This theorem is an extension of Theorem 6 in Fabian and Hannan (1982). Its
proof is similar to that of Theorem 3.2 in Koul and Schick (1997) and hence is
omitted. This theorem shows that I, ! is the asymptotic minimax bound that may be
achieved when the density f is unknown.

5.3 LAN of FARIMA-GARCH Models

Assume that the random sample {Y,---,Y,} is generated by ARMA model (2.7)
with & being from GARCH model (2.10). We call model (2.7) and (2.10) the
FARIMA-GARCH model. Based on the initial value ¥y = (¥p,Y_1,---), the con-
ditional residuals {1,(6)} satisfy the following equations:

9(B)(1—B)"Y, = y(B)&(6), (5.17)
r N
&(0)=1,(0)\/h(0) and h,(8) = oo+ Y o4&’ ;(0) + Y Bih—i(6),(5.18)
i=1 i=1
where d € (0,1/2). Denote | = p+q+r+s-+ 1. The true parameter 8 = 6y, where

0= (’}/76/),5 Y= (d7¢lv"' vd)pvll/lv"' 7Wq), and 6 = ((X07061,~~~ ) araﬁlv"’ 7ﬁs),'
Assume that the parameter space @ is an open subset of R/ and 6, € ©.

Assumption5.3 o; >0,i=0,---,r, B; >0, j=1,---,5 Y06+ Y B <L,
and Y_, izt and 1 — Y.}, Biz’ have no common root.

From Theorem 2.1 below, we can see that the effect of ¥ on the likelihood ratio
is ignorable, and hence we can simply let ¥; = 0 as i < 0 in practice. Our method is
similar to that of Hallin et al. (1999).

Theorem 5.2. Suppose that d € (0,1/2), Assumptions 3.4, 5.1 and 5.3 hold. If As-
sumption 5.2(a) is satisfied, then Assumption 5.2 (b) holds.

Let Py, ; be a probability measure on (%%,.%7%), where Z7 is the Borel c—field
on %% with Z = {0,41,42,---}, and let P§ be the restriction of Py ; on .%,, the
o—field generated by {¥,Y, --,Y,}. Note that the rescaled errors {1,(0) : t =
1,---,n} under Py are i.i.d. with the same density as 1, and are independent of Y.
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It is clear that (2.1)-(2.2) under P(’,’O are exactly the same as models (1.1)-(1.2) with

0 = 6y. From (2.1)-(2.2), the distribution of the initial value ¥ is the same under
both Pg and Py . Thus, the log-likelihood ratio ©,(6y,6,) of Py to Py is

n

Au(61,6,) =2 [logs;(6;) —logs,(61)],

=1

where s,(0) = \/f(1,(0))//h(0). Let u, in R be any bounded vector and 6, = 6y
+nV/ Zu,, be a local sequence. The following corollary gives the LAN of @, (60,6,):

Corollary 5.1. Suppose that d € (0,1/2), Assumptions 3.4, 5.1 and 5.3 hold. Then,
it follows that,

(i) under Py, 0,(60,6,) = 1, Wy(60) — 1), Quy /24 0,(1);

(ii) still under Py, Wy (60) — ¢ N(0,Q) asn — oo, and

iz’l[w,(e,» —W,(60)] + Q[Va(6, — 80)] = 0, (1):

(iii) Pgo and Pgn are contiguous.

When /;, is a constant, the LAN of model (1.1) was proved by Hallin et al. (1999).
When f is symmetric, Q = diag{€,,, Qs }, where

1 Jdg(6p) de(6h)
h(60) Jdy 9V

1 dh(6o) Ik (6p)
4h}(60) dy  9Y

o -E| |ntn+E| h(£)(5.19)

B 1 Jdh(6) dh(6)
QE_E[%,Z(QO) el (0] (5:20)
In this case, v =0 and
1. = diag{ @y, Qsb(f)~Ius }, (5.21)

where Iys = [L(f) — (Ent — 1)1 E(dh, /dS)E(dh;/98"). Thus, §, is adaptive, but
3,1 is not unless f is normal. When f is asymmetric, both §, and 3,, are not adaptive,
since v # 0, generally. However, when 7, is a constant, v =0 even if f is asymmetric
and, hence, 77, is adaptive in this case.

If f is symmetric and & contains only densities symmetric about zero, then

each (a,b) satisfying (A.1) is even. Let Tg = {(a,b) € L3(F) : (a(x),b(x)) =
(a(—x),b(—x)) [(a(x),b(x))"(1,x*) f(x)dx = 0}. The projection of £ into Ty is

G =106 —2( —1)(En} —1)7'7, (5.22)

which is least favorable. The corresponding information for estimating 6y is the

same as I, in (A.6). If reparameterized & as (0o, 6) = (000, Go1, - , Cor, Bot, - »
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303-)/ with &y; = o;/ 0o and Boi = Poi / Qgo, then & is adaptively estimable as dis-
cussed by Linton (1993), Drost et al. (1997), Drost and Klaassen (1997), and Ling
and McAleer (2003). Since 0o is unknown, it has to be estimated. Its optimal es-
timator was given by Drost and Klaassen (1997). By Theorem 5.1, the estimator of
& obtained through this procedure is not superior to the estimator using the path in
(5.9).

5.4 Adaptive Estimation

Let K(x) = ¢~ /(1+¢7*)? be the logistic kernel and K (x,1,(0)) = K ([x+;(0)]/a) +
K([x—ni(0)]/a). f(x) and & (x) are estimated by the kernel method:

L fén,j(xae)

s @) =~ Y R(x.0(8)) and Ey,(x,0) = — I (503
a,j 261(71— 1) ,‘:12,,"#_/' i n,j bn “l‘fan,j(x; 9)
where j = 1,---,n, and a, and b, satisfy the condition that naflb,l — o0, Define

ég,w-(x, 0)=1 +x§1,,,j(x, 0). I, (f) and Iy (f) are respectively estimated by

. 1 . . 1&g
11,(0) = n Z 61211,1(771(9)79) and h,(0) = n Z 522,1,1(711(9)79)-
=1 =1

We estimate the score function and the information matrix by:

. LWt 1 g(0), 1 om(6),

W’)’Il(e) = %[:Zi |: /7]1[(6) a,}/

Sy(0) == L, (6 bu(0)].
0= L@ oy a7 O ey oy ey =)
Using the estimated score function and information matrix and letting

o =Tt 28,1 (8,)Win(6,), (5.24)

we have the following theorem.

Theorem 5.3. Suppose that 6, is a discretized and \/n—consistent estimator, f is
symmetric and Assumptions 1-3 hold. Then, under Pg{),

Vil — 1) —2 N0,2, ),
as n — oo, and hence ¥, is an adaptive estimator, where £y is defined by (2.3).

When f is asymmetric, 9y is not adaptively estimable. Furthermore, & is not
adaptively estimable regardless of the symmetry of f. We now use the least favor-
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able path in (5.9) and the split sample technique in Schick (1986) and Drost et al.
(1997) to construct an efficient estimator for 6.
Let k, be an integer such that k,/n — T € (0,1). Split the residuals {1;(0),

+» Mu(6)} into two parts: {n1(6), ---. M, (0)} and {N,11(6), -, N,(6)}. We
estimate the density f(x) by the kernel method:

k n
(1) I & x+ni(9) 2(2) o 1 )CJrTl,'(G)
fallx,0) = 23 1K(ia ) and f4 w5 0) = oy i%ﬂK(a ).

Denote é]m = fan (nl( n) n )/[anF fan (77:( ) )] ézm 1 Jr771( n)élma ém =
(‘glm’ —52",) nd g*m gnl dlag{l 1/2}An Cnr, where i = 1,2, an = Erh( n),
[771 (6,) —1]/2), A n = knlzl 1(Cm Cm) n = (n—ky)! ;l:kn+1(Cill Gy) and

n~'a,3b,; ! — 0. Furthermore, denote

0 9 \E A 201
Vi =X, (611>5151 Vln C*nt and I1”2)11 = Xl( )gnt — Vo C*(m)v
where 1, = k! Zlk;lX,(é,,) and ¥, = (n—ky) ! Z;’:anX,(é,,). Let

n _ ki n

Y )] (L0t Y ) 529)

t=kp+1 =1 t=kn+1

kn
= é |:Z lIjlntli/lnt) +

We have the following theorem.

Theorem 5.4. Suppose that 6, is a discretized and \/n—consistent estimator and
Assumptions 1-3 hold. Then, under Py,

ﬁ(eiz - 90) —Z N(O,I;l),
as n — oo, and hence é,, is an efficient estimator.

The adaptive estimator in Theorem 5.4 uses the full sample without splitting
and truncation. When f is symmetric, the estimators of m in Theorems 5.3 and 5.4
are asymptotically equivalent. However, the one in Theorem 5.3 can provide smaller
standard errors in the finite sample than that in Theorem 5.4. When f is asymmetric,
the estimator é,l in Theorem 5.4 is more efficient than the CLSE and QMLE. But it
is not as efficient as the estimator given by (5.1) when f is known. Gonzélez-Rivera
and Drost (1999) compared the efficiency of the MLE, the QMLE and the semi-
parametric estimator with unknown f. The conclusion here is consistent with their
results.

We next discusses Wald-tests for hypotheses:

Hy: d=dyvs (5.26)
Hi: d=d,=u/\n. 5.27)
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in the case when f is unknown and symmetric. When f is unknown and asymmetric,
Wald-tests can be similarly constructed using the efficient estimator in Theorem 5.4.
When Hyj : d = 0 is rejected, y, is a long-memory time series. We first consider the
simple ARFIMA (0, d,0)-GARCH model. The Wald-test statistic is defined by

Wan = n(a/in - do)zéa%n and

& 1 9g(0,)12, A 1 & 1 In(0,)12, 4
) t\YUn t\Yn
Ogn = — Z = 11,1(9,,) + 2 , = 1211(611)7
n/= [ 7 (6,) ad } 4n = [ 1 (6,) ad ]

where 6, = (cf,,, 3,,), d, is an adaptive estimator of dy, and 3,, is a /n—consistent
estimator of 8. The following theorem gives the asymptotic distribution under the
null hypothesis. It comes directly from Theorem 4.3.

Theorem 5.5. If the assumptions of Theorem 3.1 hold, then

(i) under Hy, Wy, — o )512, as n — oo,

(ii) under Hy, Wa,, — ¢ xlz(uzcg) as n — oo, and hence it is asymptotically LMP,
where G‘% is defined as 2, in (2.3) withm = d

When #, is a constant, we have 0'5 =6/7°I,(f). When & has GARCH, d; can be
estimated by the CLSE, and its asymptotic variance is 62, = 36E(€,0¢,/dd)?/n*.

The QMLE can be used to estimate dj, and its asymptotic variance is O-(%Q =s 402,

where 2 = E(h, /9, /dd)? + E(h; "9, /dd)? /2 and 6% = E(h, '*9e,/3d)* +
E(hfl/zah,/8d)2(En,4 —1)/4. Denote Wald-tests based on the CLSE and QMLE
as Wy, and Wy, respectively. It can be shown that their local powers have the
asymptotic relationship, Wy, < Wy, < Wy, where the first equation holds if and
only if 4, is a constant and the second equation holds if and only if f is normal.

For the general ARFIMA (p,d,q)-GARCH models, the Wald-test statistic is de-
fined by

Wan = n(ijn - d0)2(6§” - D:,-Qqﬁran) and

1 & 1 ael(én) ael(én) 2 A 1 8hl(éﬂ) ahl(éﬂ) 7 N
D, =- I, 6n + ~ by, 9,, ;
Y[; w80+ s T g )]

n/= (é”) ad ¢
1 88,(9,,) a&‘,(é,,) 1 &hl(én) ah,(é,,)
4n,(6,) 99 ¢’

.Q(l)n:;Z [hz(én) 0 99’

=1

iln(én) + IAZn(én)} )

where ¢ = (@1, , 0p, W1, W), 63” is defined as in Section 4.1, d, is an adap-
tive estimator of do, and (¢, 3,,) is a y/n—consistent estimator of (¢, dp). The fol-
lowing theorem comes from Theorem 3.1 and gives the asymptotic distribution un-
der the null hypothesis.

Theorem 5.6. If the assumptions of Theorem 3.1 hold, then,
(i) under Hy, Wy, — & )(12, as n — oo,
(ii) under Hy, Way — . X3 [uz(oﬁ -D'Q

totically LMP, where

¢_1D)] as n — oo, and hence it is asymp-
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1 Jg(6y) dg (6 1 Jh(6y) Ih (6
ht(GO) Sa(d()) ga((PO)Vl (f) +E[4/’L,(90) a(dO) a(¢ 0)]12(f)7

1 Jdg(6y) d&(6) 1 9h(6p) Ih(6p)
noy) 90 oo DITEG BT Toe e

From Theorem 4.4, we see that the Wald-test in the case with p > 1 has lower
power than in the case with p = 0, since d,, is asymptotically correlated with ¢,,.

D=E|

Q(p :E[ ]12(f)

5.5 Simulation Study

This section examines the performance of the adaptive estimator in Theorem 3.1 in
finite samples through Monte Carlo experiments. The following ARFIMA(0,d,0)-
GARCH(1,1) and ARFIMA(1,d,0)-GARCH(1,1) models are used:

(1-B)%y, =g, (5.28)
(1—¢B)(1-B)y, =&, (5.29)
& =M/ and h; = oty + oe® | + Bhy_1, (5.30)

where 1, = & /v/10 and & follows a mixed normal density f(x) = [O.Se_<*'_3)2/2
+0.5¢~ 03/ 2]/v/2x. This density function has been frequently used for investi-
gating the finite-sample behavior of adaptive estimators, as in Kreiss (1987) and
Shin and So (1999). 500 independent replications were used in each experiment.
The experiments are carried out using Fortran 77 and the optimization algorithm
from the Fortran subroutine DBCOAH in the IMSL library was used.

In the experiment, the bandwidth was taken to be

a=c{ [ Kar} | /,:f”(x)d)f}_l/sn” 63D

where ¢y = [*_x*K(x)dx and K (x) is the kernel as defined in Section 3. The band-
width (5.4) was chosen because it asymptotically minimizes the mean integrated
square error, E [©_{ f,(x) — f(x)}?dx [see Silverman (1986, pp.40)]. According to
Silverman (1986, pp.50), the ingredient [~_ f"?(x)dx in (5.4) can be consistently
approximated by

n n

%ZZEXP{* [ni(é)_ni(é)}ﬂ}7 (5.32)

2
ndo i = dag

where ag is an initial bandwidth. As suggested by Silverman (1986), (5.4)-(5.5)
were used for iteration, starting with an initial value ag. The optimal bandwidth q,
obtained through this data-driven method is stable in terms of the initial value ag.
As in Shin and So (1999), we take ag = 0.4 and b, = 0.001a/>. In our experiments,
the adaptive estimator was found to be not sensitive to the values of ag and b,,.
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We compare first the biases and standard deviations (SD) of the CLSE, the
QMLE, the adaptive estimator (AE) and the MLE. The MLE was obtained by
using the true score for iteration as in (3.1). The true observations were gen-
erated through models (5.1)-(5.3) and (5.2)-(5.3) with parameters: (0, a,3) =
(0.4,0.2,0.7), and d = —0.3,0.3,0.7,1.0,1.3 and 2.2 for models (5.1)-(5.3), and
(d,¢) =(—0.3,0.5),(0.3,0.5) and (1.3,0.5) for models (5.2)-(5.3). Tables 1 and 2
summarize the empirical means and SDs of the estimators of d and (d, ¢). [hep]

TABLE 1

Empirical means and standard deviations of
the estimated d in ARFIMA(0,d,0)-GARCH(1,1) models
oy =04, a=0.2, B =0.7 and 500 replications

d=-0.3d=03 d=0.7 d=1.0 d=1.3 d=2.2

n=250
CLSE Mean  -0.303 0.297 0.695 0.991 1.296 2.190
SD 0.055 0.054 0.055 0.055 0.054 0.055

QOMLE Mean  -0.302 0.297 0.695 0.991 1.295 2.189
SD 0.048 0.047 0.048 0.047 0.047 0.044

AE Mean  -0.296 0.305 0.704 1.000 1.304 2.201
SD 0.023 0.021 0.023 0.020 0.021 0.021

MLE Mean  -0.296 0.305 0.704 1.000 1.304 2.201
SD 0.021 0.020 0.021 0.018 0.020  0.019

n=400
CLSE Mean  -0.303 0.297 0.697 0.993 1.296 2.192
SD 0.041 0.041 0.041 0.041 0.041 0.041

QMLE Mean  -0.302 0.298 0.697 0.993 1.296 2.193
SD 0.036 0.036 0.036 0.036 0.036  0.034

AE Mean  -0.297 0.303 0.703 0.999 1.303  2.201
SD 0.018 0.017 0.018 0.016 0.017  0.016

MLE Mean  -0.297 0.304 0.703 1.000 1.303  2.201
SD 0.016 0.016 0.017 0.015 0.016  0.015

Tables 1 and 2 show that all the biases of these estimators are almost the same.
The SDs of the AEs are much smaller than those of the QMLEs and the CLSEs and
are very close to those of the MLEs. This is consistent with the theoretical results.
As the sample size 7 is increased from 250 to 400, all the SDs become smaller. In
each case, the AE can improve the QMLE by about 52% for models (5.1)-(5.3). The
corresponding improvement for models (5.2)-(5.3) is about 42%. When ¢ is i.i.d.
with a constant variance 62, the asymptotic SD of the CLSE of d in model (5.1) is
\/6/n7%, which is 0.049 and 0.039 when n = 250 and 400, respectively. From Table
1, we see that all the SDs of CLSEs are larger than 0.049 and 0.039 for the sample
sizes n =250 and 400 because of the GARCH effect. However, all the correspond-
ing [hep] SDs of the QMLEs, AEs and MLEs are smaller than 0.049 and 0.039. It
should be noted that the QMLE improves just a little bit, but the improvements of
the AE and MLE are quite significant. Some simulation results not reported here for
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cases with different true values of (ap, a, B) and for cases with the density f being
the > —distribution and the double exponential distribution also support the same
conclusion as above, except that the QMLE becomes much more efficient than the
CLSE when « is larger. These results are available upon request from the author.

We now compare the size and power of the Wald-test based on the AE (Wy,)
as in Section 4 with those of the Wald-tests based on the CLSE (W,,) and based
on the QMLE (Wy,,). The true observations are generated through models (5.1)-
(5.3) and (5.2)~(5.3) with true parameters (o, a,f) = (0.4,0.2,0.7), d —dp =
—0.2,—-0.1,0.0,0.1,0.2 and ¢ = 0.5 (only for model (5.2)). The rejection frequen-
cies of these test statistics are their sizes and powers, respectively, when d —dp = 0
and d — dp # 0. Tables 3 and 4 summarize the empirical sizes and powers of these
test statistics at the upper-tailed significance levels 5% and 10%. [hcp]

Table 3 shows that all of these tests yield similar sizes and these sizes tend to
the corresponding nominal 5% and 10% when the sample size 7 is increased from
250 to 400. The powers of Wy, are uniformally better than those of Wy, while the
powers of Wy, are uniformally better than those of Wy,,. The powers of all these test
statistics are increased when the sample size n is increased from 250 to 400. Table 4
shows that the sizes of all these tests seem very nice when the sample size n = 250,
but the Wz, has no power for cases with d —dy = —0.2 and —0.1. In these two cases,
Won also loses some power, but the loss is not as serious as that of Wy,,. With the
sample size n = 400, the power of Wy, is increased, but the size is distorted at both
the significance levels 5% and 10%. The overall performance of Wy, is obviously
better than that of Wy,,. Wy, is significantly more powerful than W, even though
its size is smaller than that of Wy, when n = 400. [hcp]

These simulation results indicate that the performance of the adaptive estimator
and the Wald-test based on this estimator is quite satisfactory in finite samples and
that our theory and method should be useful in some practical applications.

5.6 Appendix: Proof of Theorems 5.2-5.5

Lemma 5.1. If d € (0,1/2) and Assumptions 3.4 and 5.3 hold, then there exists a
bound subspace ©y C © such that, under Pgo,
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TABLE 2

Empirical means and standard deviations of
the estimated J and ¢ in ARFIMA(1,d,0)-GARCH(1,1) models
o =04, o« =0.2, B = 0.7 and 500 replications

d=—030=05d=030=05d=13 =05

n=250
CLSE Mean  -0.301 0483 0.289 0493 1.285 0.498
SD 0.131 0.145 0.136 0.150 0.132 0.147
QMLE Mean  -0.289 0.473 0292 0491 1285 0497
SD 0.113  0.125 0.119 0.131 0.117 0.128
AE Mean  -0294 0488 0307 0483 1312 0486
SD 0.086 0.083 0.103 0.089 0.075 0.079
MLE Mean  -0.295 0489 0306 0485 1309 0489
SD 0.083 0.077 0.099 0.082 0.073 0.079

n=400
CLSE Mean  -0.303 0490 0.292 0495 1.289 0.498
SD 0.109 0.121 0.118 0.127 0.115 0.125
QMLE Mean  -0.291 0479 0.293 0495 1.289 0.499
SD 0.093 0.103 0.104 0.111 0.100 0.107
AE Mean  -0.294 0.494 0311 0489 1.310 0.490
SD 0.057 0.060 0.052 0.056 0.053 0.057
MLE Mean  -0.293 0493 0310 0490 1310 0491
SD 0.052 0.055 0.048 0.052 0.048 0.052

TABLE 3

Sizes and powers of Wald-tests for the null hypothesis, Hy: d = dy,

in FARIMA(0,d,0)-GARCH(1,1) models

dy=1, g = 0.4, a = 0.2, B = 0.7 and 500 replications

upper-tailed 5%

upper-tailed 10%

d—dy= —-02-0.1 00 01 02 —-02-01 00 0.1 0.2
n=250
Wi, 974 486 .070 452 950 .986 .642 .116 .574 972
Won 986 .556 .066 .462 952 994 .672 .132 572 976
Wan 994 .658 .070 .600 .988 1.00 .800 .120 .690 992
n=400
Wi, 1.00 712 .066 .638 .994 1.00 .792 .104 .738 1.00
Won 998 732 .058 .642 996 998 .828 .116 .748 1.00
Wy,  1.00 864 .046 794 1.00 1.00 .920 .094 .882 1.00

75
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(i) Esupe?(6) < o,

6
(ii)Esgp 88(;(}/9)”2< ,
0
(iif) EsupHa2£[ H
(iv Esgg) rj 8115,’(9 )H )
L 9%,(0) 2
(v EsupH

Vi (6) 0006’

Proof. Letd € (0,c] C (0,do+0.5(0.5—dp)). Then, it follows that

oo

| 1
€ (0)| <C Y gyt SC Y crpeliad, (533)
k=0 k=0

where C is some constant independent of 6. Thus, Esupg, €(8) < ee. Thus, (i)
holds. It is straightforward to show that (ii) and (ii) hold.

o (6) < ag, (0) & ah, i
=2 a,-s_,-
o7 ; ’ ;
(9/1, ah,,i(e)

where & = (1,2 (1), , &% ,(¥),lu—1(0), - ,h,_s(0))". Furthermore, we can show
that

| el s e L%
\/]T - ay H

H lﬁah’ _ckzzlpﬂe,,k(e)

where C and p are constants independent of 6 and p € (0,1). By (i)-(ii) of this
lemma, we know that (iv) holds. Similarly, we can show that (v) holds. O

Proof of Theorem 5.2. By Theorem 5.7 and Remark 5.1 in Appendeix 5.7, it is
sufficient for Theorem 5.2 to prove that the following hold:
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1
| VA@)] o),

(i) Y [8(8n) —2i(60) — (B — 60) Ui (60)]” = 0, (1),

1 2
ﬁUI(QO) =op(1),
1 n

(iv) fZHU, 60) > = 0, (1),

(iii) sup

1<t<n

2

n

v X

=1

1

Vn

[Ui(6x) = Ui(60)]|| = op(1),

under Py, where g(6) = [&(6),/h(6)] and U;(6) = dg,(6)/96.

It is obvious that (i) holds and that (ii) comes from (v). U;(0) is also strictly
stationary and ergodic since it is a fixed function of j;. Furthermore, E | U, (6p)||* <
oo by Lemma 5.1 and hence (iii) holds. By the ergodic theorem, (iv) holds. It remains

to prove (v). As n is large enough, it follows that

1 " 1 ahr(en) 1 ahl(eo) 2
\/ﬁ 26 _\/h,To 26 H
1 dn(6, L m(6,) |
,I(Hm s | waaeaef )
n 0 (92
SO(])[’:ZI;;GU& hj(@) Ig(e )H = 196@(1“\/]':7 aglae/) ]

=0(1)(A+B), (5.34)
where 6 is on the segment between 6y and 6, and O is defined as in Lemma 5.1
such that (i)-(v) hold in that lemma. Note that

129
g = sup ||k, '7(6)dn,(6)/96)|

GEVd(

is a function in terms of y, and hence it is strictly stationary and ergodic with Eg”
(by Lemma 5.1). Thus, [maxi<<,(n~"/%g,)]> = 0,(1) under Py . Furthermore,
Y, 8?/n=Eg?+o0,(1) by the ergodic theorem and hence

n
2

A < [max (n""g)P(n”! Zgl ) =0p(1)

1<t<n 1

under P} . Similarly, we can show that B =0,(1) and
69 p
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dg (0 g (6p)
:99 36 H = op(1), (5-35)
under Pgo. Using (5.34) and (5.35), we can complete the proof. O

Proof of Theorem 5.3. By Corollary 5.1(iii), Pg0 and P are contiguous. Since

W,(6,) and W, (6,) are measurable in terms of .%,,, it is sufficient to prove the results
under Py . Ling and McAleer (2003) showed that In(8,) =L(f) +o p»(1) under P .
Furthermore, by Lemma 4.4 of Kreiss (1987), we only need to prove that

Wmn(en) = van(en) +0p(1)7 (536)

under Py , where 6, is a local sequence.
n

By (6.7) of Ling and McAleer (2003), £, = Eq, [(1+x2)[E1,(x, 6,) — & (x)]?
f(x)dx = o(1), where E¢, denotes the expectation under Py . Let ¢, = max{5¢n~

_4b_2 gl/4 } for some constant ¢, A, = { [(1 +x2)[$1,,7, (x,0) — & (x)]>f(x)dx <

n =] N/
et and A, = N, A, Denote é,-,,,,(n,(e,,), 6,) by é,-,, i = 1,2. From the proof of
Theorem 4.2 of Ling and McAleer (2003), it is sufficient to prove that

Bu=E{ X [ Th G s @)} = o), 37
anEEe”{\/ﬁZi[h,(le,, i (8, )(&, éz(n,(e,l)))}IAn}zzo(l). (5.38)

The proof of (B.10) is similar to that of (6.14) in Ling and McAleer (2003). It
remains only to prove that (B.11) holds.

Note that &, and & (1,(6,)) are symmetric functions of 1,(6,). We use the sym-
metry of f and consider the cross-product terms in the expansion of By,. Denote
& =Mi(62)E1r — M (6,)E1(N1(6,))]1a,. Since f is symmetric, it can be shown that

1 ahl+1( n) aht( ”)5 g
]’lt+i(6n)ht(9n) am i
_ 2 : (98,_;,_, —j— l( n) aht( n)
_Een{hlJri(erl)ht( rz ;Uaﬂﬁ" 8l+l 1(6") om ]

ael+i*i*1(611)
+7 ) J&+ioi(0) —————=
hi+i(6n)hi (6, )jz,;H e (1)t (6n) om ]

JE hu
Zvanﬁn e (8 )lfiﬂ)

Hy,i =Eg, [

gtﬂé/

165}

4 2
=Eo,\ gy gl +i)v, 0
9n{hlJri(Gn)hl(G Z Ot j ) aﬂﬁn( ) ( il)

881 —j— 1( n) a‘(':l —Jj— 1( n)
SIS g (5:39)
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where the last equation holds because each term in the above equation is an
odd function of 1,4;;(6,) when i+ 1 < j < oo, and Vgg (k) is the coefficient in
(Y o) (1—=X0 Biz') ' =Xy, Vop (k)Z. Similar to Lemma 6.3 of Ling (2002),
it can be shown that

[H & 4i—j-1(6)
am

e . 2 .
[Hull < 0(1)p" Y. pIEq, | Ié’;,-é,*@ < 0(c)p', (5.40)
=1

where O(+) holds uniformly for all # and p € (0,1) and the last inequality holds by
Lemma B.1(ii) and because Eg, (#;‘,*2|3'4’,_1) < ¢2. By (B.13), we have that

— n:

1 & 2 n—1ln—t

By, = ;ZI'IMO“FE Z ZHnli :0(])'
=1

1=1i=1

This completes the proof. [J

5.7 Appendix: A General LAQ Criterion

This section presents a general LAQ criterion for (5.9), which is a generalization of
the criteria in Jeganathan (1995), DKW (1997) and Koul and Schick (1997). Our
discussion follows the fashion of Koul and Schick (1997).

Assumption 5.4 There is a sequence G, of invertible diagonal k X k matrices with
G,' — 0 and k x 2 random matrices U,(0) such that, for all bounded sequence
0, and ¥y, the following statements are true with 6, = 6y + G, Yo, and 6, = 6, +
G, 19,

(iif) sup HG,TlUt(Gn)szo%(l)’

1<t<n

@) L6 '@ =000

Assumption 5.5 [ [qgo, 1. (x) — go,,r(x)|dx = o(1) as ||6 — 6|| = o(1) and ||c|| =
o(1), where f.(x) is defined as in Definition 2.1.

We further introduce the following notation:
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an(e)zcrjlle(e)é(nl(e)) WClz \/*Zg 771

=1
S,,(@) = G;1 iX,(G)Vé_gX/(G)G” ; SCn = Gltl ixl
=1
o . ‘/V,I(G) o Sx(6) Sgn( ) L
"(0)= (Wén( )) (0= (Véésgn< 0 Vee )
where X, (6 (6)/V/h(8),&=(81,=5), Ve e =EE(M)E ()], Ve e =E[S(m1)
() and Vg ¢ —E [E(n )C ( )] Now we give the general LAQ criterion as fol-

lows.
Theorem 5.7. Suppose that the path ¢ — f; is regular and that Assumptions 2.1-2.3
hold. Let u, = (¥.,v})) and v, be a bounded sequence in R!. Then:

nVn -
(a) ®n(env Gm Vrz/\/>) = M:I‘}Vrz(en) - M;;Sn(en)l/ln/z‘i‘OGn(])a
(b) Pg,n and Py, , are contiguous,

(€) $1(682) = 5,(60) + 06, (1) and W,(8,) = Wy(6) —5,(00) (&) +-04,(1).

Remark 5.1. 1f the LAQ of ©,(6,,8,,v,/\/n) is LAN, LAMN or LABF, then (b)
automatically holds (see Kallianpur 1980, Ch. 7, and Jeganathan 1995, p. 850). In
this case, it is sufficient to verify Assumption 2.2 with 6, = 6y and that

Zl G, [U:(8,) — Ui (60)] || = 06, (1). (5.41)
1=

Assumption 2.3 means that the starting conditions have a negligible effect. If ¥ is
assumed to be independent of (6,Y), as in the next section, then this assumption
holds.

Before giving the proof of Theorem 2.1, we introduce the following notation
and lemma. Let & = (¢/,¢'), +G,, =diag (G,,/nl}), U,(0) =diag(X,(8),1;), and
Y(0) =[y—2/(8)]/+/h(8). For simplicity, we denote ¥ (6,) by Y and Y (8,) by ¥,,.
Similarly, denote A, huy Zi, Zuss 815 8nes Mes Mot Ul and Unl-

Lemma 5.2. Under the assumptions of Theorem 2.1, it follows that:
ZEQ [ Uy n Ulg( 1))2‘&6;’*1} = 09,1(1)7
) ZEen {(”::Gglag(nt))zl{\,,; L7, &(n, |>g}“/l 1} 0g,(1),

Gy 'O () ~ o, [(4,G; ' O (m))? ml}\—oe (1),

@ Y Ly SV OW) 411 }d>=09n(1).

= \4/ hy Oy hy 2

S

1
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Proof. The basic idea of the proof comes from LeCam (1970), Fabian and Hannan
(1982), BKRW (1993), and DKW (1997).

Let 7, = 2[s‘,n/ﬁ?,(9,,)/s,(9,,) — 1] and B, = {maxj <<, |Ty| < €} for some
enough small € > 0. Then, on the event By, the log-LR has the Taylor expansion:

n
Vn

) 1
@n(em 6/17 ﬁ) = zlzzl log(l + ET;”) +06,

n
= Z T — Z mtZ Z O Ty +@1107
=1

where |ay, | < 1and Oy =log[gg, /I(YO)/CIG",/(YO)] =0g, (1) by Assumption 2.3.
To prove (a), it is sufficient to show that

n B 1 B
2{7;11 ”nGn lUlé(T],) + ZEen[(unGn lUlg(nl))z"%—l]} = 09;1(1)7 (5.42)

Z{ 22— Ee, [(u,Gy 0, E (M) Fi-1]} = 06, (1), (5.43)
max |Tu| = 0g, (1) and Z = (5.44)

Note that f[ /fz( ) — ) (6,))%dy = —Eq, (T, | ), where s} () is defined as
s;(0) with n,(6 ) replaced by Y, and similarly define sv N ,(6). By Lemma A.1

(a) and (d), and the inequality |a> —b?| < (1 + o)(a —b)? +b*/a with o > 0 and
a,b € R,

1 T
(Tl Zi) + 3 Eo, (6,6 O (M) 211}

- y al y 1 ! SA—177 £ y 2
<i+a)) [0 g8 =560 = S, TE (s (80)]
- 1
ar ZEen[(unGn lUlg(nl)y"%—l} = Ogn(l—l-OC) +09n(a) = 09;1(5')45)

where the last equatlon holds by first letting n — oo and then lettmg Qo — oo,

Let Dy =Ty — u”Gn 5( ) Z Een{[ nt — EGn( nt‘%z)] |<% 1} < Z
Eg,(D?|.Z,—1) = 0¢,(1) by Lemma A. l(d) and hence Y, [D,, — Eg, ( ~n,|%1)] =
0g,(1) by Remark 3.7 (iii) in Fabian and Hannan (1982). Note that Eg,§(1,) =0
We have Y [Dw — Eg,(Ty|#,)] = 0g,(1). Furthermore, by (A.5), we know that
(A.2) holds. To (A.3), by Lemma A.1 (c), it is sufficient to show that

Z{ nt ”nGnlUlg(nl)]z} :09n<]‘)' (5.46)
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Note that Y/ | Eg, [D,%,I{‘Dm‘>g}|% 1] < ): Eg, (D%, F-1) = 06,(1) by Lemma
A.1(d). By (3.15) of McLeish (1974), D2, = = 0g,(1). Now, by Lemma A.1 and
using a similar argument as for (A.5), we can show that (A.6) holds. By Lemma
A.1 (b) and (d), and following the steps in DKW (1997, p.794), we can show that
max <;<p |Ty| = 09n( ). By (A.3) and Lemma A.1(a), we have Y | T2 = Oy, (1),
and hence Y| 7,3 = 0g,(1). Thus, (A.4) holds.

By (a) of thls theorem, 0,(60,6,,,0) = u,W,(60) — u,S,(60)un/2 + 0, (1), and
GII(BOa 9)1;0) = _@ll(GIh Gn""Gli ( 6, ) 0) [ﬁ VT// (G )_ﬁ Sn( 11)”11/2] +09n(1)
with i, = (—6),0)". By Assumptions 2.1 and 2.2, we can show that W;,(6,) = Og, (1)
and S,,(6,) = O, (1). Note that W,(6,) and S,,(6,) are measurable in terms of .7,
and hence they are bounded under Py, ,. Thus, @,(6p, 6,,0) is bounded under both
Py,n and Py, ,, which implies (b). The first part of (¢) holds by Assumption 2.2
and the second part holds by exploring the equation: ©,(6g, 6,,0) + 6,(6,,6, +
G Y0, v/ /1) — (80, 6, + G:fl Oy, vn/+/n) = 0. This completes the proof. O

Proof. By Assumptions 4 and A.1 (i), (iv) and (vi), and the finiteness of [ || (x)||f(x)dx

(a) holds. By Assumptions 4 and A.1, and using similar argument as in Koul and
Schick (1997, p253), we can show that (b) holds. By (3.15) of McLeish (1974) and
(a)-(b) of this lemma, (c) holds.

The proof of (d) is similar to that for (2.15) in Koul and Schick (1997). The
right-hand-side of (d) is bounded by 3(7y, + To, + T3, ), where

n _l 1 1
T= Y [ (5= £ = 5= PP ()
’;1 ! n/\[ 2\/7

- "/(fé/ﬁ_f% - %Cf%)z(x)dx: o(1)

by Definition 3.1;

1 2

T ()W) — By S (L)

T, =

DR, [ (€ £ ()P
o) s fIEA 0+ ) = €]

[s11<Rn,ls2|<

= 0, (1),

_1
where Ry, = [max;<;<,(|Zy — Z/|hy?)?]/? = 0;,(1) and Ry, = [max;<;<u(|vhu
1
—V/|hy?)?)' /2 = 0, (1) by Assumption A.1 (i)-(iii), and the above equation holds
by [11&(x)|]f(x)dx < e and Lemma 19 in Jeganathan (1995); and

2

/2 _1 1 1 /
Bu= ¥ [t o=t ) - G v @) s
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In order to show that T’;,, = 0,1 (1 ) denote U, = gn — g1, Y, =y — Zi + u(Zy —

Z)]hy, and k= [h2 + u(h,,, - h2 )]?. By Assumption 4 and using Cauchy’s form

of Taylor’s theorem, 73, is bounded by
n 2o 3 . 2
Y [ [ v @b -Ri6i o @) dva
=1
n . o3 | i} 3 1 2
< Z/ /{hnGn U [hnl 4(wf2)(Yn ) —ny 4(07f2)(Y)]} dydu
+Z

where the second term is 0y, (1) by Assumption 4 and A.1(i)-(ii), and the first term
is bounded by

/ H @fh) (5.47)

Ill

o) s [@Hets) ) —@He)|| a

[s11<R1,[52| <Rop
n
dx} Z
=1

0, [ @b

by Assumptions 4 and A.1 (vi), and Lemma 19 in Jeganathan (1995). Thus, 73, =
03, (1) and hence (d) holds. This complete the proof. [

2
=0y,(1),

!
-1
’ Gn Ulll
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TABLE 4

Sizes and powers of Wald-tests for the null hypothesis, Hy: d = dy,
in ARFIMA(1,d,0)-GARCH(1,1) models
dy=1, g =0.4, a =0.2, B = 0.7 and 500 replications

upper-tailed 5% upper-tailed 10%

d—dy= —02 —-0.1 00 0.1 0.2 —-0.2-0.1 0.0 0.1 0.2
n=250
Wi, 038 .022 .052 .168 .288 .170 .094 .116 .226 382
Won 144 144 056 .148 316 .338 212 .104 212 394
Wi, 818 .226 .058 .260 .776 .890 .372 .092 .386 .850
n=400
Wi 266 .074 .092 .190 .404 .524 .188 .126 .254 522
Won 356 .152 .058 .184 450 .538 .258 .090 .266 544
Wa, 978 .484 .024 450 934 990 .674 .040 .572 964




Chapter 6
LAD-type Estimation

In the regression setup, one of advantages of the least absolute deviation estimator
(LAD) is that it does not require any moment condition on the errors to obtain the
asymptotic normality, see Bassett and Koenker (1982), Koenker and Bassett (1982)
and Portnoy and Koenker (1989). However, when we used this method to the time
series models, such as in Koenker and Zhao (1996), Davis and Dunsmuir (1997),
Mukherjee (1999), and Ling and McAleer (2003), this advantage is disappeared.
This chapter considers the self-weighted LAD estimator proposed by Ling (2005).

6.1 Self-weighted LAD for AR Models

Assume that the random sample {Y1,---,¥,} is from the AR(p) model:
YVi=¢p+0 Y1+ - +¢Y_p+&, (6.1)

where {g } isi.i.d. errors with a common distribution F. Denote 6 = (¢, ¢1,--- ,¢p)".
When E€? < oo, it is well known that all kinds of the estimators of 6 are asymptoti-
cally normal and various methods are available to do inferences for the model.
When E 8,2 = oo, model (6.1) is called the infinite variance AR (IVAR) model.
This kind of models displaying the features of heavy tails are encountered in several
fields, such as teletraffic engineering in Duffy, et al. (1994), hydrology in Castilo
(1988), and economics and finance in Koedijk, et al. (1990) and Janson and de
Vries (1991). Kanter and Steiger (1974) showed the weak consistency of the least
squares estimator (LSE) of 0. Furthermore, Hannan and Kanter (1977) proved its
strong consistency with a convergent rate nl/3, where n is the sample size, § > a
and o € (0,2) is the stable index of &. The limiting distribution of the LSE had not
been available until Davis and Resnick (1986). Based on the point processes, they
showed that the LSE converges weakly to the ratio of two stable random variables
with the rate n'/*L, (n), where Ly (n) is a slowly varying function. The LAD was
considered by Gross and Steiger (1979) and its strong consistency was proved. An

85
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and Chen (1982) showed that a convergent rate of the LAD is n'/% The asymptotic
theory of the LAD and M-estimator of 6 was completely established by Davis, et
al.(1992). They showed that these estimators converge weakly to the minimum of
a stochastic process with the rate @, = inf{x:P(|&| > x) <n~'}. It is hard to do
statistical inference in this case.

We use the following objective function:

n
L,(6) = ZWI|Yt —X/_,9|,
=1

where X; = (1Y, ,Y;—p+1) and w, = g(¥;—1,--- ,¥,—p) with a given real function
g. The minimizer of L,(0) is called the self-weighted LAD estimator 6, of 6. We
state the regularity conditions as follows.

Assumption 6.1 The characteristic polynomial 1 — ¢12— -+ — ¢,2P has all roots
outside the unit circle and E|&|* < o for some o > 0.

Assumption 6.2 E (w,|| X, ||?) < o and E(w?||X;||?) < eo.

Assumption 6.3 E(w,||X,_1]|?) < oo and F(x) has a differential density f(x) ever-
where in R with sup,cp | f'(x)] < eo.

The condition 6.2 is to downweight the big leverage points in the covariance
matrix. Technically, we need to linearize L, (0) around 6y. But as shown in Davis,
Knight and Liu (1992), the usual Taylor’s series expansion does not work for IVAR
models since the remainder term from the quadratic form does not go to zero. The
condition 6.3 is to overcome this difficulty, see (3.7 in in Section 3.

Theorem 6.1. If Assumptions 6.1-6.3 are satisfied and & has zero median with
F(0) > 0, then it follows that

A 1 _ -
Vi, — o) —2 N0,z er ),

where £ = E(wX,-1X/_,) and Q = E(w?X,.1X/_)).
Proof. Denote §, = \/n(0, — 6y) and

. n 1
Ly(u) =) w [|£, ——u'X|— \8,|],
n l; \/ﬁ

where u € RPT!. Then §, is the minimizer of L, (1) on RP*!. Using the identity:
.
|x—y| = |x| = —y[{(x > 0) — I(x < 0)] +2/ [(x<s)—I(x<0)]ds,
0
which holds when x # 0 [see Knight(1998)], it follows that

Zn(”) = _ulj;z + Tln(”)v (6.2)
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where T;l = erlzl W[X[ [[(8[ > O) — I(gl < 0)]/\/}71,
n WX, /\/n
Tin(u) =2 Y & (u) and &(u) = w, / [I(g, < s)—I(& < 0)]ds.
(=1 0
We can write T1,, (1) as

T, (u) = Z [ét(u NFi-1 JFZZ{é ét(””/t 1}

1=

Denote the distribution of & by F(x). By Taylor’s expansion, we have

n n WX, /\/n
;Emw»%ly—;mA‘X (F(s) — F(0)]ds

1 u'x,/\/n 1
= Yo [ O+ 3275 ))ds

=1

/1 £(0) ¢ d ux,/f )
:”Vz(n);“ }HZWI/ [/ (s"))ds, (63)

where s* € (0,s). Thus, we have
Ly(u) = =Ty + f(O)u' Pyu+ Ry (), (6.4)

where P, =Y, w, X, X/ /n and

u'x;/vn
22{@ u) —E[&(u)|Fi- 1}+22W[/0 X [s2f (")) ds.

Leta, = w X, [I(g >0)—1I(g <0)]. By Assumption 6.2, we can claim that E (q,a,) =
£ < oo, By Assumptions 6.1-6.2 and the ergodic theorem, we have

1 n 2
P, — X and ;l;(w, X,X/) — Q, (6.5)
almost surely, as n — o, Since {a, } is strictly stationary and ergodic with E(q,|%#,_1) =
0, by the central limit theorem, it follows that
T, —g P, (6.6)

where @ ~ N(0,Q). By Assumptions 6.2-6.3, for each u, it follows that

n

ux,/f
Zm/ (" lds| < sup

Z‘,w,||x,||2 —0, (67

\[

almost surely, as n — oco. As for (6.2), we can show that
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2 wx,/vn 2
£& ) =E[w [ IF(9)~F(0)lds]
u'X;/\/n 2
< E[W,/ IF(s) — F(0)]'2ds]
0
SIN )
< max fEw [ 151 2ds] <t max )l PE ORI,
X 0

where max, f(x) < e and E(w?||X;||}) < e by Assumptions 6.2-6.3. For each u,

E( L6~ EE@IZ ) = LW~ FEwW)F )P
<2 iEé,z(u) -0, (6.8)
=1

as n — oo. By the preceding equation and (6.6), we know that R, (u) = 0,(1) for
each u. Furthermore, by (6.3)-(6.5), for each u, it follows that

Ly(t) — o L(u) = =i/ @+ f(0)u' Zu.

L(u) has a unique minimum at u = [2£(0)]' £~ ! & almost surely. As for Corollary
2 in Knight (1998), by the convexity of L, (u) for each n, we can show that

. . |
= Vn(6, — 69) _’fN(O’WZ tar ).

This completes the proof. O

When E€? < oo, we can take @, = 1. The SLAD reduces to the standard LAD
estimator. When E€? = oo, the results in Theorem 6.1 is surprising and entirely
different from those in the literature. Using the logistic kernel K (x) = e~ /(1+¢~*)?
and the bandwidth b, = ¢/n" with v € (0,1/2) and constant ¢ > 0, we can estimate

f(0) by

n

Al
v, —0,X
ZW,K(%), 6.9)

=1

ﬁl(o) =

6,,nb,,

where 6, =n 'Y w,. X and Q can be estimated, respectively, by

1 n 1 n
- Z wiX X/) and 2, ==Y (w/X,X/). (6.10)
n =1 n/=

)

Theorem 2.1 and (2.1)-(2.2) now can be used to do statistical inferences for the
IVAR model. Here, we consider the p; linear hypothesis of the form:

Hy:I'6p=1,
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in the usual notation. The Wald test statistic for the hypothesis Hy is defined as
A~ A AT A AL -1
Walp1) = 4nf3 ()8, — 9 (£ ,5'T) (00, ~7).
The following theorem gives the limiting distribution of W,,(p1):

Theorem 6.2. [f Assumptions 6.1-6.3 and b, = O(1/n") with v € (0,1/2), then un-
der Hy, it follows that W,(p1) — & xgl.

Proof. Denote A, (u) = [ K(y)f(bny+u'X,/\/n)dy, where u € RP*!. Then, we have

AR} =g [ (R e =ao

Using this with [ K(x)dx = 1 and [ K?(x)dx < oo, for each u, it follows that
1 & —u'X 2
£y L[ k() ]}
bll
- 1 & 2 1 & — M/)([/\/ﬁ 2
L RS )

< L[ “bff/f )]+ LD )

n
< ZE % / K20) by + /X /Va)dy| + 2 3 Ew?A?(w)]
n = =1

2max, f(x)Ew?
n

)dy + =o(1), (6.11)

by Assumptions 6.2-6.3. By (6.8) and the continuity of f, we can further show that

sup |13 [IK(W) fA,(u)’ = 0,(1).

A=
Let 8, = \/n(9, — ;). Since 8, = 0,(1), by the preceding equation, it follows that

1 1 —o'x .
() ]
1=

Since [ |y|K(y)dy < o, by Taylor’s expansion and Assumptions 6.2-6.3, we have
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1 n
- Z W,
=

] n
= - Z Wy

=

162]l ¢

b n
max |00 [ Y wi [ KO+ Y wx ]
=1 =1

=
=
>
N

|
~
—~
)

~
I

[ KO b+ 8,5 Vi) = £(0))ay]

[ KO buy+ X /v (& )|

IN

- op<b,l>+op<%> — 0(1),

where & lies between 0 and b,y + @:,X,. By the preceding two inequalities, we
can readily show that f,(0) = f(0) 4+ 0,(1). Finally, by Theorem 2.1 and (6.4), the
conclusion holds. This completes the proof. [

To use the results in this section, we need to select the weight w, in practice. It
seems reasonable to use the following weight analog to Huber’s influence function:

1 ifa =0,

where a; = Y7 [y,—i|(|y,—i| > C) and C > 0 is a constant. This weight satisfies As-
sumption 2.2. It downweights the covariance matrix with leverage points but take
full advantage of all those without leverage points. As Huber’s estimator for regres-
sion models, we need to choose C. When P(g, > x) =P(g < —x) =x *witha <2
for x > 1, by (2.7) in Davis and Resnick (1985), we can show that

z7lQr !t = o()(ED; (1] <O+ 7

as p = 1 and C — oo. Thus, the larger is C, the smaller is the asymptotic variance.
However, for a large C, the distribution of ¢ , may not be well approximated by its
limiting distribution as 7 is small. We still have not a theory to support the choice
of C. However, our simulation results in Section 3 show that it works well when C
is the 95%-quantile of data {y,---,y,}. Also we note that a small tailed index o
results in a small asymptotic variance. Obviously, there are a lot of other weights,
such as w, = (1+C||X,[|*)~%/? and I(max;<;<p [y,—1| < C), that satisfy Assumption
2.2. However, our simulation results not reported in this paper show that the SLAD
based on w; in (2.3) is much more efficient than that based on these weights.

Lemma (Davis, et al, 1992) Let {V,, (1)} and {V ()} be stocchastic processes on
R? and suppose that

Va(u) =1 V() on Cla,b)?,

for every a < b € RP. Let &, minimize V,(u), and & minimize V (u). If V,(u) is
convex for each n and & is unique with probability 1, then

gn —L 5 onRP.
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6.2 Self-weighted Quantile Estimation

The quantile estimation was first proposed by Koenker and Bassett (1978). It in-
cludes the LAE as a special case and has been extensively investigated in the liter-
ature, see for examples, Ruppert and Carroll (1980), Bassett and Koenker (1982),
Koenker and Bassett (1982), Koenker and D’Orey (1987), and Portnoy and Koenker
(1989). In the time series setup, it was studied by Koenker and Zhao (1996) and
Mukherjee (1999), and Ling and McAleer (2003).

The self-weighted quantile estimator (SQE) of A(7) = A + (F~1(7),0,---,0)" as

n
~

. 1
A(T) = argminy cgpi1 Z JPr(Yt —X/_11),
=1"

where pr(u) =u[t—I(u<0),uecR, 1€ (0,1), X = (1,y;, - ,yi—p+1)’, and w; =
(1+XP ¥2)%* LADe is SQE when 7 = 1/2. Define

1 X

T;l(svf)ziz =

\/ﬁl=l Wi

[I(e, <F~'(2)+5'X1/Vn) — 7], (6.13)
where s € RPT1. T, (s,T) serves as the score function in the MLE. We can see that
the corresponding information-type matrix is bounded.

Theorem 6.3. If Assumption 2.1 is satisfied and F (x) has a positive density f(x) on
{x:0 < F(x) < 1} with sup,cg f(x) < oo and sup,cg f(x) < oo, then

271
q(7)
— N(O7

\/ﬁ[in(f) _)“(T)] = 7;1(07 T)+0P(l)

(1 —1)
7 (7)

where q(t) = f(F71(7)), £ =E(X,.1X/_,/w,) and Q = E(X,1X_, /w?).

2*192*‘),

In what follows, we denote Euclidean norm by || - || and a bounded random se-
quence in probability by Op(1), and let % = o{&,&_1,--- }.
Lemma 4.1 If the assumptions of Theorem 2.1 hold, then it follows that

(D) 1T(val2u(?) = A(2)], 7)]| = Op(
(ii) Tn(07 T) —Z N(07T(1 - T)‘Q)

)7

Sl-

Proof. Since F is continuous, for each ¢, there exists no constant vector ¢ with
¢’c # 0 such that ¢'X; = 0 almost surely (a.s.). Furthermore, note that max <,<; || X,—1||/w; <
1 a.s.. Exactly following the arguments as for Lemma 4.2 in Ruppert and Carroll
(1980), we can show that
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IVl (2) 20 )l < 20+ 1) max ] 0L,

i.e. (i) holds. Since a, = (X,_1/w,)[I(g < F~'(t)) — 1] is strictly stationary and
ergodic with E(a,|-%—1) =0 and E(a,a,) = t(1 — 7). (ii) holds by the central
limit theorem. This completes the proof. g

Lemma 4.2 Under the assumptions of Theorem 2.1, for any constant M > 0,

sup |7, (5, ) = T3,(0,7) — g()Es1| = 0, (1).
[Isll<m

Proof. Let g, (s,u) = (s'X;—1 +u|s'X;—1|)/+/n with u € [0, M]. We define
Zy(s,u) =1[g <x+g(s,u)] —1(g <x)—F[x+g(s,u)]+ F(x),

where x = F~!(7). By the monotonicity of F and indicator function, it follows that

2M
|Z, (s, u)| SI(X—THXI <& <x—|—7||X, i)
+F(x+ %HXFIH)_F(X_WHXHIH)
Thus, we have
2M 2M

E[Z}(s,u)|.7 1] < A[F (x+ Wﬂxz—l ) —F(x— ﬁHXt—l ]

16M 1,1 | 1)2gx C||X,—1]]

S TR Jerre =T

where —2M|\X,_||/v/n < & | < 2M||X;—1||/y/n and C is a constant. Let £,/ =
max{y,—;,0}/w; and §; = max{—y,_;,0}/w;. Denote

TiE(s,T,u) = fZélz,su

where i =1,---,p+ 1. For any € > 0, since éifZ/ (s,u) is a martingale difference in
terms of .%,, by Markov’s inequality, we have

1 2

4
2 E[éfzf(s’”)]zﬁ%zE(HX’ S ) = .14)

=1 e 3 wi

1

P
( ne

T-i(s,r,u)‘ >g) <

mn

asn — oo foreachs € R and u € R, where i =1,--- ,p+1.

Denote Dy = [~M,M]P*!. Since Dy, is a bounded and closed region of RP*1,
for every 8 > 0, there is a finite number of open subsets A;(8), i =1,---,m, each
with diameter 8, such that UiZ; A;(8) D Dy and A; = A;(8) N Dy is not empty . Let
s, be any fixed point in A,. Then for any u € A,, we know that
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|8 (s,1) = g (s )| < [ls = s, - [ X1 ]|/ v/ < 81X 1|/ v/,

that is, g, (s, u — 8) < g/(s,u) < g/(sr,u+ 8). By the monotonicity of the indicator
function, we obtain that

Tl-ljl:(s,’C’O) < Tizjzz(shfa(s) + % iéf[F(x—&—g,(s,.ﬁ)) —F(x—i—g,(s,O))]
=1

and a reverse inequality holds as 0 is replaced by —d.
By the assumption given and the mean value theorem, it follows that

‘% i‘i Er[F (x+gi(sr, £8)) — F(x+g(s,0))]

1 &
< sup ‘f(x)‘ \/ﬁ Z giti|gl(sl" i6) — & (‘970)'
X =1

< 285 lf )] g [P
n Wy

=380,(1), (6.15)

=1

where 0, (1) uniformly holds for all s € A, and all r = 1,--- ,m . Given any small
€ >0and N > 0, by (4.2), there exists a 0 > 0 such that

n

1 €
P{—n sup sup Z[F(x—kg,(sr,:t&g)) —F(x+g(s,0)]| > i} <n. (6.16)
roseA, =1 b
For the +0, by (4.1), it follows that
€ £
P{max T (5,7, 48,)| > 5} < rmax P{| T (5, 7,8 > 5} <, (617)
r Z r Z

as n is large enough. By (4.3)-(4.4), we know that

P{sup |T;5(s,7,0)| > €}
SEDys

€ €
< P{max |7 (51,7, 60)] > £} + P{max |7 (51,7, —8)| > £
1 L €
+P{—=supsup | Y [F(x+g(s,,£8)) — F(x+g(s,0))]| > 3
Nor sed, =1 -
< 3. (6.18)
By (4.5), we can show that
1 n X171
sup ’— Z,(s,O)’zo (1). (6.19)
Isli<m ﬁt; W !

Furthermore, by Taylor’s expansion and the assumption given, we have
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Eg‘vﬁ &][F@+V;§&4)—F@%*625&_4‘
1%, 111 1
<sseL11)[;4f (&9 n\[z ” O[,(%). (6.20)

By the ergodic theorem, Y, (X,—1X/_,/w;)/n = Z 4+ 0,(1). Furthermore, by (4.6)
and (4.7), we can claim that the conclusion holds. This completes the proof.
O

Proof of Theorem 2.1. Denote X;,(7) = /a[A,(7) — A(7)]. For any £,1 > 0, by
Lemma 4.1 (i), there exists an integer n; > 0 such that, when n > ny,

P{IL0(e), 9 >0} <e

Thus, for a positive constant M, when n > nj,

P{|I%(7)|| = M}
<P{|%(0)[| = M.[|T,(%x(7),7)[| < n} +P{|T.(%:(7),T)[| = n}
gP{H inf |7, (s1. )||§n}+e. 6.21)

Note that s} 7;,(Vs1, T) is a non-decreasing function of v for any 7 € (0,1) and s5; €
RPH. Writing 51 as s; = vs with v > 1 and ||s|| = M for any |s{|| > M, by the
Cauchy-Schwarz inequality, we have

||1an [T (s, )|<H,||,i}}4f [s'Tu(vs, T)|<M” 1‘1‘11‘ 1 Ta(s1, D).

Thus, by (4.8),

PN = M} < P{ Jnf 15735, )] < M} +e. 6.22)

Denote R, (T) = supjy—y |8'[Tu(s,T) — T,(0,7)] — s'Lsg(7)| and let ¢y be the mini-
mum eigenvalue of X. Since

IS'T,(s,7)| > inf [s'Zsq(t)] —Ry(7)— sup |s'T,(0,7)],
lIsll=p lIsll=m

by (4.9), it follows that

P{Im ()l = m

<P{Ru(x) > inf [ Esq()]— sup |{T,(0,7)|~nM }+e
llsl|=pM lIs|=m

< P{R(%) = — sup |ST;(0,%)|— M +coMq(D)] f+e. (623)
[Isl|=n
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By Lemma 4.1 (ii), there exists a large constant M and an integer n, such that, when
n>np,

P( sup |§'T,(0,7)| > MM,) < P(||T,(0,7)|| > M) <e. (6.24)
[Isl|=M

Thus, by (4.11), when n > max{n;,n3},
P{R.(%) = = sup [sT,(0,7) — M +coMq(x) }
llsll=m

< P{R,,(r) > sup ['T,(0,7)| — nM + coM?q(7),
lsll=p

sup |57, (0,7)| < MM1}+P( sup |§'7,(0,7)] > MMl)
Jsll= Isll=1

< P{R,,(T) > coM?q(7) — MM, — nM} te. (6.25)

We may choose M large enough such that ¢ = coMq(t) — M; —n > 0. For the
constant ¢, by Lemma 4.2, there exists an integer n3 such that, when n > n3,

P{R.() = Mc} < P{ o [I73(5.7) = T(0.9)] — g ()54 = ¢} <e(6.26)

Thus, by (4.10) and (4.12)-(4.13), when n > max{ni,nz,n3}, P{|| ,,(7)|| > M} <
4¢e. Finally, by Lemma 4.1(i) and 4.2, we can show that
A y-1
vﬁ%&ﬂ*l@H:*ganQﬂ+ﬂAU~

Furthermore, by Lemma 4.1(ii) and the equation above, the conclusion holds. This
completes the proof. ]

6.3 Self-weighted LAD for ARMA Models

Assume that the random sample {Y;,---,¥,} is from model (2.6). With the initial
values ¥y = {¥p,U_1,--- }, We investigate the following objective function:

1 n
Ln(0) =~} wil&(9)], (6.27)
=1

where &(0) is defined as (3.4), w, = w(y,—1,¥-2,...) > 0 and w is a measurable
and bounded function on R” with Zg = {0,1,2...}, and it satisfies the following
condition:
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Assumption 6.4 E[(w, + W?)i,ifl] < oo for any p € (0,1), where Ep,—1 = 1+
2Pyl as
The minimizer, 6, of L,(6) on @ is called the global self-weighted LAD (SLAD)
estimator of 0, i.e.,

6, = arggréigL,,(O).

When E£,2 < oo, we take w, = 1 and in this case, é,, is the LAD estimator for
the finite variance ARMA(p, ¢) model (??). The weights w, # 1 are used only when
E 8,2 = oo, Obviously, there are a lot of weight functions satisfy Assumption 6.4. Let
21y be the tail index of data {yi,---,y,}. When 19 > % (i.e., E|g| < o0), we can
choose the weight function as

4
w1
wy = (max{l,C ]/;W|}’zk|1{|YIk|>C}}) )

where C > 0 is a constant. In practice, it works well when we select C as the 90%
quantile of data {y1,---,y,}. When 1y € (0, %] and g > 0, the weight function need
to be modified as follows:

—4
e 1
w, = (max{l,c ! Z Wb‘l*k‘l{bvlfd > C}}>
=1

for any 1; < 19, see Ling (2007). For the choice of w; and its motivation, we refer
to Ling (2005) and Pan et al. (2007). For instance, the weight functions defined in
Pan et al. (2007) satisfy Assumption 3.4 as well. Without this weight, one cannot
obtain the asymptotic normality of the estimated parameters when Eg? = o , see
Mikosch et al. (1995). We assume that ¥y is from model (??) and hence &(6y) = &
in this case. For the case that Y; is unobservable, we will consider it at the end of this
section. The following theorem gives the consistency of 6, and its proof is given in
the Appendix.

Theorem 6.4. If Assumptions 3.4-6.4 hold and & has a zero median, then

é,, — Oy almost surely (a.s.) asn— oo.

To study the rate of convergence of 6,,, we first reparametrize the objective func-
tion as
Ln(”) = I’LI{”(G() +u) —nH,(6),

where u € A = {u:u+ 6y € O}. Let i, = 6, — 6. Then, 4, is the minimizer of
L,(u) in A. Furthermore, by (6.27), we have
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La(u) = Y wi [ (80 1) — [es(60)]]- (6.28)
=1

Using the identity (??), it follows that
|& (60 +u)| — |&(60)| = g:(w)[1(& > 0) —1(g& < 0)]
—qq(u)
+2/ X, (s)ds, (6.29)
0

whereX,(s) :I(gl < S) —1(81 < 0),

de(00) 1 ,9%,(E%)
_ 194 L
@) ===+ 30 aae

and &* lies between 6y and 6y + u. Using equation (6.29), we can decompose (6.28)
as follows:

L,(u)=u T,,+ZE§, NF1] + (1) + By (u), (6.30)

where

1= Yo 25 (e > 0) e < 0),

=1

1 9€(6g)
—u' —Hg

E(u) = ZW,/O X, (s)ds,
OC,, Z{él u él ”)"g.l 1]}

Ltl n 2 )
Bu(u) = £} Zw,%[l(a >0)—1(g <0)]u

—qs(u)

We next introduce one more assumption and three lemmas. The first lemma fol-
lows directly from the central limit theorem. The second and third lemmas give the
expansions of @, (u), B,(u) and Y, E[& (u)|.# 1] and their proofs are given in
Section 3. The key technical argument lies in applying the bracketing method from
Pollard (1985) and is used in Lemma 6.2.

Assumption 6.5 & has a zero median with a continuous density function g(x) sat-
isfying g(0) > 0 and sup, g g(x) < oo.

Assumption 6.5 is weaker than the condition sup, |g’(x)| < o in Pan et al. (2007).
When ¢ is stable with support R and median zero, Assumption 6.5 is satisfied, see
Rachev (2003, p.110).
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Lemma 6.1. If Assumptions 3.4-6.5 hold, then

1
%T;l —d N(OaQO)7

as n — oo, where Qo = E[w?(d¢,(60)/00)(d€(6y)/08")].

Lemma 6.2. If Assumptions 3.4-6.5 hold, then for any sequence of random vari-
ables {u,} such that u, = o0,(1), it follows that

oy (1) = OP(\/’TLHMnH +n“bliz|‘2)'

Lemma 6.3. If Assumptions 3.4-6.5 hold, then for any sequence of random vari-
ables {u,} such that u, = o0,(1), it follows that

(i iE[é@Mﬂ = (Vi) [8(0) 0] (/) + 0p (],

U=uUy
(i) Bu(ua) = 017(”””11”2)»
where Xo = E[w,(0¢€,(6y)/00)(deg (60)/26")].
‘We now can state our main results as follows.

Theorem 6.5. [f Assumptions 3.4-6.5 hold, then

(i) \/’;(én - 60) = Op(l)7
(ii) \/n(8y — 80) —a N (0,28(0)] 225 1205 ") as n — .

Proof. (i). First, we have @, = 0p,(1) by Theorem 6.4. Furthermore, by (6.30) and
Lemmamas 6.2-6.3, we have

Ln(ﬁn) = ﬁ;,T,, =+ (\/ﬁﬁ,,)/ [g(o)zo] (\/;”A‘n) —|—0,,(\/ﬁ||ﬁ,,|| —|—n||ﬁ,,||2). (6.31)

Let Ayip, > 0 be the minimum eigenvalue of g(0)Xy. Then

La(n) > — || { T,

1|+ 0p(1)] + lla 2 i+ 0p (1)
[l ]

Note that L, (i,) < 0. By the previous equation, it follows that

\/ﬁ”ﬁ”” < [Aonin —26—|—0p(1)]_1 |: T,

| +om] =00, e

where the last step holds by Lemmama 6.1. Thus, (i) holds.
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(ii). Let u = —[2g(0)Xo]~'T;,/n. Then, by Lemmama 6.1, we have
Vi —4 N (0,[2g(0)] 25,1 QZy ") asn— oo

Hence it is sufficient to show that \/nil, — \/nu;, = 0,(1). By (6.31) and (6.32), we
have

n(un) (\fu,,) \/»Tn‘f'(\fun) [ (O)EO](\/ﬁﬁn)'i'OP(l)
= (vnit)'[8(0) Zo] (Vnit) — 2(v/nity)' [¢(0) Zo] (v/nuuy) +0p(1).
Note that (6.31) still holds when &, is replaced by uj,. Thus

La(ut) = (\/ﬁu:;)’%n (V) [g(0)Eo] (i) +op(1)

= —(vnuy)'[8(0) Zo] (v/u) + 0 (1).

From the previous two equations it follows that

Ly (ltn) — Ly (uy,) = (\/’;ﬁn - \[”,*1)/[ (0 )20}(\/1711 - \/;WZ) JFOP(])
> A«min”\/ﬁﬁn \fu ||2 + 0p( ) (6.33)

Since Ly (dy) — Ly () = n[Hy (i + 60) — Hy (1, + 60)] < 0 a.s., by (6.33), we have
|V/nit, — \/nu,|| = 0,(1). This completes the proof.

6.4 Simulation Study

To examine the performance of the asymptotic results in finite samples, we consider
the AR(1) model,
=@+ oY -1+&.

We use the optimal bandwidth b, given in Silverman (1986, p.40) which is automat-
ically searched from the data. Table 6.1 summarizes the empirical means, empirical
standard deviations (SD) and asymptotic standard deviations (AD) of the SLADs
of (¢g,¢). The ADs are calculated using the estimated covariances in (2.2). Table
6.1 shows that all the biases are very small and all the SDs and ADs are very close,
particularly, when n = 400. As n is increased from 200 to 400, all the SDs and ADs
become smaller.

To give an overall view on the approximation of the limiting distribution to the
finite sample distribution, we simulate 27000 replications for the case with ¢ = 0.5,
N ~ 1 and n = 400. Denote Ngzap, = /71[0,(0.5) —05]/ 6s.4p, where Ggzap is the
SDs of the SLAD of ¢. Figure 1 shows the density curves of Ny ap, and N(0,1).
The density curve of Ngzapy is approximated by f(x;) =~ Z,-ZZ?OO I(xi—1 < Ngrapn <
x;)/(27000b) with xo = —6.235, x; = x;—; + b and b = 0.215. From this figure,
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Table 6.1 Means and Standard Deviations of SLAD for AR Models with ¢g = 0 (1000 replica-
tions)

n=200 n=400 n=200 n=400
(0 % ¢ ¢ 0 ¢ ¢ %0 (0
& ~ Cauchy g~

—0.5|Mean .002 —.505 .001 —.503 .003 —.495 —.002 —.494
SD 134 .103 .098 .071 .130 .107 .093 .071
AD .139 101 .098 .071 .134 .104 .095 .074
0.5 |Mean -.007 491 -.008 .495 -004 .487 -.003 .496
SD 136 .107 .094 .073 .135 .105 .092 .075
AD 139 .102 .098 .071 .134 .104 .094 .073
0.8 [Mean -.014 787 -014 794 -002 779 -.001 .792
SD 155 .092 .116 .063 .164 .093 .110 .065
AD 165 .085 .117 .060 .163 .088 .115 .062

Table 6.2 Sizes and Powers of Wald-test for Null Hypothesis Hy: (¢, ¢) = (0,0.5) at Significance
Level 5% in AR Models (1000 replications)

n=200 n=400

g ~| Cauchy t Cauchy n
b ¢

-1.3 453 437 742 732
023 416 371 .698 .676
-1 .4 196 .189 321 .328
0 4 152 152 232 212
0.5 .066 .066 .060 .057
0.6 150 .156 .228 .209
1.6 199 214 .350 .339
0.7 416 .407 .699 .661
1.7 472 465 772 7742

we can see that the density curve of Ngrap, is very close to that of N(0,1). This
is consistent with our theoretical results. These simulation results indicate that the
SLAD performs very well in the finite samples.

We now investigate the size and power of the statistic W,,. Again, the sample sizes
are n = 200 and 400 and the number of replications is 1000. Cauchy and #, distribu-
tions are used. The null hypothesis is Hy: (¢, ¢) = (0,0.5) and the significance level
is 5%. Table 6.2 summarizes the sizes and powers of W,,. From this table, we can
see that the sizes are a little large, but they are still acceptable. In particular, when
n = 400, the sizes are getting close to the nominal significance level. The powers
are increased when n becomes large or when the distance between the alternative
and the null Hy becomes large. These simulation results indicate that the Wald test
works well in the finite samples and should be useful in practice.
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6.5 Proofs of Lemmas 6.2-6.3

In this section, we give the proofs of Lemmamas 6.2 and 6.3. In the rest of this pa-
per, C denotes a universal constant.

PROOF OF LEMMAMA 6.2. A direct calculation gives

A
& (u) = —2u'w, 30 M (u),

where M, (¢) = fol X (—u’%ﬁ”s) ds. Thus, we have
m ag 6 n
|06, ()| < 2|l Y, [wr 5(9_0) PRUAD) —E[M,(u)%_l]}’ .
j=1 Jooi=1

It is sufficient to show that

&8[(60) /L

Wi—g Z{M,(u,,)—E[M,(u,,H%1]}‘=0p(\/ﬁ+n||u,l|) (6.34)
J =1

for each 1 < j < m. Denote m, = w;dg(6)/d6; and f;(u) = m;M,(u). We define
1 n
Dy(u) = %lg{ft(“) —E[fi(u)| F1]}-

In order to prove (6.34), we only need to show that, for any 1 € (0, 1),

|Dp ()|
sup ——=—— =0,(1). (6.35)
lal<n L+ v/allull 77
Note that m, = max{m,,0} — max{—m,,0}. To make it simple, we only prove the
case when my; > 0.

We adopt the method in Lemmama 4 of Pollard (1985). Let § = {f; () : ||u|| <
N} be a collection of functions indexed by u. We first verify that § satisfies the
bracketing condition in Pollard (1985, p.304). By B, () denote the open ball around
¢ with radius r > 0. For any fixed € > 0 and 0 < d < 1, there is a sequence of open
balls {Bgsc, (u,)}le‘?l to cover Bs(0), where K¢ is an integer less than coe ™" and
co is a constant not depending on € and &, see Huber (1967, p.227). Here, C; is a
constant to be selected later. Moreover, we can choose U;(8) C Bgs ¢, (1;) such that
{Ui(5)}f:"l is a partition of Bg(0).

For each u € U;(8), we define the bracketing functions as follows:

‘1 dg (6y) €6
+N _ 2
1 (u)—m,./0 X,( w0 sicl ds.

de(6)
00
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Since the indicator function is nondecreasing and m, > 0, we can see that, for any
ucUi(d),

fri < filw) < £5,
where fff £ #%(u;). Note that sup, g(x) < eo. It is straightforward to see that

de(6)
00

2
‘ _ A o

G

- 2ed
E [ - —f,,,-|<%—l] < C—supg(x)w,
' 1 x
Setting C; = E(4,), we have
Bl p] =E{E [ - il 7]} <es.
Thus, the family § satisfies the bracketing condition.
Put § = 27*n. Define B(k) = B; (0), and A(k) to be the annulus B(k) \ B(k+1).
Fix € > 0, by the bracketing condition, there exists a partition {U;(&)}%, of B(k).

We first consider the upper tail of \f(ll)HH By (6.36), with 0 = J;, we have that
for each u € U; (&)

< \}ﬁ’; {#i-E a7l }
=Dy (i) + \;ﬁi’E {ff, —_f,ﬂ%q}

s

<D (u )+\f85/<

where

Dy (u \[Z{f —Elf5| 7}
Denote the event
1 n
E,=<—) A <2;.
On E,, it follows that for u € U;(8;),
D, (u) <D} (u;) +2+/nedy. (6.37)

On A(k), the divisor 1+ /n||u|| > /nd41 = \/nd/2. Thus, by (6.37) and Tcheby-
chev’s inequality, it follows that
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P su D(u) > 6 ,NE,
vty T+ /] "

<P ({ sup Dy (u) > 3\/ﬁ€5k} ﬂEn)

ucA(k)

IN

P ({ max sup  D,(u) > 3\/ﬁ£5k} OE”)

1<i<Ke yey,(5,)nA(k)

IN

P<{1r<rlla>1<< D) (u;) > \/ﬁeék}ﬂE,,>
Ke max P (D} () > /ne&,)

1<i<Ke
ENDT (u: 2
SKg max [( n (ué)) ]
1<i<Ke  ne*y;

IN

(6.38)

Note that [|u;]| < & and m7 < w7[d€(60)/98;]|* < CwiEj, | for some p € (0,1)

by Lemmama 6.4 (ii). By the conditional expectation property and the fact that
|X,(s)| < 1, we have

e[ ()] == {E () 1])

1
SE[mf/ E[)(,(—L¢§a£’(9°) +E%
JO

20 "¢
sup  |G(x) — G(0)w; &, 1]
[x[<8C"Epr—1

88,

Dl

<CE

where C' = 1+€/C;. Use that ffl —E| ffl | # 1] is a martingale difference sequence
and the previous inequality to see that

E[(Df () ZE{ [z}
< xe|(m)]

C n
<=YE| sup [Gx)-GO)wE; ]
n lg:l leSkC’ép,] et
= 7,(8)). (6.39)

Thus, by (6.38)-(6.39), we have

D, (u) 7T, ()
P su >6e,NE, | <Kc——.
<{p T+ y/allu] } ) “ne?8?
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By a similar argument, we can get the same bound for the lower tail. Thus, we can
show that

|D,,(Ll)‘ 7rr1(5k)
P sup ———— >06€ pNE, | <2K (6.40)
({ueA(k) 1+ /nl|ull "  ne 282

By Assumption 6.4 and the dominated convergence theorem, we have

E

sup  |G(x) —G(0 )|W1 épt 1‘| —0
‘X|§5cl§prfl

as 6 — 0 uniformly in t. Thus, 7, (5;) — 0 as k — oo, Choose k¢ such that

27, (8)Ke/(em)* < €

for k > ke. Let k, be an integer such that n='/2 < 2% < 2n~1/2_ Split {u : |Jul| <
N} into two sets B(k, + 1) and B(k, + 1) = UZ”:OA(k). By (6.40), since m,(0) is
bounded, we have

D
P sup | n(w)] > 0€
u€B(ky+1)¢ 1+f||””

J _Du()]
<Y P({ su K > 6€ yNE, | +P(E;
L ({,@p AT "))
<- 155! CK, Che ot |

2% 4+ P(EY)
= £2n2 Z +

kkg

1 2%n
<0 () +4e=— +P(E;)
n n
1 :
<0 () +4e+P(Ey). (6.41)
n

Since 1+ +/nlu|| > 1 and \/nd,+1 < 1, using a similar argument as for (6.38)
together with (6.39), we have

P IO N P
sup :
u€B(ky+1) 1+\[H ” "

SP({ max D, ( ,-)>£}ﬁE”>
1<i<Ke

Kenn((skn+1)
= 8"‘ .

We can get the same bound for the lower tail. Thus, we have
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_|Du(u)|
P sup > 3¢
(1463 (kn+1) 1+\[||”H

\D ()| .
=P sup >3e »NE, | +P(E)
({HGB (kn+1) 1 + fH ” " .

< 2K£7rn(5kn+1)

= +P(EY). (6.42)

Note that 7, (J,+1) — 0 as n — co, Furthermore, P(E,) — 1 by the ergodic theorem.
Hence
P(ES)—0 asn— co.

Finally, (6.35) follows from (6.41)-(6.42). This completes the proof. U
PROOF OF LEMMAMA 6.3. (i). By a direct calculation we have
n i 353(90)

Y E 5] 7 1]—2Dw/0 " [G(s) — G(0)) ds

=1

—ll
=2 Z Wy / &*)ds
= (\/ﬁu) Kln(\/ﬁ”) ""‘nHMH Ko (u), (6.43)
where {* lies between 0 and s, and

g(0) & d&(6p) d& (6
Kln - Z :99 81(9' )a

u 9¢(6)
20

Ko (1) ||”||2 Z sg(87) —g(0)]ds.

Using the ergodic theorem, it is easy to see that
K1, =g(0)Zo+0,(1). (6.44)

Furthermore, by Lemmama 6.4 (ii), it is straightforward to see that for any 1 > 0,
there exists a p € (0, 1) such that

n

2
sup |Kz,(u)] < sup /
lll<n HuﬂgnnHqu,Z - }‘

gli[ sup g(s)—g(O)Iw:éﬁ,_I]-

= MSC'nép/—l

”/BL(L‘

—2(0)] ’ds
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Note that by Assumptions 6.4-6.5, sup,cgg(x) < oo and E(w, 53171) < oo. Then, by
the dominated convergence theorem, we have

E

sup g(S)g(O)WéSH] -0
S| <CNEp

as 1 — 0. Thus, by stationarity of {y,} and Markov’s Theorem, for Ve,§ > 0,
INo(€) > 0, such that

&
P < sup |Kou(u)| > 5) <= (6.45)
[lull<mno 2
for all n > 1. On the other hand, since u, = 0p(1), it follows that
&
P ([lun]l > m0) < 5 (6.46)

2
as n is large enough. By (6.45) and (6.46), for Ve, 6 > 0, we have

P (|Kaon(un)| > 8) < P ({|Kan(un)| > 8} 0 {[|utnll < 1o}) + P ([|unl| > 110)

SP( sup |K2,,(I/l)|>5>+§

Il <m0
<e (6.47)

as n is large enough, i.e., K2,(u,) = 0p(1). Furthermore, combining (6.43)-(6.44),
we can see that (i) holds.

(ii). Let B, («) = Br, (1) + Bon(ut), where

I/l/ n 2[ *
Piau) = 5 Zm%{%,)[l(& >0)—1I(g < 0)]u,

qr(u)

BZIZ - 2 Z Wy / 981(9

By Lemmama 6.4 (iii) and Assumption 6.4, there exists a p € (0,1) such that

8231(5*)

E 2000

Sup wy
EreA

(e >0) I < on” < CE(wép1) <

Since & has median 0, the conditional expectation property gives

2 *
E {w,aaz(g%/)[l(s, >0)—I(g <O)]} =0.

Then, by Theorem 3.1 in Ling and McAleer (2003), we have
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1 & 828,(5*)
- ———1I(g >0)—1(g <0)]| = 1).
3 | L Ggag (&> 0)—1(& <0)]| =0,(1)
Thus, it follows that B1, (u,) = 0,(n||u, 12).
Next, by a direct calculation, we have
1026 (E")
Pon(u) 2 ¢ /2;2” 000" ! ( 2 1831(90))
==Yy w X | ||u||°s—u ds
n”qu ﬂl; 1 0 1 || H ae

=- ;J,(u).

By Lemmama 6.4 (ii) and (iii), we have for any n > 0, there exists a p € (0,1) such
that

"Cépr—1
sup 11l <2w [ (X (6 +Cngpr)

ull<n Copi-1
—X, (—CN*Epi—1 — Cnépi-1) } ds
= Cwipi1 {X (CN*Ep 1 +CN&pi 1)
—X (_angpt—l —Cn5p1-1)}.

Then, by Assumptions 6.4-6.5 and the conditional expectation property, it follows
that

< CE [wi&pi—1 {G(anépt—l +Cnépi1)

E [ sup |/, (u)
flull<n

~G (—Cn*Epi-1 —Cnépi-1) }]
<C(m*+n) SlAl_Pg(x)E(Wtégpq) —0

as ) — 0. Similar to the proof of (6.47), we can show that Ba, (un) = op(n||us||?).
This completes the proof of (ii). (]

6.6 Appendix: Proof
In this Appendix, we give the proof of Theorem 6.4. We first give two lemmamas.
The first one is directly taken from Ling (2007).

Lemma 6.4. Let &y, be defined as in Assumption 6.4. If Assumption 3.4 holds, then
there exist constants C and p € (0, 1) such that the following holds uniformly in 6.
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(i) SgplleH(G)ll < Cépth

.. dg(0)

(i) S‘(;P ‘ 59 H §C€p1-1,
9%¢,(0)

(iif) sgp ’ 89189’ <C&pi-1.

Lemma 6.5. For any 0* € O, let By(0*) = {0 € © : |0 — 0*|| <N} be an open
neighborhood of 0* with radius 1 > 0. If Assumptions 3.4-6.5 hold, then

(i) E[w:|&(0)|] has a unique minimum at 6y,

(i) E

sup w|&(0)—g(0%)]| = 0asn — 0.
0€By (6%)

Proof. Note that & has median 0 and E |X —a| > E |X —median(X)| for all r.v. X
and real number a. It follows that

Ebwla(0)]) = & [z (fean)+ (0 - eoyaf;(f)\ 71 )]

>E [wE (\8,(90)”'%—1)} = E[w|&(60)l],

where 0 lies between 6 and 6. The equation in the last inequality holds if and only
if (8 —6)'d€,(0)/d0 = 0 a.s., which holds if and only if 8 = 6y, see Ling (2007).
Thus (i) holds. Furthermore, by Lemmama 6.4 (ii) and Assumption 6.4, there exists
ap € (0,1) such that

where 0** lies between 0 and 6*. Thus, we can see that (ii) holds. This completes
the proof.

(6 _ 6*)/881(9**)

E| sup wlg(0)—¢g(0")|| =E 30

0cBy (6%)

sup  wy
0cBy (6*)

< CnE [W[éptfl] — 0 as n— O7

PROOF OF THEOREM 6.4. We use the method in Huber (1967). Let V be any
open neighborhood of 6. By Lemmama 6.5 (i), for any 8* € V¢ =0 /V and € > 0,
there exists an 19 > 0 such that

E| inf  wlg(0)]

> Elw,|g(0%)]] — €. 6.48
i > Elwil&(6")] (643)

By Assumption 6.4 and Lemmama 6.4, there exists a p € (0,1) such that
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E

66311%129*)WI|£I(9)|‘| S E[Wféplfl] < oo

By the ergodic theorem, it follows that

n

1
- inf &(0)| > E inf g&(0)|| —¢ 6.49
”,:196311%(9*)w’| 1(0) = [eetfl,%(e*)WI i ( )ﬂ ( )

as n is large enough. Let {By,(6;) : 6; € V¢,i =1,2,--- ,k} be a finite covering of
V¢, Thus, by (6.48)-(6.49), we have

T (8) = inf H.(6
ot Hu(0) 1@1&96520(9” (@)

n

1
> min — inf  w,|g(0)]
1<i<k n = 0cBy, (6)

> min E

TI<i<k | 0€By,(6)

inf w,e,(6)|] —&. (6.50)

Note that the infimum on the compact set V€ is attained. For each 6; € V¢, from
Lemmama 6.5 (i), there exists an & > O such that

E > Elw,|&,(60)|] + 3. (6.51)

inf  w,|&(0
ool e (0)

Thus, by (6.50)-(6.51), taking € = &, it follows that

Jnf H,(8) = Ewile(60) ) +2e0. (6.52)
On the other hand, by the ergodic theorem, it follows that
i (0) < H(B) = & Vw80 < Elwi(00)] +e0. (65
Hence, combining (6.52)-(6.53),
inf. H,(0) 2 Elwle(60)]) + 260 > Elwile,(60)]] + 20 > inf Hy (6),

which implies that
é,, €V, a.s. forallV, asnis large enough .

Since V is arbitrary, it yields 8, — 6y a.s. This completes the proof. (]






Chapter 7
Threshold Models

7.1 Introduction

Since the TAR model was proposed by Tong (1978), it has attracted much atten-
tion and been widely investigated in the literature. Today, it has been extended to
one class so-called threshold models in nonlinear time series. The threshold model
has many important applications in diverse fields such as economics, finance, hy-
drology, physics, population dynamics, neural science and among others. A fairly
comprehensive survey on the TAR model is available in Tong (1990).

The difficulty in threshold models is to estimate the threshold when it is un-
known. The asymptotic theory of the TAR model was established first by Chan
(1993) when the autoregressive function is discontinuous and by Chan & Tsay
(1998) when the autoregressive function is continuous. Hansen (1997, 2000) also
studied the TAR model. Under the assumption that the threshold effect is vanish-
ingly small, he obtained the distribution- and parameter-free limit of the estimated
threshold. Seo & Linton (2007) proposed a smoothed LSE for the TAR/regression
model and showed that the estimated threshold is asymptotically normal but its con-
vergence rate is less than n and depends on the bandwidth.

In this chapter, we discuss the Section 1 is to investigate the QMLE of the thresh-
old double AR model. Section 2 is to study ....

7.2 Quasi-MLE of Threshold Double AR Models

This section considers the threshold double AR model of order p, defined by

$ro+ X0 1Y+, \/06104-2?:1 o Y2, ifYg<n

_ (7.1)
$o0+ X0 oY+ \/0620 X oY ifYa >

111
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where ¢;;,04;,i=1,2,j=0,1,..., p, are the coefficients, r is the threshold and d is
a positive integer called the delay parameter, and p is a known nonnegative integer.
Model (7.1) is a threshold ARCH-type model, but is different from those studied
in Li & Lam (1995) and Li & Li (1996) since the volatility in our model is an
immediate regression on the observed process.The probabilistic structure of model
(7.1) was studied by Cline (2007) and Cline & Pu (2004). When ¢1; = ¢»; and oj; =
i, model (7.1) reduces to the double AR model and the related work can be found
in Ling (2004, 2007) and Ling & Li (2008).

Assume that {Y7,...,¥,} is a sample from model (7.1). Given the initial values
{Y_,,...,Yo}, the conditional log-quasi-MLF (omitting a constant) is defined as

L,(8) = fz,(e),
=1

where 0 = (A%,r)" = (¢f, af, 97,04 ,r)" is the parameter with ¢; = (@io, @1, ..., Pip)*
and o; = (040, Qi1 5 -+, Ot,'p)r fori=1,2,

1 (Y, — ¢7%,_1)?
1(0) = —2{log(an,1)+’af;(”1 IY—q<r)
1 Y, — ¢7%,-1)?
—=<1 X, —= 3 [(Y,_
5 { og(os X, 1)+ X, Y—g>r)

with ¥, = (1Y, 1,....,Y,p)"and X, 1 = (1,y7_,...,y;,)%, and I(-) is the indica-
tor function. Assume that d is known and 1 <d < max(p,1). Let © be the param-
eter space of 6. The maximizer 5,, = (/?L,f,?,,)f of L,(0) on O is called a MLE of
60 = (A, o). Thatis, 6, is defined by

~

0, = arg I;leaé(Ln (8).

Due to the discontinuity of L,(6) in r, one can take two steps to find 5,,:

Step 1. For each fixed r, maximize L,(6) and get its maximizer jL,,(r).

~

Step 2. Since L (r) = L, (A, (r),r) only takes finite possible values, one can
get the maximizer 7, of L} (r) by the enumeration approach and then obtain

the estimator §,, = (A ()", 7).

Generally, there exist infinitely many r such that L,(-) attains its global maxi-
mum. One can choose the smallest r as an estimator of ro. According to this proce-
dure, 6, is the QMLE of 6y, i.e., L,(6,) = maxgee L, (0).

Assumption 7.1 {n,} is a sequence of iid r.v.s with mean 0 and variance 1, and has
a positive and continuous density h(x) on R.
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Assumption 7.2 The parameter space @ = {0 € R : ¢, # ¢y or a; # 0, o >
0,i=1,2,j=0,1,...,p} is compact.

Theorem 7.1. Suppose that Assumptions 7.1 and 7.2 hold and {Y,} is strictly sta-
tionary and ergodic. Then, 6, — 0y with probability one, as n — oo.

There is no any requirement for the moment of ¥; in Theorem 7.1. If we allow
some ;s to be zeros, then the result still holds when E(¥?) < oo.

LetZ, = (Y;,...,Y,—p41)". Then {Z,} is a Markov chain. Denote its [-step transi-
tion probability by P/(z,A), where z € R” and A is a Borel set. We introduce two
more assumptions as follows.

Assumption 7.3 {Z,} admits a unique invariant measure I1(-) such that there exist
K >0andp €10,1), for any z € RP and any n, |[P"(z,-) —I(-)||y < K(1+]]z]*)p",

where || - ||y and || - || denote the total variation norm and the Euclidian norm, re-
spectively.
Assumption 7.4 There exist nonrandom vectors w = (1,wi, ..., W,,)T with wg = rg

and W = (1,W,...,W,)" with Wy = 13 such that

{(910— $20) "W} + { (o110 — a020) "W }* > 0.

Assumption 7.3 is on the V-uniform ergodicity of {¥;}, under which {¥;} is
strictly stationary if the initial value Z; follows the stationary distribution I1. With-
out loss of generality, in what follows we assume that Zy ~ I1. Cline & Pu (2004)
showed that Assumption 7.3 holds if Assumption 7.1 holds with sup,.p{(1 +
|x])h(x)} < oo and

P 2 P
{ X max((gul 102} + Y max (@i, o) < 1.
i=1 i=1

A weaker and more general condition for the V-uniform ergodicity of model (7.1)
is given by Cline & Pu (2004), see also Lu (1998). Assumption 7.4 implies that
the mean function or the volatility function is not continuous over the hyperplane
Y;_4 = ro. It is a necessary condition for the n-convergence rate of 7,.

Theorem 7.2. If Assumptions 7.1-7.4 hold, 6y is an interior point of © and K4 =
E(n}) < oo, then

(i). n(F—ro) = 0,(1);

(ii). +/n sup ||5L,,(r) —I,,(ro)H =0,(1) forany fixed constant 0 < B < oo,
[r—ry|<B/n

Furthermore, it follows that
V(o = Xo) = v/n(Ra(r0) = 29) + 0p(1) —a N(0,Q7'ZQ7") asn — oo,

where Q = diag(A1,0.5B1,A2,0.5B,) and X = diag(X,X,) with
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A 3D
X = , =12,
K3 Ka—1
> Df =B

where k3 = E(1}) and, fori=1,2,

A

) Xp1X) Yy 1 X7
gi(ro)},BiZ {

S (r)}andD-—E{iyjj L sgir) }
( iOprl),)gl 0 i = (aiTOXp—l)3/2g, 0

with g1(ro) = I1(Yp—q < r0) and g>(ro) =1(Y,—q > 10).

A= E{
(X,%prl

When ¢€; is symmetric, then k3 = 0 and
Q'ro! dlag{A1 , 4—1)B1 ,AZ_ o ( }

When & ~ N(0,1), then 6, is the MLE of 6y and Q" 12Q "1 = Q1.
To describe the limiting distribution of n(7, — o), we consider the limiting be-
havior of a sequence of normalized profile log-likelihood processes defined by

Z,;(Z) = _Z{Ln (/):11("0"‘ %)a”O"" %) —L, (/):n("O)ﬂ'O)}a zeR. (7.2)

Using Theorem 7.2 and the Taylor expansion, it is straightforward to show that L, (2)
can be approximated in D(R), the space of all cadlag functions on R being equipped
with the Skorokhod metric, by

n Z n Z
#n(z) =1(z <0)ZCuI(ro+E <Y—a <o) +1(z>0) Y O (ro <Yy < ro+£),

=1 =1

where

" 2
oy X1 N {(¢10 —¢0) Y1+ \/m}

2
1t = lo - )
Cl g airo)([—l a;o)([—l nl
(7.3)
2
by =1 oo X1 T {(¢1o —90) Vi1 —ay OCZTOX"I} 2
= lo - .
2t g(XgOX,_l airo)([—l nl

Let Fi(-|ro) be the conditional distribution of {41 given Y1 = ry for k = 1,2.
We further define a two-sided compound Poisson process §(z) as

5

M-z ©
P(2) =1(z<0) Z +1(z>0) Y &7, zeR, (7.4)
i=1 j=1

where {N;(z),z >0} and {N2(z),z > 0} are two independent Poisson processes with
Ni1(0) = N>(0) = 0 and with identical jump rate ©(ry), where 7(-) is the density
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of ¥;. {éi(l)} and {5,-(2)} are independent. {éi(k),i > 1} are independent random
variables with the same distribution F,(-|rg), see Figure 8.1 for its realization of one
sample path. Clearly, £(z) goes to +oo as 7 — oo almost surely since E (51(1)) >0

A path of the compund Poisson process

25
|

20
|

15

10

-40 -20 0 20 40

@

Fig.7.1 6y = (1,—0.6,1,0.5,—1,-0.2,0.5,0.3,0) and 1, ~ N(0, 1).

and E(él(z)) > 0 by Assumption 7.4 and the elementary inequality log(1/x) +x —
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1 > 0 for x > 0 unless x = 1. Thus, there exists a unique random interval [M_, M. )
on which the process (z) attains its global minimum.

Theorem 7.3. If Assumptions 7.1-7.4 hold, then n(r, — ro) converges in distribution
to M_. Furthermore, n(r, — ro) is asymptotically independent of \/n (l,z — lo) which
is N(0,Q7' Q1) asymptotically.

When oo = 0 and @;;’s are zeros, i = 1,2, j=1,..., p, Theorem 7.3 reduces to
Theorem 2.2 of Chan (1993) for TAR models. When o ; = 0, j =0, 1,..., p, model
(7.1) reduces to the TAR model with ARCH errors. The corresponding parameter is
0 = (A%, r)" with A = (9], 97, a")". In this case, Theorem 7.3 still holds with

AL 0 K3A; ' Dy (Bi +B)) ™!
Q'zo = 0 Ay K3A5 'Dy(By +By) ™!

K3(B1+B2) "'DIA]" k3(B1 +B2) "' D3A, " (ks — 1)(By+By) ™!

where A;, B; and D; are defined in Theorem 7.2 with replacing ojp’s by . When
all ¢;; = 0, model (7.1) is a threshold ARCH model. The corresponding parameter
is 0 = (A%, r)" with A = (af, o )*. In this case, Theorem 3 holds with

Q20 = (k4 — 1)diag(B, ', B, ).

When both the mean function and the volatility function are continuous, we con-
jecture that 7, is \/n-consistent and asymptotically normal, see Chan & Tsay (1998)
for TAR models. In practice, d is unknown and can be estimated consistently by an
analogous procedure in Chan (1993). The order p can be determined by the AIC or
BIC.

7.3 Numerical Implementation of M/_ and Simulation Study

From (7.4), we know that M_ is determined by the jump rate 7(rp) and the jump
distribution Fj(:|rp). We can simulate M_ via simulating the two-sided compound
Poisson process (7.4) on the interval [—T,T] for T > 0 large enough. Modifying Al-
gorithm 6.2 in Cont and Tankov (2004, pp.174) for a one-sided compound Poisson
process, the algorithm is as follows.

Algorithm A:

Step A.1. Generate two independent Poisson random variables Ny and N
with the same parameter T0(ro)T which are the total number of jumps on
[=T,0] and [0, T], respectively.



7.3 Numerical Implementation of M_ and Simulation Study 117

Step A.2. Generate two independent jump time sequences: {Ui,--- Uy, }
and {Vi,---,Vn, }, where U;’s and V;’s are independently and uniformly
distributed on [—T,0] and [0, T], respectively.

Step A.3. Generate two independent jump-size sequences {51(1), oo ,615,11)}

and {51(2)a 7515/?}fr0m Fi(+|ro) and F>(:|rp), respectively.

For z € [—T,T], the trajectory of (7.4) is given by

Np Ny

P(2)=1z<0) Y 1(U; > e +1(2>0) Y 1(v; < )€,

i=1 j=1
Then, we take the smallest minimizer of (z) on [—7,T] as one observed value of
M_. Repeating the previous algorithm, we can get a sequence of observations of
M _, which can be used for statistical inferences of rj.

The key step is to generate the jump-size sequences from Fi(-|rp) in Step A.3.
When p =d = 1, F(-|rp) reduces to an unconditional distribution and the sampling
is easy from it. For the general case, i.e., p > 1 or d > 1, note that E[n(ry|Z0)] =
7(ro), where 7(x|z) is the conditional density of ¥; given Zy = z. By the property of
conditional expectation and strong law of large numbers, we have

Fi(x|ro) = P(Cra+1 < x|Y1 =r0)

= /Rp P(Ckav1 < x|V1 =1y, Z0 =72) ”n((rgoz)) G(dz)
K rolz:
= ;;P(Ck,dﬂ <x|V1 =ry,Zy = z) né((;l)z)l) (1)
= f[@(g <x|Yi = ro,Zo = )Mﬂw(l)
- L kd+1 < x|Y1 =710,Z0 =z K (k)
= Frx(x]ro, {z;}) +o(1)

almost surely as K — oo, uniformly in x € R by Theorem 2 in Pollard (1984, page 8),
where G(-) is the distribution of Zy = (Yp,...,Y1—,)". From model (7.1), it follows
that

rp— )h(x“(z’e‘)))

o(z,6p o(z,60)

where z = (z1,...,2p)" and
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P )4
u(z,0) = {¢1o+ Z ¢1jzj}l(zd <r)+ {¢20+ Z ¢3jzj}l(zd >r),
J=1 j=1

(7.5)

p P
ao+ Y, 0Bz <)+ |0+ Y 02 (2 > ).
j=1 Jj=1

Let H(-) be the cumulative distribution function of 7,. When 6y, 7(ry), H(:)

and G(-) are known, the following algorithm describes how to sample él(k) from
Fk (x]r0, {z;})-

Algorithm B:

Step B.1. Draw a sample & = {z1,...,2x } from G(-).

Step B.2. For each i € {1,...,K}, sample, independently, €, ...,€;.1 from
H(:) and generate {Y», ...,Y,} by iterating model (7.1) with the initial value

Y1 = rg and Zy = z;. Then calculate & 411 in (7.3), denoted by n&).

Step B.3. Sample U from the density function P(U = i|Z) =
n(rolz:) /[EK, 7(rolz)] for i = 1,...,K, independent of all {€,,...,€4:1}.
Step B.4. Obtain ffk) = T]l(,lcj).

Clearly, by Step 2 and Step B.3, all {Y»,...,¥;} is independent of U given Z, and
80 is 111(;2. Denote the conditional measure Py (-|[A) = P(:|A, Z). Thus,

Py(ni) <x,U=1i)

1=

Py(EW <x) =

Py (nfy <)P2(U=1)

|
™

Il
=

7 (rolz;)

P(Cra1 <x\V1 =r0,Z0=2)—————
' VYR w(rolz)

Il
™

Il
S

k,K(x|"Ov{Zj})'

Since Fy x (x|ro,{z;}) — Fi(x[ro) almost surely as K — oo, the distribution of ffk)
given & is F(x|rp) asymptotically. Denote a sequence of the two-sided compound
Poisson processes by {#k (z) : z € R} which are determined by the same jump rate
7t(ro) and jump distributions Fi g (x|ro, {z;}). By Theorem 16 in Pollard (1984, page
134), we have that @k (z) converges weakly to #(z) in D(R). Minimizing the pro-
cess @k (z), we can get the smallest minimizer Mg. By Theorem 3.1 (on the conti-
nuity of the smallest argmax functional) in Seijo and Sen (2011), almost surely we
have that Mg converges weakly to M_ as K — oo, Summarizing above discussion,
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we have

Jim Py (Mg <x)—P(M_<x)|=0

at each x for which P(M_ = x) = 0.

Since M is only relevant to model (7.1) and independent of the estimation of the
parameter, without loss of generality, in what follows, we regard Mg as M_. In prac-
tice, however, since only one sample X = {Y1,...,Y,} is available given the initial
values {Y_,...,Yp}, we can use it to estimate 6y and 7(ro) consistently, denoting the
estimators as 5,1 and 7(7,), respectively, where 7(-) is the kernel density estimator
of 7(-), and calculate the residuals {11, 1 <t < n}. Based on the residuals, we can
construct the estimators H(-) and h( ) of H(-) and h(-) as follows

n

A() = 2 Y 1y <),

3

where 1)) =1, — A with fj = %27=1 7, and
i 8,* x

1 e
71\ h

opt

where K(x) = (v271) "exp(—x?/2) is the Gaussian kernel and }z\(*)pt is the band-
width, which can be selected by

-, _ 35, 385 ,\Us
hopt hopt (1 + ,)/4 /},2 1024 J/2> )

where Eopt = 1.06sn~'/3 is the reference bandwidth selector, and s, 73 and % are the
sample standard deviation, skewness and kurtosis of the residuals {g : 1 <t <n},
respectively. Of course, one can use other kernel functions and bandwidths. When
h(-) is uniformly continuous, we have sup, g [h(x) = h(x)| = 0p(1) as n — oo, see
Silverman (1978).

Algorithm C:

Step C.1. Set z; = (Y;,....,Yipi1)* fori=p,...,n

Step C.2. For eachi € {p,...,n}, sample, independently, &, ...,E;1 fromﬁ
given X and generate {¥s,...,5,} by iterating model (7 1) with the initial

value Y\ = 1, and Zy = z; and 6y being replaced by 9,1 Then calculate

Ck d+1, denoted by nfk), where
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~ 5 2
of X* {(¢1n - ¢211)TY; + Na+1 (Xf”X;}

I3 2n“*d ~0
Crat1 = log =Ty ST v —MNat1s
al’le a2nXd
-~ —~ — 2
N R S
2d+1 =108 Zrw — — g1,
OCand aInXd

with Yy = (LY, vy )5 X5 = (LY%, A, )" and

5 22,
Yi=4q Tu ifj=1,

Step C.3. Sample U from the density function Px(U = i) =
n(Falzi) /L], ®(Fulzr)] for i = p,...,n, independent of all {&,...,Ex41}
given X. »

Step C.4. Obtain éfk) = T~]1(,l<])

Denote ]\71,, obtained by Algorithms A and C as an approximation of M_. Then,
we can show that

~

lim HPZf(Mn Sx) 7IP(M7 Sx)| =0

Nn—o0

at each x for which P(M_ =x) =0.
To assess the performance of the estimator in finite samples, we consider the
TDAR(1) model:

1—0.6Y,_ +&4/1+05Y2,,  if¥_; <0,
Y, = (7.6)
—1-0.2Y,_1 +&4/0.5+03Y%,, if¥,_;>0.

Table 7.1 reports the empirical mean, the empirical standard deviation and the
asymptotic standard deviation when 1, ~ N(0, 1) with the sample sizes n and repli-
cations 1000. Table7.2 reports the empirical quantiles of M_ at the significance level
a when 1), is standard normal, #5- and double exponential distribution, respectively.
Based on the critical values in Table 7.2, Table 7.3 reports the coverage probabilities
of ry.

Figure 1 displays the density of n(#, — ro) with sample sizes n = 400.



7.3 Numerical Implementation of M_ and Simulation Study 121
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Fig. 7.2 The density of n(7, — rg) when 1, ~ N(0, 1) and n = 400.



122 7 Threshold Models

Table 7.1 Simulation results for model (7.6) with 6y = (1,—0.6,1,0.5,—1,—0.2,0.5,0.3,0)’ when
& is standard normal.

n 010 011 olp  Oq1 020 021 Oy  Oby r
EM 1.0477 -0.5741 0.8650 0.4786 -1.0173 -0.1935 0.4180 0.2923 -0.0528
100 ESD 0.3542 0.2547 0.4112 0.2148 0.2555 0.1632 0.2288 0.1082 0.1242
ASD 0.3203 0.2363 0.3965 0.2116 0.2361 0.1550 0.2182 0.1029 0.1012
EM 1.0253 -0.5851 0.9398 0.4865 -1.0050 -0.1983 0.4596 0.2939 -0.0250
200 ESD 0.2337 0.1664 0.2931 0.1547 0.1692 0.1086 0.1579 0.0749 0.0548
ASD 0.2239 0.1670 0.2768 0.1501 0.1639 0.1088 0.1511 0.0725 0.0506
EM 1.0227 -0.5909 0.9734 0.4988 -1.0135 -0.1970 0.4861 0.2971 -0.0127
400 ESD 0.1605 0.1182 0.1977 0.1069 0.1132 0.0771 0.1088 0.0506 0.0256
ASD 0.1575 0.1171 0.1951 0.1051 0.1152 0.0764 0.1064 0.0510 0.0253
EM 1.0042 -0.6006 0.9973 0.4926 -1.0026 -0.1996 0.4946 0.2971 -0.0061
800 ESD 0.1080 0.0811 0.1391 0.0750 0.0830 0.0540 0.0778 0.0377 0.0140
ASD 0.1110 0.0825 0.1376 0.0741 0.0813 0.0539 0.0751 0.0360 0.0127
EM, empirical mean; ESD, empirical standard deviation; ASD, asymptotic standard deviation.

Table 7.2 Empirical quantiles of M_ (10,000 replications).

o 05% 1% 25% 5% 95% 97.5% 99% 99.5%
N(0,1) -45.02 -38.20 -30.38 -24.25 5.77 12.50 21.54 28.81
ST(5) -52.47 -46.91 -37.16 -29.66 8.75 19.23 33.56 46.25
Dexp -65.14 -56.61 -44.80 -34.44 11.86 22.93 37.78 51.14
ST (5)—t5-distribution and Dexp- double exponential distribution.

Table 7.3 Coverage probabilities.

& o 100 200 400 800
0.01 0979 0.986 0.989 0.984
N(0,1) 0.05 0.932 0.940 0.944 0.946
0.10 0.830 0.893 0.900 0.887
0.01 0.970 0.980 0.984 0.987
ST(5) 0.05 0.906 0.925 0934 0.949
0.10 0.859 0.871 0.884 0.886
0.01 0.970 0.969 0.987 0.991
Dexp 0.05 0919 0.922 0.942 0.945
0.10 0.845 0.878 0.886 0.892

7.4 LSE of Multiple Threshold AR Models

This section considers the m-regime TAR model(m > 2) with order p if it satisfies
the equation

m
Y=Y (Y, \Bj+056)l(rji-1 <Yia < 1)), (1.7)
j=1

where Y, = (1,Y,_1, ...,Y,,p)/, ,Bj = (BjOaﬁjl , ...,ﬁjp)/ e RPHL 0;>0,j=1,...,m
—oo =79 < 1| < ...<rpy=0c0and I(-) is an indicator function. The number m of
regimes and the order p of model (7.7) are positive integers. d is a positive inte-
ger called the delay parameter. {r1,...,r;,—1} are threshold parameters. The errors
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{&} are iid r.v.s with zero mean and unit variance, and & is independent of the past
information {¥;_;: j > 1}.

Let 0 = (3.,v,d) = (B,,....0,,r,d) € RMp++m=1) 5 11 Do} and r =
(F1y ey T—1) € R™1, where Dy is a known positive integer. Suppose that a sample
{11,...,Y,,} is from model (7.7) with true value 8y = (8}, ..., 8,0, 1}, do) . Given the
initial values {Yy,...,Y1—p}, the sum of square errors function L, (@) is defined as

n

L(0) = Y Y, —Eo (Y| 7)),

=1

where .7, is the c-algebra generated by {Yi_,,...,¥;}. The minimizer 0, of L,(0)
is called a LSE of 6y, that is,

0, = argngnL,,(O).

Since L,(0) is discontinuous in r and d, a multi-parameter grid-search algorithm is
needed. The way to obtain 6, is as follows.

e Fixrc R" !andd € {1,...,Dy}, then minimize L,(6) and get its mini-
mizer B3, (r,d) and minimum L (r,d) = L, () |B:,én(r,d)'

e Since L (r,d) only takes finite possible values, one can get the minimizer
(#,,d,)" of L} (r,d) by the enumeration approach.

e Use a plug-in method, one can finally get B,, = B,,(f',,,d:,) and 0,.

Generally, &, is taken as the form (¥(;,),...,¥;, ,))’, where ij < --- <, and
{Y1), -+ Y(n} is the order statistics of the sample {Y1,..., ¥, }. If (Y(jl)""’Y(jm—l>)/
is an estimator of ro, then L} (r, d,) is a constant over the (m — 1)-dimensional cube
of , where

o ={r= (rl,...,rm_l)’ 1€ [Y(.jl)>Y(./'l+1))ai: 1,..m—1}.

Thus, there exist infinitely many r such that L, (-) can achieves its global minimum
and each r € & can be considered as an estimator of rg. In this case, we choose
(Y I jm—l))/ as a representative of &/ and denote it as the estimator of ry.

According to the procedure for obtaining 0, it is not hard to show that 8, is the
LSE of 6.

Let 0jg be the true value of o for j=1,...,m. Once é,l is obtained, we then can
consistently estimate G}O by

n

R 1 A . N
szn = I’T Z(Yt 7Y1/71;6jn)21(rj71,n < Yl*dAn < rjll)v (7.8)
J =1
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where nj= Z;lzll(fjfl.n < Y[,dAn < fjn)'

In order to get the global minimum of L,(-) with m regimes and sample size
n, the required number of calculations is O(n” ' /(m—1)!). When m is large, how-
ever, the computational burden becomes substantial, requiring multi-parameter grid-
based search over all possible values of all threshold parameters taken together, and
hence this algorithm is very time-consuming. For a fixed m, the consumed time
soars at an exponential rate as the sample size n increases. This problem is similar
to the computational problem arising from multiple change-point models investi-
gated by Bai and Perron (2003, 2006). Tsay (1989) transforms model (7.7) into a
change-point model and use the rearranged technique to localize possible positions
of threshold parameters. Similarly, using the same rearranged technique, Coakley,
Fuertes and Pérez (2003) provides an efficient estimation approach which relies on
the computational advantages of QR factorizations of matrices. When m is small,
the grid-based search algorithm is an easy way to obtain the global minimum of
L,(+). Throughout this section, we assume that both m and p are known.

Let © x {1,...,Do} be the parameter space, where @ = @g x O, is a compact

subset of R™PH1) s 2m=1 and 2" = {(r1,....rp_1) : —00 < 1| < ... < Fpy_ < oo}

A

The following result states the strong consistency of 0,,.

Theorem 7.4. Suppose that (i) {Y;} satisfying (7.7) is strictly stationary and er-
godic, having finite second moments, (ii) Bjo # Bjr1,0 for j=1,...,m— 1, and (iii)
€ admits a bounded, continuous and positive density fe(x) on R with zero mean

and unit variance. Then, 0,, — 0y a.s. as n — oo and so are 6j2,, s in (7.8).

The condition (ii) in Theorem 7.4 is required to guarantee the identification of
ro. The strong consistency of 8, holds regardless if the autoregressive function is
continuous over all thresholds or not. From Theorem 7.4, we know that d,, equals dy
eventually. Thus, without loss of generality, we assume that the delay parameter dy
is known for the remainder of this paper and it is deleted from 0y, i.e., 8y = (3, x})’,
and so is d, from 6,,. The parameter space becomes @, accordingly, and we write d
for dy in what follows.

To obtain the convergence rate of &,, the asymptotic normality of B, and the
limiting distribution of n(#, — ry), we first give four assumptions as follows.

Assumption 7.5 {¢&} is a sequence of i.i.d. random variables with Eg; = 0, Ee? =
1 and E&‘f < o0, £ has a bounded, continuous and positive density fe(x) on R.

Assumption 7.6 {Y,} is strictly stationary with EY} < oo,

Let Z, = (Y, .Y, (pva)+1)’s where pV d = max(p,d). Then {Z,} is a Markov
chain. Denote its [-step transition probability by P!(z,A), where z € R?V? and A is
a Borel set of RPV4,

Assumption 7.7 {Z,} admits a unique invariant measure I1(-) such that there exist
K >0 and p € [0,1), for any z € R?V? and any n, |[P"(z,) — I (-)||y < K(1 +
lz||)p", where || - ||v and || - || denote the total variation norm and the Euclidean
norm, respectively.
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Under Assumption 7.7, {Z,} is V-uniformly ergodic with V(z) = K(1 + ||z|),
which is stronger than geometric ergodicity. For the concept of V-uniform ergodic-
ity, see Meyn and Tweedie (1993). If Assumption 7.5 holds and maxi<;<, 211_1:1 |Bi j| <
1, then Assumption 7.7 holds and EY* < o, see Chan (1989) and Chan and Tong
(1985). If the initial value Zg is from the distribution II(-), then Assumption 7.7
implies that {Y;} is strictly stationary.

Assumption 7.8 There exist nonrandom vectors w; = (1,wi1,...,wip)" with wig =
rio such that (Bio — Bix1,0)'W; #0fori=1,...m—1.

In Assumption 7.8, w;; may not be a component of w; if d > p. In this case, As-
sumption 7.8 is equivalent to the conditions ||Bio — Bix10]| >0 fori=1,...m—1.
The latter is necessary and sufficient for the identification of all thresholds. When
p =d =1, Assumption 7.8 implies that the autoregressive mean function is discon-
tinuous at all thresholds {ri,...,r,—1}. Assumption 7.8 in the general case implies
that ||Y]_,(Bio — Bi+1,0)| is bigger than a positive constant with a positive proba-
bility and plays a key role in obtaining the n-convergence rate of £, and its limiting
distribution.

Theorem 7.5. If Assumptions 7.5-7.8 hold, then

(). nll#, —ro| :Op(])§
(ii). vn  sup  [Bu(r) = Bu(mo)| =0p(1) for any fixed B € (0,+oo).

Ir=rg||<B/n

Furthermore,

\/E(Bn _/80) = \/ﬁ(,é,,(l‘o) _ﬁO) +0p(1) —d JV(O,Z) asn— oo,

where ‘—,’ denotes convergence in distribution and ¥ = diag(GfOEI sy 0'”2102,,,)
with

S =ENY Y d(rj0<Yia<rjo), j=1,.,m.

From Theorem 7.5(i), we know that the convergence rate of ¥, is n. To study the
limiting distribution of n(#, — rg), we consider the following profile sum of squares
errors function:

~ A S S A _
L,,(S) = Ln (5rz(r0 + ﬁ)» o+ ;) _Ln (;Bn (TO); I‘o), scR" 1' (79)

Using Theorem 7.5 and Taylor’s expansion, we can show that L, (s) can be approx-
imated in the function space D(R™~1) (defined in the proof of Theorem 7.6) by
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zpn(s) = Lll(ﬁOer + E) _Ln(BO7rO)

m

= i Z [{ [Y,_1(Bio — Bi1,0)]* +2010&[Y,_ (Bio — Biv10)]}

XI(I’,‘() + % <Y 4< r,-o)l(s,- < 0)
+{[Y]_1(Bir1.0— Bio)]* +20311.0&[Y] 1 (Bir1.0— Bio)] }
xl(r,-o <Yi_g<ro+ ﬂ)I(S,- > 0)}
n

m—1 n

=) Z[ (i) (io+%<Yz—dSrz‘0)l(Si<0)

i=1 1=

s
+§l(z+1,1)](rio <Y-g<rio+ ;l)l(s,- > 0)}7
where
éz(i’j) = [Y;—1(ﬁf0*5j0)]2+20i081Y1’71(5i0*3]‘0)’ i,j=1,...,m. (1.10)

Let F; j)(+|r) be the conditional distribution function of éa(,:rjf given Y1 = r. We
first define (m — 1) independent one-dimensional two-sided compound Poisson pro-
cesses { Zj(z),z € R} as

()
N7 (=2)
Pi(z) =1(z < 0) Y““ +12>o f“”, zeR (7.11)
J

for j=1,...,m—1, where {Nlm (z),z>0} and {N2(j> (2),z > 0} are two independent
Poisson processes with Nl(j ) (0) = Nz(j )(0) = 0 a.s. and with the same jump rate
7e(rjo), where 7(-) is the density function of Y. {Yk(j"jH)
variables with the distribution F{; j,)(-|rjo), and {Z,EHIJ) k> 1} arei.i.d. random
variables with the distribution F{;,; j)(-[jo)- {Yk(j’j+1> :k>1} and {Z,EjH’j) k> 1}

are mutually independent. Here, we work with the left continuous version for N 1(j ) ()

-k > 1} are i.i.d. random

and the right continuous version for Nz(j) ()forj=1,...m—1.
We further define a spatial compound Poisson process f£(s) as follows,

m—1

=Y 2i(sj), s=(s1,.o5m1) €eR™ . (7.12)

Clearly, @(s) goes to +oo a.s. when ||s|| — oo since lEYl(i"i+1> = IEZ](iJrl’i) > 0 by

Assumption 7.8 for i =1, ...,m— 1. Therefore, there exists a unique random (m—1)-
dimensional cube [M_, M) = [M(_l),MSFD) X oo X [ME’FI),MS;WU) on which the

process (s) attains its global minimum a.s. That is,
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[M_,M_) =arg min (s).

scRm—1

From (7.12), the minimization above is equivalent to
MY MYy = argmin #;(z),  j=1,...m—1
ze

Note that the processes {&(z) : j = 1,...,m — 1} are independent, so are MY

j=1,...,m—1}. Now, we can state our another result as follows.

Theorem 7.6. If Assumptions 7.5-7.8 hold, then n(&, —rg) converges weakly to M_
and its components are asymptotically independent as n — oo. Furthermore, n(t, —
ro) is asymptotically independent of \/n(3, — Bo) which is always asymptotically
normal.

When m = 2, Theorem 7.6 reduces to Theorem 2.2 of Chan (1993). The limit
distribution of M_ does not have a closed form and depends on the nuisance param-
eters and the distribution of & . In next section, we will describe how to simulate M _
via a numerical approach.

When m is known and p; is unknown, we can use the AIC below to determine
the order in each regime,

m

AIC({pi}) = Y [njlog(63,) +2(p; + 1)), (7.13)
j=1

where p; is the order in the jth regime. See Tsay (1998). More information criteria
as model selection tools for nonlinear threshold models, see Kapetanios (2001), in
which the author established the consistency of lag selection and compared the small
sample performance among different criteria. For the choice of m, Gonzalo and
Pitarakis (2002) proposed a sequential model selection approach and considered its
weak consistency under some conditions for model (7.7) with all o;’s being equal.
For general threshold models, it seems that the literature does not offer any formal
methodology for selecting the number of regimes. More work should be needed in
the future.

7.5 Proofs of Theorems

Proof (of Theorem 7.1). Let B(0) = E{®,(0) — ¢,(6p) }. For any given open neigh-
borhood V of 6y € ® and any 8 € VN O, a conditional argument yields that

—2B(0) = E{K1d(y1—a < r0) + Kod (ro < yi—q < 1) + K31 (y1—q > 1)},

where
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o X1 opXio 4 {(910—0)"¥i1}?
Y

al X1 alX alx,
X o X {(¢20— 91)TY -1 }?
Ky =log — T -1+ T )
az()lel (o Xi—1 061X171
X | 05X {(¢0—9)"Y,_1}?
K3 =log T +— -1+ T .
az()Xt—l %Xt—l 052X1—1

Observe that all K;; > 0 almost surely by the elementary inequality log(1/x) +x —
1 > 0 for x > 0 unless x = 1. Hence, B(6) < 0. The remainder is similar to that of
Theorem 1 in Li et al. (2010).

Proof (of Theorem 7.2). (i). We only prove the case p = 1. When p > 1, using the
technique in Chan (1993) (last paragraph in page 529), the proof would go through
with a minor modification. Since 6, is strongly consistent, we restrict the parameter
space to a neighborhood Vs = {0 € © : ||A — Ay|| < &, |r—ro| < 8} of 6y for some
0 < 6 < 1 to be determined later. Then, it suffices to prove that there exist constants
B > 0 and y > 0 such that, for any € > 0,

L,(A,r)—Ly(A
pr( sup n(Ao1) = Ln(As o) < —}/) >1—¢, (7.14)
Bncr-rgi<s  NG(|r—rol)
0€Vy

as n is large enough, where G(u) = pr(rg < yo < ro+u). Writing r = ro + u for some
u > 0. By a calculation, it follows that

2{L,(A,r) —Ly(A,r0)}

-1 &
= G(u) ZCmI(rO <y171 S r0+Ll)+0p(\/S)
=1

nG(u) n
_ G, (u) 4K " ed(ro <yi—1 <ro+u)
4 G(u) 5 nG(u)
1oy (& = D)I(ro <yi-1 < ro+u)
K== L 0,(V5),
+Ke nG(u) +0p(V0)

where G, (1) =Y 1(ro <yi—1 <ro+u)/n,

K, =1lo aFOX + a;OX —1+ {(¢20 - ¢10)TY}2
AT x Tl ol X ’
20 10 10
K 2{(¢10_¢20)TY} O‘;FOX i K (0610—0620)TX
= ant = -
| ajpX ¥ ol X

with Y = (1,79)T and X = (1,73)T. Similar to Claim 2 in Chan (1993), for any € > 0
and 1 > 0, there exists a positive constant B such that as r is large enough
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G
pr( sup "(u)—l‘<n>>l—£,
B/n<u<é G(u)
"glro<y-1 <
pr( sup L &l(ro < 1_ro+u)‘<n)>l_£’
B/n<u<d ”G(”)
" (g2 —DI(rg <y <
pr( sup Y (g —Di(ro <y 1_r0+u)‘<n>>1—e.
B/n<u<é }’LG(M)

Note that K4 > 0 by Assumption 7.4. Choosing 6 small enough and ¥y = K4/4, (7.14)
holds and so does (i).
The proof of (ii) is trivial and hence it is omitted.

Proof (of Theorem 7.3). Without loss of generality, we assume that {;;, defined in
(7.3), is bounded. Otherwise, we can truncate it using the technique in Li et al.
(2010) and consider a new process made up of the truncated random variables. Con-
sider the weak convergence of the process ,(z) on the interval [0, T]. The tightness
of 2,(z) can be easily shown by Theorem 5 in Kushner (1984, page 32). The key
step is to describe convergence of finite dimensional distributions. To do this, for any
0<z1 <z <73 <74 <T and for any constants c¢; and ¢, the linear combination
of the increments of ,(z) is

Sp=c {{0/1(12) - (@1(11)} + 02{(@1(24) - [011(13)} = i‘,]lg?
=1

where JE = O {1l (z1,22) + 2l (z3,24) }, €= 1/nand I, (u,v) = [(ro+ue <y, <
ro+ve). We first verify Assumptions A.1-A.3 in Li et al. (2010) for JE. By Assump-
tion 7.3, it follows that

lim e 'PE(JE #0) = n(r0){(z2—21) + (za — 23) }- (7.15)

Nn—o0

By Assumption 7.3 again, for any Borel set B, it follows that
Q" (B) = lim pr(J, € B|J, # 0) =wQj(B) + (1-w)Q3(B), (7.16)

where w = (z2—21)/{(z2—z1) + (24: z3)} and Qf (B) = pr(ci{y € B), i =1,2. By
a conditional argument, for any f € COZ, a space of functions with compact support
and continuous second derivative, and a scalar x,

EF{f(eJ5) = FE # 0} = ELf(x-+95) — F (55 #0)
- [ - fede @), @17y

as n — oo. By (7.15)-(7.17), Assumptions A.1-A.3 in Li et al. (2010) hold. Fur-
thermore, by their Theorem A.1, we have that S, converges weakly to a com-
pound Poisson random variable J with jump rate 7(r9){(z2 —z1) + (z4 — z3)} and
the jump distribution Q*. The characteristic function f;(¢) of J is equal to that of
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ci{@(z2) — @(21)} + co{(24) — (23) }, where

and {N(z),z € [0,0)} is a Poisson process with jump rate 7(ry) and {éim} is inde-
pendent random variables with the same distribution (-|ro). Thus, L, (z), defined
in (7.2), converges weakly to (z) as n — oo. The remainder of the proof is similar
to that of Theorem 2 in Chan (1993).

Proof (of Theorem ??). From Algorithm C, we have

K A g~
PL; z - 7tz
Prx(éf )< x) = prx(gk,dﬂ <xly1 =, 20 = Zi)K(A#-
i=1 1=1 7 (ulz1)

Since A(x) is uniformly continuous, sup,cg |ﬁ(x) —h(x)| = 0p(1), see Silverman
(1978). Thus, T(ry|zi) = 7(rolz;) + 0p(1). By Theorem 16 in Pollard (1984, page
134) and Lemma A.3 (on the continuity of the smallest argmax functional) in Seijo
and Sen (2010), it suffices to prove

pr(Gart <xly1t =T Zo = z) = pr(Geart < xly1 = r0,Z0 = z) +0p(1). (7.18)

First of all, let 2; = (?,,,yi,...,yi,‘,,+2)T and Z; = (ro,yi,...,y,-,[,H)T. By a simple
calculation, we have

sup [pry (F2 < x[y1 =7, Z0 = zi) — pr(y2 < x|y1 = ro,Z0 = zi)|
xeR

7 \u(Z,-,Go)—,u(ﬁ,-,O,,)| 6(21‘,0;1)
<sup|H(x)—H(x)|+ {suph(x — +sup |H(————=
A'€£| ( ) ( )| {xdg ( )} G(Zivell) A'EIE (O-(Zheo)

x) —H(x)

)

where t(-,-) and o (-,-) are defined in (7.5). Using a similar technique in Koul and
Ling (2003), we can show that sup,.cp |H(x) — H(x)| = 0p(1). Using Theorem 7.1,
we can show that @(2;,6,) — i (%, 6p) and 0 (2;,6,) — o(Z;, 6) almost surely. Since
the density function 4(x) is uniformly continuous, sup,cg A(x) < eo. Thus, the sec-
ond term above goes to zero almost surely. By the monotonicity and uniform conti-
nuity of H(x), we can show the third term tends to zero almost surely. Thus,

prx (V2 < xly1 =7, Zo = i) = pr(y2 < xly1 = 10,20 = 7)) +0,(1).

Let I-Nl[k] (+) be the conditional distribution of /@;E Ty 32) T given y1 =7, Zo = 7
and X, and Hy (-) be the conditional distribution of & = (v, ...,y2)" given y; = r
and Zy = z;. By the induction over k, we have Hjg = H|g) + 0p(1) as n — oo. Note
that ;4 is independent of ,@; given y; = 7, Zp = z; and X and &, 1 is independent

of % given y; = rg and Zy = z;. By the continuous mapping theorem, (7.18) holds.
Thus, the result holds. O
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7.6 Appendix: Weak Convergence of a Pure Jump Process

Let {X¢,k > 0}, indexed by &, denote a discrete parameter process generated by:
Xeo =X+

where the initial value is X§ and {J;,k > 1} is a sequence of jumps. Define the
piecewise constant interpolated process x*(t) for t € [0,1] by

x(r) = X7, t€lje,(j+1)e) for j=0,1,..,[1/e]—1,
and
xXE(t) = X /g5 re([1/ele, 1],

where [1/€] denotes the integer part of 1/€. What we need is the weak convergence
of the interpolated sequence {x?(-) }. When the limiting process of {x¢(-)} is an ordi-
nary differential equation or diffusion process, Kushner (1984) gave the detailed and
rigorous demonstration through two different methods: the perturbed test function
method and the direct-averaging method. However, when the limit is a pure jump
process with J& being a Markov chain, only an outline is presented. Here, we gen-
eralize his result for J5, being measurable in terms of 4, = 6{X?,i < m}. Clearly,
this result is of interest by itself and can be applied to many other nonlinear time
series models. Let CO2 be a space of functions with compact support and continuous
second derivative and let P;, and E, be the conditional probability and conditional
expectation on %, respectively. We first give the following assumptions:

Assumption 7.9 For each € > 0, {J} is strictly stationary and there exists a con-
stant A € (0,4o0) such that

S ere _
i{%}}lgpk (Jm 7é 0)/8 =A.

Assumption 7.10 There exists a random variable U such that P(J; € B|J; # 0)

— P(U € B) as € — 0 for any Borel set B € B(R).

Assumption 7.11 For any f € CA’g and x is a scalar,

lim lim B {f(x+7;,) = f(x)|J, # 0} = B{f(x+U) — f(x)}.

e—0m—oo
Assumption 7.12 There is a positive M < oo such that |J;| < M for each k > 1.

Assumptions 7.9 and 7.10 characterize the jump rate and the distribution of the jump
size in the limiting process, respectively. Assumption 7.11 is a sufficient condition
for the average used in the direct-averaging method. Assumption 7.12 requires the
jumps to be bounded. This is a technical condition. In most applications, the jumps
are not bounded in general. We can use the truncated technique to deal with the
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jumps and consider the truncated process. For some details, see the proof of Theo-
rem 7.3. Based on the above assumptions, we have the following theorem.

Theorem 7.7. Suppose Assumptions 7.9-7.12 hold. If X§ == xo, then x*(t) = x(t)
in D[0,1] and x(t) = J(t) + xo, where J(t) is a compound Poisson process with jump
rate A and jump distribution Q(-) induced by U at time t and J(0) = 0.

Proof. Let n¢ be an 1nteger satisfying ng — oo and 0 = eng — 0 as € — 0. For any
fixed function f(-) € CZ, define the piecewise constant function

(I4+1)ne—1

A= Y B (FXE,) - £(X9)

Eng j=lIng
fort € [10¢, (I +1)0). Clearly, it follows that

B {f Xoi1) = F(X)} = PE (U # OBE{F (X5 +75) — F(X) U # O}

By Assumption 7.9, we have

N 1 (I+1)ng—1
Agf(t) = J Z Ing{f )_f(Xje)}
€ j=lng
2 (I4+1)ne—1
= Z{: B Af (X +J7) = f(X)|J] # 0} +o(1).
J=lne

Let A%(1) = IK A% f(s)ds. By the boundedness of A and J§ in Assumptions 7.9
and 7.12, it follows that {(x£(¢),A%(¢))} is tight in D2[0,1]. In fact, for the tight-
ness of x£(¢), see Kushner (1984, the last paragraph on page 32). The tightness of
A% (1) is implied by the boundness of A€ f(¢) due to f € 6()2 Since it is sufficient to
work with an arbitrary weakly convergent subsequence also indexed by €, without
loss of generality, suppose that (x¥(¢),A%(¢)) = (x(t),A(t)) in D?[0,1]. By means
of the Skorohod imbedding Theorem in Kushner (1984, page 29), we assume that
(xf(1),A® (1)) converges to (x(t),A(t)) a.s.

Let € = {s € [0,1] : x(¢) is continuous at s}. Then for any s € %, there exists an
integer Iz such that s € [l0¢, (¢ + 1)8). Let mg = lgng. Then, for f(-) € 602, by
Assumptions 7.10 -7.11, it follows that
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~ 1 me+ng—1
A = 2{— X BL OG5 — flx(s) + IS # 0}
€ j=me
me+neg—1
—"_)V{ni i Elgng ) (Xg)‘JS#O}}
€ j=me
Py 1 mg+ng—1E . .
AL B ) )~ ) £ 0 +o(1)

Jj=mg

— AE{f(x(s) +U) = F(x(s))}
= l/[f(X(S)JrM) — f(x(5))]Q(du) = Af (x(s))-

Thus, A(1) = JoAf(x(s))ds. For arbitrary k,z,s with s1 < sy < -+ <sp <t <t+s<T
and any bounded and continuous function g(+), by Taylor’s expansion, it follows that

1+s

E{g(x(s)).J < m) x [/ +9) = f50) — [ A flu)du] } =oe,

!

where Ag— 0 as € — 0. Hence,

E{g(x(s;),] < K) [ £0x(e+5)) = £x() = (

~

(r+5)-A0)] } =0,

which implies that x(-) solves the martingale problem for the operator A and the
initial condition xg. That is,

!
- / Af(x(s))ds is a martingale for the operator A.
0

Then xf(r) = x(z) = J(¢) +xo in D[0, 1], where J(¢) is a compound Poisson process
with jump rate A and the jump distribution Q(+) and J(0) = 0. |



