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Abstract

This paper considers the short- and long-memory linear processes with GARCH (1,1) noises. The
functional limit distributions of the partial sum and the sample autocovariances are derived when the
tail index « is in (0, 2), equal to 2, and in (2, oo), respectively. The partial sum weakly converges to a
functional of «-stable process when @ < 2 and converges to a functional of Brownian motion when « > 2.
When the process is of short-memory and o < 4, the autocovariances converge to functionals of o//2-
stable processes; and if o > 4, they converge to functionals of Brownian motions. In contrast, when the
process is of long-memory, depending on « and B (the parameter that characterizes the long-memory),
the autocovariances converge to either (i) functionals of «/2-stable processes; (ii) Rosenblatt processes
(indexed by B, 1/2 < B < 3/4); or (iii) functionals of Brownian motions. The rates of convergence in
these limits depend on both the tail index « and whether or not the linear process is short- or long-memory.
Our weak convergence is established on the space of cadlag functions on [0, 1] with either (i) the J; or the
M topology (Skorokhod, 1956); or (ii) the weaker form S topology (Jakubowski, 1997). Some statistical
applications are also discussed.
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1. Introduction

A large number of empirical studies show that many financial data series, such as exchange
rate returns and stock indices, often exhibit the following non-standard features (see, for instance
[40,5]):

(1) Non-gaussianity: the frequency of large and small values (relative to the range of the data)
is rather high, suggesting that the data do not come from a normal, but from a heavy-tailed
distribution;

(2) Stochastic or time varying volatility: variance changes over time, with alternating phases of
high and low volatility;

(3) Long-memory dependence: a slow decay of the autocorrelation function. '

Amongst the various models proposed, the generalized autoregressive conditional
heteroscedasticity (GARCH) model is one of the most popular ones. Specifically, consider

r s
2 2 2
& = o1y, o =w+ E ais;_; + E bjat_j, (D
i=1 j=1

where w > 0 and {n;} is a sequence of i.i.d. symmetric random variables with unit variance.
Under some regularity conditions {&;} has a regularly-varying tail probability, which can be used
to capture the heavy-tail properties of {;}. See, for instance, [40,8].

The GARCH process {g;} given by (1) is often S-mixing (see [16]), which is inadequate
to account for the strong dependence of the data. To capture the long-memory feature, Baillie
et al. [5] proposed a fractional autoregressive integrated moving average (ARFIMA)-GARCH
model. This model has been extensively studied. For instance, Baillie et al. [5] used it to model
the monthly post-Word War II consumer price index inflation series of 10 different countries.
Ling and Li [37] considered the asymptotic properties of the maximum likelihood estimate.
Beran and Feng [11] considered a local polynomial estimation of semiparametric models with
ARFIMA-GARCH noises. Ling [36] studied the adaptive estimation and applied this model
to analyze the US consumer price index inflation series. See [36] and the references therein.
However, all these papers only study the long-memory feature but not the heavy-tail feature. A
more general model that captures both long-memory and the heavy-tail feature is a linear process
with GARCH noises given by

o
Ur = Zdletfl, (2)
=0

where dyp = 1 and {&;} is a GARCH(r,s) process defined in (1). This paper focuses on the
prevalent special case of GARCH(1,1) with @ > 0,a > 0, b > 0, such that

& =om and olz =w+ aaf_l + bs,z_l. 3)

This paper is to study the short- and long-memory linear processes in (3) with GARCH(1,1)
noises generated by model (4). The functional limit distributions (FLD) of the partial sum and
the sample autocovariances are derived when the tail index « is in (0, 2), equal to 2, and in

I Mikosch and Stirici [40] also suggested the long-memory dependence of the absolute or squared values.
Unfortunately, this phenomenon is not considered in this paper.
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(2, 00), respectively. The partial sum weakly converges to a functional of «-stable process when
o < 2 and converges to a functional of Brownian motion when @ > 2. When the process is of
short-memory and o < 4, the autocovariances converge to functionals of «/2-stable processes;
and if ¢ > 4, they converge to functionals of Brownian motions. In contrast, when the process
is of long-memory, depending on « and 8 (the parameter that characterizes the long-memory),
the autocovariances converge to either (i) functionals of «/2-stable processes; (ii) Rosenblatt
processes (indexed by B, 1/2 < B < 3/4); or (iii) functionals of Brownian motions. The rates
of convergence in these limits depend on both the tail index o and whether or not the linear
process is short- or long-memory. Our weak convergence is established on the space of cadlag
functions on [0, 1], D[0, 1], with either (i) the J; or the M topology [46]; or (ii) the weaker form
S topology [31].

The limit distributions of heavy-tailed linear processes generated by i.i.d. noises have
been extensively studied. See, for instance, [1,20,21,32,3,29,27,48,6,43]. To the best of our
knowledge, the FLD for heavy-tailed linear processes with GARCH noise are new. Due to the
dependence among the GARCH noises, the techniques we use are somewhat different from that
fori.i.d. noises, and the cross product terms related to &,&,—j, j > 0 do not vanish asymptotically.
As one can see below, our limit distributions, when o < 2, depend on an infinite number of
point processes, and they somewhat differ from those in the previous studies, which confine the
attention to i.i.d. noises.

This paper is organized as follows. Section 2 gives model assumptions. The main results are
given in Section 3 while Section 4 gives the proofs. Some statistical applications are discussed in
Section 5. Throughout the paper, v = max (v, 0), v~ = max (—v, 0), o(1) (op(1)) denotes a
series of numbers (random numbers) converging to zero (in probability); O (1) (Op(1)) denotes
a series of numbers (random numbers) that are bounded (in probability); when two sequences aj,

P L . o
and b,, are of the same order, we denote a,, ~ b,; —> and — denote convergence in probability
and in distribution, respectively; and f—> denotes convergence of finite-dimension distribution.

:A> denotes the weak convergence under A topology, where A = Jy, M1, S. W(-) stands for
a standard Brownian motion. C < oo denotes a positive constant that takes different values in
different places.

2. Model assumptions and preliminaries
Throughout, we impose the following 3 assumptions on model (3):
Assumption 2.1. E log(a + bn%) <0. O
Assumption 2.2. There exists a kg > 0 such that E(a + bn%)k" > land E [(a + bn%)ko log™ (a+
bnlz)] < o0, where log® (x) = max{log(x),0}. O
Assumption 2.3. The density of 1 is positive in a neighborhood of zero.?  [J

Under these assumptions, there exists a constant o > 0 such that

/2

E (a n bn%) —1. )

2 Assumption 2.3 can be weakened as the distribution of F of 1y is a mixture of an absolutely continuous component
with respect to the Lebesgue measure A on R and Dirac masses at some points u; € R,i =1,..., N. See [23].
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See, for instance, [34]. Further, when o € (2, 00), the GARCH process {¢;} has a finite variance.
When o = 2, {¢;} is called the IGARCH process and it has an infinite variance. The IGARCH
process is particularly interesting as, in fitting the log return of asset price to a GARCH(1,1)
model, it is often reported that the estimated a + b is close to unity. On the other hand, when
a € (0, 2], {e} also has an infinite variance. Goldie [25] shows there exists a positive constant
c(()“) such that as x — oo,

P (012 > x) = cx~/2(1 4 o(1)}, which gives that (5)

P el > %) = P(oiml>x) = (Enl*) P (of > x*)
= (Elm|*) cg”x~*{1 + (D)}, (©6)

provided E|n;|* < oo. See also [14]. Hence P (|e1| > x) is regularly varying with
index «, that is, lim;—,oo P (le1] > tx) /P (le1] > t) = x7¢ for x > 0. It follows that

lim,,_, oo 7 P (|gl| > a,(f‘)) — 1, where

1/a
al® = (c(()a)Eml |°‘n> . (N

When no ambiguity arises, write cp = c(()a), a, = a,(,a). By Theorem 4.1 in [25],

/2 /2
o _ E(lot o) ol ~ [(a + ont) o))

: ®)

0 a/2E ((a + bn})*/2 log* (a + bn?))

For o = 2, since En% = 1, we may write a,?) =,/ c(()z)n.
The «-stable limits derived in the next section are expressed as infinite series of the points

of Poisson processes. Following [18,19], for any positive integers (/, H), define an (H + 1)-

dimensional random vector:

0) (1 H
Xiin = (&—1,&—1-1, ..., &—I—H) = (X,(’l), X,(J), ..-,Xt(,, )). )

By Theorem 2.8 in [19],% there exists a Poisson process > oo 8p = Y oy 8p () defined
on R, with mean measure v(dy) = Yay “ !dy, and a sequence of i.i.d. point processes
{Z?OZI 80} = {Z?’;l 80:; 1 (@)} Which is independent of {P;},

n L o0 o
Zaxt,l,H/an — ZZ‘SPI'QU,H’ (10)
=1 i=1 j=1
where Qi g = ( QE?), QS), e, Ql(]H)> with a common distribution equal to:
lim lim P 5 e-‘ sup X1 ml < an < 1X, : 1
Sm o im (IZ,; Xt/ (sup o1 1§t2k| nLHI < an < | O,I,H|> (1)

3 See also Theorem 3.1 in [40].
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in which the norm |X il H| = maxo<h<H ‘X t(};) ‘ Further, the extremal index,*

k
7T = lim lim P{Z}Xl,,,,,y < ap, || X0 1l >an}. (12)

k— 00 n—>00 |
t=

As pointed out by a referee, using the same assumptions as ours and considering « € (0, 2) or
o € (0,2) U (2,4), Proposition 5 in [7] expressed the limiting results in terms of characteristic
functions (contrast to Lemmas 4.1(a) and 4.3(a)). The major advantage of their classical blocking
and mixing techniques over the point process approach is, by controlling clustering of big
values, one may calculate the parameters of the stable limit in terms of quantities of the finite-
dimensional distributions of the underlying process. The advantages of Bartkiewicz et al.’s [7]
approach will be exploited in the future research.

3. Main results
3.1. Partial sum of the short- and long-memory processes

In this subsection, we give the weak convergence of the partial sum of {u,} in (2) when itis a
short- or long-memory linear process with a GARCH(1,1) noise {¢;} in (3).

Theorem 3.1. Suppose Assumptions 2.1-2.3 hold and Y ;2 |di|V < oo for some y < 1,y <
o, o is given by (4).

[nt]

(a) —Zu,:> (Zd,) E(1), O<a <2 (13)

n 1=

lnt]
a|w =2; 14
(b) WZM,:><Z 1) ™), « (14)

lnt]
Zu, N (Zdl> W), o>2; (15)
\/ (Eol
where & (+) is an a-stable process with §,(1) = Y >0, Z?‘;l P;(a) QEJO.) (@). O

Remark 3.1. Using the point process technique, Davis and Hsing [18] showed

n r X&& 1
Zagt/“n - ZZ(SP,'(&)QS-))(“)’ 1o

for any 0 < @ < 2. By the continuous mapping theorem, for any ¢ > 0 and for t = 1,

Lnz]
o' Y el e > o) - ZZP @0 @1 (1P@0f @] > o)

i=1 j=

= ‘;&OEQ)(-L-)_ (17)

4 See also Remark 2.3 in [19]; or Remark 4.7 in [10].
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For any € > 0,limgolimsup, ;o P(lay, ' 30 (e (&l /an < 0) — Ee1 (le1/an < 0)) |
> e) = 0. Recall &1 is symmetrically distributed and E¢;/a,I (|e1|/a, < 1) = 0. Thus,

lnt] 00 00

- L.

a,' e = lime? (@ =3 ) A@OS @ =& (@, forr=1. (18)
=1 i=1 j=1

The convergence of (17)—(18) was generalized to all T € [0, 1] by Basrak, Krizmani¢ and Segers
[9, Theorem 3.4]. More precisely, they showed (17)—(18) hold in D[O, 1] under the M topology,
by considering a time-space process N in [—T, 1] x [—, 0]°, T > 0. N is a Poisson process
with mean measure A x v@, A is the Lebesgue measure and for x > 0,

o
V(Q)([—X,X]C)3=Q_aP<QZ|Yt|I(|Yt|>1)>x, sup |Y,-|51), (19)

t=1 —oosj=—1
{Y;} is the tail process of {¢;} (Theorems 2.1 and 2.3 in [9]). Thus,
T+
£ (1) = / / rN(ds,dr), £,(1) =1lim&e@(r), forr €[0,1]. O (20)
0 Ji—ool ol0

Theorem 3.2. Suppose Assumptions 2.1-2.3 hold, lim,_, o m Yizoldjl < o0,dy =
O(l(n)/nP), max{é, %} < B <1, is given by (4), and l(n) is a slowly varying function.

1 Lan S T
(a)mzutﬂK/ooX(svt)dgd(s)s 1<(X<2, (21)

t=1 -

(b)

X(s,t)dW(s), a=2; (22)

1 lnt] 7 T
Uy — K/
nl—ﬂz(nmm; ' oo

lnt] T
© : =" K/ X(s. D) dW(s), o>2; (23)
nl=Bl(n),/n (Ealz) =1 —00

where K = lim,,_, oo nl,ﬁ!w Z?:O dj, and

_ (s = r)_)liﬂ - (s_)lfﬂ, B <1,
X(S’T)'_{I(Ofsft), B—1: (24)
T T+
/ X (s, 1) déy(s) .= lim lim / X(s, ) rN(ds, dr); (25)
—00 Ttoo0l0 J_T [—o.0]¢

in which the random measure N (ds, dr) is defined around (19). O
Remark 3.2. Consideran ARFIMA(p, 1 —t, g) model, p, g < oo, max{é, %} <t<1:

¢(B)(1— B)' "'u; = 0(B)e, (26)
where B is the lag operator and {¢,;} is a GARCH(1,1) noise specified in (3).

(a) When ¢ = 1, the conclusions of Theorem 3.1 hold with Z?io dy = %.
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(b) When max{1/a, 1/2} < ¢ < 1, the conclusions of Theorem 3.2 hold with K = (MI)Q}%,

where I'(-) is the gamma function” O

Remark 3.3. Theorem 3.2(a) extends Theorem 3.9 of [6] to the S-convergence of a long-
memory linear process of GARCH(1,1) noises, where 1 < o < 2. To the best of our knowledge,
the result in Theorem 3.2(b), where o = 2, is new; while Theorem 3.2(c), where o > 2, is a
special case of Theorem 2 of [49]. [

3.2. Sample autocovariance of the short- and long-memory processes

In this subsection, we study the weak convergence of the sample autocovariance of {u,}.
For Theorem 3.1 (and Theorem 3.3), let p = y; and for Theorem 3.2 (and Theorem 3.4), let
1 <1/8 < p < min{2, o}. In either case, for 0 < k < oo,

o0 o o
D ldilP <00 = "ldidix|”* < (1di)” + |di1) /2 < oo, 27)
1=0 =0 =0

where p < min{2, «}. Thus we define

0, O<a<?2,

o
" (Z dld1+k) cologn, a=2,

n =0

00
(Z dldl+k) (Edlz), o > 2.
=0

Denote P; = P;(«) and Q,(jh.) = Qx’) (@),h > 0.For 0 < a@ < 4 in Theorems 3.3 and 3.4, the

limit involves a «/2-stable process, SL};)Z(J. When 0 <o <2,0orh > 1°

(28)

sihy =" ProY ol (29)

i,j=1

When 2 < o < 4and h = 0, S7), (1) is the distributional limit of

> P01 (e < PPOY?) - f Puldx), a=2 (30)
i,j>1 Veo<x=l

> P01 (e < PPOY?) - f ), 2<a<4; 31)
ij>1 Veo<x

as 0 | 0, where by (6)—(7), ju(dx) = ax™*"'dx.

Remark 3.4. Deriving the limit behavior of the sample autocovariance of a sequence not
necessarily a m.d.s., Theorem 3.5 in [19] did not consider the case « = 2. In (30) where

5 See, for instance, [28,35].
6 For 2 < a < 4,881 = or_plni—plorsign(n;—p)n:, which is symmetrically distributed, as sign(n;—p)n; is
independent of o;_j, [n;_p,|o;. Thus, the points Y j=1 Pi2 QS_)) Qz(j’ ) are summable.
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o = 2, the centering constant is E 8121 (le1] < ap) = cologn. On the other hand, in (31) where
2 <« < 4,asin [19], the centering constant is Ee% = EUIZ. See also Lemmas 4.2 and 4.3. [

Theorem 3.3. Suppose the assumptions in Theorem 3.1 hold. For 0 < k < 00,

lnt]
(@) — LS s =y 25 290, 0<a <4 (32)

”tl

Lnt]

W 2 Gtk =

lnt]
© —= Z(Mtutk_ ) L KPWD), a4 (34)

) =L KWWKﬂ o =4 (33)

where Z(x/Z( ) is a o/2-stable process with

o o0 o
z8h () = (Z dldl+k) AOEDS (Z didipnix + Zdzdl+|hk|> SUA,  (39)
h=1 \I[=0 =0

1

(k)2 i g 1—a 2
_ 4 _ -
K, = <;dldl+k) coFE (7]1 l) (1 . b)
00 2
+3 <Z didronsi+ > didi k|> @+b)* o (a+bEnt), (36)
h=1 =0 =0

k)2 - ’ 4 4 1—a \?

KW — did EoMHE —Q -

) <1=0 ll+k) (Eoy) <771 <1—a—b>
+

o0 o0 o0 2
3 (Zdzdz+h+k+2dldz+m_k|> E(3ed) | (37)
=0 =0

h=1
in which for o > 4, with A1 = a + bng and defining w .= a + b,’

2
Eo} = w (1+7) o~
(1 —m)(1 — EA?)

2 h
2.2 4 A net, @ (1=7")
£ () = (50f) (a v o) i+ 2T e

Theorem 3.4. Suppose the assumptions in Theorem 3.2 hold. For 0 < k < 00,

@Ifl<a<2, or2<a<4withf >1-1/q,

7TWhen ¢ > 4 and 7 = 0, write y(s) = ? Zgo djdj1g and observe that y(s) = y(—s), Kék)z = E(U? -3)
yz(k) + Zioz,w (yz(h) + vy +k)yth — k)), which is the asymptotic variance of the sample autocovariance of

order k, when {&;} is an i.i.d. sequence with finite 4th moment. See, for instance, Proposition 7.3.1 in [15].
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1 Ky _S. 0
—= DGy =y = 2, (0); (38)
n =1
®If2<a<4with <1—-1/a, ora > 4with 8 < 3/4,
1 lnt] © I 5
i yers ;wfut_k —79) =5 (Eo})Up(1); (39)
©) If « =4 with g > 3/4,

lnt]
\/W Z(u,u[ (=) = kW) (40)

DIf a> 4w1thﬂ > 3/4,

lnt]
Z(ututk— ) s kP W) (41)

where Z( ) 5(+) is defined as in (35), Ug(-) is a Rosenblatt process defined as:

Ug(t) = 2/ UO ((r — s1)+)"3 ((r — S2)+)_ﬁ dr:| W (ds))W(ds»), (42)
S1<$<T
and K](k)2 and Kz(k)2 are defined as in (36)-(37). U

Remark 3.5. Consider model (26) in Remark 3.2.

(a) When ¢ = 1, the conclusions of Theorem 3.3 hold with Z(;io ijj = M; and
> 20djdjts, s = 0 being defined accordingly.
(b) When max{l/«, 1/2} < ¢ < 1, the conclusions of Theorem 3.4 hold with Zc;io ij-/ =

_pye-D
—0(3)((;(;;) , Where

(0.¢] .
(1-B)“D =3 y;B/, inwhichyo=1v; =[] List
j=0 j
and Z?io djdjys,s > 0 being defined accordingly.? 0O
4. Proofs
Define Y1_{™) = Y20 ., for r > 0. Lemma 4.1 for the partial sum of {e,} is essentially
Theorem 2. l(b) 2.1(c) and 2.2(a) in [17], as well as Theorem 18.3 in [13]. It plays a crucial role

in establishing the FLD of {u;}.

Lemma 4.1. Suppose Assumptions 2.1-2.3 hold with a given by (4).

L)
(a)iZe,:sa(r) 0<a<2; 43)

an 1=

8 The detailed formulae can be found in pp. 172-173 in [47] and pp. 47-48 in [42].
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Lnt]
1
®) —— &= W@, a=2; (44)
Vneologn i—
1 lnt] J
(©) g == W), o>2; (45)

—
n(Eoy) 1=1

where &, (-) is an a-stable process with &, (1) defined as in Theorem 3.1. [

Proof. We first show (43) where 0 < o < 2. Let S,(7) = Z}ZJ &t/an. By the arguments for
Theorem 2.1(b) in [17] (see also Lemmas A.5—A.6 there),

$u(0) 225 £, (0). (46)

Let S,(v) = X" e 1(0, < an)fan + X" 6i1(0 > an)/an = Sia(t) + S2a (7). For all
n,{e:1(o;r < ap)/ay}is am.d.s. and sup, SUP;e[—T.1] E|S1,(7)| < co. By Doob’s inequality,

(a) {max_7<r<1 |S1,(7)|} is stochastically bounded.
(b) Foranya < b,a,b € R, {N“’b(Sln)} is stochastically bounded,

where N0 (S1n) is the number of up-crossings of [a, b] by the process Sj,. Similarly define
N%b(S,,) and N4 (S,). Next let o = minfee — €, 1},0 < € < a,
0
max E |: max |Sg,,(r)|i| < maxa, ? Z E [|£,|Q I(o; > a,,)] < 00,
n <r<l n
- - |—nT|<t<n

E [N“’b(SZn)] < E[ > o> an)} = (InT]+n+1) P (o1 > an) < oo.

|—nT]|<t<n
Thus, {(max_r<r<1 |$2,(7)|} and {N “”’(Szn)} are also stochastically bounded. Since

max [S,(7)] < max [S1,(v)|+ max [S(7)l,
—T<r<l —T<t<l —T<r<l

Neb(Sy) < N (S1,) + NP (S,

it follows that {max_r<;<1|S,(7)|} and {N®P(S,)} are also stochastically bounded. By
Theorem 3.2 in [31], {S,(7)} is relatively compact and (43) is proved. Next, we show (44)

where @« = 2. Let ¢;1 = & 1(0; < /ncologlogn),en = &l(o; > /ncologlogn) and
k, = /ncglogn. Now define Sy, (t) = é Z}ZJ & and Sy, (1) = é Z}ZJ £r2. By arguments
for (6.3) in [17],
J
Sin (1) == W(1). (47)
On the other hand, for any 0 < € < 2,

2—€
E

1< loglogn)!—¢/2
< Y Elenl ¢ < clrloglogm) "7 4

sup  S2,(7) =<
" k%fe t=|—nT] (n logn)ligﬂ

—-T<t<l

It follows that sup_r -, <1 S2a(7) L5 0 and thus (44) holds. Finally, when a > 2, ZZLZJ g isa
square integrable martingale. Eq. (45) follows by the martingale functional central limit theorem.
See Theorem 18.3in [13]. O
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Proof of Theorem 3.1. Write

Zdzet I—Zdzs, L+ Z gy =: T (H) + Dy (H). (49)

=0 I=H+1

We first show (13). By Lemma 4.1(a), for any integer 0 < [ < H, - a ZL’"J 6] = £,(T).
Since addition is sequentially continuous with respect to the S topology (see Theorem 2.13 in
[31]), it follows that

lnz) lnt] s H

— Z Li(H) = Zdz ( Z & 1) = <Z dl) £ (7). (50)
=0 =0

By Theorem 3.2 in [13], it remains to show for any o > 0,

lnt]

— > Iy(H)

S

lim limsup P ( sup > Q) =0, and ShH

X n—o0 0<r<l

H 00
as H — oo, (Z d1> £y (T) > (Z d,) £, (7). (52)
=0 =0

Given Z?io |di| < 00, (52) results. It remains to show (51). Write

lnt] 00 lnt]
—ZIZz(H) Z iy el (01 < ay)
an 137 n 1 Zp+1 =1

1 lnt] oo

+_Z Z dig; 1 (04— > ay)

n 127 1=H+1
= X1a(7) + 220(7). (53)
Note that for any fixed [, {¢;,_;I (0;—; < a,)} is a m.d.s. By Doob’s inequality,

2
<4E |—

2
L, e (54)
2—a’

[nt]

sup —Zsz 1l (or-1 < an)

0<r<l1 "t 1

E ZSt 11 (011 < ay)

an =4

as n — oo, where the last limit follows by the uncorrelatedness of &;_;’s and Karamata’s
theorem. By (54), since Z?io |di| < o0, we have

1 1/2 o . (7] 1 1/2
sup i (7) < Y ldl|E| sup —Zs, ! (011 < an)
0<t=<l I=H+1 0<t<14n ;Z
o0
<2ea@-a)t Y ldl -0, (55)

I=H+1

as n — oo followed by H — o0. Thus supg<, < 21,(7) L5 0. Let y be that specified in the
Theorem.
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14
sup S (1)| < Z Z \di|” E y|ez 11 (011 > ap)
O<t<I =1 I=H+1
o
<al@—y)"" Y |4 -0,
I=H+1

as n — oo followed by H — 00. Thus, supy<,<; 2hn(T) —P> 0. And (13) is proved. Next, we
show (14). Let k, = /ncologn. By Lemma 4.1(b), for any fixed integer H > 0,

lnt] lnt] [nt]
(Ze[,Zst oo D6 H> =L (WD), W), ..., W(D). (56)

t=1

Given Y ;2 |di| < oo,

1 lnt] H 00
= > lu(H) N (Z dl) W(r) 2> (Z d,) W (o), (57)
=1

”tl

as n — oo followed by H — oo. Write

[nt] 1 o) |nt] lnt] o0
—ZIZ,(H) El_; 1Y el (01 ’<k")+72 > dieil (011 > k).
= =1 t=1I=H+1

Using the same argument for (51), supy,<; kl,, Z}ZJ I (H) LN 0. Thus, Eq. (14) holds.
Finally, we turn to (15). Using Lemma 4.1(c) and the same argument for (57),

[nt]
—(1 > 3 ni(H) =2 (Zch) W (2).
Vn(Eoj

For any fixed [, {¢;_;} is a square integrable m.d.s. By Doob’s inequality,
21172

lnt] 00
E | sup 212,(H) <C Y ldl—o. (58)
Ost=l /n (Eo I=H+1

as H — oo. Thus, (15) results and the proof is complete. [

Proof of Theorem 3.2. First consider (21). Let ¢;1 = ¢;1(0; < a,), gi> = &;1(0; > ay).

lnt] lnt] |nt] —|nT]—1 |nt] lnt] lnt]

IV M) WWETELD S SURCRED D) LAY

=1 i=—o00 t=iVI1 i=—o0 t=1 i=—|nT] t=ivl
00 lnt | 00 lnt] lnt] lnt|
= Z Zdt+i8—i1 + Z Zdt+i8—iz + Z Z di_ié&i
i=nT|+1 t=1 i=|nT|+1 t=I i=—|[nT] t=ivl

3
=Y Lin(T, 7). (59
j=1
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Eq. (21) follows by proving:

sup ———— |T1a(T, 7) + Ly (T, 1) —> 0, and (60)
o<r<1 ~Pl(n)ay

T
—  I(T.7) = K/ X (s, T)dEq (s). 61)
n'=Fl(n)ay 00

Note that {€;1} is a m.d.s. For any fixed ,

2 o 00 |nt]
=c(n'Pima) " Y (va,) E len|?

i=(nT]+1

1 26-1 = 1\ n ) 1
<C| oz | | 2T > (= SElenl’| < C | ogpmy | = 0. (62)
i=(nT)+1 \*! a

by letting T — oo. Similarly, for u < 7,

I (T, 7)

1
ni=Bl(n)a,

1 2
E (m [/1n(T, T) — Lin(T, M)])

) o) lnt] 2
< C(n]fﬁl(n)an> Z < Z |d[+,‘|) ES%I

i=nT]+1 \t=|nu]+1
< C(t — p)*r—2p+1, (63)
By Theorem 12.3 in [12], we have

sup (T, 7)] =5 0, asT — oo. (64)

0<r<l n'=Bl(n)ay,

On the other hand, {g;2} is alsoam.d.s. Forany 1 < 1/8 < ¢q < «,

q —q 0 lnt]
= ¢ (0" Fima,) T Y <Z |d,+,> E el

i=|nT]+1

IZn(T, T)

ni=Bl(n)a,
< crPitl 5,

by letting 7 — oo. Similar to above, for u < 7,

1 q
- _ _ —Bg+1
E (nl—ﬁl(n)an [12n(T, T) — Iy (T, M)]) < C(t —p)YT-Patt

Thus, by Theorem 12.3 in [12] again, we also have

sup \on (T, T)| =5 0, asT — oo. (65)

0<r<l nliﬂl(n)an

r=iv1 %—i€i

and I, (T,7) = Z.L"”Ln“ ZLMJ —.g;. We first show the f.d.d. convergence of

i=— t=ivl1 t i

13‘;(T, 7). Denote the time-space point process Ny (ds, dr) = Z?:—an 8(t/ne jan)(ds, dr). By

Combining (64) with (65) yields (60). To show (61), let I3,(T, 1) = 1% . S5 at e
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Theorem 2.3 in [9], for any o > O,

Ny 55 N, in[=T, 1] x [0, oI. (66)
Let X, (s, 7) :=nf~1" () ZzL’:LJnszl d;r_wJ and K = limy 00 =57~ ﬂl(n) Yoo dj.'.
0, 0<t<sy5,
nt]—|ns]
nP 7t my Y at 0<s<rt,
Note X, (s,7) = =0 (67)
nt]—|ns] —|ns]
nﬁlll(n)( Z dj'.|r Z d+> s<0<r.
=0
— KtX(s, 1), (68)

uniformly in s € [—T, 1], where fixing a t, X (., 7) is defined as in (24). For any € < «.

X — K¥ Xlla.e = 0,

||f||a,e=max{ / ()| ds, (/ |f<s>|“+€ds>““}. 69)

Further, for any o > 0,

n'=Bl(n)a,  n'—Bl(n)a,

[+(T T) 1 [nt] lnt]
3n\"> Z d+

i=—[nT] t=iv1

T+ o0
= / / le(& Ori(lr| > @)Np(ds, dr)
—-T J—o0

T+ poo
+/ [ X6 ol < oNas.dn
= 3n l(T T)+ 13n 2(T T), where

LI
lnt] Z dtfi 2

e & &
1+ T ‘ t=ivl El&, i<
‘ 3n, 2( ) Z nl_ﬁl(n) an =e

—|nT| an
On the other hand, given (66), Lemma 4.1(a), (68) and (69), by arguments similar to Theorem 3.1
in [32] (see also Proposition 6.4 in [33], that also considered the dependent case), as n — oo,

— 0, asg—0. (70)

T+
= (T 5 Kkt X (s, T)rN(ds, dr). (71)
o [~o.01°

Recall the definition of f_T 0o X (5, T)dEy (s) in (25). Combining (70) with (71), we have

LT, 1)

VO
YR T, — K /_OOX(S, T)d&q (s),
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as 0 — 0 followed by T — o0, By the standard Cramér—Wold’s device, for T € [0, 1],

(T, 1) fdd. oy ’
m K /;oo X(S, ‘[)déa(s). (72)

Replacing Theorem 5.1 in [32] by (72), the proof of Theorem 3.7 in [6] goes through and thus

3n(T 7)
n'=Bl(n)a,

M K+/r X (5, T)dEy (5). (73)

By the arguments above, we also have

L(T,v) M __ [T
m — K /700 X (s, T)d&y(s). (74)

Further, it is not difficult to show, using the arguments for (30) in [6], that for any 0 < 71 <
< <l,k>1,
1
+ - + -
P Ty (LT, ), I (T, 1), . I (T, ), I, (T, )

Tk

N (K‘F‘/T1 X (s, 1)déy(s), K™ /TI X (s, t)d‘;’a(s),...KJr/ X (s, T)dEy(5),

K~ /Tk X (s, 7)dE, (s)). (75)

With (73)—(75), Theorem 2.15 in [6] implies (61). Thus (21) is proved. Re-defining &;1 :=
gil(o; <. /ncologn) and ¢ = ¢;1(0; > /ncologn) in (59), Eq. (22) follows by proving:

1 p
su (I1u(T, )+ I, (T, 7)) — 0, and (76)
05121 nl=Pl(n)\/ncologn b o
1 Ji /r
L, (T, 1) — K X(s, T)dW(s). 77
2P i(n)Jneglogn 3n(T, 7) » (s, T)dW(s) (77

The proof of (76) is exactly the same as that of (60), with the above definitions of &;
and ¢jp, and replacing a, by /ncologn. Let X, (s, ) = nP=1=1(n) Z, TLval di_|ns|-
Egs. (68)-(69) hold with X, (s, t) replaced by X,(s,7) and K% replaced by K. By
Lemma 4.1(b) and the same argument as in (73), it follows that (77) holds in finite-dimension
distribution, by lettingn — oo and T — oo. The tightness can be proved as in Theorem 2 in [49].
Eq. (22) is thus proved. Eq. (23) follows by Theorem 2 in [49]. [

Lemma 4.2. Suppose Assumptions 2.1-2.3 hold with « given by (4). For h > 1,

lnt]

N
@ — Y e = Sip(D), O<a <4 (78)
n (=1
1 lnt]
ZS,E, h:>\/co(a+b)h l(a~|—bEr;l)W(r) a =4 (79)

,/nlogn
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Lnt)
(C)—Zé‘r& h:>,/ 88 _h W(‘L’) o >4, (80)

where Sg;)z(-) is a a/2-stable process defined as in (29). U

Proof. We first show (78) where 0 < « < 4. Let S, (1) = Z}ZJ er&r—p/a>. By the arguments
for Theorem 2.1(b) in [17] (see also Lemmas A.5—-A.6 there),

d.d.
s, (r) 144

Further, the arguments for relative compactness in the proof of Lemma 4.1 go through
and thus (78) is proved. Next, we show (79) where « = 4. Let k, = ./nloglogn and
vy = co (a+ b1 (a + bEn}). Define ¢&1 = g6—41 (07 |e,—p| < kn) /y/nvplogn and ¢ =
er&—nl (o7 ler—p| > ky) /+/nvy logn. Therefore,

S (). (81)

lnt] lnt] lnt]

%Zstst h—ZQH—Z{zz

nvy logn

Forany 0 < € < 2,

lnt 2—e

wp >

—-T<t<l =1

C 1
<— E lecer—n|* "< 1 (01 ler—n| > kn)

1—€/2 Z tet
(nlogn) </ t=|—-nT]

E

(nloglogn)'—¢/2

0. 82
(nlogn)l—€/2 — (82)

P . .
It follows that sup_7 -, Z,LZJ ¢ — 0. Thus, it remains to show:

lnt]
Z G =5 W(). (83)
Eq. (83) follows by the proof of (6.3) in [17], if

Lnz) 2 lnt]

2 P
> E(GiFia) = logn D oreial Crleral < k) = @ (84)

t=1
See (6.5) there. Let Ay .= a + b’l;%,l- Note:
t t—1 t
e = afslz = H Akof_hn,z_h +w |:1 + Z l_[ Am:| etz_h

k=t—h+1 k=t—h+1 m=k+1
=: e/ +e, and

1 <e, §k5) =1 (Etl §kﬁ) — I(et > k,%,etl < k,%)

It is not difficult to see that forany 0 < o < 1,
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lnt 4
logl e
E Z 1(er>Ken <k)| = (nloglogm® -, (85)
0<T<1 nvy logn = (nlogn)e
1 5 C
SN Eenl ( <k ) 0. 86
nvy logn ; b\ = - logn - (86)

Note limy_, o0 x P (014—1:’7%—}: ]_[}szfh Ap > x) = coFE (n%_h ]_[}szih Ak) = vy, (by Proposi-
tion 3 in [14]), and E [af_hnf_h ]_[llczz_h Al (014_;,77%_;, 1_[/1=2_h Ap < k,%)] ~ vy logn. As a
result,

Ee 1 ((311 < kﬁ) ~ vy logn. 87

Eq. (84) follows by (85)—(87), and the arguments for (6.6) in [17]. Thus (79) is proved. Finally,

when o > 4, Z}lﬁj &:6:—p 18 a square integrable martingale. Eq. (80) follows by Theorem 18.3
in[13]. O

Lemma 4.3. Suppose Assumptions 2.1-2.3 hold with « given by (4).
1 lnt]

M
@ =3 (F—a) 2500, 0<a<4 55)
n (=1
™ 2\ _Ni 1—a
(b) WZ(& 01):> (&) ( )<1—a—b> (1), « ; (89)

Lnt)

I ] -
© 7 2 (5 - Bof) = VE@HE @ -1) (ﬁ) W@, a>4 60

t=1

where c, = 0for0 <a <2,c, =cologn fora =2, and ¢, = Ea for2 <a <4, andS(O)()

is a o/2-stable process defined as in (29)—(31). [0

Remark 4.1. As one can see in Remark 3.1, Theorem 4.3 in [9] can be used to prove
Lemma 4.1(a). For 2 < o < 4, if for any € > 0,
e:| =0,

oD

a2 er <etl (l&:] < oap) — (8,2[ (l&:| < Q%))) -

lim lim sup P |: sup
=

el0 nto0 0<r<1

that theorem may be used to prove Lemma 4.3(a) (see their Condition 3.3 and Example 4.4).
Condition (91) is not straightforward to check though. In the following, we attempt another line
of proof. [

Proof of Lemma 4.3. We first consider (88)—(89). As the sample path of Brownian motion is
almost surely continuous, to prove (89) under Ji, it suffices to prove it under M. In turn, to
prove (88)—(89) under M1, by Theorem 1 in [38], it suffices to show the following:

(a) {8,2} is an associate sequence, and
(b) the weak convergence of finite-dimension distribution (f.d.d.).
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We first show (a). For any N > 1, define &> iy =@ [1 + Zk AR ) Am] n?, where

A= a+bn . Asof = [Tioy_ny1 Akol N‘HU[H‘Zk N1  mmks1 Am ] &f = ofn;
and p(a) = E |Ag |"‘/4 < 1 (see the argument in Lemma A.1), it follows that limy _ 5o siN = 812
a.s. Thus, by P5 in [22], it suffices to show {812, N} 1s an associate sequence. Write ei N =
f (n,z, nf_l, e, nf_ N), then the function f(-) is coordinate-wise non-decreasing. Since for any
N > 0, (ntz, nl{], el ntz_N) is an associate sequence (by Theorem 2.1 in [22]), so is {8t2N}
(by P4 of [22]). Next we turn to (b). The f.d.d. of (88) follows by (10) and the point-process
technique.9 It remains to show the f.d.d. of (89). Note that for « > 2, (1 —a — b) Eal2 =w. It
follows that

ol — Eof = — (a+b)E012+aa,2+bst2=ba,2< )—l—(a—i-b)(crt Eal)

3 (ati, - Eaﬁ) =Y b2 D+ @+b)y (af — Ealz) . (92)
=1 =1

t=1
As a result, we have

n n
(l—a—b)z<at2—E012> :Zbatz r]?—l)—i—a]z—onz_i_l, 93)
t=1 t=1
n n n
Z (8,2 — Eolz) = Zatz (n,z - 1) + (atz - Eol2>
=1 t=1 t=1
l—a & L/, ol —o2,,
= — - 1) 4l 94
1—a—b§6’ (77; +1—a—b G
= 4 _ : —“1(.2_ 2 P
Setky = \/ncoE (n} — 1) logn. Since k;! (67 — 02,,) —> 0. by (94).

O N e I W Gl

Let g = 0;2(77;2 — 1)I(o; < (nloglog )4y and g5 = atz(n, — 1)I(o; > (nloglog )Y/, By
arguments for (44) in Lemma 4.1(a), it is easy to show that:

1
kn t=1

Egs. (95)—(96) and the Cramér—Wold device gives the f.d.d. of (89), as desired. For the proof of
(90), observe that {c;} is a B-mixing process with exponential decay (see, for instance, Theorem 3
in [23]), it follows that {012 (nt2 - 1)} also satisfies the B-mixing condition with exponential
decay. Eq. (90) follows by Corollary 1in [26]. O

Proof of Theorem 3.3. We first show (32) where 0 < o < 4. Note:

0 =) H o
2
tUi—k — (Z d1d1+k> =Y didiii (8,_1 - Cn) + D didi ki1
1=0 1=0 h=11=0

o2 (nf _ 1) £owa. (96)

9 Alternatively, it also follows by Theorem 1.15 in [41].
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H 0 0 0
+ Z Z didj4h—k€—1€—1-h + Z Zdldl+h+k5t—18t—l—h
h=1 =0V (k—h) h=H+11=0
o0 o
+ Z Z Aidiph—kEt—181—1—h- o7

h=H~+11=0v (k—h)

As the proofs are similar, we only give that for k = 0, consider:

o0
> d} (83_, )+222dld1+h8t 1€1—1-h +2 Z Zdldl+h81 1€1—1—h
=0

=11=0 h=H+11=0
=t Iy + I (H) + I3 (H). (98)

For any positive integers [ and H, we define an (H + 1)-dimensional random vector:
Zon = (&, —
tI,H = \&—_; —Cn» Et—1Et——15 -+ Et—]Et—]—H

(Z(O) 7

> =l

sz)), ‘e Z. (99)

Since convergence in M implies convergence in S, by Lemmas 4.2(a), 4.3(a) and (10), for any
positive integer /,

lnt]
1 © (H) .
T = (S, S @ SR @) = S (@),

Thus for any positive integers L and H,

lnt] lnt] lnt] s
<Z Zi0.H, Zzz LHs - Zzt,L,H> = Su (1), SH (@), ....SH () 1xL -
n

t=1
(100)

By (100) and the fact that addition is sequentially continuous with respect to S topology (see
[31]), it follows that

1 L lnt] [nt]
aSnLu(T) = —2<Z (, 1_Cn>+2zdldl+128t 1€1-1-1
n Ay =0 t=1
L Lnt]
+o 4 2) didien Y EiEi- H)
=0 =1

L L
=5 Y diSyh(0 +2 ZdllerlSa/Z(T) +o 2 Y did g SSD ()
=0 1=0

= Sr,u(7). (101)

We first consider the sub-case 0 < o < 2. Fix an H and for any L,

LS [d (2 =)

"t 11=L+1

~

lnt|
sup — Z(Imlzt(H))—SnLH(r)

0<r<l 4y
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H
+ Z ldidiynei—i€—1-nl 1 (|8t—13t—l—h| =< aﬁ)}
Zz[d[tll( [>a>

”t 1l=L+1

+ Z didiner—i€i—1-nl 1 (|8t—18t—l—h| > aﬁ)}

h=1
= II(H,L)+ IL(H, L).

By (27) it is easy to show that, uniformly in H,limy_, o lim,— E|I1(H,L)] = 0 and
limy o0 lim,, oo E|IL(H, L)|‘”/2 = 0. Thus for any € > 0 and uniformly in H,

lnt]
— 1> U+ Iy (H)) = Sp.1(T)

lim lim P( sup
=1

L—oon—>0o0 0<r<I a

>6> =0. (102)

For the sub-case o = 2, fix an H and for any L,

lnt] —L lnt]
Y U+ Di(H) = Suru@ = ) (de J> (2 - )
=1

j=—o0 \I=l
lnt] oo lnt]-L [ |nt]
+y) Zdldl+h€t T ( > d,z_j> (£5 = cn)
=1 I=L+1h=1 j=1-L \r=L+j
=t Ain(L, 1) + A2u(H, L, 7) + A34(L, 7). (103)

For p given in (27), E|e1|? < oo. It follows that as L — oo,

p/2 —L
< ( Z |d1_,~|”> E|lel|P — 0. (104)

j=—00

E | sup n AL, 7)

0o<r<l

For A2, (H, L, 7),let §;1(h) = &6 1 (le/&—p| < n) and §t2(h) = &&—nl (ler&—n| > n). As
in the proof of Theorem 3.1, applying Doob’s inequality to 37 DAt S didyn i (h)
and Karamata’s theorem to ['"] (DAt Zh L didi1n S (h), 1t follows that as L — oo,

sup n~ Aon(H, L, 7) -5 0, (105)

0<r<l

uniformly in H. By Lemma A.3, supy.,<; n~ A3, (L, 1) —P> 0 as L — oo. Together with
(104)—(105), Eq. (102) holds for & = 2. Next we consider the sub-case where 2 < « < 4. By the
representation in (95) and the fact that for any 2 > 1, {¢,;&,_5} is a m.d.s., along the line in the
proof of Theorem 3.1, we can show that (102) also holds. All in all, for 0 < @ < 4, by (101) and
(102),

—

nt|
(e + Ly () = lim gy (x) =: Sy (v). (106)
1

Q
S| =

t
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But by Lemma A.1,

|nt] o0 1 n p
(u? - Zdﬁ%) — Sy U+ sz(H))‘ =0, (107)

0<t<l1
by letting n — oo and then H — o0. Thus, it remains to show
0)2 h
Jim S5 (1) = (Zd,) > POy +2Z (Zdld1+h> Y pPro ol 108
1=0 i,j=1 j=1

is well defined, where P; and Qg?)’s are defined as in Section 2. By (78), (A.4) and (A.5), for
large x, P (|Sh/2(1)| > x) ~ Cp"x=*/2 Let p be as in (27), for any € > 0,

P( i (id,mh) 3 PiZQl?j.’)Qg?) > e)

< Ce PP (Z Idz|p> i p" =0,

=0 h=H+1

h=H+1 \I=0 ij>1
p/2
0 h
< 35 (S ) 2|3 o0l
h=H+1 0 i,j>1

as H — oo. By Property 1.2.17 in [45], limy_, o Sy (1) is well defined. When o > 4, by the
representation in (95) and the fact that for any & > 1, {&;6;_;} is a m.d.s., along the line in
the proof of showing (14) and (15), it is not difficult to show (33) and (34). This completes the
proof. [

Proof of Theorem 3.4. The proof of (a) is the same as that of Theorem 3.3(a), with Lemma A.1
replaced by Lemma A.2. Next we turn to (b). As the proofs are similar, again we only give that
for k = 0. Recall the definition of &, in Lemma A.1. Refer to (98). Given Lemma 4.3 and the
fact that ) 2, d12 < 00, it follows that for 2 < o < 4 with 8 < 1 — 1/a, or « > 4 with
B <3/4,3 7 Iy = Op(ky) = op (n*'=P)12(n)). Thus, it remains to prove:

—L’fiimd, TN (EGZ)U ) (109)
20-B)[2(n) & Thet—lot—1— 1) YpLt)

1 h=11=0

Careful inspection of the arguments for (A.7) shows:

lnt] o0 o

sup - 33 didrner-in (o1t — AV~ 1.1)) mos = Op(1), (110)

osr=1 kn 1= 15150
where A, (¢t — I, h) is defined as in Lemma A.1. Thus, it remains to prove:

1 lnt] o0 o

m ZZZd}dl+hS; 1— hA 12 (t =1, h)n—; :> <EO’1> Uﬁ(‘[) (111)

t=1 h=1 I=
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For any 0 < s < t < 1, by arguments similar to those for (A.13)-(A.15) (with 8 < 3/4),

2

1 lnt]
< C(t —s)*=P),

X 0
- 12
E n20=B)[2(n) Z ZZdllerhsf—l—hAz (t =1, n—

t=|ns|+1 h=1[=0

(112)

where 4(1 — ) > 1. Thus, it remains to show (111) holds for 7 = 1. Forany 0 < H < oo,

2

n
1/2
20=B2(m) ﬂ)IZ(n) Zzzdzdwrh& 1—r At =1, h)niy

t=1 h=11=0
H n
12, .
z( 3 d,_,d,_j+h) o A,

C n
= n4(1—,3)l4(n) Z E )
j=—00 t=1Vj

4(1 B) [ZZZZ(I"'J) P+ ) Pa+j+nPd+j+n"*

t=11'=1j=0 h=1

n H n n
x Y Y3 (t—j>—ﬁ<t’—j)—ﬁ<t—j+h>—ﬁ<t’—j+h)—ﬂ]
j=1h=1

=l h=l1=j+11'=j+1

2

<C (Hn_z(l_ﬂ) + Hn1—4<1—ﬂ>) 0, asn— oo, (113)

since B < 3/4. Thus, it remains to prove:

Z S didinen a8~ L on g S (Eo?)Up).  (114)

20=B)12
n* ml(”) —1 h=H+1 /=0

asn — oo and H — oo. Note that for any given / and £, {Al/z(t Ly, t= 1,...,n} is

am.d.s. with (@ + 2)/2th moment, with limy,_, oo E[A2(1, k)] = Eolz. Thus,

1 lnt]
3 A~ 1 by = W), (115)

1/nEa1 t=1

by letting i — oo. Further, by Lemma 4.1(c), we also have

1 lnt]
> e 2w, (116)

,/nEol t=1

Using (115) and (116), as n — oo and then H — o0, (114) can be shown along the lines in
Theorem 6.1 in [24] (see also Theorems 3.1(b) and 3.3(b) in [27]). Finally we consider (c) and
(d). The proofs are the same as those of Theorem 3.3(b) and (c) respectively, with Lemma A.1
replaced by Lemma A.2. [




504 R.-M. Zhang et al. / Stochastic Processes and their Applications 125 (2015) 482-512

5. Statistical applications

The results in the last section have a lot of potential applications. Zhang and Ling [51] applied
Theorem 3.3 in this paper to a short-memory A R(p) model:

P
Y= ooi¥ii+e, (117)
i=1

where ¢; satisfies a general version of (3), namely a power GARCH(1,1) model. The LSE of
/.
¢ = (do1. ..., dop) is defined by

n -1 n
¢, = < > Yz—1Y§1) ( > Yt_lYt>, (118)
t=p+1 t=p+1

where Y; = (Yt, Yi_1,..., Yt—p+1)/~ They showed in their Theorem 1 that:

@ G — b0 —> T pZapp. O <a <2

() logn (&n - ¢0) Ly A Zup, @ =2

() n' =2/ (&sn — ¢0) AT Zepy, 2<a <4

(d) (n/logn)'"? («i;,, — ¢O) L ATN(0.1,). a=4,

where Z,; is a p-dimensional stable vector with index «/2, Y2 is a p X p matrix whose
elements are composed of stable variables with index «/2; Ay, A and A, are non-random p X p
matrices. That is, the LSE is not consistent when 0 < o < 2; and it is n!=2/%_consistent when
2 < a < 4,logn-consistent when o = 2, and nl/2 / log n-consistent when o = 4. Furthermore,
the limit distribution of the LSE is a functional of stable processes when o < 4 which is
substantially different from those with i.i.d. noises. On the other hand, Zhang, Sin and Ling
[52] considered the following unit root process:

Ye=p+dyi—1+uy, (119)
where u = 0, ¢ = 1 and u, is defined as in (2). The LSE of the ¢ are

n -1 n
i, (z yfl) (2 y,ly,),
t=1 t=1
n -1 n
bun = (Z(y,_l - y)z) (Z(yt_l - y)yt) :
t=1 =1

when @ = 0 is known and unknown, respectively. Using Theorems 3.1 and 3.3 in this paper
(short-memory u,’s), Theorem 2.1 in Zhang, Sin and Ling [52] showed

(a) If 0 < o < 2, then

Le— =y
u <<}3n B 1) £ Jo &4 (T)lefa(f) + '—'a/Z(l)’
fo E2(7)dt
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1. 1 -
(B —1) 2 5 (O5e(6) ~Eu(D) f? f(0dr + 21,
Jy 20dr = (fy &a(x)dr)
(b) If ¢ > 2, then
L hwoawm+i(1-%)

2
Ou

n (¢n - ) — fol Wz(l')df
£ foW@aw@ = wa [y wode + 3 (1- %)

(b =1) 5 Jy Wz = (fy W(r)dr)2

’

where &,(t), Zy/2(r) are two stable vectors with index o and a/2 respectively. Using
Theorems 3.2 and 3.4 in this paper (long-memory u,’s), their Theorem 2.2 shows

(a) If 1 <o < 2, then

2
(ou=1) & L ([ X6 D))
S ([0 X (s, D)dEa(s)) d

n (dA)M - 1) i>
L X6 0d89))” = (1 X6 0d29)) () S XG5 D))
ST X (s, D)dEa ()  dT — ( JErT X(s, T)dEs (s)dr)2 ’

(b) If @ > 2, then

L X (s AW ()
n ((?) _ 1) i} 2 (ffoo (s, 1) (S))
' Jo ([T X(s. D)W ()  dT

n (QASW, — 1) i>
1 (fjoo X(s, 1)dW(s))2 - (/joo X(s, 1)dW(s)) (fol JTUXG, r)dW(s)dt)

T X (s, 1AW () dr — (fol JTXG, r)dW(s)dt)2

These distributions are somewhat different from those in [44] where the noises are i.i.d. Finally,
our results in the last section can be used in other applications such as testing for a change
point in mean [4], or in covariance [2], and inference in mean [30] or in autocovariances and
autocorrelations [39].

Appendix

Lemma A.1. Suppose the conditions in Theorem 3.3 hold with o« > 0. Then
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lnt]

. . 1
lim lim |— sup Z I3 (H) N 0,
H—oon—>0 | Ky, 0<r<I1 e
(A.1)
o0
Iy(H) = Y Zdldwhgtfl&flfh,
h=H+1 1=0
where k, = a2 for0 < a < 4,k, = \/nlogn fora =4, and k, = \/nfora > 4. O
Proof. Denote Ay =a + bn,%_l. Forallfand h > 1,
! t—1 13
[[ Awlyto [1 + > 1 Am} = Ai(t h) + Do(t. ).
k=t—h+1 k=t—h+1 m=k+1
[nt] o0
Wiite (el H) = Y Y > didrnerin A — Ly, (A2)
t=1 h=H+11=0
It follows that
lnt)
Z Iy (H) — I(|n], H)‘
[nt] o0 0 l )
Z S0 didignei—in (8:—1 — 4,2 =1y, 1)
t=1 h=H+11=0
L oo |nt] "
= ( Z dt—jdt—j-i-h) gj_h <0j -4, 23, h))
j——ooh H+1 \t=1vj
= [Ii(Int], H)]|. (A.3)
By the Cauchy—Schwarz inequality and the non-degeneracy of {1;},0 < p = p(a) = E AT/ 4 <

[E A‘lx/ 211/2 = 1. However, by Theorem 4 in [34], a/2 is the unique solution to the equation
EA’IC =1,x > 0. Thus, 0 < p < 1. Since lim,_, x¥/2p (012 > x) = ¢y, it follows from

Proposition 3 in [14] that
: 1/2 2
Jim_ P L_t_HhHA" |ne-nnilofy, > y}
=coE [U%Al] E [ |*/? [EAa/4] y—a/2

= kl,ohy*"‘/z, and

' '
)ILHOIOP{ |:1+ Z HAm]nthntth>)’}

k=t—h+1 m=k+1

¢ ¢ /2
=coE {w |:1 + Z l—[ Am] ntzhntz} y—a/2

k=t—h+1m=k+1

(A4)

= kpy /2. (A.5)
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We first consider 0 < « < 2. By (A.4), it follows that for p < « given in (27),

| p/2
sup —Ii(lnt], H)

0<t<l %n

n p/2
q =< np/a Z Z ( Z |dtjdtj+h|) E (|5j*h|p/2Af/4(j, h)) E |'7j’p/2

j=—o0h=H+1 \t=1vj

n p/2
Snp/“ Z Z (Z |dtjdtj+h|> (o?/)"

j=—ocoh=H+1 \r=1v;

IA

CnP1/2=1/0) (pp/e)HL_ o (A.6)

asn — oo and H — 00. For2 < a < 4, write

[nt] oo

1
i D], H) = Z > Zdldl+h5t 1=n 1 (0r—1—h < an)
n

k”z 1 h=H+11=0

lnt] o0

12 1 S
x (Gt—z - A1, h)) M1+~ Yo D D didinsinl (Or-1-n > ay)

n t=1 h=H+1 [=0
AV e —in — H)+ 1 H
X \ 01—t )@ =1 h))ne— = In(Int], H) + Ii2(lnt], H).

By Doob’s inequality and Karamata’s theorem,

) 1/2 o

Z (i |dldl+h|>

sup I11(lnt], H)

0<r<l

1/2

2
lnt]
1
X [ sup —ZEz 1=h I (O1—1-h < an) (Gz 1= é/z(t—l,h)) 77t—l:|

0<r<l "t 1

%0 12
=C Z (Zdl) |:k2 ZEI:Gt 1—nd (Or—1-h San)] [EAq] :|

h=H+1 n =1
<C Z [EA ]2 = 0,
asn — oo and H — oo. For p < 2 < « as that given in (27), by Karamata’s theorem,

r/2
sup Ip(lnt], H)

0o<r<l
[e¢) 1 n 4
c >y (Z \dydy 17" ) o 2 E Lol d @min > an) ] LEAT
t=1

h=H+1

C i [EAY/ <Z|d1|p> — 0,

h=H+1 =0

IA
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asn — oo and H — oo. For o > 4, similar to above,

212 00 00 1 172
=C ) (Z#) [;ZE [t ] [EAth]

h=H+1 \I=0 =1

E| sup Ii(|nt], H)

0<r<l

— 0,
asn — oo and H — oo. Allin all, for o > 0,
1 P
sup —Ii(lnt], H) — 0. (A.7)
0<t<l %n
Thus, it remains to show
1 P
sup —DL(lnt], H) — 0. (A.8)
0<t<l kn

Again, first consider 0 < o < 2. Without loss of generality, we assume the y given by
1 ldi]” < oo satisfies y > /2 when o < 1. By Karamata’s theorem,

C o0 o0
< 7 30 ldidigal”

h=H+1 [=0

| Y
sup —DL(lnt], H)

0<t<l "n

n
XZE

t=1

E

Y
err-n Y =L yn|” =0, (A9)

asn — oo and H — co. When o > 2, note Ee% < 00. By Doob’s inequality,

| 1/2
[E sup —Iz(Lan,H)}
0<t<1 An
00 00 B 1 lnt] \ 2172
<C Y Ul Y Nl | E| sup — Y e n A2 — 1 hyney
h=H+1 1=0 | [O=sT=t o
o
<C Y ldi|—0, (A.10)

h=H+1

asn — oo and H — o0. (A.8) follows by (A.9) and (A.10). This completes the proof. [

Lemma A.2. Suppose the conditions in Theorem 3.4 hold with either () 1 < o < 2;
or(b)2 <a <4withp>1—1/a;or (c)a >4and B > 3/4. Then (A.1) holds. [

Proof. For ¢ > 1, careful inspection of the proof of Lemma A.1 will show that

under the conditions in Lemma A.2, which considers the long-memory cases, the

arguments up to (A.7) are valid. It remains to show (A.8). First consider (a). Since
1/2 1/2

> hen (Z'levj dt—jdt—j+h> ;- n AV, ;) = (&) and (A2, hye,—p) = (Xp) are

m.d.s. w.r.t. the o-field 7; = o{ns,s < t}, by the martingale inequality (see, for instance,
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Lemma 1 in [50]) that for fixed r and any 1/8 < ¢ <o <2,

q 24q+1 n 00 [nt] " q
= n2a/e Z E Z Z di—jdi—j+n | €j-ndy " (j,
j=—00 |h=H+1 \t=1vj

+2 n
2;1(1/0: Z Z (Z |di—jdi— j+h> (E‘Ej hAl/z(J h)‘ )E|771|q

j=—ooh=H+1 \t=1vj
n o
<cnd=20 5™ (1= TP heh o, (A.11)
j=—00,j#1 h=H

asn — oo and H — oo. Similarly, we can show that forany 0 <s <t <1,

q
— Iy(|ns], H)]

2q+1 7 o lnt] 2 q
= ala Z E Z Z di—jdi—j+n | €j-n A5 (. )
" j=—00 |h=H+1 \t=(|ns|+1)Vj

=o(]t — s|9). (A.12)
By (A.11) and (A.12), Eq. (A.8) holds. Next consider (b). By Doob’s inequality,

2
1 , H
E 2(lnt], H)
0o<r<l kn
n o n 2
_ 12, .
cane 3 B 3 (z dt,-dfﬁh) 14 AV, oy
j=—00 h=H+1 \t=1vj

n o0 n 2
<ot Yy ( > (t—j)ﬁ(r—j+h>ﬁ>

j=—ocoh=H+1 \t=1v(j+1)

< Cne iiz S+ NP+ pFae+ i+ + i+

t=1¢'=1 j=0 h=H+1

Cn—“/“f i Z f(r—j)‘ﬁu/—j>—ﬁ(r—j+h)—ﬁ<t/—j+h)—ﬂ

j=l1h=H+1t=j+1t'=j+1
=X+ 2. (A.13)
It is not difficult to see, as n — oo,
X < Cn~Heaptd=p _ g, (A.14)
since 8 > 1 — 1 /a. On the other hand,

5 an*“/“i Z Z Z =P =pPa—j+nPA —j+m7F

j=lh=H+1t=j+1t'=j+1

+Cn—4/“i2 Z Z C=pPA=prPa—j+mFPE —j+mP

j=lh=nt=j+1t'=j+1
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n n n 2
cntey Y (Z (,_,-)—ﬁ(,_,-+h)—ﬂ)

j=1h=H+1 \r=j+1

IA

4 Cne 2ﬁ+12(2 - ) ﬂ)

t=j+1

IA

Cn"WZ Z RA2BHD) | oy —4/a—dp+4
j=1h=H+1

Cn—41e [n4(lfﬁ>] (B <3/4)+nlognl (B =3/4)

IA

L nH 3 (8 > 3/4)] =0,
(A.15)

asn — oo and H — oo. Thus (A.8) holds for 2 < o < 4 with 8 > 1 — 1/«. Finally consider
(c). The proof is the same as that in (A.13)—(A.15), with n—4a replaced by n~!. Thus (A.8) also
holds for « > 4 with 8 > 3/4. This completes the proof. [l

Lemma A.3. Refer to (103) in the proof of Theorem 3.3. When o = 2 and as L — oo,

lnt]—L lnt]
sup n Az (L, 1) = sup n! Z Z 8 —cp) LN 0. (A.16)
0<r<l 0<r<l j=1-L \r=L+j
Proof. Fixat,leta; = thLJﬂ d* I ZL"” L (s - cn) and S|,rj—r+1 = 0.
nt]-L lnt|—L
Asp(Loty= Y aj(Sj—Sjp)=aiSiL+ Y (aj—aj1)S;. (A.17)
j=1-L j=2-L

By Lemma 4.3(a), we have SUP|_[ <j<|nt)|—L |Sj] /n = Op(1). Thus, by (A.17),
1 lnt]—-L
—A3,(L,7) = Op (a1-1) + sup |S;] /n Z (aj—1 —aj)
n I-L<j<|nt|-L j=2—L
= Op (aj—r) =op(l), asL — oo. (A.18)
Similarly, we can show that forany 0 <s <7 <1,

1 1 lnt]—-L [/ |nt]
;(A3n(L’T) — Asn(L,5)) = - Z < Z dlzj) (83 —cn)

j=1—L \|ns]+1

1 lnt]—-L lnt]
S (Zdzj)(sz_cn)

i lnsl—L+1 \i=L+j
= op(T — s|). (A.19)

Combining (A.17) and (A.19) yields (A.16) as desired. [
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