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Chapter 1

Preliminaries(2 weeks)

The principal objects in Linear Algebra are vector spaces and linear maps. If we forget the linear
structures, then we get the underlying objects: sets and set maps. It is then not a surprise that
many concepts in Linear Algebra are actually the concepts in set theory. Therefore it is a good idea
for us to record some basic set-theoretical terminologies and notations that we will use throughout
this book. This is done in section 1.1.

Matrices are generalizations of numbers. But why do they take a rectangular shape rather than
other shapes such as a triangular shape? Also, why is the matrix multiplication defined in that
peculiar way? These questions are naturally answered by emphasizing that matrices are actually
the algebraic or coordinate representations of linear maps. This is explained in section 1.2.

In the remaining sections the high school problem of solving systems of linear equations by
Gauss eliminations is reviewed, but in the efficient and compact language of matrices. The
reformulation of this high school problem as a problem for linear maps is an important step and
this conforms to the spirit of modern mathematics. Here, the fundamental technique of Linear
Algebra — the one that reduces a matrix to its row reduced echelon form, plus some related
concepts, are developed. Let us emphasize that the solution of many problems in Linear Algebra
(either theoretical or computational) eventually boils down to how well you really understand this
technique and its related concepts.

We end this chapter with a list of exercise problems. Please make sure to do all of them because
some of them will be used later again and again.

Remark 1.1. For the sake of having geometric intuitions and avoiding dull and unnecessary rep-
etitions, we explain the basic concepts here in the real case, i.e., the ground field is taken to be
R—the collection of real numbers. However, everything goes through if the ground field is replaced
by C—the collection of complex numbers.

1.1 Sets and Set Maps

A set is just a collection of objects and is often denoted by capital Latin letters, such as S, X, etc..
The objects of a set are called elements of the set and are often denoted by small Latin letters.
The set that contains no element is called the empty set, and is denoted by φ. The set of all

3



4 CHAPTER 1. PRELIMINARIES(2 WEEKS)

real numbers is denoted by R and the set of all complex numbers is denoted by C. Of course, R
is a proper subset of C, here ‘proper’ means that R 6= C. The empty set is a proper subset of any
nonempty set.

By convention, a finite set could be an empty set. If S is a finite set, we use |S| to denote the
cardinality of S, i.e., the number of elements in S. For example, the set of first n positive integers,
denoted by {1, 2, . . . , n}, has the cardinality equal to n.

If x is an element of X, we write x ∈ X. If X is a subset of Y , we write X ⊂ Y , and the
complement of X in Y is written as X \ Y . If X is a proper subset of Y , we write X ( Y . Let X,
Y be two sets, to prove X = Y we just need to prove that X ⊂ Y and Y ⊂ X. If A, B are subsets
of X, the union of them is denoted by A ∪B and the intersection of them is denoted by A ∩B.

If X, Y are two sets, then the Cartesian product of X with Y is denoted by X×Y . Recall that

X × Y = {(x, y) |x ∈ X, y ∈ Y } .

The Cartesian product of n copies of X is denoted by Xn.
Intuitively speaking, a map is just a gun. Recall that if f : X // Y is a (set) map, then Y is

called the target and X is called the domain. If x ∈ X, then f(x) is called the image of x under
f . For y ∈ Y , we use f−1(y) to denote the solution set of equation f(x) = y — the collection of all
x0 ∈ X such that f(x0) = y. For S ⊂ X, we use f(S) to denote the set of images under f of the
elements in S. f(X) is called the range or image of f , denoted by Im(f). We use I: X // X to
denote the identity map in X: x 7→ x for any x. If W is a subset of X, then we use f |W to denote
the restriction of f to W .

We say f is one-to-one if f−1(y) has at most one element for any y, we say f is onto if
f(X) = Y . By definition, the graph of f (denoted by Γ(f)) is this subset of X × Y :

Γ(f) := {(x, f(x))|x ∈ X}.
We say f is a one-one correspondence if f is both one-to-one and onto; such a f is also

called invertible. It is clear that f is invertible means that there is a unique map g: Y // X
such that both gf and fg are the identity map on the respective set; such unique g is called the
inverse of f , written as f−1.

Exercise 1.1. Let f : X // Y , g: Y // Z be set maps, gf : X // Z be their composition
which maps x ∈ X to g(f(x)). Show that, 1) gf is onto implies that g is onto; 2) gf is one-to-one
implies that f is one-to-one; 3) If f and g are invertible, then gf is invertible and (gf)−1 = f−1g−1;
4) For maps f , g and h, we have (fg)h = f(gh) if either side is defined. (So we simply write fgh,
rarely write (fg)h or f(gh).)

If f : X // Y is a map, the induced map from Xn to Y n which sends (x1, . . . , xn) to
(f(x1), . . . , f(xn)) will be denoted by f×n. However, Rn denotes both the set of n-tuple of real
numbers and the set of real column matrices with n entries. Likewise, Cn denotes both the set of
n-tuple of complex numbers and the set of complex column matrices with n entries.

We say that square
X

f−−−−→ Y

h

y
yg

Z −−−−→
k

W
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is commutative if gf = kh. Similarly, we have the notion of commutative triangles.

1.1.1 Equivalence Relations

Let X be a set. A relation on X is just a subset R of X × X. A map f : X // X defines a
relation on X, i.e., Γ(f), but not every relation on X arises this way. We say R is an equivalence
relation if it satisfies the following three axioms:

1. Reflexive: (x, x) is in R for any x ∈ X.

2. Symmetry: (x, y) is in R =⇒ (y, x) is in R.

3. Transitive: (x, y), (y, z) are in R =⇒ (x, z) is in R.

If R is an equivalence relation on X, it is customary to write (x, y) ∈ R as x ∼R y or simply x ∼ y.
So the axioms can be written as 1) x ∼ x for any x ∈ X, 2) x ∼ y implies that y ∼ x, 3) x ∼ y and
y ∼ z imply that x ∼ z.

Let R be an equivalence relation on X, and S be a subset of X. We say that S is a R-
equivalence class if any two elements of S are R-equivalent and S is maximal: if S ⊂ T and
any two elements of T are R-equivalent, then S = T . It is not hard to see that the R-equivalence
classes are mutually disjoint, and X is the union of them. In other words, R partitions X into
disjoint union of subsets. It is also not hard to see that an equivalence relation on X is nothing but
a partition of X into disjoint union of subsets. The set of R-equivalence classes on X is denoted
by X/R or X/ ∼. If x ∈ X, we write [x] for the equivalence class containing x, and call x a
representative of the equivalence class.

Example 1.1. Let Z be the set of integers. Let

R = {(m,n) ∈ Z× Z |m− n is divisible by 2} .

Then R is an equivalence relation on Z. There are two equivalence classes: [0] (the set of even
integers) and [1] (the set of odd integers). The set of this equivalence classes is customarily denoted
by Z2.

1.2 Matrices and Linear Maps

A real (complex) matrix is just a rectangular array of real (complex) numbers. If the array has m
rows and n columns, we say it is an m× n-matrix. For example,

1 2 3
7 8 9

is a 2× 3-matrix. It is customary to write the above matrix as
[
1 2 3
7 8 9

]
or

(
1 2 3
7 8 9

)
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for a good reason.
Matrices are not introduced artificially; they arise as the coordinates for linear maps between

linear spaces. If we take the linear spaces as Rn (the set of n-tuple of real numbers) and Rm,
then by definition, a map T : Rn // Rm is called a linear map if each component of T is a
homogeneously linear polynomial in (x1, . . . , xn) ∈ Rn, i.e., if

T (x1, . . . , xn) = (a11x1 + a12x2 + · · ·+ a1nxn, . . . , am1x1 + am2x2 + · · ·+ amnxn) (1.1)

for some real numbers aij ’s. For simplicity we may write x for (x1, . . . , xn) and T (x) for T (x1, . . . , xn).
We let

Ti(x) = ai1x1 + ai2x2 + · · ·+ ainxn

and call function Ti the i-th component of T . It is clear that the linear map T in equation (1.1) is
uniquely determined by the following real m× n-matrix




a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

...
am1 am2 · · · amn


 (1.2)

— the coordinate matrix of the linear map T . In fact, this assignment of a matrix to a linear
map defines a one-one correspondence:

linear maps from Rn to Rm ↔ m× n-matrices.

For simplicity, we often write matrix in (1.2) as

[aij ].

Exercise 1.2. Let T : Rn // Rm be a map and for each 1 ≤ i ≤ m we let Ti be the i-th
component of T . Show that T is a linear map ⇐⇒ for each 1 ≤ i ≤ m and each number c, we have
1) Ti(x1 + y1, . . . , xn + yn) = Ti(x1, . . . , xn) + Ti(y1, . . . , yn); 2) Ti(cx1, . . . , cxn) = cTi(x1, . . . , xn).
(Here xi’s and yi’s are variables)

Suppose that T : Rn // Rm, S: Rp // Rn are linear maps, then TS is also a linear map.
One can show that the composition of linear maps, when translated into the language of matrices,
becomes the multiplication of matrices.

Exercise 1.3. Derive the matrix multiplication rule for yourself. If you know this rule already,
verify it.

Suppose that T , S: Rn // Rm are two linear maps, then T+S: x 7→ (T1(x)+S1(x), . . . , Tm(x)+
Sm(x)) is also a linear map. One can show that the sum of linear maps, when translated into the
language of matrices, become the sum of matrices.

Exercise 1.4. Derive the matrix addition rule for yourself. If you know this rule already, verify
it.
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Suppose that T : Rn // Rm is a linear map, c is a real number, then cT : x 7→ (cT1(x), . . . , cTm(x))
is also a linear map. One can show that the multiplication of linear maps by numbers (called scalar
multiplication), when translated into the language of matrices, become the scalar multiplication of
matrices.

Exercise 1.5. Derive the scalar multiplication rule for yourself. If you know this rule already,
verify it.

The zero linear maps correspond to the zero matrices and the identity maps corresponds to the
identity matrices. Note that an identity matrix must be a square matrix.

Exercise 1.6. Write down the 3× 3-identity matrix.

1.3 Linear Systems and their Solution Sets

A linear system is just a system of linear equations. An equation in (real or complex) variables x1,
x2, . . . , xn is an expression of the form

f(x1, x2, . . . , xn) = 0.

This equation is called linear if f is a linear polynomial in variables x1, x2, . . . , xn, i.e., if it is of
the form

a1x1 + a2x2 + · · ·+ anxn − b = 0

for some numbers (real or complex) a1, a2, . . . , an and b. We prefer to put the preceeding equation
in the following equivalent form

a1x1 + a2x2 + · · ·+ anxn = b.

Therefore, a linear system of m equations in n variables x1, x2, . . . , xn is of the form




a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm

(1.3)

where aij ’s and bk’s are numbers. (1.3) is called homogeneous if all bk’s are zero, and is called
inhomogeneous otherwise.

By definition, a solution of (1.3) is an n-tuple of numbers (s1, s2, . . . , sn) such that when
plugging x1 = s1, x2 = s2, . . . , xn = sn into (1.3), the two sides of (1.3) agree numerically.

The primary question concerning linear system (1.3) is its solution set — the collection of all
solutions of (1.3). What does the solution set of the linear system (1.3) look like? Well, in the real
case, geometrically, a solution of (1.3) is just a point in Rn and the solution set of an equation in
(1.3) could be empty, Rn, or an (n − 1)-dimensional flat space inside Rn (called hyperplane)1.

1To see this, we observe that, up to a change of the coordinate system, a linear equation can be equivalently put
in the form 0 = 1, or 0 = 0 or x1 =?.
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Note that the solution set of (1.3) is the intersection of the solution sets of equations in (1.3),
therefore, it is either empty or Rn or the non-empty intersection of at most m hyperplanes in Rn.
In any case, the solution set of (1.3) is a k-dimensional flat space inside Rn with −1 ≤ k ≤ n. Here,
by convention, an empty set has dimension −1.

Note that the information on linear system (1.3) is completely encoded in its augmented
coefficient matrix:




a11 a12 · · · a1n b1

a21 a22 · · · a2n b2
...

...
...

...
...

am1 am2 · · · amn bm


 (1.4)

which is often compactly written as [A, ~b] where

A =




a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
...

...
am1 am2 · · · amn


 , ~b =




b1

b2
...

bm


 .

Therefore, we may just work with (1.4) and keep the correspondence between linear system (1.3)
and matrix (1.4) in mind.

Remark 1.2. Let

~x =




x1

x2
...

xn


 .

Then, in case you already know how to do matrix multiplication, (1.3) can be compactly rewritten
as this matrix equation

A~x = ~b .

In the rest of this chapter we will show you how to obtain the solution set of (1.3) in a systematic
way. Before we start, let us present some simple examples.

Example 1.2. Assume m = n = 1, i.e., the linear system is just one linear equation in one variable
x. In the simplest situation, it is of the form 1 ·x =?, or 0 ·x = 0, or 0 ·x = 1 and the corresponding
augmented coefficient matrices are [1 ?], [0 0] and [0 1]. (Here ? means an arbitrary number.)

We can quickly read off the solution set in any of these three cases: they are {?}, R and φ (the
empty set) respectively.
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Example 1.3. Assume m = n = 2. In the simplest situation, the augmented coefficient matrix is
of one of the following forms:

[
1 0 ?
0 1 ?

]
,

[
0 1 0
0 0 1

]
,

[
1 ? 0
0 0 1

]
,

[
0 1 ?
0 0 0

]
,

[
1 ? ?
0 0 0

]
,

[
0 0 1
0 0 0

]
,

[
0 0 0
0 0 0

]
.

We can quickly read off the solution set in any of above cases. For example, the bottom left
matrix corresponds to linear system

{
1 · x1 + b · x2 = c
0 · x1 + 0 · x2 = 0

.

Let x2 = r, from the first equation of the above linear system, we have x1 = −bx2 + c = −br + c,
so the solution set is {(−br + c, r) | r is arbitrary}.

I hope the above examples have convinced you that if the augmented coefficient matrix is simple
enough, we can find the solution set of the linear system very quickly. What about the general
situation? It turns out that any general linear system is equivalent to a unique simplest possible
linear system, here “equivalent” means having the same set of solutions. Therefore, to show you
how to solve a general linear system, I need to tell you what a simplest possible linear system (or
matrix) is and how to reduce a linear system (or matrix) to its simplest possible form. That will
be the subject of the next section.

1.4 Elementary Operations and Echelon Forms

The simplest possible form of a matrix mentioned in the preceding section is technically called
the reduced row echelon form. By definition, a matrix is in row echelon form if it satisfies the
following conditions2:

1) All zero rows must be in the bottom;
2) The left most nonzero entry of the nonzero rows must be positioned this way: suppose that

the first k rows are the nonzero rows and the left most nonzero entries of those rows are a1j1, . . . ,
akjk

respectively, then j1 < j2 < · · · < jk . (Intuitively, if you view these entries as your stepping
stones, when you jump down one row, you always jump right at least one column.)

These left most nonzero entries are called the pivotal entries. Note that if a matrix is in
row echelon form, then each of its nonzero rows contains exactly one pivotal entry, and each of its
columns contains at most one pivotal entry. A column which contains a pivotal entry is called a
pivotal column. It is clear that, for a matrix in row echelon form, the number of pivotal entries

2Please draw a picture for yourself.
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is equal to the number of pivotal columns or nonzero rows, and is bounded by the number of rows
and also by the number of columns. We record this as follows: for a matrix in row echelon form,

# of pivotal entries = # of pivotal columns
= # of nonzero rows ≤ # of rows or # of columns.

(1.5)

By definition, a matrix is in reduced row echelon form if it is in row echelon form and also
satisfies the following conditions:

1) Each pivotal entry is 1;
2) Each pivotal column has only one nonzero entry (i.e., the pivotal entry).

One can check that the matrices listed in example 1.3 in the previous section are all in reduced
echelon form.

Exercise 1.7. Show that a square matrix in reduced row echelon form is an identity matrix if
and only if its columns are all pivotal.

Next, we would like to point out that any matrix can be reduced to a unique matrix in reduced
row echelon form by doing finitely many elementary row operations3. Therefore, the notion of
pivotal column can be naturally extended: the i-th column of a matrix is called a pivotal column if
the i-th column of its reduced row echelon form is a pivotal column. From now on, if A is a matrix,
then its reduced row echelon form will be denoted by Ā.

There are three types of elementary operations: switching two rows, multiplying one row by a
nonzero number and adding a multiple of one row to another row. It is clear that elementary
row operations correspond to the operations used in the Gauss eliminations and are all invertible
operations.

Let A, B be two matrices, we say A ∼r B if after doing finitely many elementary row operations
one can turn A into B. One can check that ∼r defines an equivalence relation (called row equiv-
alence ) on the set of all matrices and equivalent matrices must have the same sizes. Moreover,
two linear systems have the same set of solutions if their augmented coefficient matrices are row
equivalent.

We are now ready to state the steps for solving linear systems. Of course, these are the actual
steps used in the Gauss eliminations.

Step 1 Write down the augmented coefficient matrix A and then reduce A to its reduced row
echelon form Ā by doing elementary row operations.

Step 2 Write down the solution set S.

Case 1 The last column of Ā is a pivotal column. S = φ, because the rows that contains
the pivotal entry in the last column corresponds to equation 0 = 1.

3It is not hard to imagine how a matrix can be turned into a matrix in reduced row echelon form. The difficulty
is the uniqueness part. If you can not prove it, that is OK, because you will be able to prove it easily (see Ex. 2.13)
after we develop enough concepts, and the uniqueness is never used at least before Ex. 2.13.
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Case 2 The last column of Ā is a non-pivotal column. Set each non-pivotal variable as a
free parameter. For each nonzero rows of Ā, write down the corresponding equation and
then solve it.

Here, a variable is called a pivotal variable if the corresponding column is a pivotal column,
otherwise it is called a non-pivotal variable. Note that each of those equations in Case 2 contains
exactly one pivotal variable whose coefficient is always 1, so we can solve it for this pivotal variable
by simply moving all other terms (they may contain free parameters) to the right hand side.

Example 1.4. Solve {
x1 + 2x2 = 1
2x1 + 3x2 = 3

Solution. Step 1.
[
1 2 1
2 3 3

]
∼r

[
1 2 1
0 −1 1

]
∼r

[
1 0 3
0 −1 1

]
∼r

[
1 0 3
0 1 −1

]
.

(The three elementary row operations used here are: add −2 multiple of row 1 to row 2, add 2
multiple of row 2 to row 1, multiply row 2 by −1. The choice of these operation is not unique,
however the final form is the same.)

Step 2. All variables are pivotal variables. The two nonzero rows correspond to two equations:
x1 = 3 and x2 = −1. So S = {(3,−1)}.
Example 1.5. Solve {

x1 + 2x2 = 1
2x1 + 4x2 = 3

Solution. Step 1. [
1 2 1
2 4 3

]
∼r

[
1 2 1
0 0 1

]
∼r

[
1 2 0
0 0 1

]
.

(The two elementary row operations used here are: add −2 multiple of row 1 to row 2, add −1
multiple of row 2 to row 1.)

Step 2. The last column of Ā is a pivotal column, so S = φ. (The last row of Ā says that
0 = 1.)

Example 1.6. Solve {
x1 + 2x2 = 1
2x1 + 4x2 = 2

Solution. Step 1. [
1 2 1
2 4 2

]
∼r

[
1 2 1
0 0 0

]
.

(The only elementary row operations used here are: add −2 multiple of row 1 to row 2. )
Step 2. x1 is a pivotal variable and x2 is a non-pivotal variable. So we set x2 = r. Then the

1st row correspond to equation x1 + 2r = 1, so S = {(1− 2r, r) | r is a free parameter}.
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Example 1.7. Solve {
0 · x1 + x2 + 2x3 = 1
0 · x1 + 2x2 + 4x3 = 2

Solution. Step 1. [
0 1 2 1
0 2 4 2

]
∼r

[
0 1 2 1
0 0 0 0

]
.

(The only elementary row operations used here are: add −2 multiple of row 1 to row 2. )
Step 2. x2 is a pivotal variable and x1 and x3 are non-pivotal variables. So we set x1 = r1 and

x3 = r2. Then the 1st row corresponds to equation x2 + 2r2 = 1, so

S = {(r1, 1− 2r2, r2) | r1 and r2 are free parameters}.

Exercise 1.8. Consider the following linear system




x1 − x2 + (h− 1)x3 + x5 = 1
x1 + (h + 2)x3 − x5 = 1

2x2 + 6x3 + x4 = 2
−x1 + 2x2 + (4− h)x3 + x4 + x5 = h + 4

Determine the values of h for which the system has a solution and find the general solution for
these cases.

1.5 Elementary Matrices

Start with In — the n × n identity matrix, if we apply an elementary row operation to it, we get
a new n× n matrix, called the elementary matrix(please compare with Exercise 2.9) associated
to that elementary row operation. It is clear that distinct elementary row operations will produce
distinct elementary matrices. Therefore, we have an one-one correspondence:

elementary row operations on m× n-matrices
l

elementary m×m-matrices.

A natural question arises here is this: suppose that E is known to be an elementary m×m-matrix,
what kind of elementary row operation does it correspond to? Well, if you work out a few examples,
you should be able to find this answer: it is the one such that if you apply it to an m × n-matrix
A, the resulting matrix is precisely EA.

Exercise 1.9. Prove this claim now or after you have done Exercise 2.9.

Should we call the elementary matrices the elementary row matrices because they are related
to elementary row operations? Well, we should not, that is because one realizes that any n × n
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elementary matrix can also be obtained by applying a unique elementary column operation to In.
(Prove it) It is not hard to see that

elementary column operations on m× n-matrices
l

elementary n× n-matrices.

Now if suppose that E is known to be an elementary n×n-matrix, what kind of elementary column
operation does it correspond to? Well, if you work out a few examples, you should be able to find
this answer: it is the one such that if you apply it to an m × n-matrix A, the resulting matrix is
precisely AE.

Exercise 1.10. Prove this claim now or after you have done Exercise 2.9.

1.6 Additional Exercise Problems

The purpose here is to list a few exercise problems. These problems are helpful to your under-
standing of the course material, and some of them will be used later again and again. I strongly
encourage you do all of them. Perhaps it is a good idea to discuss them with your classmates if
you are not so confident in doing them alone.

Exercise 1.11. Show that4 any matrix can be reduced to a unique matrix in reduced row echelon
form by doing finitely many elementary row operations.

Exercise 1.12. Define elementary column operations, column equivalence, column echelon form
and reduced column echelon form.

Exercise 1.13. We say a matrix is in reduced form if it is in both reduced row echelon and
reduced column echelon form. Please describe the reduced form more directly. Show that any
matrix can be reduced to a unique matrix in reduced form by a combination of elementary row and
column operations.

Exercise 1.14. List all 2× 3-matrices in reduced row echelon form, all 2× 3-matrices in reduced
column echelon form and all 2× 3-matrices in reduced form.

Exercise 1.15. Let A, B be two matrices. We say A ∼ B if after doing finitely many elementary
row or column operations we can turn A into B. Show that ∼ defines an equivalence relation on
the set of matrices. We say A, B are row-column equivalent or simply equivalent if A ∼ B.
Compute the number of row-column equivalence classes on the set of all m× n-matrices.

Exercise 1.16. We say a matrix is invertible if the corresponding linear map is invertible. Show
that elementary matrices are all invertible.

Exercise 1.17. Show that A ∼r B ⇐⇒ there are elementary matrices E1, . . . , Ek such that
A = E1 · · ·EkB. Can you formulate the corresponding statement in the case when ∼r is replaced
by either column equivalence or row-column equivalence.

4You may skip the uniqueness part because it will be addressed in Ex. 2.13 later.
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Exercise 1.18. Consider a linear system whose augmented coefficient matrix is [A,~b]. Show that
1) Its solution set is non-empty if and only if the last column of [A,~b] is a non-pivotal column.
2) Its solution set has a unique element if and only if the last column of [A,~b] is the only

non-pivotal column.
3) Its solution set has infinitely many elements if and only if the last column of [A,~b] is not the

only non-pivotal column.

Exercise 1.19. Consider a linear system whose augmented coefficient matrix is [A,~0]. Show that
1) Its solution set has a unique element if and only if the number of pivotal columns of A is

equal to the number of columns of A.
2) Its solution set has infinitely many elements if and only if the number of pivotal columns of

A is less than the number of columns of A.

Exercise 1.20. Consider a linear system whose augmented coefficient matrix is [A,~b]. Show that
this system has a solution for any ~b if and only if the number of pivotal columns of A is the same
as the number of rows of A.



Chapter 2

Model Vector Spaces(2.5 weeks)

The basic concepts of Linear Algebra are developed in this and the next chapter. The ground field
is assumed to be the field of real numbers; however, when it is replaced everywhere by the field of
complex numbers, every piece developed here is just equally fine.

Major efforts are spent on model vector spaces and the linear maps between them. There are
good reasons for that. Firstly, model vector spaces and the linear maps between them are very close
to the computational side, and being able to compute always makes us feel sound and comfortable.
Secondly, model vector spaces are very close to our geometric intuition, because they are essentially
just Euclidean spaces. Lastly, they are the models. If we understand everything about them in
non-superficial way, we actually already understand everything about general vector spaces, and
the only things we need to do are translations or interpretations. This is because, although vector
spaces appear in different guises in real world, as far as mathematics is concerned, each is equivalent
to a model vector space.

2.1 Vectors

Vectors are geometrical or physical quantity. Many important physical quantities such as velocity,
magnetic field are vectors in the space that we live in. Geometrically a vector in a flat space
(official name: Euclidean space) is just an arrow, i.e., a line segment together with a direction.
If P , Q are two distinct points in an n-dimensional flat space, then the direct line segment from
P to Q, denoted by

−−→
PQ, is a vector with Q being its head and P being its tail (also called its

location). By convention,
−−→
PP also denotes a vector, called the zero vector at P . Note that vectors

at different locations of a flat space can be identified with each other by parallel transport. With
this identification in mind, people often consider any two vectors that are parallel and have the
same length as the same vector.

Upon a choice a rectangular coordinate system, an n-dimensional flat space can be identified
with Rn. Moreover, the vectors located at the origin O of the coordinate system can be identified
with column matrices with n entries: if the point P has coordinate x = (x1, . . . , xn), then vector

15
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−−→
OP can be identified with column matrix

~x ≡




x1
...

xn


 ,

and we often write
−−→
OP = ~x. (2.1)

Note that Eq. (2.1) should be understood this way: the column matrix on the right is the coordinate
representation of the vector on the left. Because of (2.1), we often call such a column matrix a
column vector in Rn, or a vector in Rn. The set of all column matrices with n real entries is
our model vector (or linear) space of dimension n and is also denoted by Rn. Note that we have a
natural one-one correspondence: x ↔ ~x. Please keep this one-one correspondence in mind:

The set of vectors in an n dimensional flat spaces with a fixed common tail
l

Rn = the set of column vectors in Rn.

This correspondence is never unique because it depends on the choice of a rectangular coordinate
system.

Note that any two vectors in the same location can be naturally added and any vector can
be naturally multiplied by any number. These operations are defined geometrically; for example,
addition is defined via the parallelogram rule. In terms of coordinate representation, they are
defined as follows: suppose that x = (x1, . . . , xn), y = (y1, . . . , yn) and c is a number, then

~x + ~y :=




x1 + y1
...

xn + yn


 , c~x :=




cx1
...

cxn


 .

These operations on vectors are called vector addition and scalar multiplication respectively,
and should be viewed as maps: Rn×Rn // Rn ((~x, ~y) 7→ ~x+~y) and R×Rn // Rn ((c, ~x) 7→ c~x).

Exercise 2.1. Draw some pictures on a plane to figure out the geometric meanings of vector
addition and scalar multiplication. How about the dimension 3 case?

Span

It is clear how to add any finite number of vectors in Rn. It is also clear how to make sense of
expression c1~v1 + c2~v2 + · · ·+ ck~vk (where ci’s are real numbers, ~vi’s are vectors in Rn.). This last
expression is called the linear combination of ~v1, . . . , ~vk weighted by c1, . . . , ck, or simply the
linear combination of ~v1, . . . , ~vk. By definition, the set of all possible linear combinations of ~v1,
. . . , ~vk is called the (linear) span of ~v1, . . . , ~vk, denoted by span{~v1, . . . , ~vk}.

By definition, the span of the empty set of vectors in Rn is the set consisting of only the zero
vector in Rn. In general, if S is a set of vectors in Rn (may not be finite), the span of S, denoted
by spanS, is defined to be the collection of all possible linear combinations of finitely many vectors
in S. In other words, spanS is the union of the span of all possible finite subsets of S.
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Exercise 2.2. Suppose that v1, . . . , vk are vectors in Rn. Show that, if ~vk is a linear combination
of the other ~vi’s, then

span{~v1, . . . , ~vk} = span{~v1, . . . , ~vk−1}.

2.2 Vector/Matrix Equations

Linear system (1.3) can be put in a compact form

T (x) = b (2.2)

where b = (b1, . . . , bm) ∈ Rm, x = (x1, . . . , xn), and T : Rn // Rm is the linear map1:

T (x) = (a11x1 + a12x2 + · · ·+ a1nxn, . . . , am1x1 + am2x2 + · · ·+ amnxn). (2.3)

Via the natural one-one correspondence between points in Rn (or Rm) and column vectors in
Rn (or Rm), we can view T in (2.3) as a map between model vector spaces and rewrite (2.2) as

T (~x) = ~b. (2.4)

It is then clear that the solution set of linear system (1.3) is just T−1(~b). While linear system
(1.3) is more concrete and elementary and very close to the computational side, the equivalent
formulation (2.4) is more concise and conceptual and very close to the geometrical or physical
thinking. From now on, we will think in terms of (2.4) and come back to (1.3) or matrix (1.4) when
we need to do concrete computations.

Let ~ei be the column vector in Rn whose i-th entry is one and all other entries are zero, ~ai be
i-th column of matrix (1.4). Then T (~ei) = ~ai, and

T (~x) = x1~a1 + · · ·+ xn~an.

So (2.4) can be rewritten as the following vector equation:

x1~a1 + · · ·+ xn~an = ~b. (2.5)

Let A be the matrix obtained from matrix (1.4) by deleting its last column, i.e.,

A = [~a1 , . . . , ~an].

Then T and A uniquely determine each other. In fact, they are related to each other in very explicit
ways:

T (~x) = A~x for any ~x ∈ Rn,

A = [T (~e1), . . . , T (~en)].
(2.6)

Here A~x is the matrix multiplication of A with ~x.
1By definition, a linear map from Rn to Rm is just a map whose each component is a linear polynomial without

constant term.
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Exercise 2.3. Verify Eq. (2.6).

Therefore,

A~x = x1~a1 + · · ·+ xn~an, (2.7)

and Eq. (2.4) can also be rewritten as the following matrix equation:

A~x = ~b. (2.8)

One should keep in mind that (1.3), (2.4), (2.5) and (2.8) are just different forms of the same
object. Note that A~ei = ~ai. We also note that matrix (1.4) can be compactly written as [A, ~b], i.e.,

[~a1 , . . . , ~an, ~b].

It is a good time to introduce some basic terminologies. Let T be a linear map from Rn to Rm,
A be the corresponding coordinate matrix (called the standard coordinate matrix or simply
standard matrix for T ). The kernel of T , denoted by kerT , is defined to be the solution set of
equation T (~x) = ~0. The null space of A, denoted by NulA, is defined to be the solution set of
equation A~x = ~0. The column space of A, denoted by ColA, is defined to be the span of the
columns of A. It is not difficult to see that

1. ColA = Im T .

2. T is onto if and only if ColA = Rm.

3. T is one-to-one if and only if kerT is trivial, i.e., consists of only the zero vector.

4. kerT = Nul A.

5. T is one-to-one if and only if the columns of Ā are all pivotal.

6. T is onto if and only if the rows of Ā are all nonzero.

Exercise 2.4. Prove the above six points.

Exercise 2.5. Let T : R4 // R3 be a linear map defined by

T (x1, x2, x3, x4) = (x1 − x2 + x3 + x4, x1 + 2x2 − x4, x1 + x2 + 3x3 − 3x4).

(a) Find the coordinate matrix of T ; (b) Is T one to one? (c) Is T onto? (d) Find all x such
that T (x) = (0, 1, 2).

Exercise 2.6. Prove that a map T : Rn // Rm is linear if and only if it respects the addition
and scalar multiplication on Rn and Rm:

T (~x + ~y) = T (~x) + T (~y) for all ~x and ~y in Rn,
T (c~x) = cT (~x) for all ~x in Rn and all c ∈ R,

or equivalently, for all ~x, ~y in Rn and all real numbers c and d,

T (c~x + d~y) = cT (~x) + dT (~y).
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Exercise 2.7. Let S: Rp // Rn, T : Rn // Rm be linear maps.
1) Show that TS: Rp // Rm is also a linear map
2) Suppose that T (~x) = A~x, S(~y) = B~y, TS(~z) = C~z for some unique matrix A, B and C.

By definition, we have C = AB — the matrix product of A with B. Show that, if we write
B = [~b1, . . . , ~bp], then

AB = [A~b1, . . . , A~bp] . (2.9)

Exercise 2.8. Let T : Rn // Rm be a linear map. Show that2

1) T is one-to-one implies that n ≤ m;
2) T is onto implies that n ≥ m;
3) T is both one-to-one and onto implies that n = m.

Exercise 2.9. View Rn as the set of column matrices with n entries. Let T : Rn // Rn be the
map that corresponds to an elementary row operation; for example, if the elementary row operation
is the switching of row one with row two, then T maps




a1

a2

a3
...

an




to




a2

a1

a3
...

an




.

Show that T is a linear map and the standard matrix for T is exactly the elementary matrix
obtained from the n× n-identity matrix by applying the given elementary row operation.

Linearly Independent

Let S be a non-empty finite set of vectors in Rn. By definition, a linear dependence relation
on S is just a way to write the zero vector ~0 as a linear combination of all vectors in S. There is at
least one such thing, namely, the trivial one: ~0 =

∑
a∈S 0~a. We say S is a linearly independent

set, or the vectors in S are linearly independent, if the only linear dependence relation on S is the
trivial one.

Let us use all of the vectors in S as column vectors to form a matrix A. In view of (2.7), one
can see that S is a linear independent set ⇐⇒ equation A~x = ~0 has only the trivial solution:
~x = ~0. Then it is easy to see from Ex. 1.19 that S is a linear independent set ⇐⇒ the columns
of Ā are all pivotal. Therefore, if S is an independent set of vectors in Rn, then |S| ≤ n by (1.5).
Remark 2.1. 1) A single vector is linearly independent means that it is not zero.

2) Two vectors are linearly independent means that they are not parallel or antiparallel to each
other

3) Three vectors are linearly independent means that they are not in a two-(or lower-)dimensional
flat space.

4) In general, intuitively, n vectors are linearly independent means that they are not in a flat
space of dimension less than n.

2Hint: use the exercises in the last chapter.
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Exercise 2.10. Show that the linear dependence relation is preserved under a linear map. (I.e.,
if T is a linear map from Rn to Rm, and ~v1, ~v2, . . . are vectors in Rn, c1, c2, . . . are some numbers.
If ~0 = c1~v1 + c2~v2 + · · · , then ~0 = c1T (~v1) + c2T (~v2) + · · · .)
Exercise 2.11. Let T be a linear map from Rn to Rm. Show that T is one-to-one ⇐⇒ T always

maps a linearly independent set of vectors in Rn to a linearly independent set of vectors in Rm.

Exercise 2.12. Let A be a matrix in reduced row echelon form. Show that
1) the pivotal columns of A are linearly independent;
2) the non-pivotal columns of A are in the span of the pivotal columns of A.

Exercise 2.13. 1) Let A and B be two matrices in reduced row echelon form. Show that3 A = B
⇐⇒ A ∼r B.

Therefore, the row reduced echelon form of a matrix is unique, and the notion of pivotal or
non-pivotal columns extend to all matrices.

2) Show that, for any matrix A, the pivotal columns of A are linearly independent and the
non-pivotal columns of A are in the span of the pivotal columns of A.

3) Show that ColA is the span of pivotal columns.
4) Show that if A ∼r B, then NulA = NulB. So in particular NulA = Nul Ā.

Exercise 2.14. Consider vectors

~a1 =




1
1
0


 , ~a2 =




1
−3
2


 , ~a3 =




2
0
1


 , ~b =




0
2
−1


 .

(1) Determine whether ~b is in span{~a1,~a2,~a3};
(2) Determine whether ~a1, ~a2, ~a3 span R3, i.e., whether R3 = span{~a1,~a2,~a3};
(3) Does the homogeneous equation x1~a1 + x2~a2 + x3~a3 = 0 have nontrivial solutions?

Exercise 2.15. Determine which sets of vectors are linearly independent:
(1) 


1
−1
0


 ,




1
3
−1


 ,




5
3
−2


 .

(2) 


1
1
0
4


 ,




−1
0
3
−1


 ,




0
−2
1
1







−1
5
3
0


 .

(3) 


255
−36
78


 ,




51
−411

9


 ,



−19
112
50


 ,




256
−35
79


 .

3Hint: use the previous two exercises and work on columns from left to right.
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Exercise 2.16. 1) Find the solution set of

[
2 1 7 2
−1 2 −6 −1

]
~x = 0.

Please express your answer as a span of vectors in R4.
2) Find all the vectors

~x =




x1

x2

x3

x4


 ∈ span








1
1
1
1


 ,




1
0
0
1








,

such that [
2 1 7 2
−1 2 −6 −1

]
~x = 0.

2.3 Linear and Affine Subspaces of Rn

Let W be a subset of Rm. We say W is a (linear) subspace of Rm if W is the range of some
linear map4 T : Rn // Rm. Assume n > 0. Let ~ei be the vector in Rn whose i-th component
is 1 and other components are zero. Then ~x = x1~e1 + · · · + xn~en. Since T is linear, we have
T (~x) = T (

∑
i xi~ei) =

∑
i xiT (~ei), then

W =
{∑

i

xiT (~ei) |xi’s are arbitrary
}

= span{T (~e1), . . . , T (~en)}.

In fact, one can see that W is a subspace of Rm if and only if it is the span of a finite number vectors
in Rm. Intuitively, a subspace of Rm is just a flat space sitting inside Rm and passing through the
origin of Rm.

Example 2.1. Let Rm × 0 be the set of all vectors in Rm+n whose bottom n entries are zero,
0 × Rn be the set of all vectors in Rm+n whose top m entries are zero. Then both Rm × 0 and
0× Rn are subspaces of Rm+n.

For ~y ∈ Rm, ~y +W := {~y + ~w | ~w ∈ W} is called a parallel translate of W by ~y. By definition,
an affine subspace of Rm is a parallel translate of a subspace of Rm. A (linear) subspace of Rm

is then just an affine subspace of Rm containing the origin of Rm. Geometrically, a k-dimensional
affine subspace of Rn is just a flat k-dimensional space inside Rn, and a k-dimensional subspace of
Rn is just a flat k-dimensional space inside Rn and passing through the origin. So a two dimensional
affine subspace in R3 is just a plane inside R3 and a one-dimensional affine subspace in R3 is just
a straight line inside R3.

4We allow n = 0 and take R0 = {0}.
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Exercise 2.17. Let S be a subset of Rm. Show that
1) spanS is a subspace of Rm.
2) spanS is the smallest subspace of Rm that contains S, i.e., spanS is the subspace completion

of S.
3) spanS = S if and only if S is a subspace of Rm.

Exercise 2.18. Let W be a non-empty subset of Rm. Show that5 W is a subspace of Rm if and
only if for any u, v in W , span{u, v} is inside W . (In other words, a nonempty subset of Rm is a
subspace of Rm if and only if it is invariant under scalar multiplication and addition.)

Exercise 2.19. Let W1 and W2 be two subspaces of Rn. Let W1 + W2 be the following subset of
Rn:

W1 + W2 = {u + v |u ∈ W1, v ∈ W2}.
Show that W1 + W2 is a subspace of Rn and is the smallest subspace that contains both W1 and
W2: if V is a subspace of Rn that contains both W1 and W2, and V ⊂ W1 +W2, then V = W1 +W2.

2.4 Minimal Spanning Sets and Dimension

Let W be a subspace of Rm, S a finite set of vectors in Rm. We say S is a minimal spanning
set for W if W is the span of S but not the span of any proper subset of S. It is easy to see that
minimal spanning set for W always exists. (You prove it)

Exercise 2.20. Show that a minimal spanning set is also a linearly independent set.

Claim 1. Let S1, S2 be two minimal spanning sets for W , then |S1| = |S2|.
Proof. The case W = {~0} is trivial, where both S1 and S2 must be empty.

Otherwise, if we let S be either S1 or S2, then S is non-empty. Upon fixing an order on the
spanning set S for W , we have a natural linear map from R|S| to Rm:

TS :




c1

c2
...


 7→ c1~a1 + c2~a2 + · · · (2.10)

where ~ai’s are elements in S ordered by their subscripts.
Next we observe that TS is one-to-one ⇐⇒ kerTS is trivial ⇐⇒ S is a minimal spanning set

for W . Therefore, linear map T−1
S1

TS2 : R|S2| // R|S1| is both one-to-one and onto, so by Ex. 2.8
|S1| = |S2|.

By definition, the dimension of a subspace W , denoted by dimW , is the cardinality of a
minimal spanning set for W . The above claim says that this definition makes sense.

Suppose that T : Rn // Rm is a linear map. From the definition we know Im (T ) is a subspace
of Rm. The dimension of this subspace is called the rank of T , denoted by r(T ).

5Hint: use the result of the previous exercise



2.4. MINIMAL SPANNING SETS AND DIMENSION 23

Exercise 2.21. Show that dimW = min |S|, where the minimum is taken over the collection of
all spanning set for W .

Exercise 2.22. Show that Rn is an n dimensional subspace of itself.

Exercise 2.23. Let A be an m× n-matrix. Show that any two of the following three statements
imply the third.

1) m = n.
2) The column space of A is equal to Rm.
3) The null space of A is trivial.

Exercise 2.24. Let T : Rn // Rm be a linear map. Show that any two of the following three
statements imply the third.

1) m = n.
2) T is onto.
3) T is one-to-one.

Exercise 2.25. Let S be a finite set of vectors in subspace W . Show that any two of the following
three statements imply the third.

1) dimW = |S|.
2) The span of S is equal to W .
3) S is a linearly independent set.

Exercise 2.26. Let A be an m×n-matrix. The rank of A, denoted by r(A), is defined to be the
dimension of the column space. Of course, this is the rank of the corresponding linear map.

1) Show that6 NulA is a subspace of Rn.
2) Show that the pivotal column of A is a minimal spanning set for ColA.
3) Show that r(A) ≤ m, r(A) ≤ n, and

r(A) + dim NulA = n . (2.11)

Exercise 2.27. Let W be a subspace of Rn, T be a linear map from Rn to Rm. Show that
1) T (W ) is a subspace of Rm.
2) dimT (W ) ≤ dimW and the equality holds when T is one-to-one.
3) T is one-to-one ⇐⇒ dimT (W ) = dimW for any subspace W of Rn.

Exercise 2.28. Let T , C and R be three linear maps such that CTR is defined. Show that

r(CTR) = r(T )

provided that C is one-to-one and R is onto.

Exercise 2.29. Show that the rank of matrices is invariant under both the column and row
operations.

6Hint: you can assume A is already in reduced row echelon form (why?). If we set the i-th non-pivotal variable
be 1 and all other non-pivotal variables be zero, then we get a unique solution ~xi. Now you just need to show that
the collection of such ~xi’s is a spanning set (in fact a minimal spanning set) for Nul A.
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Exercise 2.30. The transpose of a matrix is the matrix obtained from it by switching its columns
with its rows. (Compare with proposition 5.2) For example, the transpose of

[
1 2 3
7 8 9

]

is 


1 7
2 8
3 9


 .

It is customary to use A′ to denote the transpose of A. Show that
1) (A′)′ = A and (AB)′ = B′A′

2) (A + B)′ = A′ + B′ and (cA)′ = cA′.
3) r(A′) = r(A).

Exercise 2.31. Let W1 and W2 be two subspaces of Rn. Show that

dim(W1 + W2) ≤ dimW1 + dimW2. (2.12)

Exercise 2.32. Suppose that W1 and W2 are two subspaces of Rn, and W1 ⊂ W2. Show that
dimW1 ≤ dimW2 and the equality holds if and only if W1 = W2.

Exercise 2.33. Let A, B be two matrices such that AB is defined. Show that

r(AB) ≤ r(B), r(A)

and7

r(A + B) ≤ r(A) + r(B).

Exercise 2.34. From definition we know that the span of k vectors in Rn has dimension at most
k. Show that k vectors in Rn are linearly independent ⇐⇒ they lie in a k-dimensional subspace
of Rn but not in a lower dimensional subspace.

Exercise 2.35. Let W be a subspace of Rn with {~v1, ~v2, . . . , ~vk} being a minimal spanning set
for W . Show that we can find additional vectors ~vk+1, . . . , ~vn in Rn such that {~v1, ~v2, . . . , ~vn} is a
minimal spanning set for Rn.

Let us end this section with

Theorem 2.1 (The Structure Theorem of Linear Systems). Let T : Rn // Rm be a linear
map. Then

i) The solution set of the homogeneous linear system T (~x) = ~0 is a linear subspace of Rn of
dimension n− r(T ).

ii) The solution set of the nonhomogeneous linear system T (~x) = ~b (~b 6= ~0) is either empty or an
affine subspace of Rn of dimension n− r(T ). ( In fact the affine subspace, if it exists, is a parallel
translate of the linear subspace in i).)

Exercise 2.36. Prove this theorem.
7Hint: Col(A + B) ⊂ Col(A) + Col(B)
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2.5 Invertible Linear Maps and Invertible Matrices

Let T : Rn // Rm be a linear map. Recall that T is invertible means that T is both one-to-one
and onto. By Ex. 2.8 we know that m = n if T is invertible. It is clear that the inverse of linear
maps are also invertible linear maps and the compositions of invertible linear maps are invertible
linear maps.

On the computational side, we say a matrix A is invertible if the corresponding linear map T :
~x 7→ A~x is invertible. The inverse of A, denoted by A−1, is the coordinate matrix for T−1. It is
clear from the previous paragraph that AA−1 = A−1A = I; also, invertible matrices must be square
matrices and product of invertible matrices are invertible.

Given a square matrix A, how do we know it is invertible matrix? If A is invertible, how do we
find A−1. Once these questions are answered, the corresponding questions for linear maps are also
answered.

Since A is a square matrix, based on some exercise problems we have done before, we observe
that A is invertible ⇐⇒ NulA is trivial ⇐⇒ Nul Ā is trivial ⇐⇒ Ā = I ⇐⇒ A is a product
of elementary matrices.

Exercise 2.37. Show that elementary matrices are invertible and their inverse are also elementary
matrices.

Exercise 2.38. Show that A ∼r B ⇐⇒ there is an invertible matrix E such that A = EB.
Can you formulate the corresponding statement in the case when ∼r is replaced by either column
equivalence or row-column equivalence?

Next, we observe that, if A−1 exists, then

[A I] ∼r A−1[A I]
= [A−1A A−1I] Eq. (2.9)
= [I A−1]. (2.13)

Since [I A−1] is in reduced echelon row form (why?), we have the following algorithm:
Step 1. Form the n× 2n-matrix [A I].
Step 2. Reduce [A I] to its reduced row echelon form [Ã Ĩ].
Step 3. If Ã 6= I, then A is not invertible. If Ã = I, then A is invertible and A−1 = Ĩ.

Example 2.2. Let

A =
[
1 2
2 3

]
.

Then

[A I] =
[
1 2 1 0
2 3 0 1

]
∼r

[
1 2 1 0
0 −1 −2 1

]

=
[
1 0 −3 2
0 −1 −2 1

]
∼r

[
1 0 −3 2
0 1 2 −1

]
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So A is invertible with

A−1 =
[−3 2

2 −1

]
.

Exercise 2.39. Let T : R2 // R2 be this linear map:

T (x1, x2) = (x1 + 2x2, 2x1 + 3x2).

Is T invertible? If yes, find its inverse. (The computational part is already done in the example,
you just need to translate the result.)

Exercise 2.40. Which of the following linear maps are invertible?

1. T (x1, x2, x3) = (x2 + 7x3, x1 + 3x2 − 2x3);

2. T (x1, x2, x3) = (x1 + 2x3, 2x1 − x2 + 3x3, 4x1 + x2 + 8x3);

3. T (x1, x2, x3) = (x1 + x2 + x3, x1 + 2x2, x1 + 2x3).



Chapter 3

General Vector Spaces(2.5 weeks)

3.1 Vector Spaces and Linear Maps

Intuitively we all know what a line and a plane are: they are a flat 1-dimensional space and a flat
2-dimensional space respectively. You may imagine what an n-dimensional flat space is. Suppose
that E is an n-dimensional flat space, and suppose a point O in E is chosen once for all. Then
the arrows in E with tail at O is in one-one correspondence with points in E. Now, addition
and multiplication by real numbers are naturally defined for those arrows; therefore, addition and
multiplication by real numbers are naturally defined for points in E via the one-one correspondence.
Equipped with these addition and scalar multiplication, E is then something which will later be
called a vector space — the tangent space of the flat space E at point O. Algebraically, upon a
choice of a rectangular coordinate system on E with the coordinate origin at O, this corresponds
to Rn and the addition and scalar multiplication that we have introduced early in section 2.1. In
other word, even with the natural addition and scalar multiplication considered for both E and
Rn, E still looks like Rn.

By definition, the triple (Rn, +, ·) — where + and · mean the natural addition and scalar
multiplication that we have introduced early in section 2.1 — is called the real n-dimensional
model vector space. For simplicity, people often write Rn for (Rn, +, ·). What is a general
n-dimensional real vector space? Well, it is just something that looks like the real n-dimensional
model vector space Rn. More precisely, we have 1

Definition 3.1 (n-dimensional vector space). An n-dimensional real vector space is a triple
(V, +, ·) where V is a non-empty set, + is a map from V × V to V (the addition), and · is a map
from R×V to V (the scalar multiplication); such that, as far as addition and scalar multiplication
are concerned, (V, +, ·) is just like2 Rn. To be precise, if we write the image of (u, v) ∈ V ×V under
+ as u + v and the image of (c, v) under · as cv, this means that there is a one-one correspondence
T : V // Rn such that

1In this section we only talk about finite dimensional vector spaces. The study of all interesting infinite dimensional
vector spaces requires analysis and is a special area of analysis; it is not part of Linear Algebra where geometry rather
than analysis is involved. The axiomatic definition of vector space (finite or infinite dimensional) is given later.

2We allow n = 0 and take R0 = {0}. The addition and scalar multiplication on R0 are of course unique.

27
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1. T (x + y) = T (x) + T (y) for all x, y in V ,

2. T (cx) = cT (x) for all c ∈ R and all x in V .

Remark 3.1. Roughly speaking, a vector space is just a set together with a linear structure on
that set. Elements of V are called vectors in V . The element that corresponds to the zero vector
~0 in Rn is called the zero vector of V , denoted by 0. It is clear that 0v = 0 for any v in V because
the corresponding thing is true when V = Rn. We write −v for (−1)v for any v in V . −v is called
the negative of v. It is clear that v + (−v) = 0 for any v in V because the corresponding thing
is true when V = Rn. Note that the dimension of V is well-defined; otherwise, we would have a
linear map Rm // Rn which is one-one correspondence for some (m,n) with m 6= n.

Example 3.1. 3Let W be a subspace of Rn and dimW = k. Then we know that there is a
minimal spanning set S for W . Once we fix an order on S, we can construct a linear map TS :
Rk // Rn(defined in (2.10)). The fact that S is minimal implies that TS is one-to-one, so TS

is an one-one correspondence between Rk and W . The addition and scalar multiplication on W
are that of Rn restricted to W , and they correspond to that of Rk under TS . So W is a vector
space of dimension k. In particular, Rn is a vector space of dimension n. In particular, if A is
an m × n-matrix, then ColA is a vector space of dimension r(A) and NulA is a vector space of
dimension n− r(A).

Example 3.2. Let S be a finite set, RS be the set of all real valued functions on S. Then RS is
a vector space of dimension |S|.

Example 3.3. Let Pn be the set of all polynomials in t of degree at most n. Then Pn with the
natural addition and scalar multiplication is an (n + 1)-dimensional vector space. One may choose
the one-one correspondence T : Pn

// Rn+1 to be T (a0 + a1t + · · ·+ cntn) = [a0, a1, . . . , an]′.

Example 3.4. Let Mm×n be the set of all m × n-real matrices. Then Mm×n with the natural
addition and scalar multiplication is an mn-dimensional vector space. One may choose the one-one
correspondence T : Mm×n

// Rmn as

T ([aij ]) = [a11, a12, . . . , a1n, a21, a22, . . . , a2n, . . . , am1, am2, . . . , amn]′.

To get more examples of vector spaces, let us introduce linear maps. Suppose V and W are
vector spaces of dimension n and m respectively, and T : V // W is a map. We say T is a linear
map if T respects the linear structures (i.e, additions and scalar multiplications) on V and W , i.e.,

1. T (x + y) = T (x) + T (y) for all x, y in V ,

2. T (cx) = cT (x) for all c ∈ R and all x in V .

3Please review section 2.4 if you have difficulty with this example.
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An invertible linear map is also called a linear equivalence. If T : V // W is a linear
equivalence, then we say V and W are linearly equivalent or isomorphic and we write this as
V ∼= W . Then it follows from the definition of vector space that V ∼= Rdim V ; i.e., in each dimension,
there is only one vector space up to linear equivalence. With the help of Ex. 2.8, it is then easy to
see that V ∼= W ⇐⇒ dimV = dimW .

Here comes an important remark: the identification of a vector space with a model vector space
enables us to solve problems in general vector spaces in term of matrix techniques. Statements and
problems for general vector spaces are just translations of the corresponding ones for model vector
spaces, hence can be proved or solved by dealing with column vectors and matrices. From now
on, if you have difficulty understanding or proving anything about general vector space and linear
maps, just assume your vector spaces are the model vector spaces and the linear maps are matrices.
The one-one correspondence in the definition of vector spaces allows you do the straightforward
translation of anything involved.

The kernel of T , denoted by kerT , is defined to be solution set of equation T (x) = 0. It is just
a matter of translation of the results in example 3.1 that both the kernel and the image of T are
vector spaces. The rank of T , denoted by r(T ), is defined to be the dimension of the image of T .
It is just a matter of translation of Eq. (2.11) that

dimkerT + r(T ) = dimV . (3.1)

Example 3.5. The set of all upper triangular 2 × 2-matrix is a vector space because it is kerT
where T : M2×2

// R is the linear map sending [aij ] to a21.

Example 3.6. The set of all even polynomials in t of degree at most n is a vector space.

The notion of linear independence, linear combination, span, minimal spanning set and sub-
space, invertible map, can all be trivially translated to general vector spaces. For example, if V is
a vector space, W is a non-empty set of V , then we say W is a subspace of V if spanW = W .

Exercise 3.1. Let V be a vector space, W be a subspace of V . Show that W is also a vector
space.

Exercise 3.2. Let W be a nonempty set of V . Show that W is a subspace of V if and only if W
satisfies this property: for any u, v in W , span {u, v} ⊂ W .

Example 3.7. Let A be an m× n-matrix. The rows of A are vectors in M1×m. The row space
of A, denoted by RowA, is defined to be the span of rows of A. It is clear that RowA is a subspace
of M1×m.

Example 3.8. Let V , W be two vector spaces, Hom (V, W ) be the set of all linear maps from
V to W . Then, it is just a matter of translation that Hom (V,W ) is a vector space of dimension
dimV · dimW . Hom (V,R) is called the dual space of V , denoted by V ∗.

Exercise 3.3. Assume that W is a subspace of V . Show that dimW ≤ dimV and the equality
holds only when W = V .
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Exercise 3.4. Let S and T be linear maps. Show that 1) r(TS) ≤ r(T ) and r(TS) ≤ r(S)
whenever TS makes sense; 2) r(T + S) ≤ r(T ) + r(S) whenever T + S makes sense.

Exercise 3.5. Show that the row spaces are invariant under elementary row operations, but may
change under elementary column operations. Likewise, show that the column spaces are invariant
under elementary column operations, but may change under elementary row operations. How about
the null space? Also, show that RowA ∼= ColA.

Exercise 3.6. Let V be a vector space, W a subspace of V . Suppose that {v1, v2, . . . , vk} is a
minimal spanning set for W . Show that we can find additional vectors vk+1, . . . , vn in V such that
{v1, v2, . . . , vn} is a minimal spanning set for V .

Exercise 3.7. Let (V,+, ·) be a vector space and (W,+, ·) be a triple as in our definition of vector
spaces. Suppose that T : V // W is a set map which is one-to-one, onto and preserves + and ·.
Show that (W,+, ·) is a vector space which is linearly equivalent to (V, +, ·).
Exercise 3.8. Let V be a vector space, W a subspace of V . If x ∈ V , we use x + W to denote
{x + w |w ∈ W}. Let

V/W = {x + W |x ∈ V }.
Now the addition and scale multiplication on V induce one on V/W : (x+W )+(y+W ) := (x+y)+W ,
c(x+W ) := cx+W . Show that4, with the addition and scale multiplication induced from V , V/W
becomes a vector space of dimension equal to (dimV − dimW ), called the quotient space of V
by W .

Exercise 3.9. Let V be a vector space and W a subspace of V . The map p: V // V/W
sending x to x + W is called the projection map. p is a linear map which is zero when restricted to
W . There are many linear maps from V to vector spaces such that when it is restricted to W it
becomes zero. However, p is a universal one, that means that, if T : V // Z is a linear map such
that T |W = 0, then there is a unique linear map T̄ : V/W // Z such that the triangle

V Z
T //V

V/W

p

²²

Z

V/W

??

T̄

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

is commutative. Please prove this last statement.

Exercise 3.10. 1) Show that if Z is a subspace of W and W is a subspace of V , then Z is a
subspace of V .

2) Let W1 and W2 be two subspaces of V . Show that the intersection W1 ∩W2 is a subspace of
V , and

dim(W1 ∩W2) ≥ dimW1 + dimW2 − dimV. (3.2)
4Hint: use the previous two exercises.
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Exercise 3.11. Let S: V // W be a linear map, we know that there is a unique linear map S̄:
V/ kerS // W such that the triangle

V W
S //V

V/ kerS

p

²²

W

V/ kerS

??

S̄

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

is commutative. Show that S̄ has a linear left inverse — a left inverse which is also a linear map.
(In general, any one-to-one linear map has a linear left inverse.)

Exercise 3.12. Let T : U // V be a linear map, f : V // Z be another linear map. Suppose
that fT = 0, show that there is a unique linear map f̄ : V/ImT // Z such that the triangle

Z V/ImToo
f̄

V

Z

f

²²

V

V/ImT

p

ÂÂ?
??

??
??

??
??

?

is commutative.

Exercise 3.13. Let T : V // W be a linear map. If f : W // R is a linear map, then
T ∗(f) := fT : V // R is also a linear map. So T ∗ defines a map from W ∗ to V ∗. Show that 1)
T ∗ is a linear map; 2) 0∗ = 0, I∗ = I, and (TS)∗ = S∗T ∗ if either side is defined.

Exercise 3.14. Let V be a vector space, V ∗∗ be the dual of V ∗. For any v ∈ V , we denote by v∗∗

the linear map from V ∗ to R which maps f ∈ V ∗ to f(v). Let ιV : V // V ∗∗ be the map sending
v ∈ V to v∗∗. Show that ιV is a linear equivalence.

Exercise 3.15. Suppose that T : V // W is a linear map. Show that the following square

V
T−−−−→ W

ιV

y
yιW

V ∗∗ −−−−→
T ∗∗

W ∗∗

is a commutative.

Exercise 3.16. Let U , V and W be vector spaces. We say U
T // V

S // W is exact at V if

kerS = ImT . Show that 1) if U
T // V

S // W is exact at V then ST = 0; 2) U
T // V

S // W

is exact at V ⇔ W ∗ S∗ // V ∗ T ∗ // U∗ is exact at V ∗.
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Exercise 3.17. Let 0 be the 0-dimensional vector space. We say

0 // U
T // V

S // W // 0 (3.3)

is a short exact sequence if it is exact at U , V and W , i.e., T is one-to-one, S is onto and
kerS = ImT . Show that, 1) if (3.3) is a short exact sequence, then dimV = dimU + dimW ; 2)
(3.3) is a short exact sequence if and only if

0 // W ∗ S∗ // V ∗ T ∗ // U∗ // 0

is a short exact sequence.

Exercise 3.18. Let T : V // W be a linear map. The cokernel of T , denoted by cokerT , is
the quotient space of W by the image of T . So T is onto means that the cokernel of T is trivial.
Also, T is one-to-one means that the kernel of T is trivial.

Show that 1) 0 // kerT // V
T // W is exact at both kerT and V , and then conclude that

(kerT )∗ ∼= cokerT ∗, 2) V
T // W // cokerT // 0 is exact at both W and cokerT , and then

conclude that kerT ∗ ∼= (cokerT )∗.

Exercise 3.19. Let T : V // W be a linear map. Show that 1) T is one to one ⇐⇒ T ∗ is
onto; 3) T is onto ⇐⇒ T ∗ is one-to-one; 3) r(T ) = r(T ∗).

Exercise 3.20. Let 0 // Wi
Ti // Vi be exact at Wi for i = 1 or 2. Suppose that

W1
T1−−−−→ V1

ψ

y
yφ

W2 −−−−→
T2

V2

is commutative, then we have a map of short exact sequences:

0 −−−−→ W1
T1−−−−→ V1

p1−−−−→ cokerT1 −−−−→ 0y ψ

y
yφ

yφ̄

y
0 −−−−→ W2

T2−−−−→ V2
p2−−−−→ cokerT2 −−−−→ 0.

I.e., rows are exact and squares are commutative. Please prove this statement.

Exercise 3.21 (Injective Limit). Let V1, V2, . . . be a sequence of nested subspaces of a (finite
dimensional) vector space V :

V1 ⊂ V2 ⊂ . . .

Show that this sequence must stabilize somewhere, i.e., there is an integer k ≥ 1 such that Vk =
Vk+1 = . . .. (This stabilized subspace is called the injective limit of this sequence, denoted by
lim−→Vi.)
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3.2 Axiomatic Definition of Vector Spaces

In (almost) all standard textbooks on Linear Algebra, the following definition for vector space is
given.

Definition 3.2 (Axiomatic Definition of Vector Spaces). A real vector space is a triple
(V, +, ·) where V is a non-empty set of objects (called vectors), + is an addition, and · is a
multiplication by R (called scalar multiplication), and addition and scalar multiplication are subject
to the following ten axioms. (The axioms must hold for all vectors u, v, and w in V and for all
scalars c and d.)

1. The sum of u with v, denoted by u + v, is in V .

2. u + v = v + u.

3. (u + v) + w = u + (v + w).

4. There is a zero vector 0 in V such that u + 0 = u.

5. For each u in V , there is a negative of u in V , denoted by −u, such that u + (−u) = 0.

6. The multiplication of u by c, denoted by cu, is in V .

7. c(u + v) = cu + cv.

8. (c + d)u = cu + du.

9. c(du) = (cd)u.

10. 1u = u.

Exercise 3.22. From the axioms, show that there is a unique zero vector and the negative of any
u is also unique, moreover, 0u = 0 = c0 and (−1)u = −u.

From the axioms one can see that the concepts of linear combination, linear indepedence and
span make sense. In the case V is the span of finitely many vectors in V , we say V is a finite
dimensional real vector space; otherwise, we say V is an infinite dimensional real vector space.

If V is a vector space, W is a non-empty subset of V , then we say W is a subspace of V if
W = spanW .

Example 3.9. The set of all real polynomials in t is an infinite dimensional real vector space.

Example 3.10. Let X be a set (could be infinite), V be a real vector space( could be infinite
dimensional). Let V X be the set of all set maps from X to V . The addition and scalar multiplication
on V naturally gives rise to an addition and scalar multiplication on V X , with which, V X then
becomes a real vector space. V X is finite dimensional if and only if X is finite and V is finite
dimensional.
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Remark 3.2. Almost any interesting infinite dimensional vector space that you are going to meet
in your lifetime is just a subspace of V X for some set X and some finite dimensional vector space
V . For example, the set of all continuous functions on interval [0, 1], the set of all smooth functions
on interval [0, 1], the set of all continuous and piecewise smooth functions on [0, 1], the set of all
bounded and piecewise continuous functions on [0, 1], etc., are all vector spaces because they are
all subspaces of R[0,1]. So you don’t need to check the ten axioms; instead, you just check whether
a candidate for vector space is a subspace or not. By the way, the set of all real polynomials in t
is a vector space because it is a subspace of RZ≥0 where Z≥0 is the set of nonnegative integers.

Exercise 3.23. Show that the two definitions of finite dimensional real vector spaces are equiva-
lent.

Exercise 3.24. Let I be a set. Suppose that, for each α ∈ I, we have a vector space Vα. Let∏
α∈I Vα be the Cartesian product of Vα’s, i.e., the set of all I-sequences {xα}α∈I with xα ∈ Vα for

each α ∈ I. Define the addition and scalar multiplication on
∏

α∈I Vα as follows: {xα} + {yα} =
{xα + yα} and c{xα} = {cxα}. Show that

∏
α∈I Vα then becomes a vector space — the so called

direct product of Vα’s.
Let ⊕α∈IVα be the subset of

∏
α∈I Vα consisting of all {xα}α∈I with xα = 0 for all but finitely

many α ∈ I. Show that ⊕α∈IVα is a subspace, so it is also a vector space — the so called direct
sum of Vα’s. (The direct product and the direct sum are equal if I is a finite set.)

3.3 Bases and Coordinates

Let V be an n-dimensional space, S be a minimal spanning set for V . (Such a S exists when
V = Rn, so exists for general V .) If we choose an order on S, we can have a linear map TS : R|S|

// V defined by mapping [x1, x2, . . .]′ into x1v1 + x2v2 + · · · where vi’s are all of the vectors in
S ordered by their subindex. The fact that S is a minimal spanning set for V precisely implies
that TS is a linear equivalence, so the inverse of TS

5 assigns a column vector to each vector in V ,
called the coordinate vector of the vector with respect to the ordered minimal spanning set. By
definition, a basis for V is nothing but an ordered minimal spanning set.

Remark 3.3. e = (~e1, . . . , ~en) is a basis for Rn, called the standard basis for Rn. If we have a linear
equivalence T : Rn // V , then the linear equivalence T will map e into T (e) = (T (~e1), . . . , T (~en))
— a basis for V . It is clear that this assignment of a basis for V to a linear equivalence defines a
one-one correspondence:

linear equivalences between V and Rdim V ↔ bases for V .

And a linear equivalence V // Rn is just a coordinate map with respect to the corresponding
basis.

Example 3.11. Let P2 be the set of polynomials in t of degree at most 2. S = {1, 1 + t, 1 + t2}.
Then S is a minimal spanning set for P2. Choose an order on S, say p1 = 1 + t, p2 = 1 + t2,
p3 = 1. Then p = (p1, p2, p3) is a basis for P2. Now what is the coordinate vector for 1 + 2t + 3t2

5TS is called the parametrization map and its inverse is called the coordinate map.
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with respect to p? One way to do this problem is to use the natural equivalence of P2 with R3:
a0+a1t+a2t

2 ↔ [a0, a1, a2]′ and translate the problem into a problem in R3: what is the coordinate
vector for [1, 2, 3]′ with respect to basis ([1, 1, 0]′, [1, 0, 1]′, [1, 0, 0)]′)? But this is just this question:
what is the unique solution of equation




1 1 1
1 0 0
0 1 0


 ~x =




1
2
3


 ?

By doing computation with matrices, we get the solution ~x = [2, 3,−4]′. You can check that indeed

1 + 2t + 3t2 = 2(1 + t) + 3(1 + t2)− 4 · 1.

Example 3.12. Let V be a vector space with basis v = (v1, . . . , vn). For each i, let v̂i be the
element in V ∗ such that v̂i(vj) = 1 if i = j and = 0 if i 6= j. Then v̂ = (v̂1, . . . , v̂n) is a basis
for V ∗. Such a basis for V ∗ is called a dual basis of v. It is then clear that V ∗ ∼= V because
dimV ∗ = dim V .

Exercise 3.25. Show that6 any basis for V ∗ is a dual basis.

Exercise 3.26. Let ~v1, ~v2, . . . , ~vn be n elements of Rn. Then the following statements are all
equivalent.

1. (~v1, ~v2, . . . , ~vn) is a basis for Rn.

2. ~v1, ~v2, . . . , ~vn are linearly independent.

3. ~v1, ~v2, . . . , ~vn span Rn.

4. [~v1, . . . , ~vn] is an invertible matrix.

Exercise 3.27. Let A be a matrix. Show that, 1) the pivotal columns of A form a basis for
ColA; 2) the nonzero rows of Ā form a basis for RowA; 3) the special solutions xi’s described in
the footnote attached to Ex. 2.26 form a basis for NulA.

Exercise 3.28. Consider the matrix

A =




0 0 2 4 2
1 −1 −1 0 2
1 −1 0 2 3
0 0 1 2 1


 .

(a) What is the rank of A? (b) Find a basis for NulA, a basis for ColA and a basis for RowA.

6Hint: you may use exercise 3.14.
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Exercise 3.29. Consider polynomials

p1 = 1 + t− t3, p2 = 2t− t2 − t3, p3 = 1− t + t2, p4 = 2 + t2 − t3.

(a) Find a basis for the subspace span{p1, p2, p3, p4}. (b) Find the coordinate vectors of p1, p2, p3, p4

with respect to the basis. (c) Extend the basis to a basis for P3 — the vector space of polynomials
of degree ≤ 3.

Exercise 3.30. Let W be the span of the following four matrices:

[
1 0
0 0

]
,

[
1 1
0 0

]
,

[
1 1
1 1

]
,

[
1 −1
2 2

]
.

Find a basis for W and compute the dimension of W .

Coordinate Matrices for Linear Maps

Let T : V // W be a linear map. Suppose that we have a basis v chosen for V and a basis w
chosen for W . Then there is a one-one correspondence between Hom (V, W ) and Hom (Rn,Rm).
Also, there is a one-one correspondence between Hom (Rn,Rm) and the set of all m× n-matrices.
Therefore we have an assignment of an m × n-matrix A to each linear map T from V to W . Of
course, A is the unique matrix such that

Rn A−−−−→ Rm

Tv

y
yTw

V −−−−→
T

W

is commutative. (Here the vertical maps are the inverse of the coordinate maps and the bottom
map is the multiplication by A.) By definition, A is called the coordinate matrix for T with
respect to bases v and w.

When W = V and T is the identity map on V , A is called the coordinate change matrix:
Given a vector in V , it has a coordinate vector ~x with respect to basis v, it also has a coordinate
vector ~y with respect to basis w, then ~y = A~x. We know that there is an invertible matrix P = [pi

j ]
(here i is the row index and j is the column index) such that [v1, . . . , vn]P = [w1, . . . , wn], i.e.,∑

i vip
i
j = wj , then from the identity [v1, . . . , vn]~x = [w1, . . . , wn]~y we have ~x = P~y. So A = P−1.

Exercise 3.31. Let T be an endomorphism7 on V , v and w be two bases for V and [v1, . . . , vn]P =
[w1, . . . , wn]. Suppose that the coordinate matrix for T with respect to v is A and the coordinate
matrix for T with respect to w is B. Show that A = PBP−1. (Two matrices A and B are related to
each other this way are called similar. It is clear that similar matrices are just different coordinate
matrices for the same endomorphism.)

7I.e., T is a linear map from V to V .
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3.4 Direct Sums and Block Matrices

Let V be a vector space, W1 and W2 be subspaces of V . The sum of W1 with W2, denoted by
W1 + W2, is defined to be

{v1 + v2 | v1 ∈ W1, v2 ∈ W2}.
It is easy to see that W1 + W2 is a subspace of V , in fact the smallest subspace containing both
W1 and W2. Sum of a finitely many subspaces W1, . . . , Wk are similarly defined, denoted by
W1 + W2 + W3 + · · ·+ Wk.

If W1 ∩W2 is the trivial subspace of V or equivalently if

{(x1, x2) ∈ W1 ×W2 |x1 + x2 = 0}

is trivial (i.e, has (0, 0) as its only element), then W1 + W2 is called the (internal) direct sum of
W1 with W2, denoted by W1 ⊕i W2. In general, if

{(x1, . . . , xk) ∈ W1 × · · · ×Wk |x1 + · · ·+ xk = 0}

is trivial, i.e., there is only one way to expresses 0 as a sum of k vectors, one from each Wi, then
W1 + · · ·+ Wk is called the (internal) direct sum of W1, . . . , Wk, denoted by W1 ⊕i · · · ⊕i Wk.

Remark 3.4. It is convenient to introduce the direct minus sign ª: If V = W1 ⊕i W2, we write
W1 = V ªW2 and W2 = V ªW1.

Example 3.13. Take V = R2, W1 = span {~e1} and W2 = span {~e1 + ~e2}. Then W1 + W1 = W1,
W1 + V = V , W1 + W2 = W1 ⊕i W2 = V .

Example 3.14. Let W be a subspace of V . Then W + W = W , W + V = V and {0} + W =
{0}⊕iW = W . Also, if W1, W2 and W3 are subspace of V , then W1+W2+W3 = (W1+W2)+W3 =
W1 + (W2 + W3). Also W1 + W2 = W2 + W1.

Example 3.15. Suppose that v1, . . . , vn form a basis for V . Let Vi be the span of vi. Then
V = V1 ⊕i · · · ⊕i Vn.

Example 3.16. Let Rm× 0 be the subspace of Rm+n consisting of the column vectors whose last
n entries are zero, and 0×Rn be the subspace of Rm+n consisting of the column vectors whose first
m entries are zero. Then Rm × 0⊕i 0× Rn = Rm+n.

Example 3.17. Let T be an invertible map from V to itself, and V = V1⊕iV2. Then V = T (V ) =
T (V1)⊕i T (V2). Also V/V1

∼= V2.

Exercise 3.32. Suppose that V = V1 ⊕i · · · ⊕i Vk.
1) If Si ⊂ Vi (1 ≤ i ≤ k) is a linearly independent set of vectors, show that the (disjoint) union

of Si’s is a linearly independent set of vectors.
2) Pick a basis for each Vi. Show that the juxtaposition of these bases is a basis for V .
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Exercise 3.33. Let Wi’s be subspaces of a vector space. Show that

dim(W1 + · · ·+ Wk) ≤
∑

i

dimWi

with equality holds if and only if the sum is actually a direct sum.

Let V , W be vector spaces of dimension n and m respectively. The (external) direct sum of V
with W , denoted by V ⊕e W , is this triple: (V ×W, +, ·), where addition rule is (v, w) + (v′, w′) =
(v + v′, w + w′) and the scalar multiplication rule is c(v, w) = (cv, cw). It is easy to see that
Rn⊕eRm = Rm+n and Rm× 0⊕e 0×Rn ∼= Rm+n (naturally). The (external) direct sum of a finite
number of vector spaces is similarly defined. It is easy to see that R⊕e R2 ⊕e R = R4.

Exercise 3.34. Let V and W be two vector spaces, T : V // W a set map. Show that T is a
linear map if and only if Γ(T ) is a subspace of V ⊕e W .

Let V = V1 ⊕i V2 and W = W1 ⊕i W2, T be a linear map from V to W . With respect to the
decomposition of V and W , we have a block decomposition of T :

T =
[

T11 T12

T21 T22

]

where Tij is a linear map from Vj to Wi.
From Ex. 1.13 we know that if A is an m× n-matrix with rank r, then the reduced form of A

looks like this: [
Ir O

O O

]

where Ir is the r × r-identity matrix and O’s are zero matrices. Therefore, by Ex. 2.38, there are
invertible matrices E and F such that

EAF =
[

Ir O

O O

]
.

It is then just a matter of translation that, if T : V // W is a linear map of rank r, then there are
decompositions V = V1⊕i V2 and W = W1⊕i W2, with respect to which, T has this decomposition:

T =
[

Tr O

O O

]
(3.4)

where Tr is a linear equivalence and the O’s are zero maps.

Exercise 3.35. Let W be a subspace of V . Show that8 there is a subspace W ′ of V such that
V = W ⊕i W ′.

Exercise 3.36. Let T : V // W be a linear map of rank r. Show that there is a subspace V1 of
V and a subspace W2 of W , such that V = V1⊕i kerT and W = Im(T )⊕i W2. So V/ kerT ∼= V1

∼=
Im(T ).

8Hint: use (3.4) with T being the inclusion map: W // V .
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If X, Y and Z are three vector spaces, S is a linear map from X to Y and T is a linear map from
Y to Z. Suppose that X = X1 ⊕i X2, Y = Y1 ⊕i Y2, Z = Z1 ⊕i Z2. Then the block decomposition
of TS is

TS =
[

T11S11 + T12S21 T11S12 + T12S22

T21S11 + T22S21 T21S12 + T22S22

]

and this gives the multiplication rule for block matrices:

[
A11 A12

A21 A22

] [
B11 B12

B21 B22

]
=

[
A11B11 + A12B21 A11B12 + A12B22

A21B11 + A22B21 A21B12 + A22B22

]
.

In general we can decompose V and W into many pieces, then T will be decomposed into many
blocks. Can you derive the multiplication rule in this general case?

Let T : V // W be a linear map. Suppose that V and W can each be decomposed into the
direct sum of k subspaces, and with respect to which, we have

T =




T1

. . .
Tk




where the off-diagonal blocks are all zero maps, then we say that T is the direct sum of Ti’s and
write T = T1 ⊕ T2 ⊕ · · · ⊕ Tk, or T = ⊕k

i=1Ti.

3.5 Nilpotent Endomorphisms*

An endomorphism is just a linear map from a vector space to itself. In general it could be very
complicated. However, endomorphisms of complex vector spaces are reasonably simple, they are
direct sums of basic building blocks9, each of which is of this form: a scalar multiplication + a
nilpotent endomorphism.

What is a nilpotent endomorphism? Well, an endomorphism N is said to be nilpotent if
Nk = 0 for an integer k ≥ 1.

Let V (i) = kerN i for i ≥ 0 (by convention N0 = I). Then V (i − 1) ⊂ V (i) because if
N i−1(v) = 0 then N i(v) = 0. Here is our key observation:

N maps V (i) to V (i − 1); passing to the quotient spaces, it actually induces a one-
to-one linear map N : V (i)/V (i− 1) // V (i− 1)/V (i− 2).

Exercise 3.37. 1) Prove the key observation and then conclude that Nn = 0 if N is a nilpotent
endomorphism on an n-dimensional vector space.

2) Suppose that V = W ⊕i V3 and W = V1 ⊕i V2 then V = V1 ⊕i V2 ⊕i V3.
3) Suppose that N : V // W is injective and V = V1 ⊕i V2, then N(V ) = N(V1)⊕i N(V2).

9We will prove this statement in chapter 6.
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Lemma 3.1. Let N be an endomorphism such that Nk = 0 and Nk−1 6= 0 for some k ≥ 1. Then,
1) for each 1 ≤ j ≤ k, there is a nontrivial subspace Vj of V (j) such that N maps Vj into Vj−1

injectively for each 2 ≤ j ≤ k and

V (j) = V1 ⊕i V2 ⊕i · · · ⊕i Vj ;

2) for each 1 ≤ j ≤ k, there is a subspace Wj (could be trivial) of Vj such that

Vj = Nk−j(Wk)⊕i Nk−j−1(Wk−1)⊕i · · · ⊕i Wj .

Proof. 1) Since V (j − 1) ⊂ V (j) for j ≥ 1, by Ex. 3.35, we can pick a subspace Vj of V (j) such
that V (j) = V (j − 1)⊕i Vj for each j ≥ 1, so by the 2nd part of the last exercise, we have V (j) =
V1⊕i V2⊕i · · ·⊕i Vj . Note that, for each j ≥ 2, x ∈ Vj and x 6= 0 ⇐⇒ N j(x) = 0 and N j−1(x) 6= 0
⇐⇒ N j−1(N(x)) = 0 and N j−2(N(x)) 6= 0 ⇐⇒ N(x) ∈ Vj−1 and N(x) 6= 0; therefore N maps Vj

into Vj−1 injectively for each j ≥ 2; consequently, dimVj ≥ dimVj+1 ≥ · · · ≥ dimVk if 1 ≤ j ≤ k.
Since Nk−1 6= 0, Vk must be nontrivial, then dimVj > 0, i.e., Vj is nontrivial for 1 ≤ j ≤ k.

2) Since N(Vj+1) ⊂ Vj for j ≥ 1, by Ex. 3.35, we can pick a subspace Wj of Vj such that
Vj = N(Vj+1) ⊕i Wj for each j ≥ 1, so by the 2nd and the 3rd parts of the last exercise, we have
Vj = Nk−j(Wk)⊕i Nk−j−1(Wk−1)⊕i · · · ⊕i Wj for each j ≥ 1.

Since V = V (k), in view of lemma 3.1 and the 2nd part of the last exercise, we have

V = Wk = Vk

⊕iN(Wk) ⊕i Wk−1 ⊕iVk−1

⊕iN
2(Wk) ⊕i N(Wk−1)⊕i Wk−2 ⊕iVk−2

...
...

⊕iN
k−1(Wk)⊕i · · · ⊕i W1 ⊕iV1

= eN (Wk) ⊕i · · · ⊕i eN (W1).

(3.5)

Here, by definition, eN (Wi) = Wi⊕i N(Wi)⊕i N2(Wi)⊕i · · · ⊕i N i−1(Wi). Note that N maps each
eN (Wi) into itself, so if we let Ni be N restricted to eN (Wi), then

N = N1 ⊕N2 ⊕ · · · ⊕Nk. (3.6)

Corollary 3.1. 1. N j |Wi is one-to-one if j ≤ i− 1. Therefore, dim eN (Wi) = i dimWi , and

dimV =
∑k

i=1 idimWi. (3.7)

2. dimWk ≥ 1, therefore, k ≤ dimV and

Ndim V = 0. (3.8)

3. dimV1 = 1 ⇐⇒ k = dimV .
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Lemma 3.2. Assume dimWi ≥ 1. Then dimWi = 1 ⇐⇒ Ni is indecomposable, i.e., not a
direct sum of endomorphisms on non-trivial subspaces.

Proof. Suppose that dimWi = m > 1. Let u1, . . . , um be a basis for Wi. Then Ni is a direct sum
with respect to this decomposition:

eN (W ) = span {u1, N(u1), . . . , } ⊕i span {u2, N(u2), . . . , } ⊕i · · · .

Suppose that dimWi = 1, so dim eN (Wi) = i. If v ∈ Wi and v 6= 0, then vi := v, vi−1 := N(v),
. . . , v1 := N i−1(v) form a basis for eN (Wi) such that N(v1) = 0, N(v2) = v1, . . . , N(vi) = vi−1.
In particular, N i−1(vi) = v1 6= 0, so (Ni)i−1 6= 0. But that implies that Ni is indecomposable;
otherwise, say Ni = L⊕M , where L and M are endomorphisms on proper subspaces; then both L
and M are nilpotent, and (Ni)i−1 = Li−1 ⊕M i−1 = 0 by applying Eq. (3.8) to both L and M , a
contradiction!

Let n = dimV , in view of Eq. (3.8) and Eq. (3.5) we have

Nn−1 6= 0 ⇐⇒ V (n− 1) ( V (n) ⇐⇒ dimWn ≥ 1
⇐⇒ dimWi = 0 if i < n and dimWn = 1 use Eq. (3.7)
⇐⇒ N is indecomposable use Lemma 3.2 and Eq. (3.6).

In summary, we have proved the following

Theorem 3.2. Let N be a nilpotent endomorphism of V , and n = dim V . Then
1. Nn = 0;
2. If N is indecomposable, then there is a basis v = (v1, . . . , vn) for V such that

N(v1) = 0
N(v2) = v1

...
N(vn) = vn−1; (3.9)

3. In general N = N1⊕N2⊕ · · · where each Ni is an indecomposable nilpotent endomorphism.
4. r(N) = n− 1 ⇐⇒ Nn−1 6= 0 ⇐⇒ N is indecomposable;

Corollary 3.3. Let N be an indecomposable nilpotent n × n-matrix, then there is an invertible
matrix P such that N = PJnP−1 where

Jn =




0 1 0 · · · 0

0 0 1
. . .

...
...

...
...

. . . 0
0 0 0 1
0 0 0 · · · 0




.

In general, if N is a nilpotent matrix, then there is an invertible matrix P and positive integers
n1, . . . , nl (not necessarily distinct) such that N = P (Jn1 ⊕ · · · ⊕ Jnl

)P−1. Moreover, if we require
n1 ≥ n2 ≥ · · · ≥ nl, then (n1, n2, . . . , nl) is uniquely determined by N .
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Remark 3.5. For any number λ, we call λI +Jn a Jordan block. In the preceding corollary, there
are l Jordan blocks in N .

Proof. Suppose that N is indecomposable. Let P = [v1, . . . , vn] where v1, . . . , vn are chosen as in
point 3 of the theorem. Then NP = [Nv1, . . . , Nvn] = [0, v1, . . . , vn−1] = PJn, so N = PJnP−1.
The general case is also easy.

Exercise 3.38. Let

N =




0 1 2
0 0 3
0 0 0


 .

It is clear that r(N) = 2. Find an invertible matrix P such that10

N = P




0 1 0
0 0 1
0 0 0


P−1.

How about N2?

Exercise 3.39. Let D: Pn
// Pn be the linear map which maps tk to ktk−1 for any 0 ≤ k ≤ n.

Show that D is nilpotent and indecomposable.

Exercise 3.40. Let N be a nilpotent endomorphism on an n-dimensional vector space. Show
that the number of Jordan blocks in N is n− r(N).

To introduce the next exercise, we need to introduce the notion of Young diagrams. Roughly
speaking, a Young diagram is a rectangular array of squares where some bottom right squares
might be removed. Note that, in a Young diagram, the squares in each row must be adjacent to
each other and the number of squares in the rows must be monotone decreasing when the row runs
from top to bottom; consequently, the squares in each column must be adjacent to each other and
the number of squares in the columns must be monotone decreasing when the column runs from
left to right. Here are two Young diagrams:

Figure 3.1: A Young diagram and its dual.

10Choose a v3 6∈ ker N2, and let P = [N2(v3), N(v3), v3].
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Note also that, a Young diagram determines a monotone decreasing finite sequence of positive
integers n1, n2, . . . , nl, where for each 1 ≤ i ≤ l, ni is the number of squares in the i-th row. In
fact, this defines a one-one correspondence:

{Young diagrams} ↔ {monotone decreasing finite sequences of positive integers}. (3.10)

Finally, each Young diagram has its dual Young diagram, this is like the fact that each matrix
has its transpose. More precisely, given a Young diagram D, let mi be the number of squares in the
i-th column, then m1, m2, . . . is a monotone decreasing finite sequences of positive integers. Under
the correspondence 3.10, (m1, m2, . . .) defines a Young diagram D′ — the dual of D. For example,
the two Young diagrams in figure 3.1 are dual of each other.

Exercise 3.41. 1) Let D be a Young diagram, show that (D′)′ = D.
2) Let N be a nilpotent endomorphism. For i ≥ 1, we let mi = dimkerN i − dimkerN i−1 =

r(N i−1) − r(N i). The key observation in this section says that infinite sequence m1, m2, . . . is
monotone decreasing; in fact, it is a monotone decreasing finite sequence of positive integers if we
ignore the zeros. On the other hand, there is another monotone decreasing finite sequence of positive
integers associated with N , it is n1, . . . , nl in corollary 3.3. Show that, under the correspondence
3.10, the Young diagrams determined by these two monotone decreasing finite sequence of positive
integers are dual of each other. For example, suppose that for some nilpotent endomorphism N ,
we have m1 = 4, m2 = m3 = m4 = 3, m5 = 2, m6 = 1 and m7 = 1 and mi = 0 if i > 7, under
the correspondence 3.10, we have the Young diagram on the right in figure 3.1. From its dual on
the left in figure 3.1, we can read off n1 = 7, n2 = 5, n3 = 4 and n4 = 1 and nj = 0 when j > 4.
Therefore, N is similar to J7 ⊕ J5 ⊕ J4 ⊕ J1.
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Chapter 4

Determinant and Diagonalization(2
weeks)

This chapter contains materials that have found many applications in mathematics, science, engi-
neering, economics, . . . . That is why every college student needs to learn Linear Algebra.

We start with the notion of Determinant. By emphasizing the algebraic and geometric origin
of this basic notion, I hope that any mystery about its computational definition will disappear and
its many properties will become transparent.

The problem of decomposing an endomorphism into a direct sum of simple pieces is a key step
in simplifying and clarifying problems involving endomorphisms. In the simplest case, each simple
piece is just a scalar multiplication. In general, these simple pieces are Jordan Blocks which are
still manageable. This problem is completely solvable by studying eigenvalues, eigenspaces and
generalized eigenspaces.

4.1 Multi-linear Antisymmetric maps

Let V be a vector space of dimension n. Consider a map f : V n // W where W is a vector space.
We say f is multi-linear if it is linear in each variable, i.e., for each i,

f(. . . , cvi + c′v′i, . . .) = cf(. . . , vi, . . .) + c′f(. . . , v′i, . . .).

We say f is antisymmetric if for each pair (i, j) with i < j, we have

f(. . . , vi, . . . , vj , . . .) = −f(. . . , vj , . . . , vi, . . .).

Proposition 4.1. Let V and W be vector spaces. Suppose that dimV = n. Let D(V,W ) be the set
of all multi-linear and antisymmetric maps from V n to W . Then D(V, W ) is a vector space which
is linearly equivalent to W .

Proof. First of all, the addition and scalar multiplication is naturally defined on D(V, W ). Next,
we observe that if v = (v1, . . . , vn) is a basis for V , any f ∈ D(V, W ) is uniquely determined by
its value at v (i.e., f(v1, . . . , vn)), so the map sending f ∈ D(V,W ) to f(v) ∈ W is a one-one

47
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correspondence; moreover, this map respects the additions and scalar multiplications. The rest is
clear.

Remark 4.1. Let V be an n-dimensional vector space, V ∗ be the dual vector space of V . Then the
set of all multi-linear antisymmetric maps from (V ∗)n to the ground field K is a one dimensional
vector space, it is called the determinant line of V , and is denoted by detV .

To continue, a digression on permutation groups is needed. Let n be a set of n objects, to
be specific, say n = {1, 2, . . . , n} — the set of first n natural numbers. Let Σn be the set of all
permutations of n objects, i.e., the set of all invertible maps from n to itself. (Officially we say Σn

is the automorphism group of n.) From high school mathematics we know |Σn| = n!. For each
1 ≤ i ≤ n− 1, we let σi ∈ Σn be the permutation that exchanges i with i + 1 and leaves the other
elements of n fixed, i.e., σi(i) = i + 1, σi(i + 1) = i, and σi(j) = j if j 6= i and 6= i + 1. It is not
hard to see that

σiσj = σjσi for each pair (i, j) with |i− j| > 1
σiσi+1σi = σi+1σiσi+1 for each i < n− 1

σ2
i = I for each i.

(4.1)

Here I is the identity map and σiσj is the composition of σi and σj .

Theorem 4.1. 1) σ ∈ Σn ⇐⇒ σ is a composition of finitely many σ1, . . . , σn−1.
2) Two compositions of finitely many σ1, . . . , σn−1 are the same element of Σn ⇐⇒ one can

be turned into the other by applying identities in Eq. (4.1) finitely many times.

For example, in Σ3, I = σ1σ1; the map sending (1, 2, 3) to (3, 1, 2) is σ1σ2; the map sending
(1, 2, 3) to (3, 2, 1) is σ1σ2σ1 , etc.

Remark 4.2. Officially, we state this theorem by saying that Σn is generated by σi’s subject to the
identities in Eq. (4.1). σi’s are called the generators, and the identities in Eq. (4.1) are called
relations.

Proof. 1) A simple induction on n will yield a proof. I leave it to you. 2) A little harder, just take
it for granted1.

Let Z2 be the set {1,−1} together with the following multiplication rules: 1·1 = (−1)·(−1) = 1,
1 · (−1) = (−1) · 1 = −1. From the above theorem and Eq. (4.1), we have

Corollary 4.2. There is a unique map sign: Σn
// Z2 such that 1) sign(σσ′) = sign(σ) ·sign(σ′);

2) sign(σi) = −1 for each i.

Corollary 4.3. Suppose that f : V n // R is a multi-linear map. Let A(f) be the anti-symmetrization
of f , i.e.,

A(f)(v1, . . . , vn) =
1
n!

∑

σ∈Σn

sign(σ)f(vσ(1), . . . , vσ(n)).

Then A(f) is indeed anti-symmetric; moreover, A(f) = f if f is antisymmetric.
1The proof is not important here, you may find a proof in a textbook on Group Theory. This is the only place in

this book that a complete proof or a hint for it is not given.
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Exercise 4.1. 1) Let f : V n // R be a multi-linear map. Show that f is antisymmetric if and
only if

f(vσ(1), . . . , vσ(n)) = sign(σ)f(v1, . . . , vn)

for any σ ∈ Σn.
2) Prove the above two corollaries.

Exercise 4.2. Let V be an n-dimensional vector space, T : V n // detV be the map sending
u = (u1, · · · , un) ∈ V n to the following element of detV :

g = (g1, . . . , gn) 7→ g1(u1)g2(u2) · · · gn(un).

1) Show that T is a multi-linear map.
2) Show that A(T ) is the map sending u = (u1, . . . , un) ∈ V n to the following element of detV :

g = (g1, . . . , gn) 7→ 1
n!

∑

σ∈Σn

sign(σ)gσ(1)(u1)gσ(2)(u2) · · · gσ(n)(un).

3) Show that A(T ) is also the map sending u = (u1, . . . , un) ∈ V n to the following element of
detV :

g = (g1, . . . , gn) 7→ 1
n!

∑

σ∈Σn

sign(σ)g1(uσ(1))g2(uσ(2)) · · · gn(uσ(n)).

4) Let det: V n // det V be n!A(T ). Show that det is a multi-linear antisymmetric map.

4.2 Determinant

With exercise 4.2 in mind, we are ready to state the following key theorem.

Theorem 4.4 (Universal Property). Let D(V ) be the collection of all multi-linear anti-symmetric
maps from V n to vector spaces. Then, for any f : V n // Z in D(V ), there is a unique linear
map φf : det V // Z such that φf det = f , i.e., such that diagram

V n detV
det //V n

Z

f

ÂÂ?
??

??
??

??
??

? detV

Z

φf

²²

is commutative2.

2This is called the universal property for det V : V n // det V ; and (det, det V ) is called a universal object
in D(V ).
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Proof. Recall that det: V n // det V is this multi-linear antisymmetric map: If u = (u1, . . . , un) ∈
V n, then det(u) is the following multi-linear anti-symmetric maps from (V ∗)n to R:

g = (g1, . . . , gn) 7→
∑

σ∈Σn

sign(σ)gσ(1)(u1) · · · gσ(n)(un)

=
∑

σ∈Σn

sign(σ)g1(uσ(1)) · · · gn(uσ(n)). (4.2)

Let v = (v1, . . . , vn) be a basis for V , and v̂ = (v̂1, . . . , v̂n) be the corresponding dual basis
for V ∗. We know that detV is the set of all multi-linear and anti-symmetric maps from (V ∗)n to
R. From the proof of proposition 4.1, we know the map Sv: detV // R that assigns f(v̂) to
f ∈ det V is a linear equivalence. The fact that v = (v1, . . . , vn) is a basis for V implies that det(v)
is a basis for detV , that is because Sv(det(v)) = 1.

Suppose that f : V n // Z ia a multi-linear and anti-symmetric map. Then f is uniquely de-
termined by f(v). To define φf : detV // Z with φf det = f , recall that detV is one dimensional
with det(v) as a basis, then we are forced to define φf : det V // Z to be the unique linear map
such that φf (det(v)) = f(v).

Let T : V // W be a linear map and dimV = dimW = n. The property of universal objects
discussed above says that there is a unique linear map from detV to detW , denoted by detT ,
which makes square diagram

V n det−−−−→ detV

T×n

y
ydet T

Wn −−−−→
det

det W

(4.3)

commutative, that is because the composition of the bottom det with T×n is multi-linear and
antisymmetric.

Now suppose W = V , i.e., T is an endomorphism, then detT is an endomorphism of detV —
a one dimensional vector space, so it must be a scalar multiplication, or simply a number. This
number is called the determinant of T , and is denoted by DetT .

Exercise 4.3. 0) Show that DetI = 1.
1) Let T : V // W and S: W // Z be linear maps. Suppose that dimV = dim W = dim Z.

Use the universal property to show that3

det ST = det S detT .

3Hint: Use square (4.3) and another square similar to that to prove that

V n det−−−−−→ det V

(ST )×n

y
ydet S det T

Zn −−−−−→
det

det Z

is a commutative square. Then use the uniqueness to conclude that det ST = det S det T .
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2) If W = Z = V in part 1), show that

DetST = DetS DetT .

3) We write DetA for the determinant of the linear map ~x 7→ A~x where ~x ∈ Rn. Show that

DetAB = DetADetB.

4) Let A be a coordinate matrix for endomorphism T . Show that DetT = DetA. So similar
matrices have the same determinant because they are the coordinate matrices of the same linear
map.

Example 4.1. Let A be an n × n-matrix. Then A determines an endomorphism of Rn via
matrix multiplication. The determinant of this endomorphism is called the determinant of A,
and is denoted by DetA. To get a formula for DetA, we write A = [~a1, . . . ,~an] = [aij ], and let
e = (~e1, . . . , ~en), ê = (~̂e1, . . . , ~̂en). Then Eq. (4.3) implies that

Det[~a1, . . . ,~an] · det(e) = det(~a1, . . . ,~an). (4.4)

Here · is the scalar multiplication. Both det(e) and det(~a1, . . . ,~an) is a multi-linear and antisym-
metric map from (Rn∗)n to R. Now, according to Eq. (4.2), det(e) maps ê to 1, so it follows from
Eq. (4.4) that

Det[~a1, . . . ,~an] = det(~a1, . . . ,~an)(ê). (4.5)

Now det(~a1, . . . ,~an) maps ê to

∑

σ∈Σn

sign(σ)~̂eσ(1)(~a1) · · · ~̂eσ(n)(~an) =
∑

σ∈Σn

sign(σ)aσ(1)1 · · · aσ(n)n

or ∑

σ∈Σn

sign(σ)~̂e1(~aσ(1)) · · · ~̂en(~aσ(n)) =
∑

σ∈Σn

sign(σ)a1σ(1) · · · anσ(n).

It then follows from Eq. (4.5) that

Det[aij ] =
∑

σ∈Σn
sign(σ)aσ(1)1 · · · aσ(n)n

=
∑

σ∈Σn
sign(σ)a1σ(1) · · · anσ(n).

(4.6)

Remark 4.3. The second equality in Eq. (4.6) says that determinant is invariant under the trans-
pose. Compare with Ex. 5.22.
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Remark 4.4. Since det: V n // detV is multi-linear and antisymmetric, it follows from Eq. (4.5)
that

Det[. . . , c~ai + c′~a′i, . . .] = cDet[. . . , ~ai, . . .] + c′Det[. . . , ~a′i, . . .],

Det[. . . , ~ai, . . . , ~aj , . . .] = −Det[. . . , ~aj , . . . , ~ai, . . .] for each i 6= j.
(4.7)

Consequently, if a square matrix has a zero column or has two columns that are proportional to
each other, then its determinant is zero.

In view of the previous remark, similar statements are also true when columns are replaced by
rows.

Exercise 4.4. Investigate how the determinant changes when we apply elementary row or column
operations.

Exercise 4.5. Show that the determinant of a square matrix is zero ⇐⇒ the columns of the
square matrix are linearly dependent. Consequently, DetA 6= 0 ⇐⇒ A is invertible.

Exercise 4.6. 1) Let ~v be a column matrix with n entries, if we delete its i-th entry (1 ≤ i ≤ n),
we get a column matrix with (n− 1) entries, denoted by ~v(i). Use Eq. (4.6) to show that

Det[~a1, . . . ,~an−1, ~en] = Det [~a1(n), . . . ,~an−1(n)] .

2) Let A = [aij ]. Let Aij be the matrix obtained from A with its i-th row and j-th column
removed. Use 1) and other properties of determinant to derive the Laplace expansion along the
j-th column:

DetA =
∑

1≤i≤n(−1)i+jaijDetAij .

How about the expansion along a row?
3) We say a square matrix is a upper triangular matrix if any entry below the diagonal is

zero. You know what a lower triangular matrix should be. A diagonal matrix is both a lower and
a upper triangular matrix. Show that the determinant of a (upper or lower) triangular matrix is
just the product of the diagonal entries.

4) Let Cij(A) = (−1)i+jDetAij (called the (i, j)-cofactor of A) and C = [Cij(A)]. Show that

AC ′ = DetAI,

where on the left hand side we have the matrix multiplication, on the right hand side we have scalar
multiplication, and I is the n× n-identity matrix. Consequently, if A is invertible, we have

A−1 = 1
DetAC ′.

5) Suppose that A is an invertible n× n-matrix, ~b ∈ Rn. Replacing the i-th column of A by ~b,
we produce a new matrix which is denoted by Ai. Let ∆ = DetA and ∆i = DetAi. Show that the
unique solution of equation A~x = ~b can be written as

xi = ∆i
∆ .

(This is called the Cramer’s rule.)
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Exercise 4.7. Suppose that n× n-matrix A(t) = [aij(t)] depends on t smoothly. Show that

d
dtDetA =

∑
1≤i, j≤n

daij

dt Cij(A).

Example 4.2. [Vandermonde determinant] Let ~ai = [1, xi, x
2
i , . . . , x

n−1
i ]′, 1 ≤ i ≤ n. Then

Det[~a1, . . . ,~an] is divisible by (x1 − x2) because it is equal to Det[~a1 − ~a2,~a2, . . . ,~an]. Similarly, it
is divisible by (xi − xj) for any i 6= j. So it is divisible by

∏
1≤i<j≤n(xj − xi). By degree counting

we know that

Det[~a1, . . . ,~an] = cn

∏

1≤i<j≤n

(xj − xi) (4.8)

where cn is a constant. Now expand the left-hand side of (4.8) along the last column, we know the
coefficient in front of xn−1

n is cn−1
∏

1≤i<j≤n−1(xj − xi). We can also expand the right-hand side of
(4.8) in powers of xn, and the coefficient in front of xn−1

n is cn
∏

1≤i<j≤n−1(xj − xi). So cn = cn−1.

Since c2 = 1, so cn = 1. Therefore Det[~a1, . . . ,~an] =
∏

1≤i<j≤n(xj − xi).

Exercise 4.8. 1) Show that Det(I ⊕A) = DetA = Det(A⊕ I) for any square matrix A.
2) Show that Det(T1 ⊕ T2) = DetT1 ·DetT2 for any endomorphisms T1 and T2.
3) Suppose that A, D are endomorphisms or square matrices and A is invertible. Show that

Det
[

A B

C D

]
= Det

[
A B

0 D − CA−1B

]
= Det

[
A 0
C D − CA−1B

]
.

4) Let A, D be endomorphisms or square matrices. Show that4

Det
[

A B

0 D

]
= DetA DetD = Det

[
A 0
C D

]
.

Consequently, the determinant of a block triangular matrix is the product of the determinant of
the block diagonals.

5) Let A, D be endomorphisms or square matrices and A is invertible. Show that

Det
[

A B

C D

]
= DetA Det(D − CA−1B).

Exercise 4.9. Calculate the determinant of

[
I ~x

~y ′ d

]

where d is a number, ~x and ~y are vectors in Rn and I is the n× n-identity matrix.

4Hint: it is true from 2) and 3) when A is invertible. So it is true when A is replaced by A + tI for all sufficiently
large t, so must be true for all t because both sides are polynomial in t. Then set t = 0.
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Exercise 4.10.

A =




1 2 1 0
2 5 1 0
0 0 2 −1
0 0 −3 2


 .

Find DetA, DetA−1, Det(AT )−1, DetAT , DetA5, DetA−4.

Remark 4.5. We would like to remark that the universal property actually implies that the universal
objects are unique up to linear equivalence. That is to say that, if (det′ V,det′) is another such
object, then there is a unique linear equivalence such that triangle

V n

det′ V

det′

ÂÂ?
??

??
??

??
??

?

detV

V n

??

det

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ
detV

det′ V

OO

∼=

²²

is commutative.

Exercise 4.11. The determinant of square matrices defines a multi-linear and antisymmetric map
Det: (Rn)n // R:

(~a1, . . . ,~an) 7→ Det[~a1, . . . ,~an].

Show that (R,Det) is a universal object and then conclude that Det(AB) = Det(A) · Det(B) for
any two n× n-matrices A and B.

Everything we have developed so far in this section is valid when the ground field is replaced
by C. However, when the ground field is R, the determinant of an n × n-matrix has a geometric
meaning: it is the signed volume of the oriented bounded geometric region in Rn spanned by the
columns of the matrix.

To explain that, note that Rn carries a standard (the one that agrees with your intuition)
geometrical structure, i.e., something that allows you to talk about length and angle, hence area
and volume. Suppose that ~a1, . . . , ~an are vectors in Rn, then they span an oriented bounded
geometric region in Rn. Let me not give a precise description here; however, I hope you get the
idea if you know what it is in dimension one, two and three. In dimension one, it is just the unique
vector, but considered as an oriented line segment, it is positively (negatively) oriented if it points
to the right (left). In dimension two, it is the oriented parallelogram with the two vectors as a
pair of neighboring edges. The orientation is given this way: assume the two vectors are linearly
independent and the angle from the first vector to the second vector is positive and less than π,
then the orientation is called positive; otherwise, the orientation is called negative. In dimension
three, the orientation is positive(negative) if ~a1, ~a2, ~a3 obey the right-hand (left-hand) rule.
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The general claim is this: Det[~a1, . . . ,~an] is equal to the volume of the bounded geometric region,
but this is true modulo a sign if the volume is not zero. The sign is positive if the orientation is
positive and is negative if the orientation is negative.

Exercise 4.12. Prove this claim in the case n = 1, 2 and 3.

In summary, we have shown that for each vector space V of dimension n, there is a universal
object det: V n // detV in the collection of all multi-linear antisymmetric maps from V n to
vector spaces. It is unique up to linear equivalences. In general, if T is a linear map between vector
spaces of equal dimension, then detT is a linear map between the corresponding determinant lines.
In the case that T is an endomorphism, detT is just a scalar multiplication, or just a number.

4.3 Eigenvectors, Eigenvalues and Diagonalizations

In many interesting linear problems, an endomorphism T on a vector space V is encountered. If
T is just a scalar multiplication, the problem gets solved quickly. In general, T is not like that.
However, the problem can still be solved quickly if it admits a decomposition into a direct sum of
scalar multiplications. So it is important to know whether a given endomorphism is decomposable
into a direct sum of scalar multiplications, and if it is, how we do it. We will answer these questions
here.

Suppose that V = V1 ⊕ · · · ⊕ Vk where dimVi > 0 for each 1 ≤ i ≤ k, and with respect to this
decomposition, T = λ1I ⊕ · · · ⊕ λkI where λi’s are some distinct numbers. Then it is clear that
λ = λi for some i ⇐⇒ T −λI is not invertible ⇐⇒ Det(T −λI) = 0. (True for matrices, so true
in general) Moreover, ker(T − λiI) = Vi.

Before we proceed to answer the questions mentioned above, it is a good time to introduce
some terminologies. Each of these special numbers λi’s is called an eigenvalue of T and each of
these special subspaces Vi’s is called the eigenspace for T , and a nonzero vector in Vi is called an
eigenvector of T with eigenvalue λi. Note that if v is an eigenvector of T with eigenvalue λi, then
T (v) = λiv because T is just a scalar multiplication by λi on Vi.

We extend these terminologies to general endomorphisms as well. We say λ is an eigenvalue of
T if T − λI is not invertible. If λ is an eigenvalue of T , then ker(T − λI) is called an eigenspace
with eigenvalue λ, denoted by Eλ. If v ∈ Eλ and v 6= 0, then v is called an eigenvector of T with
eigenvalue λ.

Exercise 4.13. Show that the dimension of an eigenspace is at least one. Show that λ is an
eigenvalue of T ⇐⇒ there is a nonzero vector v such that T (v) = λv.

Therefore, to solve the problem of decomposing an endomorphism into a direct sum of scalar
multiplications, all we need to do are the followings:

1. Find all solutions5 of the characteristic equation

Det(T − λI) = 0.
5This means all real solutions if we work with a real vector space, or all complex solutions if we work with a

complex vector space.
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I.e., find all eigenvalues of T .

2. For each solution λi, find ker(T − λiI). I.e., find all eigenspaces.

3. Write down the decomposition of V into the direct sum of eigenspaces (if possible) and write T
as the corresponding decomposition into the direct sum of scalar multiplication by eigenvalues
on the associated eigenspaces.

Note that, the last step may not be always possible even if we work with complex numbers and
complex vector spaces, because there are situations where

∑
i dimVi < dimV , see the example 4.3

below.

Remark 4.6. Det(λI − T ) = λn + · · · is a degree n (= dimV ) polynomial in λ, so counting with
multiplicity it always has n complex solutions. (It is called the characteristic polynomial for T )
Over real numbers, it may have no solutions at all. Because of that, it is more convenient to work
with complex vector spaces and (complex) linear maps.

Example 4.3. Consider the two endomorphisms of R2 whose standard matrices are

A =
[
1 1
0 3

]
and B =

[
1 1
0 1

]

respectively. The characteristic equation for A is (1−λ)(3−λ) = 0, its solutions are 1 and 3. Then

E1 = Nul (A− 1 · I) = Nul
[
0 1
0 2

]
= Nul

[
0 1
0 0

]
= span

{[
1
0

]}
.

E3 = Nul (A− 3 · I) = Nul
[−2 1

0 0

]
= Nul

[
1 −1

2
0 0

]
= span

{[
1
2
1

]}
.

It is clear that R2 = E1 ⊕ E2, so the endomorphism whose standard matrix is A is decomposable
into a direct sum of scalar multiplications.

The characteristic equation for B is (1− λ)2 = 0, it has only a single solution: 1. Then

E1 = Nul (A− 1 · I) = Nul
[
0 1
0 0

]
= span

{[
1
0

]}
.

It is clear that R2 6= E1, so the endomorphism whose standard matrix is B is not decomposable
into a direct sum of scalar multiplications. This conclusion holds even if we work with complex
numbers.

If an endomorphism on Rn is decomposable into a direct sum of scalar multiplications, we say
its standard matrix A is diagonalizable, i.e., there is an invertible matrix P and a diagonal matrix
D such that A = PDP−1. That is because if Rn = Eλ1⊕· · ·⊕Eλk

, pick a basis for each eigenspace,
juxtapose these bases together, we get a basis6 for Rn: (~v1, . . . , ~vn). Take P = [~v1, . . . , ~vn], then

AP = [A~v1, . . . , A~vn] = [λ1~v1, . . . , λn~vn]
6See Ex. 3.32.
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= [~v1, . . . , ~vn]




λ1I
. . .

λkI




= PD,

so A = PDP−1. Note that the columns of P are linearly independent eigenvectors and their
corresponding eigenvalues are the diagonals of D.

Example 4.4. In the previous example, matrix B is not diagonalizable. Matrix A is diagonalizable,
what we have discussed so far enable us quickly to write A = PDP−1 where

P =
[
1 1

2
0 1

]
and D =

[
1 0
0 3

]
.

Exercise 4.14. Let T be an endomorphism on V . Show that T is decomposable into a direct sum
of scalar multiplications ⇐⇒ there is a basis for V such that the coordinate matrix for T with
respect to this basis is a diagonal matrix.

Exercise 4.15. Let A be a square matrix. Suppose that A2− 3A + 2I = 0 and λ is an eigenvalue
of A. Show that λ is either 1 or 2.

Exercise 4.16. Consider the matrix

A =




2 −3 1
1 −2 1
1 −3 2


 .

(a) Diagonalize A; (b) Use the diagonalization to find A10; (c) Determine the invertibility of A
from its diagonalization; (d) Use the diagonalization to compute A5 − 2A4 + A3.

Exercise 4.17. Let T be an endomorphism on vector space V . Show that
1) If v1, . . . , vk are eigenvectors of T with distinct eigenvalues, then7 they are linearly indepen-

dent.
2) The sum of eigenspaces of T with distinct eigenvalues is a (internal) direct sum.
3) The sum of the dimension of the eigenspaces is at most dimV .

Exercise 4.18. Let A be an n×n-matrix. Show that A is diagonalizable ⇐⇒ there is a basis for
Rn consisting of the eigenvectors of A ⇐⇒ the sum of the dimension of the eigenspaces is equal
to n. In particular, if A has n distinct eigenvalues, then A is diagonalizable.

Example 4.5. Let

A =
[

0 1
−1 0

]
.

7Hint: induction on k.
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The characteristic equation is λ2 + 1 = 0. Over real numbers there are no eigenvalues and no
eigenspaces, so considered as endomorphism of R2, the linear map ~x 7→ A~x is not decomposable
into a direct sum of scalar multiplications. However, over complex numbers, we have eigenvalues
±i, so considered as endomorphism of C2, the linear map ~x 7→ A~x is decomposable into a direct
sum of scalar multiplications.

Exercise 4.19 (Cayley-Hamilton Theorem). Let A be an n× n-matrix and

PA(λ) = Det(λI −A) = λn + · · ·+ det(−A).

1) Show that if U is invertible then PA(λ) = PUAU−1(λ).
2) Show that if A is a diagonal matrix then PA(λ)|λ=A = An + · · ·+ det(−A)I = 0.
3) Show that if A is a diagonalizable matrix then PA(λ)|λ=A = 0.
4) Let Dn be the diagonal matrix whose diagonal entries are 1, 2, . . . , n. For a fixed A, show

that tDn + A has n distinct eigenvalues for all sufficiently large t.
5) Show that PA(λ)|λ=A = 0 for any square matrix or endomorphism A.

Exercise 4.20 (Trace). Let T be an endomorphism of an n-dimensional real (complex) vector
space V . Consider the expansion of Det(I + tT ) in t:

Det(I + tT ) = 1 + tc1(T ) + t2c2(T ) + · · ·+ tncn(T ).

1) Show that c1 is a real (complex) linear function on End (V ) := Hom (V, V );
2) Show that c1(TS) = c1(ST ) for any T , S in End (V ) under the assumption that S is invertible;
3) Show that c1(TS) = c1(ST ) for any T , S in End (V );
4) Show that if the coordinate matrix of T with respect to a basis for V is A = [aij ], then

c1(T ) =
∑

i aii.
5) Any linear function f on End (V ) := Hom (V, V ) which satisfies the relation f(TS) = f(ST )

for any T , S in End (V ) is called a trace on End (V ). Show that, if f is a trace on End (V ), then
f is a scalar multiple of c1. So, c1 is called the trace, often denoted by tr, so c1(T ) = tr(T ).

6) Suppose that Det(λI − T ) = (λ− λ1) · · · (λ− λn). Show that

ck(T ) =
∑

1≤i1<···<ik≤n

λi1 · · ·λik

7) One can show that ci(T ) is the trace of something called the i-th exterior power of T . Of
course you can not prove this here. However, ci(T ) is made of tr(T ), tr(T 2), . . . , tr(T i), and that
is something you can show8. For example,

c2(T ) =
1
2

(
(trT )2 − trT 2

)
.

8Hint: just need to show that this is true in the case T is a diagonal matrix.



Chapter 5

Geometric Structures (4 weeks)

Every real vector space can carry a Riemannian geometric structure, i.e., a structure that allows us
to measure lengths and angles in a way which is compatible with its linear structure. In the case
that a real vector space carries a complex structure, it can carry an Hermitian geometric structure,
i.e., a Riemannian geometric structure that is in compatible with the complex structure. It turns
out that a complex vector space is just a real vector space together with a complex structure, and
the Hermitian geometric structure can be rephrased in pure complex language. Moreover, any
complex vector space can carry an Hermitian geometric structure. By presenting the materials
this way, I hope that the mysterious definition of Hermitian geometric structures in pure complex
language is not mysterious anymore.

5.1 Riemannian Structures on Real Vector Spaces

Rn is more than just a vector space, it has a standard geometrical structure, i.e., the one that agrees
with our intuition. In general, a geometric structure on a vector space is a way for us to measure
the lengths of vectors and the angles between vectors. Of course, that should be compatible with
the linear structure, for instance, when a vector is multiplied by a real number c, the length should
get multiplied by |c|. With lengths and angles defined on a vector space V , we can now define a
product 〈, 〉 on V : V × V // R as follows:

〈u, v〉 = |u| · |v| · cos θ (5.1)

where u and v are vectors in V , |u| and |v| are the length of u and v respectively, and θ is the angle
between u and v. The angle is not well defined when either u or v is the zero vector; however, in
this case we define the product to be zero.

Exercise 5.1. Take the standard geometry on Rn, i.e., the one such that each |~ei| = 1 and ~ei, ~ej

are perpendicular if i 6= j. Show that 〈~x, ~y〉 = x1y1 + · · · + xnyn. (by convention, this product is
called the dot product and 〈~x, ~y〉 is written as ~x · ~y. Note that [~x · ~y] = ~x′~y as matrix identity.)

From the fact that the geometric structure is compatible with the linear structure, or at least
from the standard geometry on model space, we can see that Eq. (5.1) implies the following

59



60 CHAPTER 5. GEOMETRIC STRUCTURES (4 WEEKS)

properties for 〈, 〉:

1. 〈, 〉 is bilinear, i.e., linear in each variable;

2. 〈, 〉 is symmetric, i.e., 〈u, v〉 = 〈v, u〉 for any u and v in V ;

3. 〈, 〉 is positive definite, i.e., 〈u, u〉 ≥ 0 for any u and = 0 if and only if
u = 0.

Here comes a formal definition.

Definition 5.1 (Inner Product). Let V be a real vector space. An inner product on V is
defined to be a bilinear map 〈, 〉: V × V // R which is both symmetric and positive definite.

Remark 5.1. An inner product on a real vector space V is also called a Riemannian structure
on V . The dot product on Rn is called the standard Riemannian structure on Rn. Under
a given inner product 〈, 〉 on V , the length of a vector u in V , denoted by |u|, is defined to be√
〈u, u〉.
A real vector space equipped with an inner product is called a (finite dimensional) real Hilbert

space. Rn together with the standard Riemannian structure is a real Hilbert space. Since V ∼=
Rdim V , it is clear that inner product exists on any real vector space.

Remark 5.2. An inner product on V enables us to define lengths and angles for vectors in V via
Eq. (5.1). It turns out, there is a one-one correspondence:

inner products on V
l

compatible ways of measuring lengths and angles on V .

(Can you make the word ‘compatible’ precise?1)

Exercise 5.2 (Cauchy-Schwartz inequality). Use the three properties listed in the definition
of inner product to show that2

|〈u , v〉| ≤ |u| · |v|.

5.1.1 Orthogonal Projections

Throughout this subsection we assume V is a (finite dimensional) real Hilbert space. We say two
vectors u and v in V are orthogonal to each other (denoted by u ⊥ v) if their inner product is
zero.

Theorem 5.1 (Pythagorean Theorem and its Converse). u ⊥ v ⇐⇒ |u|2 + |v|2 = |u + v|2.
1Trust your intuition.
2Hint: |u + tv|2 ≥ 0 for any real parameter t.
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Proof. The theorem follows from the following computations:

|u + v|2 = 〈u + v, u + v〉 definition of length
= 〈u, u〉+ 〈u, v〉+ 〈v, u〉+ 〈v, v〉 bilinear
= 〈u, u〉+ 2〈u, v〉+ 〈v, v〉 symmetry
= |u|2 + |v|2 + 2〈u, v〉 definition of length.

Let W be a subspace of V , u a vector in V . We say that v is orthogonal to W , denoted by
v ⊥ W , if v is orthogonal to each vector in W , but that is equivalent to saying that v is orthogonal
to each vector in a spanning set for W .

The orthogonal complement of W in V , denoted by W⊥, is defined to be the set of all vectors
that are orthogonal to W . W⊥ is a subspace of V because it is the kernel of a linear map: Suppose
that v1, . . . , vk form a spanning set for W ; define T : V // Rk by T (v) = [〈v, v1〉, . . . , 〈v, vk〉]′,
then W⊥ = kerT . In fact W⊥ is the largest subspace of V that is orthogonal to W .

Proposition 5.1. Let W be a subspace of V . Then
1) W ∩W⊥ = {0}.
2) V = W ⊕i W⊥. Consequently any x ∈ V can be uniquely decomposed as

x = y + z y ∈ W and z ∈ W⊥.

3) (W⊥)⊥ = W .

Proof. 1) If v ∈ W ∩W⊥, then v · v = 0, so v = 0.
2) From part 1) we know that the sum of W with W⊥ is a direct sum. To show that W⊕iW

⊥ =
V , we just need to show that dimV = dimW + dimW⊥. But that can be proved by a sandwich
argument:

dimV ≥ dim(W ⊕i W⊥) = dimW + dimW⊥

= dimW + dimkerT because W⊥ = kerT
≥ dimW + (dimV − k) by Eq. (3.1) and Ex. 3.3
= dimV assume v1, . . . , vk form a minimal spanning set for W.

3) It is clear that W ⊂ (W⊥)⊥. When replacing W by W⊥ in part 2), we have V = W⊥ ⊕i

(W⊥)⊥. So dimW + dimW⊥ = dimV = dimW⊥ + dim(W⊥)⊥, so dimW = dim(W⊥)⊥, so
W = (W⊥)⊥ by Ex. 3.3.

We have seen that any x ∈ V can be uniquely written as y + z with y ∈ W and z ∈ W⊥. We
call such y the orthogonal projection of x onto W , written as y = ProjW (x). So the proposition
says that z = ProjW⊥(x). The assignment of y to x defines a linear map

ProjW : V // V.

Note that ProjW ProjW = ProjW , i.e., projection twice is the same as projection once. The
range of ProjW is W and its kernel is W⊥, they are eigenspaces of ProjW with eigenvalue 1 and
0 respectively. With respect to the decomposition V = W ⊕i W⊥, we have ProjW = I ⊕ 0 and
ProjW⊥ = 0⊕ I, so ProjW + ProjW⊥ = I and ProjW ProjW⊥ = 0.
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Exercise 5.3. Suppose that W is a subspace of V . Show that3, for any x ∈ V and any w ∈ W , we
have |x−ProjW (x)| ≤ |x−w|. I.e., among all vectors in W , ProjW (x) gives the best approximation
to x.

Exercise 5.4. Consider a parallelogram. Show that the sum of the square of the length of its
diagonals is equal to the sum of the square of the length of its sides.

5.1.2 Orthonormal Bases

Throughout this subsection we assume V is a (finite dimensional) real Hilbert space, W is a subspace
of V and W⊥ is the orthogonal complement of W in V . Note that, W is also a Hilbert space with
the inner product inherited from that of V .

A set of vectors in V is called an orthogonal set of vectors if any two in this set are orthogonal.
An orthogonal set of nonzero vectors is always a linearly independent set. This can be proved by
a simple computation: Suppose that v1, . . . , vk form an orthogonal set and

c1v1 + · · ·+ ckvk = 0;

taking the inner product of this identity with v1, we get

c1〈v1, v1〉+ c2〈v2, v1〉+ · · · = 〈0, v1〉, or c1|v1|2 = 0 ⇒ c1 = 0.

Similarly, ci = 0 for each i.
Let (v1, . . . , vn) be a basis for V . We say this is an orthonormal basis if 〈vi, vj〉 = 0 if i 6= j

and = 1 if i = j. I.e., an orthonormal basis is a basis such that each vector in the basis has length
one and any two of them are orthogonal. For example, (~e1, . . . , ~en) is an orthonormal basis for Rn.

One advantage of having an orthonormal basis is that we can find the coordinates of any vector
very quickly. Suppose that v = (v1, . . . , vn) is an orthonormal basis for V , and x ∈ V . We know
x = x1v1 + · · ·+ xnvn for some numbers xi’s. Now

〈v1, x〉 = x1〈v1, v1〉+ x2〈v1, v2〉+ · · · = x1.

Similarly, 〈vi, x〉 = xi. So we have

x = 〈v1, x〉v1 + · · ·+ 〈vn, x〉vn. (5.2)

Suppose that (x1, . . . , xn) is a basis for V . Let Vi be the span of first i vectors in this basis,
then V1 ⊂ V2 ⊂ · · · ⊂ Vn = V and dimVi = i.

Claim 2. Each Vi has an orthonormal basis.

Proof. Induction on i. If i = 1, we let v1 = 1
|x1|x1. Assume Vi has an orthonormal basis (v1, . . . , vi).

Let yi+1 be the orthogonal projection of xi+1 onto the orthogonal complement of Vi in Vi+1. Then
yi+1 6= 0, otherwise, xi+1 ∈ Vi, so Vi+1 = Vi + span {xi+1} = Vi, a contradiction. Let vi+1 =

1
|yi+1|yi+1. Then v1, . . . , vi+1 form an orthonormal basis for Vi+1.

3Hint: draw a picture to help yourself, say W is a plane in R3.
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Therefore, orthonormal basis always exists for any finite dimensional Hilbert space. Conse-
quently, any real Hilbert space of dimension n is isometrically4 linearly equivalent to Rn. We call
Rn the model real Hilbert space of dimension n.

Now suppose that v1, . . . , vk form an orthonormal basis for W , vk+1, . . . , vn form an orthonormal
basis for W⊥, then v1, . . . , vn form an orthonormal basis for V . Now if x ∈ V , from Eq. (5.2), we
have

x = 〈v1, x〉v1 + · · ·+ 〈vk, x〉vk︸ ︷︷ ︸
in W

+ 〈vk+1, x〉vk+1 + · · ·+ 〈vn, x〉vn︸ ︷︷ ︸
in W⊥

.

Therefore, we have the following formula for the orthogonal projection: Suppose that v1, . . . , vk

form a orthonormal basis for W , and x ∈ V , then

ProjW (x) = 〈v1, x〉v1 + · · ·+ 〈vk, x〉vk.

In the case that v1, . . . , vk form just an orthogonal basis for W (i.e., vi’s are not assumed to
have length one, although they are mutually orthogonal to each other), the projection formula then
becomes

ProjW (x) = 〈v1,x〉
|v1|2 v1 + · · ·+ 〈vk,x〉

|vk|2 vk. (5.3)

Gram-Schmidt Process

In the induction proof of claim 2, we have defined

yi+1 = xi+1 − ProjVi
(xi+1).

Therefore, in view of Eq. (5.3), we have

y1 = x1 define y1 this way

y2 = x2 − 〈y1,x2〉
|y1|2 y1

y3 = x3 − 〈y1,x3〉
|y1|2 y1 − 〈y2,x3〉

|y2|2 y2
because y1, y2 form an
orthogonal basis for V2

...

yi = xi − 〈y1,xi〉
|y1|2 y1 − · · · − 〈yi−1,xi〉

|yi−1|2 yi−1 similar reason

...

Let vi = 1
|yi|yi. Then we know v1, v2, . . . form an orthonormal basis. The process of producing an

orthonormal basis out of a basis in this way is called the Gram-Schmidt process.
4I.e., preserving length and angle.
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Exercise 5.5. Consider

A =




1 1 1
0 1 1
0 0 0
0 0 1


 u =




1
0
1
0




(a) Find an orthogonal basis of ColA; (b) Find the orthogonal projection of u onto ColA; (c)
Find the distance from u to ColA.

Exercise 5.6. Consider vectors

u1 =




0
0
1
0


 , u2 =




0
1
1
0


 , u3 =




1
1
1
−1


 , y =




0
0
0
1


 .

1) Use Gram-Schmidt process to turn u1, u2, u3 into an orthogonal set;
2) Extend the orthogonal set in 1) to an orthogonal basis of R4;
3) Find the distance from y to span{u1, u2, u3}.

Exercise 5.7. Let W be a k-dimensional subspace of Rn. Suppose that x = (~x1, . . . , ~xk) is an
orthonormal basis for W . Show that the standard coordinate matrix for ProjW is ~x1~x

′
1 + · · ·+~xk~x

′
k.

Proposition 5.2. Let T be a linear map from real Hilbert space V to real Hilbert space W . Then
there is a unique linear map T ′: W // V such that, for any v ∈ V and any w ∈ W , 〈w , T (v)〉 =
〈T ′(w) , v〉. Moreover, (TS)′ = S′T ′ if either side is defined.

Proof. Just need to work with model Hilbert spaces, so we can take T be a real m× n-matrix A.
The proof is then just a computation: Plugging w = ~ei ∈ W and v = ~ej into 〈w , Av〉 = 〈A′w , v〉,
we are forced to have Aji = A′ij , i.e., A′ is obtained from A by taking transpose. The rest is
clear.

Remark 5.3. T ′ is called the real adjoint of T . In the case that T is an endomorphism on V and
T ′ = T , we say T is a real self-adjoint operator on V .

5.1.3 Linear Isometries and Orthogonal Transformations

Let T be a linear map from Hilbert space V to Hilbert space W . We say T is a linear isometry
if T also respects the geometric structures, i.e.,

〈T (x), T (y)〉 = 〈x, y〉 for any x, y in V .

It is easy to see that if T is a linear isometry, then T is one-to-one, so dimV ≤ dimW ; also T
preserves lengths and angles.

If an endomorphism on V is a linear isometry we say it is an orthogonal transformation on
V . The set of all orthogonal transformations on V is denoted by O(V ). (It is a Lie group in case
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you know what a Lie group should be. The orthogonal transformations and the translations on V
do not change angles and lengths, so they are called rigid motions on V — the transformations on
V which fix lengths and angles. One can show that any rigid motion on V which fixes the zero
vector in V is just an orthogonal transformation on V .)

The standard matrix for an orthogonal transformation on Rn is called an orthogonal matrix.
It is just a matter of computations that O is an orthogonal matrix ⇐⇒ the columns are orthonor-
mal basis for Rn ⇐⇒ O′O = I ⇐⇒ O−1 = O′ ⇐⇒ OO′ = I ⇐⇒ the rows are orthonormal
basis for (Rn)∗.

Exercise 5.8. 1) Prove this last statement.
2) Let T : V // W be a linear map. Show that T is a linear isometry if and only if T maps

an orthonormal basis for V into an orthonormal set of vectors in W .

Exercise 5.9. Let A be an invertible matrix. Show that5 there is an orthogonal matrix O and a
upper triangular matrix T such that A = OT , or equivalently there is an orthogonal matrix O and
a lower triangular matrix T such that A = TO.

Note that O is an orthogonal matrix ⇒ O′O = I ⇒ detO′O = 1 ⇒ detO = ±1. Geometrically
an orthogonal transformation on Rn is a pure rotation if its determinant is 1 and is a reflection
(about hyperplanes through the origin) plus a possible rotation if its determinant is −1. In fact any
orthogonal transformation on Rn is a composition of finitely many reflections (about a hyperplane
through the origin), that is a theorem6 of E. Cartan. More generally, any rigid motion of Rn is a
composition of finitely many reflections about hyperplanes not necessarily through the origin.

Exercise 5.10. Find numbers a, b, c so that following

O =




1/3 2/3 a
2/3 1/3 b
2/3 −2/3 c


 ,

is an orthogonal matrix. Then find O−1.

5.2 Hermitian Structures on Complex Vector Spaces

Throughout this section, unless said otherwise, we assume V , W , etc are complex vector spaces.

5.2.1 Complex Structures

Let V be a complex vector space. If we forget the complex structure and only do scalar multiplica-
tion by real numbers, then V is also a real vector space, denoted by VR, and is called the underlying
real vector space of V . Of course, the underlying sets for V and VR are the same. To remember
the complex structure, we need to observe that the multiplication by i ≡ √−1 is an endomorphism
on VR whose square is −I.

5Hint: apply the Gram-Schmidt process to the columns of A.
6The proof is not difficult, just use induction on n.
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Exercise 5.11. Let V be a complex vector space and dimR V := dimVR. Show that dimR V =
2dim V .

By definition, a complex structure on a real vector space is an endomorphism J on the real
vector space whose square is −I, i.e., J2 = −I.

Exercise 5.12. A (nontrivial) real vector space admits a complex structure if and only if its
dimension is an even non-negative integer7.

Exercise 5.13. 1) Show that the assignment of

(VR, multiplicaton by i on V )

to complex vector space V is a one-one correspondence between the complex vector spaces and
pairs (VR, J) where VR is a real vector space and J is a complex structure on VR. I.e., a complex
vector space is just an underlying real vector space together with a complex structure8. 2) Show
that a map between two complex vector spaces is a linear map if and only if it is a linear map
between the underlying real vector spaces and is compatible with the complex structures.

5.2.2 Hermitian Inner Products

Let V be a complex vector space of dimension n, J be the multiplication by i on V . Then VR is
a real vector space of dimension 2n with J being a complex structure. On VR there exists many
inner products, the ones that are compatible with J are the really interesting ones. Here comes a
definition.

Definition 5.2 (Hermitian Inner Product: Real Version). We say an inner product 〈 , 〉R on
VR is an Hermitian inner product for V = (VR, J) if it is compatible with the complex structure
J in the sense that J is an isometry.

Hermitian inner products always exist : If 〈 , 〉R is an inner product on VR, then

(x, y) 7→ 1
2

(〈x, y〉R + 〈J(x), J(y)〉R)

is an Hermitian inner product.
Suppose that 〈 , 〉R is an Hermitian inner product on (VR, J). For any x, y in VR, define

〈x | y〉 := 〈x, y〉R − i〈x, J(y)〉R.

Then the following is just a matter of computations (assume x, y, y1, y2 are in V , c1 and c2 are
complex numbers):

1. 〈x | y〉 = 〈y |x〉;

2. 〈x | ·〉 is complex linear, i.e., 〈x | c1y1 + c2y2〉 = c1〈x | y1〉+ c2〈x | y2〉;

3. 〈x |x〉 ≥ 0 for any x and = 0 if and only if x = 0.

7Hint: use determinant and work with model spaces.
8Hint: work on the model spaces.



5.2. HERMITIAN STRUCTURES ON COMPLEX VECTOR SPACES 67

On the other hand, if 〈 | 〉: V × V // C is a map satisfying the above three properties, set

〈 , 〉R = the real part of 〈 | 〉,

then 〈 , 〉R: VR × VR // R is an Hermitian inner product. (You prove it)
Obviously, 〈 , 〉R and 〈 | 〉 determine each other. Therefore, we have an equivalent definition of

Hermitian inner product for V .

Definition 5.3 (Hermitian Inner Product: Complex Version). An Hermitian inner product
on V is a map 〈 | 〉: V × V // C which satisfies the three properties listed above.

Remark 5.4. An Hermitian inner product on a complex vector space V is also called an Hermitian
structure on V . If u ∈ V , the length of u, denoted by |u|, is defined to be the square root of
〈u |u〉 = 〈u , u〉R.

Example 5.1. Since C = R2 plus J2 =
[
0 −1
1 0

]
, so Cn = R2 ⊕ · · · ⊕ R2

︸ ︷︷ ︸
n

= R2n plus J =

J2 ⊕ · · · ⊕ J2︸ ︷︷ ︸
n

. The dot product is an Hermitian product and it is equivalent to the map sending

(~z, ~w) in Cn × Cn to
〈~z | ~w〉 = z̄1w1 + · · ·+ z̄nwn,

which is called the standard Hermitian structure on Cn.

Exercise 5.14 (Cauchy-Schwartz inequality). Use the three properties listed in the definition
of Hermitian inner product (the complex version) to show that

|〈u | v〉| ≤ |u| · |v|.

5.2.3 Orthogonal Projections and Orthonormal Bases

By definition, a (finite dimensional) complex vector space together with an Hermitian inner product
is called a (finite dimensional) complex Hilbert space. Equipped with the standard Hermitian
structure, Cn becomes a Hilbert space of dimension n.

Let V be a complex Hilbert space of dimension n, u, v be two vectors in V . We say u, v are
orthogonal to each other if 〈u | v〉 = 0.

Exercise 5.15. Let u, v be two vectors in a complex Hilbert space V . Show that if u, v are
orthogonal, then, as vectors in VR, u, v are also orthogonal. Also show that 〈u |u〉 = 〈u , u〉R for
any u ∈ V .

Let W be a (complex) subspace of V . We say u ∈ V is orthogonal to W if it is orthogonal to
each vector in W , or equivalently if it is orthogonal to each vector in a spanning set for W . Let
W⊥ be the set of all vectors in V that are orthogonal to W . Similar to the real case, W⊥ is a
subspace and is called the orthogonal complement of W ; and we have
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Proposition 5.3. Let W be a subspace of V . Then
1) W ∩W⊥ = {0}.
2) V = W ⊕i W⊥. Consequently any x ∈ V can be uniquely decomposed as

x = y + z y ∈ W and z ∈ W⊥.

3) (W⊥)⊥ = W .

The assignment of y to x is called the orthogonal projection of x onto W , denoted by

y = ProjW (x).

An orthonormal basis for V is a basis such that any two basis vectors are orthogonal and
any basis vector has length equal to 1. Similar to the real case, orthonormal basis always exists.
Also, the projection formula and the formula for the Gram-Schmidt process are the same except
that we need to replace 〈 , 〉 by 〈 | 〉 everywhere. Properties for the projection map in the real case
all hold in the complex case.

The existence of orthonormal basis for V implies that there is a linear equivalence between V
and Cn which respects the Hermitian inner products. So Cn is called the model complex Hilbert
space of dimension n.

Exercise 5.16. 1) Let V be a complex Hilbert space, v = (v1, . . . , vn) an orthonormal basis for
V . As sets, V = VR. Show that v1, . . . , vn, iv1, . . . , ivn form an orthonormal basis for VR.

2) Let W be a subspace of V . Show that ProjW (x) = ProjWR(x) for any x ∈ V = VR.

Exercise 5.17. Let A be an invertible complex matrix. Show that there is a unitary matrix U
and a upper triangular matrix T such that A = UT , or equivalently there is a unitary matrix U
and a lower triangular matrix T such that A = TU .

5.2.4 Adjoint Maps and Self-adjoint Operators

Let T be a linear map from (complex) Hilbert space V to (complex) Hilbert space W .

Proposition 5.4. There is a unique (complex) linear map T †: W // V such that, for any v ∈ V
and any w ∈ W , 〈w |T (v)〉 = 〈T †(w) | v〉. Moreover, (TS)† = S†T † if either side is defined.

Proof. Just need to work with model Hilbert spaces, so we can take T be a complex m×n- matrix A.
The proof is then just a computation: Plugging w = ~ei ∈ W and v = ~ej into 〈w |Av〉 = 〈A†w | v〉,
we are forced to have Aji = Ā†ij , i.e., A† is obtained from A by taking transpose and complex
conjugation. The rest is clear.

Here are some terminologies. T † is called the adjoint of T . When T is an endomorphism of V
and T † = T , we say T is self-adjoint or T is a self-adjoint operator (or Hermitian operator) on
V . The standard matrix for an Hermitian operator on Cn is called an Hermitian matrix.

Similar to the real case, we say a linear map is an isometry if it preserves the Hermitian inner
products, and such a map must be one-to-one. A unitary transformation on V is just an isomet-
ric endomorphism, the collection of all such things is called the group of unitary transformations on
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V , denoted by U(V ). The standard matrix for a unitary transformation on model Hilbert spaces
is called a unitary matrix. It is clear that it is a complex square matrix whose columns are
orthonormal. It is just a matter of computations that U is a unitary matrix ⇐⇒ the columns
are orthonormal basis for Cn ⇐⇒ U †U = I ⇐⇒ U−1 = U † ⇐⇒ UU † = I ⇐⇒ the rows are
orthonormal basis for (Cn)∗.

Exercise 5.18. 1) Prove this last statement.
2) Let T : V // W be a linear map. Show that T is a linear isometry if and only if T maps

an orthonormal basis for V into an orthonormal set of vectors in W .

Exercise 5.19. Let U(t) be a unitary matrix for each real parameter t. Suppose that U(t) depends
on t smoothly and its derivative with respect to t is U̇ , then iU−1(t)U̇(t) is an Hermitian matrix.

Exercise 5.20. Let W be a subspace of Cn, x = (~x1, . . . , ~xk) be an orthonormal basis for W .
Then the standard coordinate matrix for ProjW is ~x1~x

†
1 + · · ·+ ~xk~x

†
k. (here † means transpose plus

complex conjugation)

Exercise 5.21. Let T : V // W be a linear map of Hilbert spaces.
1) Show that there is a linear equivalence Tr: (kerT )⊥ // ImT such that

T =
[

Tr O

O O

]

with respect to decomposition V = (kerT )⊥ ⊕i kerT and W = ImT ⊕i (ImT )⊥.
2) Show that in the real case kerT and ImT ′ are orthogonal complement of each other in

V and kerT ′ and ImT are orthogonal complement of each other in W , and in the complex case
kerT and ImT † are orthogonal complement of each other in V and kerT † and ImT are orthogonal
complement of each other in W .

3) Show that

r(T ′) = r(T ) in the real case;
r(T †) = r(T ) in the complex case.

Exercise 5.22. Let V be a real (complex) Hilbert space of dimension n. Then detV is a
Hilbert space whose inner product (Hermitian inner product) is the one such that the length
of det(v1, . . . , vn) is 1 for an (hence any, why?) orthonormal basis v1, . . . , vn.

1) Show that for any v = (v1, . . . , vn) and w = (w1, . . . , wn), we have

〈det(v) , det(w)〉 = Det[〈vi , wj〉] in the real case;
〈det(v) | det(w)〉 = Det[〈vi |wj〉] in the complex case.

2) Let T : V // W be a linear map and dimV = dimW . Then detT : det V // det W is a
linear map between one-dimensional Hilbert spaces. Show that

det T ′ = (detT )′ in the real case;
detT † = (detT )† in the complex case.
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3) Let T be an endomorphism on a Hilbert space. Then detT is just the scalar multiplication
by DetT . Show that

DetT ′ = DetT in the real case;
DetT † = DetT in the complex case.

Exercise 5.23. Let T be an endomorphism on vector space V . Suppose that V admits a decom-
position into the direct sum of two subspaces of V , with respect to which, T = T1 ⊕ T2. Show
that

1) T1 and T2 are self-adjoint if T is self-adjoint.
2) T is self-adjoint if the two subspaces in the decomposition are orthogonal to each other and

T1, T2 are self-adjoint.

Here comes a theorem that has many applications in geometry and physics.

Theorem 5.2 (Spectral Decomposition Theorem for hermitian operators). Let T be a
self-adjoint operator on V . Then 1) the eigenvalues of T are all real numbers; 2) eigenspaces of T
with distinct eigenvalues are orthogonal; 3) V is the direct sum of all eigenspaces of T , consequently
T is decomposable into a direct sum of scalar multiplications.

Proof. 1) Suppose that λ is an eigenvalue and T (v) = λv for some v 6= 0. Plugging T (v) = λv into
〈v |T (v)〉 = 〈T (v) | v〉, we have λ|v|2 = λ̄|v|2, so v 6= 0 implies that λ = λ̄, i.e., λ is a real number.

2) Suppose that for i = 1 or 2, we have T (vi) = λivi for some real numbers λi’s and nonzero
vectors vi’s. Plugging these relations into 〈v1 |T (v2)〉 = 〈T (v1) | v2〉, we get (λ2 − λ1)〈v1 | v2〉 = 0,
so λ2 6= λ1 implies that 〈v1 | v2〉 = 0.

3) Let W be the (internal) direct sum of all eigenspace of T , then W is also the span of the set
of all eigenvectors of T . Claim: V = W . Otherwise, W⊥ is nontrivial. By simple computations we
know that T (W ) ⊂ W and T (W⊥) ⊂ W⊥, so T = T1 ⊕ T2 with respect to the decomposition V =
W ⊕i W

⊥. Now T2 is an endomorphism on W⊥ (non-trivial), so it has at least one eigenvalue(since
we are working with complex numbers), so it has an eigenvector v. But this v is also an eigenvector
of T , and is not in W , a contradiction.

Corollary 5.3. Let A be an Hermitian matrix, i.e., A† = A. Then there is a unitary matrix U
whose columns consist of eigenvectors of A and a real diagonal matrix D whose diagonals are the
corresponding eigenvalues, such that A = UDU †.

(The slightly nontrivial part is that U can be chosen to be unitary. That is because that for
each eigenspaces we can choose an orthonormal basis, so the juxtaposition of these bases form an
orthonormal basis for V (because distinct eigenspaces are orthogonal).)

Corollary 5.4. Let A be a real symmetric matrix. Then there is an orthogonal matrix O whose
columns consist of eigenvectors of A and a real diagonal matrix D whose diagonals are the corre-
sponding eigenvalues, such that A = ODO′.

Exercise 5.24. 1) Prove this corollary9. 2) State and prove a theorem similar to theorem 5.2 for
real self-adjoint operator. 3) We say a square matrix A is antisymmetric if A′ = −A. Show that

9Hint: if a complex column matrix is an eigenvector of A, then either its real part or its imaginary part is nonzero
and must be an eigenvector, too.



5.2. HERMITIAN STRUCTURES ON COMPLEX VECTOR SPACES 71

a real antisymmetric matrix is always diagonalizable over the complex numbers. Use examples to
demonstrate that this is not true over the real numbers.

Exercise 5.25 (A problem in quantum mechanics or calculus). 1) Let H be an Hermitian
operator. Show that the maximum (minimum) value of 〈x |H(x)〉 subject to constraint |x| = 1 is
the maximum (minimum) eigenvalue of H. 2) Let A be a real symmetric matrix. Show that the
maximum (minimum) value of 〈~x , A~x〉 subject to constraint |~x| = 1 is the maximum (minimum)
eigenvalue of A.

Exercise 5.26 (Characterization of orthogonal projections). Let P be an endomorphism of
real (complex) Hilbert space V . Show that P is an orthogonal projection ⇐⇒ P ′ = P (P † = P )
and P 2 = P .

Exercise 5.27. Let V be a complex Hilbert space, and T be an endomorphism on VR. Show that
T is an Hermitian operator on V if and only if T is a real self-adjoint operator on VR and TJ = JT
where J is the scalar multiplication by i =

√−1.

Exercise 5.28 (Lie Algebra). Let V be a complex vector space. We say A is an anti-hermitian
operator on V if A† = −A. Let su(V ) be the set of all anti-hermitian traceless operators on V .

1) Show that10 su(V ) is a real vector space. Express the dimension of su(V ) in terms of the
dimension of V .

2) Let A, B be two anti-hermitian traceless operators. The bracket of A with B, is defined to be
AB − BA, and is denoted by [A,B]. Show that [A,B] is also an anti-hermitian traceless operator
on V .

3) Show that the bracket defines a map from su(V ) × su(V ) to su(V ) which is bilinear, anti-
symmetric and satisfies the jacobian identity:

[A, [B, C]] + [B, [C,A]] + [C, [A,B]] = 0.

I.e, show that su(V ) is a Lie Algebra.
4) Show that (A,B) 7→ trA†B defines a Riemannian structure on su(V ).
5) Repeat everything above with the assumption that V is a real vector space, you will get

something which is commonly denoted by so(V ).

5.2.5 Simultaneous Diagonalizations

We say two endomorphisms T and S are commuting if TS = ST . Here comes a theorem that is
important in both quantum mechanics and Lie algebras.

Theorem 5.5. Suppose that H1, . . . , Hk are mutually commuting Hermitian operators on Hilbert
space V . Then V is the direct sum of their mutually orthogonal common eigenspaces, consequently
H1, . . . , Hk can be simultaneously decomposed into a direct sum of scalar multiplications by real
numbers.

10Hint: show that su(V ) is a subspace of Hom(V, V ) by using Ex. 3.2
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Proof. Induction on k. k = 1 is just part of theorem 5.2. Assume it is true for k = i, i.e., V is an
orthogonal direct sum of the common eigenspaces of H1, . . . , Hi: V = W1 ⊕W2 ⊕ · · · . Suppose
that W is one of these common eigenspaces with eigenvalues λ1, . . . , λi respectively, so v ∈ W
⇐⇒ Hj(v) = λjv for 1 ≤ j ≤ i. Then I claim Hi+1(W ) ⊂ W , that is because, if v ∈ W , then
Hj(Hi+1(v)) = Hi+1(Hj(v)) = Hi+1(λjv) = λjHi+1(v). Therefore, Hi+1 is decomposable into a
direct sum of endomorphisms on W1, W2, . . . , in fact a direct sum of Hermitian operators on W1,
W2, . . . . Now apply theorem 5.2 to each of this Hermitian operators, we get a decomposition of
each Wj into a direct sum of the common eigenspaces of H1, . . . , Hi, Hi+1. Therefore, V has a
decomposition into a direct sum of the common eigenspaces of H1, . . . , Hi, Hi+1.

Remark 5.5. In application to quantum mechanics, these Hi’s represent physics observables, one
of which is the Hamiltonian of the system, and others are symmetry generators of the system; and
the eigenvalues are called quantum numbers.

Corollary 5.6. Suppose that A1, . . . , Ak are mutually commuting Hermitian n×n-matrices. Then
there are real diagonal n × n-matrices D1, . . . , Dk and a unitary n × n-matrix U whose columns
are the common eigenvectors, such that

Ai = UDiU
†.

Exercise 5.29. Let A be a complex square matrix. Show that11 A†A = AA† ⇐⇒ A is
diagonalizable by a unitary matrix: A = UDU † where D is diagonal and U is unitary.

This exercise implies that every unitary matrix is diagonalizable by a unitary matrix. Now if
U = PDP † where U , P are unitary matrices and D is diagonal, then D is also unitary matrix, and
that implies that the eigenvalues of a unitary matrix must all have absolute value equal to 1.

Since Hermitian matrices are the infinitesimal version of unitary matrices, the simultaneous
diagonalization theorem also hold for unitary matrices.

Theorem 5.7. Suppose that U1, . . . , Uk are mutually commuting unitary transformations on
Hilbert space V . Then V is the direct sum of their mutually orthogonal common eigenspaces, i.e.,
U1, . . . , Uk can be simultaneously decomposed into a direct sum of scalar multiplications by complex
numbers of modulus one.

Corollary 5.8. Suppose that U1, . . . , Uk are mutually commuting unitary n × n-matrices. Then
there are unitary diagonal n×n-matrices D1, . . . , Dk and a unitary n×n-matrix U whose columns
are the common eigenvectors, such that

Ui = UDiU
†.

Exercise 5.30. Prove the last theorem and its corollary.

11 Hint: write A = X + iY where both X and Y are Hermitian matrices.
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5.3 Real Quadratic Forms

A real quadratic form is just a degree two homogeneous real polynomial in real variables. Since
it is quadratic, does it really belong to linear algebra? Yes, it does.

Let A be a real symmetric matrix, ~x = [x1, . . . , xn]′. Then

QA(~x) := 〈~x, A~x〉

is a real quadratic form on Rn (here the inner product is the dot product). In fact, this assignment
of a quadratic form to a real symmetric matrix defines a one-one correspondence:

real symmetric n× n-matrices
l

real quadratic forms in n variables

Exercise 5.31. Verify the last statement.

Now if A is a real symmetric matrix, then corollary 5.4 says that there is a real diagonal matrix
D = diag{λ1, . . . , λn} and an orthogonal matrix O such that A = ODO′. Therefore,

QA(~x) = 〈~x, ODO′~x〉
= 〈O′~x, DO′~x〉 by proposition 5.2
= QD(~y) = λ1y1

2 + · · ·+ λnyn
2 (5.4)

where ~y = O′~x. I.e., up to a rotation (yes, you can choose O such that detO = +1), any quadratic
form is just a one that has no mixed terms.

Many applications involving quadratic form is precisely due to this fact. For example, if QA is
positive-definite (i.e., QA(~x) ≥ 0 for any ~x and = 0 only if ~x = ~0), then to prove this oft quoted
equality ∫

Rn

(
1√
2π

)ne−
1
2
QA(~x) dx1 · · · dxn =

1√
DetA

.

one just need to prove it in the special case when A is diagonal — a much simpler case.
Here is an example in geometry.

Example 5.2. [Quadric Surfaces] A quadric surface is a surface in R3 that can be represented
as the solution set of a quadratic polynomial equation in real variables x, y and z. For example,
the unit sphere centered at the origin of R3 is a quadric surface because it is the solution set of
equation x2 + y2 + z2 − 1 = 0. The interesting question here is to classify the quadric surfaces up
to topological shape, i.e., up to translations, invertible linear transformations and scalings along
certain directions. Of course, we are only interested in the non-degenerate one, i.e., something that
is not obtained by sweeping a curve along a fixed direction. It turns out there are only six of them,
all but one are obtained by rotating a curve around a fixed axis, so it is very easy to sketch them.
The remaining one, the only one that is difficult to sketch, is a saddle; it is called a saddle because
it looks like a saddle that you would sit on when you ride a horse. The model equations for these
six quadric surfaces are
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1. x2 + y2 + z2 = 1;

2. x2 + y2 − z2 = 1;

3. x2 + y2 − z2 = −1;

4. x2 + y2 − z2 = 0;

5. z = x2 + y2;

6. z = x2 − y2.

I.e., start with any quadratic polynomial equation in x, y and z, after some coordinate changes
involving translations, invertible linear transformations, scalings, the equation becomes one of the
six listed above provided that the surface represented by the equation is non-degenerate.

Exercise 5.32. Verify the last statement.

For application to finding maxima and minima in Calculus course, we need an efficient way
to decide when a real quadratic form QA is positive definite. In dimension two, that is easy. For
example, if Q(x, y) = ax2 + bxy + cy2, then from high school algebra we know Q is

1. indefinite if b2 − 4ac > 0;

2. positive definite if a > 0 and b2 − 4ac < 0;

3. negative definite if a < 0 and b2 − 4ac < 0.

However, in higher dimensions, you need this theorem: (For simplicity, we write QA > 0 or
A > 0 to means that QA is positive definite.)

Theorem 5.9. Let A be a real symmetric n× n-matrix. Let Ai be the matrix obtained from A by
deleting its last (n− i) rows and last (n− i) columns. Let Di = DetAi (so Dn = DetA). Then

QA > 0 ⇐⇒ D1, D2, . . . , Dn are all positive.

Proof. ⇒: First we observe that Eq. (5.4) implies that QB > 0 ⇐⇒ the eigenvalues of B are all
positive. So DetB = Det(ODO−1) = DetD > 0 if QB > 0. Now if we restrict QA to subspace
Ri × 0, we get QAi > 0, so DetAi > 0, i.e., Di > 0.

⇐: Induction on n. It is clearly true when n = 1. Assume it is true when the dimension is
n−1; so D1, . . . , Dn−1 are positive implies that QAn−1 > 0, so An−1 = ODO−1 for some orthogonal
(n− 1)× (n− 1)-matrix O and some diagonal matrix D = diag{λ1, . . . , λn−1} with λi’s > 0. Then

A =
[

O 0
0 1

] [
D B

B′ d

] [
O′ 0
0 1

]

=
[

O
√

D 0
0 1

] [
I C

C ′ d

] [ √
DO′ 0
0 1

]
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where d is a real number,
√

D = diag{
√

λ1, . . . ,
√

λn−1} and B, C are column vector in Rn−1 with
B =

√
DC. Since

0 < DetA = DetD Det
[

I C

C ′ d

]

= DetD · (d− |C|2) by Ex. 4.9 ,

we have d− |C|2 > 0. Now

A > 0 ⇐⇒
[

I C

C ′ d

]
> 0 ⇐⇒ [

~y′ yn

] [
I C

C ′ d

] [
~y

yn

]

= |~y|2 + 2ynC · ~y + y2
nd

= |~y + ynC|2 + y2
n(d− |C|2) is positive for all nonzero [~y′, yn];

but that is guaranteed by the positivity of d− |C|2.

Exercise 5.33. Let A be a real symmetric n×n-matrix. We say A ≥ 0 if QA(~x) ≥ 0 for all vector
~x in Rn. It is clear that A ≥ 0 ⇐⇒ A + tI > 0 for any t > 0. Based on this observation and the
theorem above to derive a sufficient and necessary condition for A ≥ 0.

Exercise 5.34. 1) Define real quadratic forms on a general real vector space and then translate
theorem 5.9.

2) Define12 Hermitian quadratic forms on a general complex vector space and then state and
prove a theorem similar to the translated version of theorem 5.9 that you have just obtained in
part 1).

Exercise 5.35 (Polar Decomposition). Let A be an invertible complex matrix. Show that
there is a matrix R > 013 and a unitary matrix U such that A = RU .

12Hint: they correspond to real self-adjoint operators on VR which are compatible with the complex structure on
V , i.e., Hermitian operators on V .

13It means that R is Hermitian and 〈~z |R~z〉 ≥ 0 for any ~z and = 0 only when ~z = 0.
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Chapter 6

Jordan Canonical Forms*(1 week)

Let T be an endomorphism on a (finite dimensional) complex vector space V . We wish to decompose
T into a direct sum of scalar multiplications. It turns out that this is equivalent to decomposing
V into the direct sum of all eigenspaces. However, this is not always possible because in general
the direct sum of all eigenspaces is just a proper subspace of V , and we have seen that in example
4.3. In that example, the only eigenspace E1 = Nul (B − I) is a proper subspace of R2. However,
Nul (B − I)2 = R2, and this is a big hint.

The general picture is this: V is always equal to the internal direct sum of generalized eigenspaces;
with respect to this decomposition, T is a direct sum of endomorphisms of this form: a scalar mul-
tiplication + a nilpotent endomorphism.

The details are given in the rest of this chapter.

6.1 Generalized Eigenspaces

Let λ be an eigenvalue of an endomorphism T and Eλ(i) = ker(T −λI)i. Then we have a filtration

{0} ( Eλ(1) ⊂ Eλ(2) ⊂ · · · .

Since the filtration is bounded above by V , it must stabilize from somewhere on, i.e., there is a
positive integer k > 0 such that

Eλ(k) = Eλ(k + 1) = · · · .

Let us call this stabilized subspace in the filtration the generalized eigenspace with eigenvalue
λ, denoted by Eλ. I.e., Eλ = lim−→ ker(T − λI)i. Note that Eλ = Eλ(1) ⊂ Eλ. By definition, any
nonzero vector in Eλ is called a generalized eigenvector. Note that, for any integer n ≥ 0 and
any complex number µ, (T − µI)n maps Eλ into Eλ; and we will see shortly that it actually maps
Eλ isomorphically onto Eλ if µ 6= λ.

Proposition 6.1. Let v be a generalized eigenvector of T with eigenvalue λ. Then
1. There is an integer m ≥ 0 such that vm := (T − λI)m(v) is an eigenvector of T with

eigenvalue λ.
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2. v is never a generalized eigenvector of T with eigenvalue µ 6= λ.
3. For any n ≥ 0 and complex number µ 6= λ, (T − µI)n(v) is always a generalized vector of T

with eigenvalue λ, in fact an eigenvector of T with eigenvalue λ if v is. Consequently, (T − µI)n

maps Eλ isomorphically onto Eλ.

Proof. 1. That is because there is an integer m ≥ 0 such that (T−λI)m(v) 6= 0 but (T−λI)m+1(v) =
0, i.e., T ((T − λI)m(v)) = λ(T − λI)m(v).

2. Otherwise, by point 1, there is an integer l ≥ 0 such that vl := (T −µI)l(v) is an eigenvector
of T with eigenvalue µ. Since

(T − λI)k(vl) = (T − µI)l((T − λI)k(v)) = (T − µI)l(0) = 0

if k is sufficiently large, vl is also a generalized eigenvector of T with eigenvalue λ, so by point 1,
there is an integer m ≥ 0 such that (T − λI)m(vl) is an eigenvector of T with eigenvalue λ. Now

T ((T − λI)m(vl)) = (T − λI)m(T (vl)) = (T − λI)m(µvl) = µ(T − λI)m(vl),

so (T − λI)m(vl) is an eigenvector of T with both eigenvalue λ and µ, a contradiction according to
Ex. 4.17.

3. Simple computation shows that (T − µI)n(v) ∈ Eλ and ∈ Eλ if v ∈ Eλ. So we just need to
show that (T − µI)n(v) 6= 0 for any n ≥ 0. Suppose there is an n ≥ 0 such that (T − µI)n(v) = 0,
then v ∈ Eµ, but that is impossible according to point 2.

Corollary 6.1. The sum of all generalized eigenspaces is a direct sum.

Proof. Prove by contradiction. Suppose that v1, . . . , vk are generalized eigenvectors of T with
distinct eigenvalues λ1, . . . , λk such that

v1 + v2 + · · ·+ vk = 0.

According to proposition 6.1, there are integers n1, . . . , nk such that when we apply (T−λ1I)n1 · · · (T−
λkI)nk to the above equality we get

u1 + u2 + · · ·+ uk = 0

where u1, . . . , uk are eigenvectors of T with distinct eigenvalues λ1, . . . , λk. But that is impossible
according to Ex. 4.17.

6.2 Jordan Canonical Forms

The hope now is, while V is not always the internal direct sum of all eigenspaces of T , it is always
the internal direct sum of all generalized eigenspaces of T . And this is indeed true.

Theorem 6.2. Let T be an endomorphism on complex vector space V . Then V is the internal
direct sum of all generalized eigenspaces of T .



6.2. JORDAN CANONICAL FORMS 79

Proof. Let E be the internal direct sum of all generalized eigenspaces of T . Try to show that x ∈ V
⇒ x ∈ E .

Write the characteristic polynomial of T as (λ−λ1)n1 · · · (λ−λk)nk , where λi’s are the distinct
eigenvalues of T , and ni’s are their corresponding multiplicity. The Cayley-Hamilton Theorem (see
Ex. 4.19) says that (T − λ1I)n1 · · · (T − λkI)nk = 0, so

(T − λ1I)n1 · · · (T − λkI)nk(x) = 0,

therefore, (T − λ2I)n2 · · · (T − λkI)nk(x) ∈ Eλ1 . Now point 3 of proposition 6.1 says that (T −
λ2I)n2 · · · (T − λkI)nk is an invertible endomorphism on Eλ1 , therefore, there is w1 ∈ Eλ1 such that

(T − λ2I)n2 · · · (T − λkI)nk(x) = (T − λ2I)n2 · · · (T − λkI)nk(w1),

i.e.,

(T − λ2I)n2 · · · (T − λkI)nk(x− w1) = 0.

Continuing the above argument, it is clear that there are w2 ∈ Eλ2 , . . . , wk ∈ Eλk
such that

(T − λ2I)n2 · · · (T − λkI)nk(x− w1) = 0,
(T − λ3I)n3 · · · (T − λkI)nk(x− w1 − w2) = 0,

...
x− w1 − w2 − · · · − wk = 0.

Therefore x = w1 + w2 + · · ·+ wk ∈ E .

Corollary 6.3. Let T be an endomorphism on complex vector space V , Eλi’s (1 ≤ i ≤ k) the
distinct generalized eigenspaces of T . Then there are nilpotent endomorphism Ni on Eλi for each
i, such that, with respect to the decomposition V = Eλ1 ⊕ · · · ⊕ Eλk

, we have

T = (λ1I + N1)⊕ · · · ⊕ (λkI + Nk).

In view of theorem 3.2, we have

Corollary 6.4. Let A be a complex square matrix. Then there is an invertible matrix P such
that A = PDP−1 where D is a direct sum of Jordan Blocks. The columns of P are generalized
eigenvectors and the diagonals of D are the corresponding eigenvalues. Moreover, D is unique up
to permutations of the Jordan blocks contained inside D.

Remark 6.1. D is called a Jordan canonical form of A.

Exercise 6.1. Show that the dimension of the generalized eigenspace with eigenvalue λ is equal to
the algebraic multiplicity of λ as a root of the characteristic polynomial. Therefore, the dimension
of an eigenspace is at most the algebraic multiplicity of the corresponding eigenvalue as a root of
the characteristic polynomial.

Exercise 6.2. Show that an endomorphism is a direct sum of scalar multiplication if and only if
its every eigenspace is also a generalized eigenspace.
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Appendix A

Advanced Part

The materials in this appendix are not included in a traditional course of linear algebra. However,
we are compelled to add them here due to their natural appearances and applications in modern
geometry, quantum many-body theory and quantum field theory.

In our view, it is worth the effort to introduce some efficient modern mathematical languages at
an early stage. Therefore, we devote the first section to the introduction of categories and functors
even though they are not part of the advanced linear algebra.

A.1 Categories and Functors

A category consists of a class1 of objects and a set Mor(X, Y ) for each pair of objects (X,Y );
moreover, to any f ∈ Mor(X,Y ) and g ∈ Mor(Y, Z), a unique element in Mor(X, Z) (called the
composition of g with f , denoted by gf) is assigned, such that 1) the composition is associative,
2) there exists a composition identity 1X in Mor(X, X) for each X. I.e., h(gf) = (hg)f whenever
both sides make sense, and 1Y f = f = f1X for any f ∈ Mor(X,Y ).

Categories are often denoted by C , D , etc. If C is a category, its class of objects is denoted by
Ob(C ). The elements in Mor(X, Y ) are called morphisms. In case Ob(C ) is a set, we say C is a
small category.

Example A.1. S — the category of sets and set maps. Here Ob(S ) is the class of all sets,
Mor(X,Y ) is the set of set maps from set X to set Y . Composition is the composition of set maps.

Example A.2. S ′ — the category of finite sets and set maps. Here Ob(S ′) is the class of all
finite sets, Mor(X, Y ) is the set of set maps from set X to set Y . Composition is the composition
of set maps.

Example A.3. Z — the category of integers. The objects are integers. Let m, n be integers. If
m ≤ n, Mor(m,n) = {m ≤ n}, otherwise Mor(m,n) is the empty set. This is a small category.

Example A.4. V —the category of real vector spaces and linear maps. The objects are real vector
spaces and the morphisms are linear maps.

1We use the word ‘class’, not ‘set’, in order to avoid the logical contradiction.
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Example A.5. V ′—the category of real vector spaces and injective linear maps. The objects are
real vector spaces and the morphisms are injective linear maps.

Example A.6. V ′′—the category of real vector spaces and surjective linear maps. The objects
are real vector spaces and the morphisms are surjective linear maps.

A.1.1 Functors

Let C , D be two categories. We say F : C // D is a covariant functor if to each object X in C ,
a unique object F (X) in D is assigned, and to each morphism f ∈ Mor(X, Y ), a unique morphism
F (f) ∈ Mor(F (X), F (Y )) is assigned, such that F (gf) = F (g)F (f) if g, f are two composable
morphisms in C , and F (1X) = 1F (X) for any object X in C .

Example A.7. The forgetful functor F : V // S is a covariant functor. F maps a vector space
to its underlying set and a linear map to its underlying set map. I.e., F simply forgets the linear
structures.

Example A.8. Dimension dim: V ′ // Z is a covariant functor.

Example A.9. Let V be a real vector space. Then Hom (V, ): V // V is a covariant functor.
Here, Hom (V, ) maps vector space W to vector space Hom (V, W ).

Let C , D be two categories. We say F : C // D is a contra-variant functor if to each
object X in C , a unique object F (X) in D is assigned, and to each morphism f ∈ Mor(X, Y ), a
unique morphism F (f) ∈ Mor(F (Y ), F (X)) is assigned, such that F (gf) = F (f)F (g) if g, f are
two composable morphisms in C , and F (1X) = 1F (X) for any object X in C .

Example A.10. Fun: S ′ // V is a contra-variant functor. Here, for a finite set X, Fun(X) is
the vector space of real functions on X; and for a set map f : X // Y , Fun(f) is the map that
sends φ ∈ Fun(Y ) to φf .

Example A.11. Dimension dim: V ′′ // Z is a contra-variant functor.

Example A.12. Let V be a real vector space. Then Hom (, V ): V // V is a contra-variant
functor. Here, Hom (, V ) maps vector space W to vector space Hom (W,V ).

A.1.2 Natural Transformations

Let F , G: C // D be two covariant functors. A natural transformation φ from F to G is an
assignment that assigns a morphism φ(X) ∈ Mor(F (X), G(X)) to each X ∈ C , such that, for any
f ∈ Mor(X, Y ), the following square

F (X)
F (f)−−−−→ F (Y )

φ(X)

y
yφ(Y )

G(X) −−−−→
G(f)

G(Y )

is commutative.
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Example A.13. Let V1 and V2 be two real vector spaces and f : V2
// V1 be a linear map.

Then f induces a natural transformation f∗ from Hom (V1, ) to Hom (V2, ): For any vector space
W , f∗(W ): Hom (V1, W ) // Hom(V2, W ) is the linear map sending φ: V1

// W to φf : V2
// W . It is clear that if f , g are two linear maps such that fg is well-defined, then (fg)∗ = g∗f∗.

Let F , G: C // D be two contra-variant functors. A natural transformation φ from F to G
is an assignment that assigns a morphism φ(X) ∈ Mor(F (X), G(X)) to each X ∈ C , such that, for
any f ∈ Mor(X, Y ), the following square

F (Y )
F (f)−−−−→ F (X)

φ(Y )

y
yφ(X)

G(Y ) −−−−→
G(f)

G(X)

is commutative.

Example A.14. Let V1 and V2 be two real vector spaces and f : V1
// V2 be a linear map.

Then f induces a natural transformation f∗ from Hom (, V1) to Hom (, V2): For any vector space
W , f∗(W ): Hom (W, V1) // Hom(W, V2) is the linear map sending φ: W // V1 to fφ: W

// V2. It is clear that if f g are two linear maps such that fg is well-defined, then (fg)∗ = f∗g∗.

A.2 Algebras

By definition, an algebra over R is a pair (V, m) where V is a real vector space and m: V × V
// V is a bilinear map, called the algebra multiplication. It is customary to write m(a, b) as ab

for any a, b in V . We say the algebra is associative if (ab)c = a(bc) for any a, b and c in V . We
say the algebra is commutative if ab = ba for any a, b in V . We say the algebra has a unit if
there is an element e in V such that ea = ae = a for any a in V .

Let A, B be two algebras over R, T : A // B be a set map. We say T is an algebra
homomorphism if T respects the algebra structures, i.e., T is a linear map and T (ab) = T (a)T (b)
for any a, b in A. If both A and B have unit, we further require T map the unit of A to the unit
of B.

Example A.15 (Endomorphism Algebra). Let V be a vector space, then End(V ) — the set
of all endomorphisms on V is also a vector space. If T , S are two endomorphisms on V , we define
TS to be the composition of T with S. Then End(V ) becomes an associative algebra with unit,
called the endomorphism algebra on V .

Example A.16 (Polynomial Algebra). Let P be the set of all real polynomials in t, then
P is an algebra. The algebra multiplication is just the multiplication of polynomials. It is an
associative and commutative algebra with unit over R. It is a graded algebra indexed by Z≥0

because P = P(0)⊕P(1)⊕ · · · where P(i) is the the set of degree i homogeneous polynomials
in t and the multiplication maps P(i) ×P(j) to P(i + j). More generally, let R[x1, x2, . . . , xn]
be the set of real polynomials in x1, . . . , xn, then R[x1, x2, . . . , xn] is a graded associative and
commutative algebra with unit over R.
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Example A.17. Let V be a vector space, gl(V ) be the set of all endomorphisms on V with this
multiplication: m(S, T ) = ST − TS. Then gl(V ) is a non-associative, non-commutative algebra
without unit. It is a Lie algebra — an algebra whose product satisfies the following Lie conditions:

1) Skew Symmetric: m(a, b) = −m(a, b) for any a, b in the algebra.
2) Jacobi Identity: m(a,m(b, c)) + m(b, m(c, a)) + m(c,m(a, b)) = 0 for any a, b and c in the

algebra.
Let sl(V ) be the subset of gl(V ) consisting of traceless endomorphisms on V . Then sl(V ) is

also a Lie algebra.

Example A.18. R is a commutative, associative algebra with unit over R. C is a commutative,
associative algebra with unit over R.

Example A.19 (The quaternion algebra). Q be R4 equipped with this product: m(~e1, ~ei) =
m(~ei, ~e1) = ~ei for 1 ≤ i ≤ 4, m(~e2, ~e3) = −m(~e3, ~e2) = ~e4, m(~e3, ~e4) = −m(~e4, ~e3) = ~e2, m(~e4, ~e2) =
−m(~e2, ~e4) = ~e3, and m(~e2, ~e2) = m(~e2, ~e2) = m(~e2, ~e2) = m(~e2, ~e2) = −~e1. Q is an associative and
non-commutative algebra with unit. It is a real division algebra, i.e., an algebra with unit over R
whose every non-zero element has a multiplicative inverse. Both R and C are real division algebra.
There is one more real division algebra, the Cayley algebra, it is a 8-dimensional real vector space
with a non-associative and non-commutative multiplication.

A.3 Multi-linear Maps and Tensor Products

Let X, Y and Z be finite dimensional vector spaces. Suppose that f : X × Y // Z is a bilinear
map. The family of all possible bilinear maps with X × Y as their domain is huge; however, there
are universal objects in this family. By definition, a universal object in this family is just a
bilinear map F : X×Y // U such that, for any bilinear map f : X×Y // Z, there is a unique
linear map fU from U to Z which makes this triangle

X × Y U
F //X × Y

Z

f

ÂÂ?
??

??
??

??
??

? U

Z

fU

²²
(A.1)

commutative: f = fUF . If such universal objects do exist, then they must be unique up to linear
equivalences: suppose that F ′: X × Y // U ′ is another universal object, then from commutative
diagram

X × Y
F // U

F ′ ↘ FU ′ ↗↙ F ′
U

U ′ (A.2)

we must have both F ′
UFU ′ and FU ′F

′
U equal to identity. So U ∼= U ′. A universal object F : X × Y

// U , or simply U , is called the tensor product of X with Y , denoted by X ⊗Y , and is unique
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up to linear equivalence. It is customary to write F (u, v) as u⊗v. Note that the image of F can be
seen to be a spanning set for U and F is bilinear means that (c1u1+c2u2)⊗v = c1(u1⊗v)+c2(u2⊗v)
and u⊗ (c1v1 + c2v2) = c1(u⊗ v1) + c2(u⊗ v2).

Claim 3. There does exist a universal object, i.e., the tensor product does exist.

There are many proofs, the next exercise gives a proof.

Exercise A.1. Let F : Rm × Rn // Mm×n be given by

(~x, ~y) 7→ ~x~y′,

here ~x~y′ is the matrix product of column matrix ~x with row matrix ~y′. Show that
1) F is a bilinear map.
2) {F (~ei, ~ej) | 1 ≤ i ≤ n, 1 ≤ j ≤ m} is a minimal spanning set for Mm×n.
3) (Mm×n, F ) defines the tensor product of Rm with Rn.
4) Claim 3 is true.

Exercise A.2. Let X, Y and U be vector spaces and F : X × Y // U be a bilinear map. Show
that (U,F ) defines the tensor product of X with Y ⇐⇒ 1) dimU = dimX dimY , 2) F is “onto”,
i.e., U is the span of the range of F .

Exercise A.3. Let X, Y be vector spaces, and MapBL(X×Y,R) be the set of bilinear maps from
X × Y to R. Let F : X∗ × Y ∗ // MapBL(X × Y,R) be the map

(f, g) 7→ the bilinear map: (x, y) 7→ f(x) · g(y).

Show that
1) MapBL(X × Y,R) is a vector space.
2) F is bilinear.
3) (MapBL(X × Y,R), F ) defines the tensor product of X∗ with Y ∗.

Exercise A.4. Let X, Y be vector spaces. Show that there is a natural bilinear map F : X × Y
// MapBL(X∗× Y ∗,R) such that (MapBL(X∗× Y ∗,R), F ) defines the tensor product of X with

Y .

Exercise A.5. Let X, Y be vector spaces. Show that there is a natural bilinear map F : X × Y
// Hom(X∗, Y ) such that (Hom(X∗, Y ), F ) defines the tensor product of X with Y .

Exercise A.6. Let X, Y be two vector spaces over K. Let span(X × Y ) be the set of all finitely
supported K-valued functions on X×Y . It is more convenient to write a function f in span(X×Y )
as a formal finite sum: ∑

z∈X×Y, f(z)6=0

f(z)z.

Let R be the subset of span(X × Y ) consisting of elements of either the form

c1(x1, y) + c2(x2, y)− (c1x1 + c2x2, y)
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or the form
c1(x, y1) + c2(x, y2)− (x, c1y1 + c2y2),

where c1, c2 are in K, x, y, x1, x2, y1 and y2 are in V . Let T (X, Y ) = span(X × Y )/spanR, F :
X × Y // T (X,Y ) be the map sending (x, y) to (x, y) + spanR. Show that (F, T (X, Y )) is the
tensor product of X with Y .

Exercise A.7. Show that all the linear equivalences below are natural:

1. ιX : X ∼= X∗∗,

2. σ(X, Y ): X ⊗ Y ∼= Y ⊗X,

3. ψ(X,Y ): Hom(X, Y ) ∼= X∗ ⊗ Y ,

4. D(X, Y, Z): X ⊗ (Y ⊕e Z) ∼= X ⊗ Y ⊕e X ⊗ Z.
...

Here natural means natural in the categorical sense, i.e., certain appropriate square diagram is
commutative. For example, If T : X // Y is a linear map, then this square

X
ιX−−−−→ X∗∗

T

y
yT ∗∗

Y −−−−→
ιY

Y ∗∗
(A.3)

is commutative.

More generally, if V1, . . . , VN and U are vector spaces, F : V1×· · ·×VN
// U is a multi-linear

map, we say (U,F ), or simply U is the tensor product of V1, . . . , VN , written as U = V1⊗· · ·⊗VN ,
if for any multi-linear map f : V1 × · · · × VN

// W there is a unique linear map fU : U // W
such that f = fUF .

Exercise A.8. Show that all the linear equivalences below are natural:
1) (X ⊗ Y )⊗ Z ∼= X ⊗ Y ⊗ Z;
2) X ⊗ (Y ⊗ Z) ∼= X ⊗ Y ⊗ Z.

A.4 Tensor Algebras

Let V be a vector space, V ∗ be the dual space of V . Let

T r
s V =

r︷ ︸︸ ︷
V ⊗ · · · ⊗ V ⊗V ∗ ⊗ · · · ⊗ V ∗

︸ ︷︷ ︸
s

. (A.4)

(In geometry, when V is a tangent space, elements of V , V ∗ and T r
s V are called tangent vectors,

cotangent vectors and tensors of type (r, s) respectively.)
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We write T rV for T r
0 V . By convention T 0V is the ground field K for V . We write T ∗V for

the (external) direct sum of all TnV where n runs over Z+—the set of non-negative integers. T ∗V
is then a Z+-graded vector space, in fact a Z+-graded associative algebra with unit over K: the
product (called tensor product, denoted by ⊗) is uniquely determined by the following natural
multiplication rule: Let u1, . . . , um, v1, . . . , vn be in V , then

(u1 ⊗ u2 ⊗ · · · ⊗ um)⊗ (v1 ⊗ u2 ⊗ · · · ⊗ vn) = u1 ⊗ u2 ⊗ · · · ⊗ um ⊗ v1 ⊗ v2 ⊗ · · · ⊗ vn.

Note that the multiplication is really the natural identification map: T rV ⊗ T sV ∼= T r+sV .
Let Σn be the permutation group of n objects. By the universal property of tensor product, it

is easy to see that Σn acts on TnV . Let

SnV :=



t ∈

n︷ ︸︸ ︷
V ⊗ · · · ⊗ V |σ(t) = t for any σ ∈ Σn



 , (A.5)

it is called the totally symmetrical tensor product of n copies of V . Let

∧n V =



t ∈

n︷ ︸︸ ︷
V ⊗ · · · ⊗ V |σ(t) = sign(σ)t for any σ ∈ Σn



 , (A.6)

it is called the totally anti-symmetrical tensor product of n copies of V .
Let S be the symmetrization operator, i.e., the following endomorphism of TnV : for t ∈

TnV ,

S(t) =
1
n!

∑

σ∈Σn

σ(t). (A.7)

It is clear that S2 = S, and SnV is both the image of TnV under S and the kernel of (S − I).
Let A be the anti-symmetrization operator, i.e., the following endomorphism of TnV : for

t ∈ TnV ,

A(t) =
1
n!

∑

σ∈Σn

sign(σ)σ(t). (A.8)

It is clear that A2 = A, and ∧nV is both the image of TnV under A and the kernel of (A− I).
Let u1, . . . , um be in V , it is customary to write u1u2 · · ·um for S(u1 ⊗ u2 ⊗ · · · ⊗ um) and

u1 ∧ u2 ∧ · · · ∧ um for A(u1 ⊗ u2 ⊗ · · · ⊗ um). So, for u, v in V , we have

uv =
1
2
(u⊗ v + v ⊗ u), u ∧ v =

1
2
(u⊗ v − v ⊗ u).

Note that T r
s V = T rV ⊗ T sV ∗. It is customary to call an element of TnV ∗ an n-form on V , an

element of SnV ∗ a symmetric n-form on V , and an element of ∧nV ∗ an anti-symmetric n-form on
V .

We write S∗V for the direct sum of all SnV . It is a Z+-graded associative and commutative
algebra with unit over K. We write ∧∗V for the direct sum of all ∧nV . It is a Z+-graded associative
algebra with unit over K—the exterior algebra on V . The products are defined naturally: if
u ∈ SmV , v ∈ SnV , then uv = S(u⊗ v); if u ∈ ∧mV , v ∈ ∧nV , then u ∧ v = A(u⊗ v).
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Exercise A.9. Show that
1) Let u1, . . . , um, v1, . . . , vn be in V , then

(u1u2 · · ·um)(v1u2 · · · vn) = u1u2 · · ·umv1v2 · · · vn,

and

(u1 ∧ u2 ∧ · · · ∧ um) ∧ (v1 ∧ u2 ∧ · · · ∧ vn) = u1 ∧ u2 ∧ · · · ∧ um ∧ v1 ∧ v2 ∧ · · · ∧ vn,

2) The products on S∗V and ∧∗V are all associative.
3) uv = vu where u, v are elements of S∗V .
4) u ∧ v = (−1)|u| |v|v ∧ u, here u, v are homogeneous elements of ∧∗V and |u| and |v| are the

degree of u and v respectively.

Exercise A.10. 1) Let V be a vector space. Fixing a basis on V , then vectors in V can be
represented by its coordinates x1, x2, . . . . Show that SnV ∗ is naturally identified with the vector
space of homogeneous polynomials of degree n in xi’s. (So SnV ∗ is often called the vector space of
homogeneous polynomials on V of degree n.)

2) Let U , V be vector spaces. Show that Sn(U ⊕ V ) ∼= ⊕i+j=nSiU ⊗ SjV naturally and
∧n(U ⊕ V ) ∼= ⊕i+j=n ∧i U ⊗ ∧jV naturally.

3) If V is a vector space, we use dimV to denote the dimension of V . Show that, if t is a formal
variable, then

∑

n≥0

tn dimSnV =
(

1
1− t

)dim V

,
∑

n≥0

tn dim∧nV = (1 + t)dim V . (A.9)

Exercise A.11. 1) Assume r is a non-negative integer. Show that T r, Sr and ∧r are covariant
functors from the category of vector spaces and linear maps to itself.

2) Show that T ∗, S∗ and ∧∗ are covariant functors from the category of vector spaces and linear
maps to the category of Z+-graded algebras and algebra homomorphisms.

3) Let T be an endomorphism on V , ∧kT be the induced endomorphism on ∧kV . Show that

det(I + tT ) =
∑

k

tktr ∧k T. (A.10)

4) Show that, for any positive integer m, trTm can be expressed in terms of trT , tr ∧2 T , . . . ,
tr ∧dim V T .

5) Show that, for any positive integer m ≤ dimV , tr ∧m T can be expressed in terms of trT ,
trT 2, . . . , trTm.
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