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Indefinite Integrals Indefinite Integrals

Basic formulas (easy) (L.25,Ch.13-1):

Xn+1
| 2 nd —
fX X n+ 1

+ C, where n is a real number (n # —1).
> /exdx =e+C

1
> /—dx: In|x| 4+ C, where x # 0.
X
Basic operations (easy) (L.25,Ch.13-1):
> /kf(x)dx = k/ f(x)dx, where k is a constant.

> / [f(x) £ g(x)]dx = / F(x)dx + / g(x)dx

» F(x) is an anti-derivative of f(x), if F'(x) = f(x).
» Indefinite integral (L.25,Ch.13-1)

/f(x)$:@+\g.

iffe ial tant
integrand differentia anti-derivative ~ €ONstan

» Definite integral: fab f(x)dx - signed area (L.27,Ch.13-4)
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Integration by Substitution (medium) (L.27,Ch.13-2):

» Formula:

/ F(x)dx ) / (u) ' ()dx = / g(u) du
du

anti-derivative obtainable

» General form in applications of the method:

/f(xp)xp_ldx, /f(ln X)%, /X+i“teger-(ax+b)qu, -

X

» Examples:

/x3\/ x* + 1dx, /xexzdx, / dx

)
x|n x

/ x?(3x+2)"3dx
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Indefinite Integrals Definite Integrals

Integration by Parts (difficult) (L.31,Ch.14-3):

» Area between two curves(L.29,Ch.14-1):
» Formula:

Jogds=w- [vuas R= [0 - st

dv du

» General form in applications of the method:
» To calculate | x"e™dx, we need

(i) zeros of f(x) — g(x)
(i) the sign of f(x) — g(x)

1
u=x", Vidx=e¥dx = v=-e"
a

» To calculate [ xP(In x)%dx, we need

1
= (Inx)9, Vdx =xPdx = v=——xPt1
+1

» Examples (the method may be applied repeatedly):

» Integration by parts(L.31,Ch.14-3):

_ox 2 _ —2x 2.5 b
/Xe dx, /x e “dx, /(Inx) x> dx / wdx = uv
a
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b b ,
— vu' dx.
a a
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Problems and Solutions Problems and Solutions

Solution for (a) and (b)

Example (a) Let u= x°+1, then du = 5x*dx = x*dx = du/5:
Evaluate the following indefinite or definite integrals: 1 2 2
4 5 i /24, < 3/2_ % (/5 3/2
(a) f 4\ /x5 ¥ Tdx /X Vv x2 + 1dx 5/u du 15u 15(X +1)*“4C.
X2
(b) fxe dx Therefore,
(c) fx2(3x +2)"3dx . .
2 2(2v2 -1

(d) Jo ) x2eXdx / x*V/x5 +1dx = —(x° +1)%?| = 22v2-1) V2 )

2 0 15 0 15
(e) J{ x*Inxdx
() [ Vinxgy (b) Let u= —x?, then du = —2xdx = xdx = —du/2:

1 1 1
/xe_xzdx = —E/e“du = —Ee“ = —Ee_x2 + C.
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Problems and Solutions Problems and Solutions

Solution for (c) Solution for (d)

(c) Let u=3x+2, then x = (u—2)/3 and dx = du/3: (d) Let u= x? and v/ = e, we have v’ = 2x and
v = [ e¥dx = e*. Hence by integrating by parts, we have

/x2(3x +2)"Y3dx

1
2 2 1
_ L (u—2)2u"3du = i/(“2—4u+4)2u_1/3du /0 x“e*dx = x eX|0—/2xede,
] 217 4 ) i 4 by part again
S 5/3 4, _ 2/3 |+ ~1/3
27/“ w 27/U +27/u du Then we need to choose u = 2x and v = X to obtain
8/3  4u5/3 2,23
u u u
- 72 45 + 9 +C /2X€XdX:2X6X|é—2/ede:2e_zex%:z
3x +2)8/3  4(3x+2)5/3  2(3x +2)/3
:(X72) N (X45) + (Xg e Finally we have
(3x—i—2)2/3 ) X
:—40 (5X —4X+4)+C /X2eXdX:X2eX|é—2:e—2_
0
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Problems and Solutions Problems and Solutions

Solution for (e)

(e) Let u=Inx and v/ = x* we have v/ = 1/x and Example
v = [ x*dx = x>/5. Hence by integrating by parts, we have C P
iven

2 Sinxl2 1 /2 f(x) = (Inx)? —Inx, with x >0

/ x*In xdx = — —/ x*dx

1 5 |3 5K

322 x> 3202 31 (a) find the intervals where f(x) is positive / negative / increasing

~ 75 20 . ~ 5 o0 / decreasing / concave-upwards / concave-downwards

(b) sketch f(x) for x € [0.2, 5]

_ _ dx
(f) Let u=1Inx, then du = <&. Hence (c) find the area bounded by 7(x) and the x-axis

3/2 3/2
/vl)?xdx=/\/ﬂdu=2u3 :2(In;<) '
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Problems and Solutions Problems and Solutions

Solution - Part 1
(a) To determine the sign of f(x), we need its zeros: Solution - Part 2
(In x)2 —Inx=0=Ihx=0,1=x=1,e. (b) Evaluation of f(x) at characterising points:
2Inx —1 . , f(x) 5
f'(x) = ———= = critical point: x = +/e. X
) X ? Ve 0.2 | 4.1997
32| 1
f'(x) = Tnx = inflection point: x = Ve3. e _00.25
Then one can generate the following sign chart: e 0
() Ved | 0.75 _
, [ : | - 5 | 0.9809
f(x) - ( + | r—3————
f(x + . .
o S -
1 el e e32
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Problems and Solutions

Solution - Part 3
(c) The bounded area then is S = — [((In x)? — In x)dx.

To evaluate [(Inx)?dx, we need u = (Inx)? and v/ = 1, so that
v =2Inx/x and v = [ 1ldx = x. Integration by parts gives

/le(|nx)2dx = x(Inx)?|; - 2/18 In xdx

To evaluate fle In xdx, we need v = Inx and v/ = 1, so that
v =1/x and v = x. Then

Therefore, the areais S=—(e—2-1— 1 )=3-—e.
—— =~

Jnx)2dx [y Inxdx
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