Area under a graph
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Given the graph of y = f(x) = 8 TR

Department of Mathematics, HKUST ure on the right hand side. How =~ 4
can we find the area S under the
graph for 1 < x <57 ?
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Left and Right Sum of Rectangles Left and Right Sum of More Rectangles
We can divide the interval [1,5] by four sub-intervals and compute y=0251 yeozin /] J=0251
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of the area of the resulting rectangles as follows in two ways. . | )
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Figure: Sum of 8 Figure: Sum of 16 Figure: Sum of 32
2 rectangles rectangles rectangles

n 4 8 16 32 100 1000
Figure: Left sum of 4 rectangles  Figure: Right sum of 4 rectangles L, | 115 12.88 13.19 13.96 14.21 14.32

R, | 17.5 15.88 15.09 14.71 14.45 14.34

» Left sum: Ly =1f(1)-14+f(2)-1+f(3)-1+1(4)-1

=1254+200+3.25+5=115 Observation
» Right sum: Ry =1f(2)-14+f(3)-14+f(4)-14+1(5)-1 > Ly <lg<---<Area< --- < Rg < Ry;
—200+3254+5+7.25=175 > |Rp— Lyl = 0 as n — 4oc.
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Idea: Approximate the area S by the sum of areas of rectangles!
Definition

Suppose f(x) is defined for a < x < b. One may divide the interval
[a, b] into n sub-intervals [a+ (k — 1)Ax,a+ kAx]|, k=1,--- ,n
where Ax = (b — a)/n is the width of each sub-interval. The
Riemann sum is defined as

Sp=f(c1)Ax + f(c2)Ax + - - - + f(cn)Ax,

where ¢, € [a+ (k — 1)Ax, a + kAx].

Examples of Riemann sum of n rectangles:

10

n=4 n=20

>

8
6
4
2
0

1 2 3 4 5 1 2 3 4 5
X X

Maosheng Xiong Department of Mathematics, HKUST MATH 1003 Calculus and Linear Algebra (Lecture 27)

Theorem

Let f(x) be a continuous function on [a,b]. As n — oo, the limit |
of Riemann sums S,, for f on |[a, b] exists (I = lim,_o Sp).
Definition

The definite integral of f from a to b, denoted by

/a ’ f(x) dx,

is defined to be this limit | = lim,_s S, of the Riemann sums for
f on [a, b]. Here f(x) is called the integrand; the lower limit of
integration is a; the upper limit of integration is b.
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Definite Integral Slgned Area

Definition
Let f(x) be a continuous function on [a,b]. The limit / of Riemann
sums for f on [a, b] exists (/ = lim,_~ S,). The definite integral

of f from a to b is denoted as

/ab f(x) dx,

where f(x) is called the integrand; the lower limit of integration is
a; the upper limit of integration is b.

Remarks

» An indefinite integral is F(x) 4+ C, a family of functions
(antiderivative). However, a definite integral is a real number
(the signed area).

» They are intimately related by the Fundamental Theorem of
Calculus
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(x) dx represents the cumulative sum of the signed areas
between the graph of f and the x-axis form x = a to x = b.

y=fx)

The green area below the x-axis will be counted as “negative area”
in the sense of the limit of Riemann sum. Hence, we have

b
/ f(x) dx = signed area = Yellow area — Green area
a
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Properties of Definite Integrals

Properties

1. [Jf(x)dx=0

2, fab f(x) dx = fac f(x) dx + fcb f(x) dx » Web of work, Problem 7 (deadline: 24-Nov-2017)
» Web of work, Problem 8 (deadline: 30-Nov-2017)
Example » More exercises may be found in Ch 13.1-2 of the textbook.

Given f02 x2 dx = 8/3, f23 x2 dx = 19/3, then

3 2 3
/xzdx:/xzdx—i-/xzdx:?—i-gzg.
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