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ABSTRACT. Recently Girstmair and Schoissengeier studied the asymp-
totic behavior of the arithmetic mean of Dedekind sums

LY s

(V) 0<m<N
ged(m,N)=1

as N — oo. In this paper we consider the arithmetic mean of weighted

differences of Dedekind sums in the form

4(Q) = > h( ) s = sta.a).
Zaeﬂ EEIONE
where h : [0,1] — C is a continuous function with fo t)dt # 0, ¢ runs
over %, the set of Farey fractions of order ) in the unit 1nterval [0,1]

and & 4 < ‘1—, are consecutive elements of % . We show that the limit

q Q'

limg_o0 An(Q) exists and is independent of h.

1. INTRODUCTION

For any real number z, let ((z)) be the sawtooth function defined as

x—[z] — %, zis not an integer,

((z)) = .

0, otherwise.
For positive integers h, k the classical Dedekind sum s(h, k) is defined by
5 hs
an- 3 (%)
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where the notation s (mod k) means that s runs over a complete residue
system modulo k. Since the sawtooth function has period one, s(h, k) is a
periodic function of A with period k.

The distribution of Dedekind sums, in particular the asymptotic behavior
of even moments of such sums has been investigated by a number of authors.
Recently Girstmair and Schoissengeier([5]) succeeded in establishing the
right size of the more subtle first moment, which is the arithmetic mean

s ISt N,
p(N) L=y
ged(m,N)=1
as N — oo, where S(m, N) =12 s(m, N). In the process, they proved the
asymptotic formula
. > [S(m,N)| = 3 log” N + O (log® N/ loglog N) ,
p(N) = m
ged(m,N)=1
as N — oo, where

F=J U ZLucl.n),

1<d<z 0<c<d
ged(e,d)=1

Ly =[0,N][ Yz €R: |z = N-c/d| < z/d},
z = min{VN/log N,V'N /7(N)},

and 7(N) denotes the number of divisors of N. The sign changes and zones
of large and small values for Dedekind sums which also sparked interest
have been studied by Girstmair in ([3], [4]).

In this paper, we consider the arithmetic mean of weighted differences
of Dedekind sums of the form |s(a’,¢") — s(a, q)| with a weight function h,
where (%, Z—:) runs over the set of pairs of consecutive elements of the Farey

sequence .7, of order (). The Farey sequence of order () consists of all
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the fractions g € [0, 1], in reduced form, with denominator bounded by @,

arranged in increasing order, i.e.,

Fo={ et iage wdlag 1 1502 Q).

For basic properties of Farey sequences, the reader may consult Hardy and
Wright [6]. We remark that in the limit as ) — oo, the above arithmetic
mean turns out to be independent of the choices of weight h. More precisely

one has the following result.

Theorem 1. Let h : [0, 1] — C be a continuous function with fo t)dt # 0.
Define

4(Q) = S () > h( ) Isa'sd) = sta.a),

where g runs over %, the set of Farey fractions of order ) in the unit

Q7

interval [0,1] and 7 < q—: are consecutive elements of 7. Then we have

. V5 —1
Jim An@Q) = 75—

We remark that the statement of the theorem holds more generally for
piecewise continuous functions. In particular, by taking h to be the charac-

teristic function of a subinterval I of [0, 1], we obtain the following result.

Corollary 1. For any subinterval I of [0, 1], we have

1 / /
5E£L>%Z(___fﬁis 2{: |s(a’,q') — s(a, q)| = 12

a-qg
2eF, N1
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2. PROOF OF THEOREM 1

Since any continuous function h : [0,1] — C can be approximated uni-
formly by functions which are continuously differentiable, it is enough to
prove the theorem in the case when A is continuously differentiable. In this
case, we have the following stronger form of the result with a precise error
term.

Theorem 1°. Let h : [0,1] — C be a continuously differentiable function
with fol h(t)dt # 0. Define

1 a P
—— < X h(—) [s(a’.q') = s(a.q).
Z eZ, h(g) aeﬂQ q

1€7%q
where o Tuns over ZF,, the set of Farey fractions of order Q) in the unit

An(Q) =

q
interval [0,1] and % < Z—: are consecutive elements of F,. Then for any
fixed positive real number §, we have

V5 —1
12

An(Q) = + Ons (Q_%M) :

as () — oo.

Proof of Theorem 1’. Our first objective is to obtain an asymptotic

formula for By (Q), where

5@ = X 1 (%) sta) - stav )l

T
EJQ

Qe

Let % < Cq”—: be consecutive Farey fractions. We know that a’q — aq¢’ = 1.
By using formula (38) on Page 29 of [8], which is a consequence of the
reciprocity law of Dedekind sums, one has

1 1 /(q (¢ 1
d%d%ﬂ@@ZJ%ﬁ+ﬂ%®:_Z+ﬁ(?+E+@J'
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Therefore

Define

a 1 1 /q (¢ 1
mo@ = S n(5)|arm (5l

so that we have
By(Q) = Bia(Q) + Ban(Q).

By symmetry, it suffices to consider By ;(Q) only. Clearly, the condition

by l(a, a1 o
4 12\¢ q q¢) "

is equivalent to ¢ + ¢> — 3q¢’ + 1 < 0. Since ¢, ¢ are integers, this is
equivalent to ¢* + ¢* — 3¢¢’ < 0, and we have %5 < % < %Tﬁ Therefore
one has

5

7 < 3= <
_l e A is >0, q <5 q
4 12\¢ q q¢ <0, 3-v6 ¢ - 34V5

g
Q\
\Y
ke
S

[\

We can separate By ,(Q) into two parts as By ,(Q) = I + 11, where

a 1 1 /(q (¢ 1

I = AlZ) (== (L +L1 4+ —
2 (C]) (4 12 (C.I’ * q * qQ’)> ’

a 1 1 /(q ¢ 1
I = AlZ) -+ (L4124 2.
Z (Q>( 4+12<Q’+q+qq’))
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2.1. Estimation for I. It is known that for any two consecutive Farey
fractions ‘51 < Z—; of order @), one has a’'¢ —aq¢’ =1 and ¢ + ¢’ > ). Hence
a¢ = —1 (mod q) and a = —¢ (mod q), where ¢’ is the multiplicative
inverse of ¢’ modulo ¢ with 1 < ¢/ < ¢ (here ¢/ exists because ged(q, ¢') = 1).
Since 1 < a < ¢, one has a = g — ¢’. Conversely, if ¢ and ¢’ are two coprime
integers in {1,...,Q} with ¢+¢' > @, then there are unique a € {1,...,Q}
and ¢’ € {1,...,Q} for which a’¢ — aq’ = 1, and e < Z—: are consecutive

Farey fractions of order ). We find that

LA DG G )

1<Q Q—q<q'<Q
3— fq<q

gcd(q q)=1

&

The restrictions Q —q < ¢’ < ¢ implies that ¢ > % and when Q) —q = q,
-1
we have ¢ = (5_7‘[> Q= %Q, hence we can decompose I into two

parts as

]:]1+127

where

q 1 1 (g ( 1
I = E E h{l—-— - ==+ =4+ —
' ( q)<4 12<Q'+Q+QQ’ ’
Q<QS 5+fQ Q- q<q’<q
ged(g,q')=

q 1 1 (q ¢ 1
L= rli—-L) (== (Z2+L2+=)).
? Z Z ( q)(4 12(Q'+Q+QQ’
545 0<q<Q 25/5Q<q'<q
ged(q,q')=1

Sums of the above type can be estimated by the aid of the following two
lemmas. The first lemma, whose proof depends on Weil-type bounds for
Kloosterman sums, provides an asymptotic formula for certain sums over

visible lattice points in planar domains satisfying congruence constraints.
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Lemma 1. ([2|, Lemma 2.2) Assume that ¢ > 1 is an integer, I; and I,
are intervals with |Iy|,|Zs| < q, and g : Ty x Ty — R is a C* function. Write
Dg = |%| + \g—;’\ and let || - ||oo denote the L™ norm on I; X Iy. Then for

any integer T' > 1, one has

Z g(a,b) = ﬂg) // 9(x,y)dedy + Ey 7, 1097
q I1xZo

a€l,bels
ab=1 (mod q)

where, for all 6 > 0,

21| Z2] - [1Dglloo

1 3
Ey1, 7201 <5 T2q2 (gl + T2 || Dygl|oo + T

In applying Lemma 1, we will also make use of the following result.
Lemma 2. ([1], Lemma 2.3) Suppose that 0 < a < b are real numbers and
that f is a C' function on [a,b]. Then

> My = [ swar+0 (togs (il + [ 17w1ar) ).

a<k<b

h @ 545 :
For fixed ¢ with ¥ < ¢ < *¥2(Q), we may apply Lemma 1 directly to Iy,

with 73 = [0,4],Z> = (Q — ¢,q],a = ¢’,b = ¢ and

penea(t-3) (b (21-2)

First of all, both |Z;|,|Zs] < ¢ < Q. Moreover, under the restrictions

%<q§%§@,qx@, and for y € 7y, we have

5-5 5+5

<Q-qg<y<qg<
10 Q<Q—-qg<y<qg< 10

Q.

Hence y < @, and we have
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and
11
y Q¥
Therefore |3 — & ( +o+ )‘ < 1, so that we have ||g]|c < |1h]]00 <n 1

Next, under the same restrictions one obtains
dg ‘ 1
< || DA Ioo < =
‘3 ¢ Q
dg

g 1 1 1
_||h||oo <—+—+—> < —=.
dy vt g qy? Q

Lemma 1 gives us that for any integer T > 1,

1 1 (g y 1
R TR e
! { Ty X Ty 4 12\y q qy et

Q 5+f
3<4<"g, 2Q

where for all § > 0,

1 QQ S
Eypr <on T2 20 + T2~ 4 =9
¢.h,T 6h 44 q 0 T

The double integral over Z; x Z, is

q “ 1 1 1
/h(l——)dx/ ———(3+Q+—>dy
0 q o-¢4 12\y q qy
1

—2/1h(t)dt/1 ! +1+1 d
) o a2V T ey)
Therefore

1 1
¢(Q)/ 1 1( 1 1) ,
I, = near) Y 2 Syt =)dy+ E .
' (/0 ) ) g Mo a2V y T py) T

Q<q§5t3ﬁQ q

Eyr < Q- Egnr <spn T2QH + TQ +

Let T2Q% ~ QT, we may choose T ~ Q% to obtain

(1) By <o QF 51
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Since
olg) [+ 1 o(q) 1
> U, mpW< ) o< ) <L
3 <00 o F<a<tiQ $<a<®yPQ

we still have

L = (/Olh(t)dt) > @qﬁli—%cﬁa dy + B}, 1.

Qq<3Y5q @

e 4 12 2 10
_Q 3 _ 5+V6
and a = §,b = 2¥2Q, we have
5+v5
é(q 6 [ 2 @
) > M-S [ e e
9ostifi °
Q 5+/5

Here for the error term FE’, notice that for ¥ < z < @, we have

2 10

| fllec < @ and by the chain rule it is easy to see that

|f ()| < 1 +x% < 1.

Hence [, |f(z)|dz < @, and Lemma 2 yields
(4) E' < QlogQ <5 Q"

for any § > 0. Putting (4),(3) and (1) together and returning to I; we get

I = % </01 h(t) dt> A%ﬂQ f(z)dx + Osp, (QQ*%‘;) :

Finally, writing f(z) explicitly in (2) and using the change of variable & =

x', we obtain as () — oo the asymptotic formula

L = 66” (/01 h(t) dt) - Cy + Osp, (QQ—%”)

T2
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for any fixed positive real number §, where the constant C' is given by

5 C—/Mmﬁ /11 1 +1 td
1—% x%_14 12yy ydx.

Following exactly the same procedure we can get a similar asymptotic for-

mula for Iy as

I, = 6%2 </01 h(t) dt) . Cy + Os (QQ‘%”) :

where the constant Cs is given by

Q o= [ o A (v ) v
= x - — — - x.
2 sivs Jsovs 4 12 Y Y Y

Therefore for any fixed positive real number 9, as () — oo, we have

2 1
M 1=t n="2 ([ hoa) -0+ e+ on (@47).

The constants C',Cy can be computed separately but the expressions are

complicated. Nevertheless it turns out that Cy + Cy has a simple form as

Cy+Cy = Y=L,

2.2. Estimation for II. We treat /[ similarly, but with a slight difference.

Take a number K between 0 and () which will be chosen later and denote

a 1 1 /(q ¢ 1

r = A=) (- = (L4124 =
2 (Q>( 4+12(q’+q+qQ’)>’

1 1 /(q (¢ 1

" = h(E) -+ = (L4224 —
2 <Q)( 4+12(Q’+q+qQ’)>’

so that

IT=1r+1I1".
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For I1”, as we know,

" qg 1 q
' <, Y. (1+=+—= )+ =,
tez, ¢ ez, 1
d 3-5 <K
q— 2
¢ <K
where the first term is
< 1= ) ¢(d) < K7,
%eﬂQ 1<¢’<K
¢ <K
and the second term is
«eY -y Moy 1<on
27, 1<q'<K 1<q'<K
q<K
Since K < @), we obtain that
I <5, QK.
For II', first notice that
1 1 1 1
T ‘h(ﬂ)_ R N o ()
P q/1aq K459 Ko q K
q Q -7Q q<Q
‘L/<3*\/3
qg— 2
Jd>K
hence
a 1 1 (q ( Q
1r h(— —_— ==+ = O, | = |.
2 (q)( 4+12(q’+q AV
Lc g
q Q
‘L/<M
q— 2
¢>K

For simplicity, we still denote the main term by 11’

same procedure as for I; and I5. Since Q — ¢ < ¢’ < 3_‘[q, we have

5-+/5 5+5
q>< 5 ) Q= 10 Q,

. Now we follow the

11



12 ALKAN, XIONG, AND ZAHARESCU

and by the one-to-one correspondence between pairs of consecutive Farey
fractions of order () and coprime integers (¢,q¢’) with 1 < ¢,¢ < Q,q+¢ >
Q, we can write I as

v B T GG

H50<q<Q K<q¢'<35054

We may apply Lemma 1 to I’ with Z; = [0, ¢], Zo = (max{Q@—q, K}, %gq], a=

() (e 2D)

First notice that both |Z;],|Zs] < ¢ < @, and since ¢ < @, y € Z, and

¢,b=¢q and

y > K, we have

lollo < I1bllc % <1 -

Moreover as ¢ < Q, y € Iy and K < @, it follows that

dg 1 /q 1

L < |Dh||w= (£ +1 —
dg 1L (g 1 Q 1 Q
< ]|oo— [ = <<=

Applying Lemma 1, for any integer 7" > 1 we have

=)0 _ L1 fay
I = { //zlsz (1 )( YD <y+q)) dxdy+Eq,h,T},

5+\fQ

where for all § > 0,

19 g, @

_|_

2
Eynr <snT7q K2 TR?

+Tq



ARITHMETIC MEAN OF DIFFERENCES OF DEDEKIND SUMS 13

The integral inside is

3—V5

q q 1 1
/h(l——)dx/2 ——+—(g+g)dy
0 q max{Q—g¢,K} 4 12 Yy q

3—V5

1 2 1 1 1
=q¢> [ h(t dt/ —— 4+ = =) dy.
/O ( ) max{g—l,ﬁ} 4 * 12 Y N () Y

Therefore
1
7 = (/ htydt) > o)
0 54v5 0<q<Q
q maX{Q . K} 4 12 Yy Yy h,T»
where . ]
/
Eh,T < Q- Eynr <sn K + 2 + TR
To minimize the error terms QK, TQQ?Z , TI?E and %(2, assume that
TQ 2 4
QK ~ Q: R~ Q—,
K TK?

and we may choose K = Ql_%, T~ Q% Consequently
8) B}y <55 Q167

Next, we applying Lemma 2 to I’ with function

3-v5
9 fay=x[ s (v )
r)==x —— 4+ — -
max{Q 1%} 4 12 i Yy v
and a = %EQ, b = (). Notice that since %‘F’Q < x < @, we have
1flle < Q2 < @t

It is easy to see that
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Therefore [£ . |f/(z)|dz < Q'"5. Then Lemma 2 gives

e
o(q) 6 /Q ,
1 RASTA = — de+ FE
(10) 2. =5, f@drt B
545 0<q<Q 10
where and
(11) B <logQ (QU5 + Q1) < QU1

for any ¢ > 0. Putting (10),(11) and (8) together and returning to II' we

obtain

Finally writing f(z) explicitly in (9) and making the change of variable

x __

/
3] T, we get

Ir = 66 ( /0 1 h(t) dt) - Cx + Ospn (Q*Tlﬁ”) ;

2
for any fixed positive real number §, where the number C'x is given as
Q
3-v5

! 2 11 1
Ck = x ——+ —(y+ - dydz.
Q 55 Jmaxqiory 40 12 Yy

Denote the constant C'3 by the integral

1 =01 1
Oy = 4= 2) dyd
’ Lmﬁx[_l 1T (y+y> e

V5 —1
9

(12)
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Since K = Ql_l%, for any positive real number o we have

1 K
Q= 1 1 1
‘Cg—C%| = / xT ———i——(y—l—;) dydl‘
Q El

Q x
K ! K
< ——l—/ x(log——log(l—x)) dz
Q K Q
Q> K log@Q Y
< log| =) =< 22K 1610
og (K 0 0% 5 Q
therefore
=5 /lh(t) dt ) - s+ Og <Q2—%ﬁ+5>
7_(_2 0 3 ,h b
and

2 1
(3) 11 =11+ 11 = % ( / h(t) dt) . Cy+ Oy, (QQ—%”) .
0

a2
2.3. Proof of Theorem 1’. Putting the estimate (7) and (13) together,

we have the asymptotic formula

Bin(Q) = I+11

1
60 ( / h(t) dt) (Cy + Cy + Cy) + Og)y (QQ—%%) ,
0

2
for any positive real number 9§, where the constants C;, Csy, C3 are defined
in (5),(6) and (12) respectively. By symmetry we have exactly the same
asymptotic formula for By ,(Q). Therefore, we may denote the constant C
by

V5 —1

(14) C = 4(Cy+ Gy + Cy) =

~ 0.103006.
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It follows that

Bi(Q) = Bin(Q)+ Bap(Q)
= 3 (/1 h(t) dt) E + O <Q2—%+é> ,

2 12
By using Koksma'’s Inequality([7]), one has
1 a ! 1
—_— h|- :/htdt+0 (—)
AP (5) = [ oo (g
q Q
We also know that

2
#70) = 22 1+ 0QuzQ)

Counting all these facts together we obtain as () — oo,

m@ - =2@ Sl o, (o).

a 12
dey Q h <5>
for any fixed positive real number §. This completes the proof of Theorem

1.
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