SELMER GROUPS AND TATE-SHAFAREVICH GROUPS FOR
THE CONGRUENT NUMBER PROBLEM

MAOSHENG XIONG AND ALEXANDRU ZAHARESCU*

ABSTRACT. We study the distribution of the sizes of the Selmer groups arising
from the three 2-isogenies and their dual 2-isogenies for the elliptic curve E,, :
y? = 23 — n?z. We show that three of them are almost always trivial, while the
2-rank of the other three follows a Gaussian distribution. It implies three almost
always trivial Tate-Shafarevich groups and three large Tate-Shararevich groups.
When combined with a result obtained by Heath-Brown, we show that the mean

value of the 2-rank of the large Tate-Shafarevich groups for square-free positive

odd integers n < X is %loglogX +0(1), as X — oo.

1. INTRODUCTION

A positive integer n is called a “congruent number” if n equals the area of a
rational right triangle, where “rational” means that the lengths of the three sides of
this triangle are rational numbers. Although Tunnell (|38]) presented an elementary
criterion via the theory of modular forms, strictly speaking the problem of deciding
whether or not a given integer is a congruent number is still open. Clearly one may
restrict attention to positive square-free integer n. It is a well-known fact that n is a

3

congruent number if and only if the elliptic curve E, : y? = 23 —n2x has positive rank

over Q ([25]). Partly because of this relation and among other things, this family of
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elliptic curves F,, has attracted a lot of attention and its arithmetic properties, such
as the rank, the associated L-functions, the Selmer groups and Tate-Shafarevich
groups related to this curve have been studied extensively (see [1],[4],[5],[8],[11],[13],
[14],[15],[16],[20],[21],[23], [27],[29],[30],[32],[33],[34],[35],[37],[38],[42],[43]).

Let ¢ : E — E' be an isogeny between two elliptic curves E and E’ over Q. For
the cases of interest to us, ¢ is defined over Q and E[¢], the kernel of ¢ consists of

Q-rational points. Via Galois cohomology the exact sequence

0 — B4 E—te

gives us the commutative diagram (For details, please see chapter X in [36])

0 — ZBa) Sel®(E/Q) 1I(E/Q)[¢ 0
0 ) HY(Ggq, E[¢]) —= H'(Ggyq, B)l¢] — 0
0 0 Hle(GWE) HHle(GUJE) 0 )

where Sell® (E/Q) is the ¢—Selmer group and II(E/Q) is the Tate-Shafarevich
group.

While the Selmer group is relatively easy to handle, the Tate-Shafarevich group
is more mysterious. It appears naturally in the Birch and Swinnerton-Dyer con-
jecture, and measures the degree of deviation from the Hasse principle. Even the
finiteness of the group is not known in general. Various families of elliptic curves
with large Tate-Shafarevich groups were identified by a number of authors (see
12],[3],16],[7],124],]26],[28],|30]). Moments ([10]), heuristic results ([9]), and upper
bounds ([17],[18]) on the order of Tate-Shafarevitch Groups were also considered.

For the elliptic curve F,,, Heath-Brown ([20],|21]) employed a method based on

character sums to obtain deep results on the behavior of the size of the Selmer group
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Sel®(E, /Q) arising from the isogeny [2 ] : E, — E,. For h =1,3,5,7, denote
(1) S(X,h)={1<n<X:n=h (mod8) and n is square-free},
and for n € S(X,h), let
#Sel?(E,/Q) = 25W+2,
In Theorem 1 of [21] he proved that for any fixed positive integer k
(2) D 2R = #S(X, h) + op(X)
neS(X,h)

as X — oo, where ¢, = H?Zl(l + 27) . He further derived the following result. Let
A=JJa+27)7 =04194...,
n=1

and
27’
=\ .
H1§j§r<2j —-1)
Then if h =1 or 3, and r is even, or if h =5 or 7, and r is odd, one has

d, (r=0,1,2,...).

#{n € S(X,h):s(n)=r} ~d#S(X,h),

as X — 00. This is Theorem 2 in [21], and it shows that that the probability that
the 2-rank of the Selmer group Sel?(E, /Q) equals any given non-negative integer
is always positive.
Heath-Brown also obtained the asymptotic formula (see Corollary 2, [21])
(3) > s(n) = #S(X.h) +o(X)
nes(X,h)

as X — oo, where

1.2039... ifh=1,3

1.3250... ifh=5,7.
Notice that since the rank of the elliptic curve satisfies r(F,,/Q) < s(n), the above

/o
Cp =

asymptotic formula yields a sharp upper bound on the average rank of the elliptic
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curves in this family (see Corollary 3 and 4, [21]). Heath-Brown’s method was
generalized by G. Yu (]39],[40],[41]) to broader families of elliptic curves with full 2-
torsion points and with a 2-torsion point in QQ, and he obtained sharp upper bounds
on the average rank of the elliptic curves in those families.

In this paper we also focus on the family of elliptic curves F,. For the three

different 2-isogenies ¢1, ¢o, @3 defined by

¢1: E, — FEi,:y*=2+4n’z
(z,y) = (y*/2? —y(n® +2?)/2?)

¢2: E, — FEa,:y*=x(a?—6nz+n?)

(z,y) = (@/(z+n)%y(2n® - (x +n)?)/(z +n)?)
and

¢3: E, — Fs,:y*=x(2®+ 6nz+n?)
(@,y) =  (2/(x—n)%y2n — (& —n))/(x—n)?)

let (251 B, — By, QgQ . By, — E, and Qgg : B3, — E, be their dual 2-

isogenies respectively. Hence ¢fl o¢; =[2] for i = 1,2,3, and one has the following
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commutative diagrams (see pp 97, [1]):

0 0 0
0 — sl Sel®)(E, Q) — I(E,/Q)[¢:] — 0
0 Ty Sel®(E, /Q) — II(E,/Q)[2] — 0

Ea(Q) .
0 — Z @@ — Sel)(Ei/Q) — U(E;,/Q)[¢:] —= 0

|

0 C C 0

0 0

The first three rows are basic short exact sequences in the arithmetic of elliptic
curves coming from Galois cohomology; the exactness in the first column comes
from the fact that F,, contains full 2-torsion in @, and the rest come from the Snake
lemma.

Here one may apply Heath-Brown’s method to obtain asymptotic formulas for the
average of the sizes of the two Selmer groups Sel'?)(E,, /Q) and Sel(‘ii)(Ei,n/Q), and
this may reveal some interesting distribution phenomena. Moreover, by comparing
such results on Sel®)(E, /Q) and Sel®)(E;,,/Q) and the result on Sel®(E,/Q)
obtained by Heath-Brown, one may be able to obtain new information on the Tate-
Shafarevich groups in the third column of the commutative diagrams. As we will
see below, this is precisely the case. We will prove the following results. Let S(X, h)
be the set of integers defined in (1).
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Theorem 1. Let h=1,3,5 or 7 and i = 1,2 or 3. Forn € S(X,h), denote

#Sel(¢i)(En/Q> — 98(n,9i) : #Sel((ﬁl ( m/@) 9s(n, bi)+

Then s(n,¢;) = 0 for almost all n € S(X,h) as X — oo, and s(n, @) follows a
Gaussian distribution. More precisely, for any integer k > 0, one has
1
lim ——— s(n, ¢;)F =0

and for any v € R,

b)) — Llogl
lim ;# nGS(X,h):S(n’gb) QOgogn<7 =G(v),

X=oo #£5(X, 1) \/ 3 loglogn B

where the function G is defined by

el
) \/%/

We remark that the sizes of the three Selmer groups Sel(®)(E, /Q), Sel(®) (Ein/Q)
and Sel?(E, /Q) behave very differently. While the first is almost always trivial and
the 2-rank of the second follows a Gaussian distribution, the probability that the
2-rank of the third equals any non-negative integer is always positive. It also implies
that the map ¢; : E,(Q) — E;,(Q) is almost always surjective for n € S(X,h) as

X — o0.
Theorem 2. Let h=1,3,5 or 7 andi = 1,2 or 3. Forn € S(X,h), denote

I(E,/Q)[¢:] = 2/0%%),  #I11(E;,./Q)[¢y] = 219,

Then t(n, ¢;) = 0 for almost alln € S(X,h) as X — oo. Moreover, for any positive

integer k, one has

TS D )t = 0 (s X))
’ neS(X,h)
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and

1 v\ [loglog X F b1
W%S(met(”,@) —( 5 ) + Oy ((10g10gX) )

In particular when k£ = 1, it shows that the mean value of the 2-rank of the
large Tate-Shafarevich groups is 1 loglog X + O(1). Notice that ITI(E;, /Q)[¢s] C
I(E;,/Q)[2], Theorem 2 implies that the 2-part of the Tate-Shafarevich group
II(E; ,,/Q) can be arbitrarily large for any ¢ = 1,2 or 3.

There are three main ingredients in the proofs of the above results. First, we
use a graph method to determine the sizes of the Selmer groups Sel?)(E,/Q) and
S el(‘i’i)(Ei,n /Q) separately. This will reveal a simple relation, which is essential in
reducing the complexity of the problem. Second, we employ Heath-Brown’s method
based on character sums in order to obtain asymptotic formulas for the average
of the size of the Selmer group. This will yield the distribution results. Third,
by combining our results, the full strength of the results obtain by Heath-Brown
and the above commutative diagrams, we derive information on the corresponding
Tate-Shafarevich groups.

Acknowledgement. The authors are very grateful to the referee for many useful

comments and suggestions.

2. PRELIMINARIES

2.1. 2-descent and Selmer groups. The 2-descent method is explained in the
last chapter of Silverman’s book (|36]) in general. For our particular case of E,,, this
was specified in [13], [14] and [15] as follows.

For a square-free positive integer n, let n = p;---p;, where pq,...,p; are the
distinct odd prime factors of n. Define a set S of prime divisors of the rational

number field Q by

S = {00727p17"'7pt}
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and a subgroup M of the multiplicative group Q*/(Q*)? generated by —1,2,py, ..., p; .
Fori =1,2,3, for each d € M we have homogeneous spaces C; 4 and Cg,d correspond-

ing to the isogenies ¢; and QASZ respectively. They are defined as

Crg: dw?* = t*+ (2n/d)* 24,

la: dw® = t* — (n/d)* 24,
Chq: dw? = t*—6(n/d)t?2® + (n/d)” 2*,
Cyq: dw® = t*+3(n/d)t*2* +2 (n/d)? 24,
Csq: dw? = t*+6(n/d)t?2> + (n/d)* 24,

Chigt dw? = t1=3(n/d)t*22 +2(n/d)” 2.

The Selmer group Sell®)(E, /Q) (Sel(‘{”)(Ei,n/Q)) measures the possibility of C; 4

(C;.4) having non-trivial solutions in the local field Q, for all v € S. Namely,

Sel®)(E,/Q) =2 {de M:C;4(Q,) # ¢ forallv € S} |

Sel®)(E;,./Q) = {d € M : Cl4(Q,) # ¢ for all v € S},

where C; 4(Q,) # ¢ (C; 4(Q,) # ¢) means that the homogeneous space C; 4 (C; ;) has
non-trivial solutions (w,t,z) # (0,0,0) in Q,. Sel®)(E,/Q) and Sel(a’i)(Ei,n/Q)
can be considered as subgroups of M. Notice that {£1,+n} C Sel((ﬁl)(ELn/Q),
{1,2,—n,—2n} C Sel®)(E,,/Q) and {1,2,n,2n} C Sel®)(E;, /Q), since the

corresponding homogeneous spaces have global non-trivial solutions in Q.

2.2. A graph method. We use standard terminology in graph theory ([19]). Let
G = (V, A) be a simple directed graph where V = V(G) = {vy, -+ , v, } is the set of
vertices of G, and A = A(G) is the set of arcs in G. We denote an arc (v;,v;) € A

by v;v;. The adjacency matrix of G is defined by

M(G) = (aij)i<ij<m >
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where
1, ifyo;e A (1<i#j<m)
e 0, otherwise .
For the vertex v;, 1 <1 < m, let d; = Z;n:l a;; . The Laplace matrix of the graph G
is defined by
L(G) = diag(dy, - -+ ,dm) — M(G).
The term “odd graph” has been used by K. Feng, Y. Xue and one of the authors

in their study of new families of non-congruent numbers (|13],[14],[15]).

Definition 1. Let G = (V, A) be a directed graph. A partition of vertices Vi |J Vo =
V' is called odd if either there exists a vertex vy € Vi such that #{v; — V5}, the
total number of arcs from vy to vertices in Vo is odd, or there exists vo € Vo such
that #{vy — V1} is odd. Otherwise the partition V| J Vo =V is called even. The
graph G is called odd if all non-trivial partitions {Vi,Va} #{V, ¢} of V are odd.

We need the following counting lemma, which can be derived by the same idea

used in the proof of Lemma 2.2 in [13].

Lemma 1. Let G = (V, A) be a directed graph, V = {vy,...,vs14} (5,6 >0). Then
the number of even partition {Vi,Va} of V' such that {vsi1,...,vs4} C Vs is equal to
the number of vectors (xy,...,xs) € Fy such that L(GQ) - (z1,...,24,0,...,0)T = 0.

3. EXPLICIT FORMULAS FOR THE SELMER GROUPS

The problem of finding the sizes of the Selmer groups Sel)(E, /Q) (Sel(®) (Ein/Q))
it is equivalent to the problem of determining how many homogeneous spaces C; 4
(respectively Cj,;) have non-trivial solutions over certain local fields. While the
solvability conditions can be found by using Hensel’s lemma, one still needs a clever
combinatoric method to piece them together. We will interpret these solvability
conditions as certain “even partitions” of a graph, and use Lemma 1 to find the

number of such partitions.
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3.1. The sizes of Sel®V(E,/Q) and Sel(a’l)(ELn/Q). We collect the solvability

conditions for €y 4 and C7 ; over local fields as follows.

Lemma 2. (Lemma 3.1, [14]) Suppose that n =p;---p; (t > 1) is a square-free odd
integer, d € M =< —1,2,py,-+ ,ps >C Q*/(Q*)},v € S = {00,2,p1, -+ , s} Let

p denote an odd prime number. One has

C14Qx)=¢ <<=d<0.

For pld, C14(Q,) # ¢ <= (_71) =1 and (%) =1.
For p|g, C4(Q)) =¢ <= (;—j) =—1.

If n = 43(mod8) and 2|d, then C)4(Q2) = ¢.

d=1(mod4) = C14(Qq) # ¢.
If n = +1(mod8),d = 2d'|2n and d’ = 1(mod4), then C) 4(Qy) # ¢.

Lemma 3. (Lemma 3.2, [14]|) Under the same assumptions one has

2|d = C1,4(Q) =¢.
If2 fd, then C 4(Q2) =¢ <= d==+3(mod8) and
n

If p|d, then C],(Q,) =¢ <= |— | =1and
’ p

n -1 d
If p|-, thenCi (Q,)=¢ <= |—)=1and —) =—1.
u {4(@) . ‘

For a square-free positive odd integer n, let

n:pl.-.ptql...qs

be its prime factorization, where

If n = +3 (mod 8), we construct a graph Gy(n) = (V, A) by assigning

V:{pla"'vpt7q17"'7QS}7
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A={pg: (2) =10l qin} .
By (1)(2) and (3) of Lemma 2 one has Sel®V(E,/Q) C< pi,---,p; >. For any

d=p1---pr €< pr,--- ,p; >, it is easy to see from Lemma 2 that d € Sel®)(E, /Q)
if and only if the partition

{pla"'7pT}U{pr+l>--'7ps7q17"'7QS} =V

is an even partition. Let L(@l(n) be the Laplace matrix of the graph @1(71) Then
by Lemma 1, the number of such even partitions, as well as the size of the Selmer
group Sel®)(E, /Q) is

2t—rankF2L(@1(n)) '

For the Selmer group Sel(q;l)(ELn/@) and n = £3 (mod 8), we construct another
graph G(n) = (V, A) by assigning

V:{pla"‘7pt7QI7”'JQS}J

U{pﬁ: (q—T>:—1, 1<i<t, 1gr§s}.

pi
We know from Lemma 3 that forany d =py---p.q1---q €< p1, -3 Pt q1s - - -5 Qs >,
de Sel(‘ﬁl)(ELn/@) if and only if the partition

{pla Y 22X I 7QZ}U{pr+17 co oy Dsy Qi41y - - - 7QS} =V

is an even partition. By Lemma 1, the size of the Selmer group, which is twice the

number of such even partitions is

ot+s+1-ranke, L(Gi(n))

Here L(G1(n)) denotes the Laplace matrix of the graph G;(n). One sees that

rankg, L(G1(n)) = rankg, L(G1(n) .
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Therefore
#5elD (B, /Q) = #Sel®)(E,/Q) - 2°T1.

In the case when n = +1 (mod 8) the computation is similar and we omit the

details. We have in conclusion the following result.
Theorem 3. For any square-free positive odd integer n, let

no=p1ec Py s

be its prime factorization, where

Let s(n,é1) and s(n,dy) be the 2-rank of the Selmer groups Sel®)(E,/Q) and
Sel(‘il)(ELn/Q) respectively, i.e.,

#Sel(¢1)(En/Q) — 98(n,¢1) , #Sel(@)(El’n/Q) — 25("»@31)+2 )
If n =43 (mod 8), we construct a graph Gy(n) = (V, A) by

V:{pla'”7pt7QI7”'7QS}7

Aa={pm: (B)=-11<izj<t}

U{W: (;%:)z—l, 1<i<t, 1§r§s}_

Let Mi(n) be the Laplace matriz of the graph G1(n). Then
s(n, ¢1) =t — rankg, M;(n), s(n, qgl) =s—1+1t—ranky, Mi(n).
If n==+1 (mod 8), we construct a graph G',(n) = (V, A) by

V:{p17"'7ptaq17"'>qs7_1}7
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=1, 1<i#j <t}
) —ngigulgrgs}
+3 (mod 8), p € V} :

U{n%-<

U{(lm

Let Mi(n) be the Laplace matriz of the graph G’ (n). Then

A= {pzpj : <p_]>
;17
p=

~

s(n,¢1) =t + 1 —rankp, M{(n), s(n,¢1) =s— 1+t — rankg, M{(n).

These explicit formulas reveal a simple relation between these two Selmer groups,
which are crucial in determining the distribution of the 2-rank of one of them. They

are essentially the same as the ones obtained by N. Aoki (Theorem 2.1, [1]).

3.2. The sizes of Sel*(E,/Q) and Sel("gQ)(EM/Q). The solvability conditions
of homogeneous spaces Ca 4 and C ; over local fields can be derived from Hensel’s
lemma, and the proofs are very similar to those leading to Lemmas 2 and 3 above.

Thus we omit the proofs and collect the results below.

Lemma 4. Suppose that n = py---p,(t > 1) is a square-free odd integer, d €
M=<—-1,2p1, - ,ps >C Q*/(Q*)%,v € S = {00,2,p1, -+ ,ps}. Let p denote an

odd prime number. One has

(]_) 2|d — OQ,d(@Q) = ¢
(2) Forpld, Cou(Q,) #6 <= (g
® Rl Cu@)=s = (

4)  C2u(Qu) # ¢ <= d > 0.
(5) Cr4(Q) #p<=n=3 (mod4),d==+1 (mod8)
orn=1 (mod4),d=1 (mod 8).
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Lemma 5. Under the same assumptions one has

(1) C5,4(Qu) # ¢.
(2) 2 /d, C3,(Q)#¢p<=d=1 (mod4) or % =3 (mod 4).
(3) Ifpld, Cha(Qy) =0 12—) =1 and _Z/d) = —1.
2 d
@ 1pl Ch(@) =0 (1) =1and ]—9) )

By the same graph method one can compute explicitly the sizes of the Selmer

groups Sel'??)(E, /Q) and Sel(q§2)(E27n/Q).
Theorem 4. For any square-free positive odd integer n, let

n=~F - Ppi--ppQi---Qsq1---qs

be its prime factorization, where P, =1 (mod 8),p; =7 (mod 8),Q, =3 (mod 8), ¢, =
5 (mod 8), t,t',s,s > 0. Let s(n,ps) and s(n, ng52) be the 2-rank of the Selmer groups
Sel®2)(E, /Q) and Sel(‘Z’Q)(Egm/Q) respectively, i.e.,

#Sel(¢2)(En/Q) = 9s(nd2) #Sel(‘£2)(E27n/@) _ 9s(n.2)+2
If n=1 (mod 4), construct a graph Go(n) = (V, A) by
V={p:pn} J{-1},
A= {p_q) : (%) =—1 and (%) =1, p]n,q|n}
—
U{p(—l) : (%) =—1 and (%) =1, p|n}
Let My(n) be the Laplace matriz of the graph Go(n). Then
s(n, s) =t +t' — rankp, Ma(n), s(n,ds) = s+ s+t +t' — rankg, My(n) .

If n =3 (mod 4), construct a graph G4H(n) = (V, A) by

V={p:pn} J{-1.¢},
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A={p (g) — 1 and (1%) _ 1, p|n,q|n}
(1) ) — 1 and (%) —1, p|n}
e

Let M}(n) be the Laplace matriz of the graph Gy(n). Then

~

s(n,¢g) =t +t' + 1 —rankp, My(n), s(n,ds) =s+ s +t+t —rankg, My(n).
3.3. The sizes of Sel®)(E,/Q) and Sel®)(E;,,/Q).

Lemma 6. (Lemma 4.1, [15]) Suppose that n = py---p; (t > 1) is a square-free odd
integer, d € M =< —1,2,py,-- ,ps >C Q*/(Q)*,v € S = {00,2,p1, - ,p}. Let

p denote an odd prime number. One has

(1) 2|d — Ogﬁd(@g) = Qb
2\ . —n/d _
2) Forpld, Cou(@) #0 Q%-l a (=) -
® Tl Cu@)—o = (%)==t
4)  C54(Q) # ¢
(5) C34(Q) #p<=n=3 (mod4),d=1 (mod 8)
orn=1 (mod4),d=+1 (mod 8).

Lemma 7. (Lemma 4.1, [15]) Under the same assumptions one has

(1) d<0 <= (5,Q)=¢.

(2) 2 Jd,  Ciu(Q)#d<=d=1 (modd) or==1 (mod 4).
®) Il Cu(@) =0 (2) = tand (20) — -1

d
@ 1, Q) =6 (2] = Land 5):—1

We use the same graph method to compute explicitly the sizes of the Selmer

groups Sel'®)(E, /Q) and Sel(‘&?’)(Eg,n/@)-
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Theorem 5. For any square-free positive odd integer n, let

n:Pl---Ptpl--.pt/Ql.--QSql---qS,

be its prime factorization, where P, =1 (mod 8),p; =7 (mod 8),Q, =3 (mod 8), ¢, =
5 (mod 8), t,t',s,s > 0. Let s(n, ¢3) and s(n, (53) be the 2-rank of the Selmer groups
Sel®3)(E, /Q) and Sel(q;"*)(Eg,n/Q) respectively, i.e.,

#Sel(¢3>(En/@) = 95(ngs) #Sel(‘i’3)(E37n/@) _ 9s(n.ds)+2
If n =3 (mod 4), construct a graph Gs(n) = (V, A) by

V ={p:pn},

A= {ﬁ]) : (%) =—1 and <%> =1, p]n,q|n}.
Let M3(n) be the Laplace matriz of the graph Gs(n). Then

~

(. d3) = t + ¢ — ranke, My(n), s(n,ds) = s+ 5+ + 1 — 1 — ranks, My(n).
If n =1 (mod 4), construct a graph G4(n) = (V, A) by
V= {p : p|n} U{_l} )

A= {p_()] : (%) =—1 and (%) =1, p[n,q!n}
U{=Dp: (51) = -1 pln}.

Let Mi(n) be the Laplace matriz of the graph G%(n). Then

~

s(n,¢3) =t +t' + 1 —rankp, Ms(n), s(n,¢3) =s+s +t+t —1—rankp, Ms(n) .
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4. AVERAGING THE SELMER GROUPS Sel®)(E, /Q)

First we consider the Selmer group Sel®’)(E,/Q). From Lemma 2, if n = +3

(mod 8) one has

9s(n.61) :gd:d/gi ((_?1) +1) ((%) + 1) }_d[% ((g) +1> :

and if n = +1 (mod 8),

oo = I((5) ) ((5) +) () +)
() (G )T (G) )

4.1. The case n = £3 (mod 8). We consider this simpler case first. Let h = 3 or
5 and n € S(X,h). Expanding the product in the formula for 2°("%1) one has

9s(mé1) Z 4w (DoD1D2D3)g—w(DaDs) —1 & &
DDy ) \ D1/ \ Dy

<(0) (5) (3) (5) (5) (5)
= gg(D),

where D = (Dg, Dy, Do, D3, Dy, Ds) is subject to the condition that n = Dq Dy Dy D3 Dy Ds.
Here w is the additive function counting the number of distinct prime divisors.

The authors would like to remark that the above formula which runs over 6-
dimensional vectors D, is intrinsically much simpler than the corresponding formula
for the cardinality of S®)(E,/Q) of [20], which runs over vectors D which are 16-
dimensional (see Lemma 3 on page 177 of [20]).

Our goal is to estimate

Z 9s(n.¢1)

neS(X,h)
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We sum over the six variables D;, subject to the conditions that each D; is square-

free, that they are coprime in pairs, and that their product n satisfies
n<X,n=h (mod8).

We divide the range of each variable D; into intervals [A;, 2A;), where A; runs over
powers of 2. There are O(log® X) many non-empty subsums, which we shall write

in the form S(A), where A = (A, A1, As, Az, A4, As). Here we may assume that
5
1< H A < X.
i=1

Following Heath-Brown, we shall describe the variables D; and D; as being

“linked” if exactly one of the Jacobi symbols

D; D,

D;)’ D;
occurs in the expression for g(D). It is easy to see that (Dy, D), (Ds, Ds), (Dy, Dy)
and (Do, D) are all the pairs of linked variables.

4.1.1. Case one. For the linked variables Dy, Ds. Suppose A;, A5 > (log X)??4. We
may write g(D) in the form

D) = () alDb(Dy)

where the function a(Ds) depends on all other variables D; except Dy, and similarly

for the function b(D;). Moreover we have
|a(Ds)], [b(Dy)] < 1.

We can now write

[S(A) = Y

Do,D32,D3,D4

We need the following result.
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Lemma 8. (Lemma 4, [20]) Let a,,, b, be complex numbers of modulus at most 1.

Let an odd number h be given and let M, N, X > 1. Then
Z <£> by < MN {min(M, N)} /3
m

uniformly in X, where the sum runs over square-free m,n satisfying M < m <

2M,N <n <2N,mn < X and mn = h (mod 8).
As a consequence of this lemma one finds that
S(A) < DyDsD3Dy D Ds {min(Dy, D5)} /** <« X (log X) 7.
Similar results hold for other linked variables. Therefore one has

Lemma 9. We have
S(A) < X(logX)_7

whenever there is a pair of linked variables with A;, A; > (log X )?**.

4.1.2. Case two. We now examine the case when A; > (log X)** while A5 <

(log X)?**. Using quadratic reciprocity we put g(D) in the form

Dy

g(D) = 4740 (3) (D,

where Y is a character modulo 8, which may depend on the variables D; other than

Dy, and the factor ¢ is independent of D; and satisfies |¢| < 1. Tt follows that

S (51 w(oy

D1

(4) NS

Do,D2,D3,D4,Ds5

Y

where the inner sum is restricted by the conditions that D; must be square-free and
coprime to all the other variables Dg, Dy, D3, Dy, D5. Next, we employ the following

result, which slightly generalizes Lemma 4 in [20].
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Lemma 10. (Lemma 4.2, [39]) Suppose s is a fized rational number. Let N be
sufficiently large. Then for arbitrary positive integers q,r and any nonprincipal
character x (mod q), we have

> 1w ()s*™x(n) < X7(r) exp(—ny/log X)

n<X,ged(n,r)=1

with a positive constant 1 = ns N, uniformly for ¢ < log¥ X. Here T is the usual

divisor function and p is the Mdbius function.

To use this result we remove the condition D; = A’ (mod 8) from the inner sum
on the right side of (4) and insert instead a factor

1 -

T2 wD)e®).

¢ (mod 8)

One has

S(A) < Alexp(—n 10gA1) Z T(DOD2D3D4D5)

Do,D2,D3,D4,D5

< Apexp(—ny/log Ay) H ZT(Di)

D;,i#1 D;

< Ajexp(—ny/log Ay) H A;log X
Dy i1

< X(log X)* exp(—n+/log Ay) ,

provided that Ds # 1 and 8Ds < log" A; for some N > 0. We summarize the

above results as follows.

Lemma 11. For any constant k with 0 < kK < 1 one has
S(A) < X(logX)™"

whenever there are linked variables D;, D; for which

A; > exp{(log X)"}
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and D; > 1.

4.1.3. Case Three. For any 0 < k < 1 denote
(5) C = exp {(log X)"} .

Let Y indicate the condition that Ay, A;, Ay, A3 < C, Ay < C or A5 < C. Then

Z'yS(A)ygz ST 40 gD §Y gD,
A

D;<2C,0<i<4 Ds< 52—
<5,

We now use the bounds

3" 4 < X(log X)",

n<X

and

w(n)
Y B

E <|| 1+ — log X')”
n ( p)<<(0g )

n<X p<X

which are valid for any fixed v > 0. Since

s> XO P> X2
Do+ Dy > > ’

one has log(XC™%) > log X. Therefore

' X
Z IS(A)| < Z 4= (Do) . . | 4—W(D3)2—w(D4)ﬁ(log X)_1/2
A D;<20,0<i<4 0 4

< X(logX)" (Z 4—;(@) (Z 2—7«;<n)>

n<2C n<2C

(V[

< X(log X)?(log2C)i*(log 2C)2 < X (log X ) 2+2 .
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Let " indicate the condition that A4, A5 < C and at least one of Ay, A;, Ay, Az is
less than C'. Then

Z” |S(A)| < Z 47W(D0) ce 4*W(D3)2*W(D4)27w(D5)
A

DoD1D2D3D4D5s<X

= Y 4w<m>2W<n>< > 1) < > 1)
mn<X DoD1D2aD3=m D4Ds=n
DD D e D

n<(2C)2 m<X/n DoD1DsD3=m

IN

Write
H Diy mo = H Di7
D;<2C D;>2C

so that m; < (2C)*. One has

Ssan « Y1y ¥ ()m)

A n<(2C)2 m1<(20)4 m2<m)§n
< 1) o
n<(20)2 m1<(20)4

< X(log X) Y*4(log2C)? < X (log X) i+

)—1/4

We summarize our results as follows.

1

Lemma 12. Choosing k = 35, we have

Z|S )| < X(log X)~1/?

where the sum over A is for all sets in which either Ag, Ay, As, A3 < C and at least
one of Ay, As < C, or Ay, As < C and at least one of Ay, A1, As, A3 < C, or there
are linked variables D; and D; with D; > C and D; > 1.
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4.1.4. The remaining cases. The cases where the sums S(A) are not handled by

Lemma 12 are as follows.

(1) Ay, A5 > C => Dy =D, = Dy = Dy = 1.
(2) Ay >C, A5 <C = Dy=Dy=D5=1, Ay or A3 > C.
(3) Ay<C,As>C = Dy =D3=Dy=1, Agor Ay > C.
(4) Ay, As < C = Ay, A1, Az, A3 > C and Dy = D5 = 1.
Case (1). With Dy = D; = Dy = D3 =1 the function g(D) reduces to
27@(P9)27«(P5) The sum is
Z 9~ (P1)g—w(Ds)
Da,Ds

where Dy, D5 are subject to the conditions
Dy, Ds >C, n=DyDs=h (mod8), n square-free, n < X.

We can remove the condition Dy, D5 > C' with an error

< 2 Z 2—w(D4) Z 2—w(D5) <<X(lOgX)_1/2 Z

Dy<C D5§DL4 Dy<C

9—w(Da)

Dy
< X(log X) 22" < X(log X) /3

Since n = D4Ds5 is square-free it factors as D,Dj in exactly 2¢ different ways.

We therefore obtain
Y 14+ 0(X(log X)1/?) = #5(X, h) + O(X (log X)~'/?).
neS(X,h)

Case (2). With Dy = Dy = D5 = 1 the function g(D) reduces to

_ g4—w(D1D3)o—w(Dy) __1 % & & &
f(D) = a7z (D1) (Dl) (D4> <D3> <D4>7

and the conditions for A are A4 > C and at least one of Ay, A3 > C. We separate

it into two cases.
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(i). If A; < C, we have

S(A) S Z 47w(D1)4*w(D3)27w(D4) S Z 47w(D1) Z 47w(D3)27w(D4)

D1,D3,Dy4 Dy<2C D3,Dy
w(n) r w(n)—r

- ey () E) ()

Di<2C nSDll r=0 r

3\« 4—w(D1)

_ —w(D1) e —-1/4
= Z 4t Z (4) < X(log X) Z D

Di<2C nSDil Dy<2C

< X(log X)7V5.

A similar estimate holds true if A3 < C.

(ii). Suppose Ay, Az, Ay > C. We write the sums as
S(A) = ) f(D),
D
where the variables D = (Dy, D3, D,) are subject to the conditions
D; € [A;,2A;) (i =1,3,4), n=D1D3Dy, < X, n=h (mod 8), n square-free.

Now we write

SA) = >

and we have

S(A,¥) = > w(DiDsDy)f(D)

D

<y

Dy

S a0 () (DD DD

D1,Ds
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Here the character y depends on D, and is defined as

- (2)3)

for any n € Z. We may proceed by applying the following lemma.

Lemma 13. (Lemma 10, [20]) Let X > 0 and M,N > C > 0 be given. Then for
an arbitrary positive integer r, any odd integer h, and any distinct characters

X1, X2 (mod 8), we have
Z MQ(m),u2(n)4—w(m)—w(n)xl(m)xg(71) < X7(r)exp (—c« /log C’) log X,

for some positive absolute constant c, where the sum runs over coprime m,n

satisfying the conditions
M<m<2M, N <n<2N,mn<X,mn=h (mod8), gcd(mn,r) = 1.

It follows that the sums S(A, 1) and also S(A) in question are all O (X (log X)~7),
since the constant x in Lemma 11 may be taken sufficiently large. The total
contribution of these sums is therefore O(X (log X)™).
Case (3). With D; = D3 = Dy =1 the function g(D) reduces to

4—(DoD2)g—w(Ds) (__1> ,

D

and the conditions for A are A5 > C' and at least one of Ay, Ay > C. If one of
Ay, Ay < C, following the argument in (i) of Case (2) one finds that the total
contribution is O(X (log X)~1/?), while if Ay, Ay, Ay > C, similar to (ii) of Case
(2), the total contribution is O(X (log X)™1).
Case (4). With D, = D5 = 1 the function g(D) reduces to

(Do) —w(Dy)—w(D2)—w(D) (L
DiD;)’
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and the conditions for A are Ag, A;, As, A3 > C. One has in this case

—1
_ —w(Do)—w(D1)—w(D2)—w(D3)
S(A) = D 4 3(DID2)

Do,D1,D2,D3
=Y getmet) -1y
m,n m

By the same argument as in (ii) of Case (2) one finds that the total contribution is
O(X(log X)™).
We conclude that for A = 3 or 5, one has

Z 9s(n.¢1) — #S(X, h) + O (X(logX)_1/5)
neS(X,h)

as X — o0.

4.2. The case n = +1 (mod 8). Let h =1 or 7 and n € S(X, h). Expanding the

product in the formula for 25?1 one obtains that

20 = 37 g(D)+ 3 h(D),

where ¢g(D) is the same function appearing in the case n = £3 (mod 8) and
h(D) — 4—(4)(D0D1D2D3)2—W(D4D5)
" -1 2 D, Dy
DlDQ D1D3D4 Dl -D4
% D4 D3 D5 D5 DO D2
Ds)\Dy) \Di)\Ds) \Ds) \Ds) "
Here D = (Dy, D1, Ds, D3, Dy, Ds) is subject to the condition that
n = DyD1DyD3D4D5. Our goal is to estimate

o2t = N N yD)+ > ) h(D).

neS(X,h) nes(X,h) D nes(X,h) D
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While the first term from the previous computation is

Z Zg = (X,h)+O( (log X)~ 1/5)

nes(X,h) D

we need to estimate the second term by the same idea. We sum over the six
variables D;, subject to the conditions that each D; is square-free, that they are

coprime in pairs, and that their product n satisfies
n<X,n=h (mod8).

We divide the range of each variable D; into intervals [A;,2A4;), where A; runs over

powers of 2. There are O(log® X) many non-empty subsums, which we write as

S'(A), where A = (A, A1, Ay, As, Ay, As). We assume the condition
5
1< 4 < x.

We see that (Dy, Ds), (D3, Ds), (Do, Dy) and (Ds, Dy) are all the pairs of linked
variables in the function h(D). Following the proof for the case n = +3 (mod 8),

one sees that Lemma 12 holds true for the sum S’(A). The remaining cases are

(1) Ay, A5 >C = Dyg=D; =Dy = D3 = 1.

(2) Ay > C,As < C = Dy=Dy=D5=1, Ay or A3 > C.
(3) Ay <C,As >C = D1 =D3=Dy=1, Agor Ay > C.
(4) Ay, As < C = Ay, A1, Ay, A3 > C and Dy = D5 = 1.

In Case (1), the function g(D) reduces to 27« (P1)2-w(Ds) (D%); in case (2), the

function g(D) reduces to 4=«(P1Ds)=w(D1) <B—i) <D1D23D4> (g—;‘) (%) (%) (%);
in case (3), g(D) reduces to 4-<(PoP2)9=w(Ds) <5—i>; and lastly in case (4), g(D)

reduces to 4=« (Po)~w(D1)-w(D2)-w(Ds) (ﬁ) <D12D3>. All these four cases are

similar to the Case (2) for n = 43 (mod 8) and we can apply Lemma 13 to obtain
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enough cancellation. So we have

Z Zh (logX)*l/‘r’) :
neS(X,h) D
In conclusion one has for h =1,3,5 or 7,
> 22000 = $5(X, h) + O (X (log X))
nes(X,h)

as X — o0.

4.3. The Selmer groups Sel®)(E, /Q) for i = 2,3. Let h =1,3,5 or 7. For any

n € S(X,h), when i = 2, one has from Lemma 4

o= AL (G) ) (6) ) (G) )

where one has equality “=" when n = 3 (mod 4) and inequality “<” when n =1
(mod 4). Denoting the right hand side by Ss(n) and expanding the product one
has

2 D D
IS _ 4—w(DoD1D2D3)2—W(D4D5) - 4 1
2(n) § : DDy ) \ Dy ) \ D,

n=DoD1D2D3D4Ds

(5)(5)(5) (3) (5:) (5:)

When 7 = 3, from Lemma 6 we have

wes SI(G) ) (G ) T(G) )

where one has equality “=" when n =1 (mod 4) and inequality “<” when n = 3

(mod 4). Denoting the right hand side by S3(n) and expanding the corresponding

product one has

-1 2 D D
g _ J~w(DoD1D2D3)g~w(DaDs) —4 -1
3(1) 2 0.0, \DiD; ) \ D1 ) \ D

7’L=DOD1 Do D3 D4D5

() (5) (5) (3) (5:) (5:)
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Notice that both sums
Z SQ and Z Sg
neS(X,h) neS(X,h)

are very similar to the sums treated before for the case n = £3 (mod 8) for the
Selmer group Sell®")(E, /Q). When we sum over the six variables D;, subject to
the same conditions, Lemma 12 holds true for both sums Sy(n) and S3(n), and
similarly we also have the same four remaining cases (1),(2),(3) and (4). A little
thought gives that only the first case contributes to the main term, which is
#S(X, h), and altogether the errors are of size O (X (log X)~'/?). Since

s(n, ¢2), s(n, ¢3) > 0, we obtain the same asymptotic formula for the Selmer groups

Sel®)(E, /Q) for i = 2,3. We conclude this section with the following result.
Theorem 6. Let h =1,3,5 or 7. Fori € {1,2,3}, one has

> 20 = #S(X, h) + O (X (log X)~'/7)

neS(X,h)
as X — 00.
5. PROOF OF THEOREM 1

5.1. For Sel'®)(E,/Q). Fix i € {1,2,3}. For any integer r > 0, let

=#{n e S(X,h):s(n,¢;) =r}.
Then

D a, = #S(X,h).

r>0

Theorem 6 yields

Y 2a, = #S(X,h)+0 (X(log X)),

r>0
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hence
ZQ’”_lar < 2(27" —1)a, = O (X (log X)_1/5) :
r>1 r>1

and

a, =0 (X(logX)_1/52_T) ,r>1.

Therefore for any positive integer k,
(6) ST sng)t = D rta, = 0p (X(log X)7)
nes(X,h) r>1
Notice #S5(X, h) > X, this shows that s(n, ¢;) = 0 for almost all n € S(X,h), and
for any positive integer k,
1
im - LS et =0,
X—o00 #S(X, h) neS(X,h)

This completes the first part of the proof of Theorem 1.

5.2. For Sel(dgi)(Eiyn /Q). For coprime integers a, ¢, we define the additive function

Wa,q BS

Wag(n) = Y 1,

pln
p=a (mod q)

for any n € N. By Theorem 3, if n = +3 (mod 8), then

~

S<n7 (bl) = S<n7 (bl) -1+ S,
and if n = +1 (mod 8),
S(TL7 ggl) = S(TL7 ¢1) -2+ S,

where s = w3 g(n) + wrg(n). Similar results hold for ¢ and ¢3 by Theorems 4 and

5. Therefore for any square-free integer n one has

(7) s(ny ;) = s(n,¢;) + hi(n) +cin, i€{1,2,3},
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with the functions hy = wsg + wrs, ho = hg = w3 g + ws g, and the constants
c1n=—1ifn=43 (mod 8) and —2 if n =41 (mod 8), c2,, =0if n =1 (mod 4)
and —1 if n =3 (mod 4), and finally ¢3,, = —2if n =1 (mod 4) and —1if n=3
(mod 4). Since s(n, ¢;) = 0 for almost all n € S(X, h), one has

s(n, i) = hi(n) + cin,

for almost all n € S(X, h). It is enough to show Gaussian distribution for the
functions h;(n) with the conditions n € S(X,h) for h=1,3,5 or 7 and X — oo.
We contend ourselves to applying the following generalization of Erdds-Kac
Theorem obtained by Ru-Yu Liu(|31]). For completeness we reproduce the
statement here. Let S be an infinite subset of N. For X € R, X > 1, define

S(X)={n<X:neS}
We assume that S satisfies the cardinality condition
(8) [S(X2)] = o(IS(X)]),

where |S(X)| is the cardinality of S(X). Let f: S — N be a map. For each

prime [, write

1
m# {n € S(X): f(n) is divisible by I} = \(X) + e;(X),
and for any u-tuples of distinct primes (ly,1ls, ..., 1,), write
1 . . . . v
S0 #{n € S(X): f(n) is divisible by lyly---1,} = H Ay (X) + egiyea, (X).
i=1

We will use abbreviated notations A, e; and e;,;,..;, below.

Suppose there exist absolute constants § and ¢ with 0 < § <1 and ¢ > 0, and a
function Y = Y (X) < X” such that the following conditions hold:

(i) For each n € S(X), the number of distinct prime divisors [ of f(n) with [ > X7

is bounded uniformly.
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(i) Yy ccxs M = o((loglog X)'/2), where the sum is over primes [.
(iii) ZY<I§X5 ler] = o((log logX)l/Q).

(iv) Yoicy M = cloglog X + o((loglog X)'/2).

(V) Xiey AT = o((loglog X)'/2).

(

vi) For r € N, let u =1,2,...,7. We have

5™ | = o g og X))

where >_" extends over all u-tuples of distinct primes (Iy, 1y, ... ,1,) with [; < Y.
(Notice that the condition (4) in Liu’s paper [31] is actually ¢ = 1. However there

is no essential difference by introducing the constant ¢ > 0 here.)

Theorem 7. (Theorem 3, [31]) Let S be an infinite subset of N satisfying
condition (8) and f : S — N. Suppose there ezist absolute constants (3, ¢ with
0<B<1,¢>0andY =y(X) < X? such that the conditions (i)—(vi) hold. Then
for v € R, we have

, 1 i ~w(f(n)) — cloglogn _
éir‘iors<x>|#{ €5 T e Tesogn S”} ¢

Let
S ={n € N: n square-free and n =h (mod 8)}.

Define the map f: S — N as

for any n € N. Then

It is easy to verify by Merten’s estimate and the estimates proved in Appendix
below that S and f satisfy all the conditions listed in Theorem 7 with constant
c= % Therefore for n € S(X,h), h =1,3,5,7 and X — o0, hi(n), as well as
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s(n, gzgl) satisfies the Gaussian distribution, with mean and variance %log logn.
This result also holds true for the values hs(n) and hs(n). This proves the second

part of Theorem 1. Now Theorem 1 is completely proved.

6. ON III(E, /Q)[¢;] AND IIL(E;,/Q)[¢]

For h=1,3,50r 7and ¢ = 1,2 or 3, n € S(X, h), denote

HILL(E, /Q)[¢:] = 2090, #IM(E, /Q)[6i] = 209, #1IL(E,/Q)[2] = 2,
and as in previous sections

#5el@) (B, /Q) = 2209 48l @) (E;,,/Q) = 229 #5el?(E, /Q) = 22™.

From the commutative diagrams in the introduction one has the formula

~ ~

t(n, ¢i) = s(n, ¢;) + s(n, ¢;) — s(n) +t(n) —t(n, ¢;)
and the inequalities
0 <t(n,¢i) < s(n, ), 0<tn,d;) < s(n,¢;), 0<t(n) < s(n).

Since s(n, ¢;) = 0 for almost all n € S(X, h), one has that t(n, ¢;) = 0 for almost
all n € S(X, h). Moreover by the asymptotic formula (6) one has
> tn, )t =0 (X(log X)71/7)
nesS(X,h)
for any fixed positive integer k. This proves the first part of Theorem 2.
Next, for any fixed positive integer k, we will prove in the Appendix that

log log X

5 )k + Oy, (X (loglog X)k71>

© X st #senn

neS(X,h)

as X — oo. Noticing that

s(n, i) = s(n) < t(n, d;) < s(n, ¢a),
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one has

nes(X,h) nes(X,h) nes(X,h)
The magnitude of the right hand side is known from (9), and the left hand side is
Z s(n, ¢;)* + O [ max Z s(n, ¢;)"s(n)*F"

0<r<k—1
neS(X,h) neS(X,h)

For any r with 0 < r < k — 1, one obtains that

1/2 1/2
Z s(n, &) s(n)F" < Z s(n, o) Z s(n)2k=)
neS(X,h) neS(X,h) neS(X,h)
1/2 1/2
< Z S(TL, ¢Ei>2r Z 22(]677‘)5(77,)
nes(X,h) nes(X,h)

<5 (X(loglog X)*)? (X)? < X (loglog X)¥ !,

by using (9) again and the formula (2) obtained by Heath-Brown. Therefore

> tn, )k = #S8(X, h)

neS(X,h)

log log X
2

)k + O, (X (log logX)k_1> :

which completes the proof of Theorem 2.
Appendix
To establish formula (9), we first prove the case k = 1, which is essentially the

following lemma.

Lemma 14. For any h € {1,3,5,7} and two coprime integers a,q > 0, one has

D wagln) = #S(X, h) <M

neS(X,h) 9(q)

)+owx)

as X — oo, where ¢ is the Fuler-¢ function.
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Proof. First we write

mod 8) by inserting the factor

h (
3 S vm)im
(mod 8

and interchanging the summation one has

S =g S TS W) )

neS(X,h) ¥ (mod 8) n<X

Removing the condition n =

For the character ¢ (mod 8), denote

Z,U n)wa,q(n)Y(n).

n<X

If ¢ # 1, one has

SW,X) = Y _@npm) D> 1= > > pP(n)(n)

n<X pln p<X pln,n<X
p=a (mod q) p=a (mod q)
= > v D pm)g(m).
p<X m<X/p
p=a (mod q) ged(m,p)=1

By Lemma 10, one has

> KR m(m) < = exp (—ny/og(X/p) )
p

m<X/p
ng(m,p):l

Since

)) < exp( (log X)/ >Zp

pevx D EXD (n log(X/p pvX

< exp (—m/logX) loglog X <« 1,
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and
1 1
< ) okl
Farex b (V108X70)) T i
one has
S, X) < X.

When ¢ = 1, one has

SIX) = 3 A Y 1= Y Y ).

n<X p|n p<X m<X/p
ged(n,2)=1 p=a (mod q) p=a (mod g) ged(m,2p)=1

For any integer r» > 0, denote

n<X
ged(n,r)=1

We define the multiplicative function g by the convolution g = pu? * . One sees

that p? = 1% g and at any prime p,

0 m=1,
g@™) =< -1 : m=2,
0 m >3
Then
ArX) = Y D ogd= > gd DY 1= > pumn) > 1.
n<X dln d<X m<X/d n<vX m<X/n?
ged(n,r)=1 ged(d,r)=1 ged(m,r)=1 ged(n,r)=1 ged(m,r)=1
Since
X X o(r) X
> 1= St [ 5] =S (§+om) = 42X 4 o)
m<X dlr dlr

ged(m,r)=1
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where ¢ is the Euler-¢ functions, we have

ArX) = Y uln) (Mww»)

n<vX
ged(n,r)=1

- @ Z %+O<\/YT(T)>.

ngﬁ
ged(n,r)=1

It is easy to see that

w(n 6 o _
W S -+ o)
n<vX plr
ged(n,r)=1
Hence
r) X [ 6 v _
apx) = YOX S oy o) | 4o (V)
plr
6.X i
- SIla+r)+o(VErm).
plr
Now we have
S(1,X) = > A@2p, X/p)
p<X
p=a (mod q)

- Z (% 1+2H ' 1+p )t +0 <\/§r(2p)>>

p=a (mod q)
4X 1 X
_ /2 —-1/2
= = Z p—+1+O<X Zp >
<X p<X
p=a (mod q)

Since

> B > Lo = t8leX | o

p+1 = ¢(q)

p=a (mod q) p=a (mod q)

37
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by Merten’s estimate, and

1/2 1/2 N
d i< (Z 1) : (Zp1> < (logX) (loglog X)'/?,

p<X p<X p<X

one obtains that

4X (loglog X log log X\ /2
S(1,X) = ?(—Oi&g) +O(1)>+O<X<—Oi;§() )

= W2¢()X10glogX+O( ).

Finally, using the estimates for S(1, X) and S(¢, X) for ¢ # 1 one concludes that

S ) = |50+ Y TWS@X)

neS(X,h) ¥ (mod 8)
P#1
X loglog X
= ——————— 4+ 0(X).
m2(q) )
Since
1 N
g = Y =1 Y B Y )
n<X ¥ (mod 8) n<X
n=h (mod 8)
1 N
_ Ly, S WY i)
n<X w (mod 8) n<X
ged(n,2)= P#1

= i (%Xl +121 + O(XI/Q)) +0 (X exp (—77 log X>>
= ngO(Xexp <—n logX)) ,
one immediately has

log log X

S wln) = #S<X,h>( o

neS(X,h)

)+ o).

This completes the proof of Lemma 14.
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Noticing that ¢(8) = 4, one has
log log X
3 wasln) = #5(X,h) <%) +0(X).

neS(X,h)

for any a = 1,3,5,7. Since s(n, él) is a sum of two distinct functions w, s plus a
bounded constant, this establishes formula (9) for the case k = 1. We remark that
in verifying the six conditions in the generalized Erdos-Kac Theorem we also need

the above estimates.

Lemma 15. Let the function f: N — N be defined as

f:hz: w3’8+u)7,8 . 1=1
(.U378—|—W578 . 122,3

Then for any positive integer k and h =1,3,5,7, one has

<log log X

5 )k + Oy, (X (loglog X)k_1>

> fn)F =#S5(X,h)

neS(X,h)

as X — 00.

Proof. For k = 1, this is established in Lemma 14. For k£ > 2, we recall the

following high-power analogues of the Turan-Kubilius inequalities (see [12] or [22]),

1 k k |f(pm)|k
yZ!f(n)—A(X)! < BX)F+ ) S

n<X pm<X

where

A = 0 = 30 A e o),

by the Merten’s estimate. For & > 2 one has

3 f(n)—%\ < S - AP+ Y

n<X n<X n<X

<r XB(X)"+ X < X(loglog X)*/2.

log log X F

A(x) - 222
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Therefore
loglog X loglog X b
k — —
> s = X (- REREE B
nes(X,h) nes(X,h)

_ (loglogX>k#S(X h)—i—k(lOglOgX)k_l Z (f(n)— loglog X

2 2
neS(X,h)
, log log X hor
+ O 0;1}2;(_2 (loglog X) Z f(n)—T

neS(X,h)
The second term is

Oy (X (loglog X)*)

by Lemma 14, while for any 0 < r < k — 2, one has
log log X hor

5 <5 (loglog X)" X (loglog X)*/2

(loglog X)" Z

neS(X,h)

f(n)

< X(loglogX)k_1 :

Putting these two error terms together we complete the proof of Lemma 15.
Noticing that
; k
Z S(”? ¢l)k - Z (f(n> + S(”? ¢) + Ci,n) )
nes(X,h) nes(X,h)
lcin] < 3 and recalling the asympotitic formula (6), one obtains the asymptotic

formula (9), as X — oc.
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