DISTRIBUTION OF SELMER GROUPS OF QUADRATIC TWISTS
OF A FAMILY OF ELLIPTIC CURVES

MAOSHENG XIONG AND ALEXANDRU ZAHARESCU*

ABSTRACT. We study the distribution of the size of the Selmer groups arising from
a 2-isogeny and its dual 2-isogeny for quadratic twists of elliptic curves with full
2-torsion points in Q. We show that one of these Selmer groups is almost always
bounded, while the 2-rank of the other follows a Gaussian distribution. This
provides us with a small Tate-Shafarevich group and a large Tate-Shararevich
group. When combined with a result obtained by Yu ([32]), this shows that
the mean value of the 2-rank of the large Tate-Shafarevich group for square-free

positive integers n less than X is %log log X + O(1), as X — .

1. INTRODUCTION

In [28] the authors have described the asymptotic behavior of the size of the Selmer

groups arising from three 2-isogenies and their dual 2-isogenies for the elliptic curve

3 —n2z, which is closely related with the congruent number problem. In

E, ¥ =u
this paper we would like to see to what extent such results hold true in general for
quadratic twists of elliptic curves with full 2-torsion points in Q. Namely, for any
a,b € Z with ab(a — b) # 0, we shall consider the elliptic curve E = E(a,b) defined

by the equation

E:y*=x(z+a)(z+0b).
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For a square-free integer n, the quadratic twist F,, is given by
(1) E, :y* = z(x + an)(z + bn).

Corresponding to the 2-torsion point (0,0) one has the 2-isogeny ¢ : E, — E!
where

E:Y?=X%—2(a+bnX*+ (a —b)*n*X

and the 2-isogeny ¢ is given by (see pp 74, [27])
2 y(abn? — 2?
e - (2 2 =5)

z?’ x?
Let ngS : B/ — E, be the dual isogeny of ¢. For X > 0 and coprime integers C' and
h denote the set

(2) S(X,h,C)={1<n<X:n=h (mod C) and n is square-free}.

We will investigate the asymptotic behavior of the size of the Selmer groups Sel'®) (E,, /Q)
and Sel®(E! /Q) for n € S(X,h,C) as X — oo.

Theorem 1. Let a,b € Z with ab(a — b) # 0 and ab not a square. Define
Co = H p,
p|ab(a—b)
and let h and C' be coprime integers such that Cy | C. For X >0 andn € S(X,h,C)
denote
#5el ¥ (E,/Q) =209, #5el(E, /Q) =29,

where E, is the elliptic curve given by (1). Then s(n,¢) < w(a—>b)+1 for almost all
ne€ S(X,h,C) as X — 0o, where w is the function counting the number of distinct
prime divisors, and s(n, QAS) follows a Gaussian distribution. More precisely, for any

7 E€R,

5) — Llogl
fm -y neS(X,h,C):S(n’¢) 2 8081 -V Gy,

X—oo #S(X, h,C) \/ 3 loglogn -
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where the function G is defined by

1 T2

A more careful analysis shows that if one further assumes the following four con-
ditions on a,b and h:
e gcd(a,b) =1,
ea+b>0orab<0,
ea—b=1 (mod 2),
e If p|(a—10), then (*Tbh) =—1,
then s(n,¢) = 0 for almost all n € S(X, h,C), as X — oo in Theorem 1.
Combining the above result with a result obtained by Yu (Theorem 2, [32]), one
can obtain information on the corresponding Tate-Shafarevich groups. We first
describe several conditions, say (Ca), (Cb) and (C¢) as follows (where p denotes an

odd prime):

: - bh) _
(Ca) : If pla and ord,(a) is even, then (;) =—1.
(Cb) : If p|b and ord,(b) is even, then <@> =—1.

. =bh ) _ _

(C¢) : T p|(a—b), then ( . ) — 1

We remark that the above conditions for a,b and h are in Yu’s paper, except for

(Cc), which is slightly stronger than the original condition (C'¢) from his paper.

Theorem 2. For a,b € Z such that a —b =1 (mod 2),a > 0,b > 0, ged(a,b) =1,
and ab is not a square, let D be the conductor of E : y* = x(x + a)(z + ). Fiz an
integer h such that gcd(h, D) = 1 and that a,b, h satisfy the conditions (Ca), (Cb)
and (Cc'). For X >0 and n € S(X,h,D), let E, be the elliptic curve defined by
(1), and denote

#IL(E, /Q)[¢] = 2109, #ILI(E,/Q)[4] = 219,
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Then t(n,¢) = 0 for almost all n € S(X,h,D), as X — oco. Moreover, for any

integer k > 0, one has

log 1ogX) F

Y tn.d)F = #S(X,h, D) < + Oy, <X (log log X)k_l) .

nes(X,h,D)

In particular by taking k£ = 1, we see that the mean value of the 2-rank of the large
Tate-Shafarevich groups is 1 loglog X 4+ O(1). Since LI(E//Q) [¢] C LI(E./Q)[2],
Theorem 2 shows that the 2-part of the Tate-Shafarevich group II(E! /Q) can be
arbitrarily large.

There are three main ingredients in the proofs of the above results. First, we em-
ploy Heath-Brown’s method based on character sums to obtain asymptotic formulas
on the size of the Selmer groups. Second, we use a graphical method, which plays
an essential role in isolating the main contribution and reducing the complexity of
the problem. Third, by combining our results with a result obtained by Yu ([32])
we obtain information on the corresponding Tate-Shafarevich groups.

Acknowledgement The authors want to express their gratitude to the referee

for the careful reading and many useful suggestions.

2. PRELIMINARIES

2.1. Selmer groups and Tate-Shafarevich groups. In this section we recall the
formulation of Selmer groups and Tate-Shafarevich groups. Proofs can be found in
Silverman’s book (|27]). Let ¢ : E — E’ be an isogeny between two elliptic curves
E and E’ over Q. For the cases of interest to us, ¢ is defined over Q and E[¢], the
kernel of ¢ consists of Q-rational points. Via Galois cohomology, the short exact

sequence of Gal(Q/Q)-modules

0 —~ B¢ —= E@) — E'@) — 0
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yields the commutative diagrams (For details, the reader is referred to chapter X in

27])

0 ) HY(Ggyg: El¢)) — H'(Ggq, E)[¢] — 0
0 0 [1 H'(Gy, E) — [, H(Gy, E) —— 0,

where the homomorphisms 7y, 75 are defined naturally by local consideration. The
kernel of 7 is the ¢—Selmer group Sel®) (E/Q) and the kernel of my (without the
restriction [¢]) is the Tate-Shafarevich group II(E/Q). Here III(E/Q)[¢] is the
¢-kernel of III(E/Q). By the snake lemma one obtains the short exact sequence

EQ)] Sel(E/Q) — II(E/Q)[¢] — 0.

E'(Q)
P(E(Q)

which is difficult to compute in general. The Tate-Shafarevich group II(FE/Q)

The group is directly related with the rank of the elliptic curve over Q,
is also very mysterious. It appears naturally in the Birch and Swinnerton-Dyer
conjecture, and measures the degree of deviation from the Hasse principle. Even
the finiteness of the group is not known in general. Various families of elliptic
curves with large Tate-Shafarevich groups were identified by a number of authors
(see Aoki [2]|, Atake [3]|, Bolling [4], Cassels [5], Kloosterman [22], Kramer [23],
Lemmermeyer [24],[25]). Moments and heuristic results were considered by Delaunay
([7].16]). Effective bounds on the size of the Tate-Shafarevitch groups were obtained
by Goldfeld and Szpiro ([15]), Goldfeld and Lieman ([14]). By contrast, the Selmer
group Sel'® (E/Q) is a local object and is relatively easy to handle in principle. By
computing the Selmer group, one can obtain information on the rank of the elliptic

curve and the Tate-Shafarevich group.
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2.2. 2-descent and Selmer groups. The 2-descent method is explained in the
last chapter of Silverman’s book ([27]) in general. For our particular case of E, in
(1), this can be specified as follows (see also [3]).

For a square-free positive integer n, define a finite set S of prime divisors of the

rational number field Q by

S = {oo} | J{p : plab(a — b)n}.

Let M be the multiplicative subgroup of Q*/(Q*)? generated by —1 and the prime
divisors of (a—b)n, and let M’ be the multiplicative subgroup of Q*/(Q*)? generated
by —1 and the prime divisors of abn. For eachd € M (d' € M') we have homogeneous
spaces Cy (respectively C7,) defined by

2 _ 4 .2 2 21y
Cq:dw*=1"—2(a+b)=t"2"+ (a — b)* =2,
d d?
/ 2 _ 44 .2 2 n?
Clydw* =t"+4(a+ b)Et 25+ 16abﬁz .
The Selmer group Sel ) (E, /Q) (respectively Sel® (E! /Q)) measures the possibility

of Cy (C!) having non-trivial solutions in the local field Q, for all v € S. Namely,
Sel'P(E,/Q) = {d e M : Cy(Q,) # 0 for all v € S},

SelD(E./Q) = {d € M': C',(Q,) # 0 for all v € S},
where Cy(Q,) # 0 (C%(Q,) # 0) means that the homogeneous space Cy (C) has
non-trivial solutions (w,t, z) # (0,0,0) in Q,.
For the rank of the elliptic curve E, we obtain the formula (see pp 286, [3])
rank(En(Q)) = dimFQSel(¢)<En/Q) - dlszm(En/Q)[¢]
+ dime,Sel(E},/Q) — dimg, ITI(E},/Q)[d] - 2

Thus we can calculate the rank from the dimensions of the Selmer groups and the

Tate-Shafarevich groups.
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2.3. A graphical method. We use standard terminology in graph theory (|18]).
Let G = (V,A) be a simple directed graph where V' = V(G) = {v1, -, v} is
the set of vertices of G, and A = A(G) is the set of arcs in G. We denote an arc

(vi,v;) € A by v;v;. The adjacency matrix of G is defined by
M(G) = (aij)i<ij<m

where

1, ifyo;eAd (1<i#j<m)
Q;5 =
’ 0, otherwise .

For the vertex v;, 1 <1 < m, let d; = Z;ﬂ:l a;;j . The Laplace matrix of the graph G
is defined by

L(G) = diag(dy, -, dw) — M(G).

The term “odd graph” has been used by Feng, Xue and one of the authors in their
study of new families of non-congruent numbers ([11],[12],[13]). It is also used by

Faulkner and James to compute the size of the Selmer groups ([10]).

Definition 1. Let G = (V, A) be a directed graph. A partition of vertices Vi |J Vo =
V' is called odd if either there exists a vertex v € Vi such that #{v; — V3}, the
total number of arcs from vy to vertices in Vo is odd, or there exists vo € Vo such
that #{ve — Vi} is odd. Otherwise the partition Vi J Vo =V is called even. The
graph G is called odd if all non-trivial partitions {Vy,Va} # {V,0} of V' are odd.

We need the following counting lemma, which can be derived by the same idea

used in the proof of Lemma 2.2 in [11].

Lemma 1. Let G = (V, A) be a directed graph, V = {vy,...,v5:+} (s,£>0). Then
the number of even partition {Vi,Va} of V' such that {vsi1,..., v} C Vs is equal to
the number of vectors (xy,...,xs) € F such that L(GQ) - (z1,...,2,0,...,0)T =0.
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2.4. Generalized Erdés-Kac Theorem. For a positive integer n, let w(n) be the
number of distinct prime divisors of n. The remarkable theorem of Erdés and Kac

([9]) is that, for any v € R,

.1 w(n) — loglogn 1 /7 2
1 — 1<n<X < =G =— dt .
P X# {n == Vioglogn — — 7 ™ V271 J o <

There is very rich literature on various aspects of the Erdgs-Kac theorem. Interested
readers can refer to Granville and Soundararajan’s paper [16] for the most recent
account and Elliot’s monograph [8] for a comprehensive treatment of the subject.
We will use the following generalization of Erdés-Kac Theorem obtained by Liu
(|26]). For completeness we reproduce the statement here. Let S be an infinite

subset of N. For X € R, X > 1, define
S(X)={n< X :neS}

We assume that S satisfies the cardinality condition

(3) [S(XVH)] =0 (IS(X)])

where |S(X)] is the cardinality of S(X). Let f : S — N be a map. For each prime

[, write
%# {n € S(X) : f(n) is divisible by I} = N(X) + ¢/(X),
and for any u-tuples of distinct primes (Iy, (s, ..., 1), write
m# {n € S(X) : f(n) is divisible by ljls---1,} = ﬁ/\li(){) + eg1ye, (X).

We will use abbreviated notations A, e; and e;,;,..;, below.

Suppose there exist absolute constants 3 and ¢ with 0 < <1 and ¢ > 0, and a
function Y = Y (X) < X” such that the following conditions hold:
(i) For each n € S(X), the number of distinct prime divisors [ of f(n) with [ > X#

is bounded uniformly.
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(i) Yy ccxs M = o((loglog X)'/2), where the sum is over primes [.
(iii) ZY<I§X5 ler] = o((log logX)l/Q).

(iv) Yoicy M = cloglog X + o((loglog X)'/2).

(V) Xiey AT = o((loglog X)'/2).

(

vi) For r € N, let u =1,2,...,7. We have

> er,..t,] = o((loglog X)~"7?),

where S_" extends over all u-tuples of distinct primes (I3, l,...,1,) with [; < Y.
(Notice that the condition (4) in Liu’s paper [26] is actually ¢ = 1. However there

is no essential difference by introducing the constant ¢ > 0 here.)

Lemma 2. (Theorem 3, [26]) Let S be an infinite subset of N satisfying condition
(3) and f : S — N. Suppose there exist absolute constants 3, ¢ with 0 < < 1,
c>0andY = y(X) < X? such that the conditions (i)-(vi) hold. Then for v € R,

we have

m ol “w(f(n)) — cloglogn B
)}ﬂoo]S(X)] { € 5(X): Jcloglogn SV} G(v) .

2.5. Additional lemmas. The following results proved by Heath-Brown (|19]) and

generalized by Yu will be used several times in our proofs.

Lemma 3. (Lemma 2.2 in [31], Lemma 4.1 in [29]) Suppose ¢ > 0 is any fized
number, X, M and N are sufficiently large real numbers, and {a,},{b,} are two
complex sequences, supported on odd integers, satisfying |any|, |by| < 1. Fiz positive
integers h, q satisfying ged(h,q) = 1 and ¢ < {min(M, N)}/3. Let
m
S = mbn <_> )

where the summation is subject to

M<m<2M,N<n<2N,mn <X and mn=h (mod q).
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Then we have

S < MN15/16+6+M15/16+€N’

where the constant involved in the < symbol depends on € only.

Lemma 4. (Lemma 4.2, [29]) Suppose s is a fixed rational number. Let N be
sufficiently large. Then for arbitrary positive integers q,r and any nonprincipal

character x (mod q), we have

> #m)s*x(n) < X7(r) exp(—ny/log X)

n<X,ged(n,r)=1

with a positive constant 1 = ns N, uniformly for ¢ < log" X. Here T is the usual

divisor function and p is the Mdbius function.

Lemma 5. (Lemma 2.4, [31]) Let s and C' be two positive integers, and A > 0 be
any fivzed number. For X > 1, let T < exp(y/log X) and M, N > T be given. There
exists some constant n > 0 such that, for any positive integer r, any integer h prime

to C, and any distinct characters x1, x2 (mod q), where ¢ < (log X)*, we have
D )y ()54 (m)xa(n) < Xr(r) exp (~nv/10gT ) log X.
where t}LG sum 1s over coprime variables satisfying the conditions
M<m<2M, N<n<2N,mn<X,mn=h (modC), gcd(mn,r) =1,
and the constant involved in the <-symbol depends on s and C' only.

3. SOLVABILITY CONDITIONS OF HOMOGENEOUS SPACES

The problem of finding the size of the Selmer groups Sel® (E, /Q) (Sel®(E! /Q))
is equivalent to the problem of determining how many homogeneous spaces Cy (re-
spectively C”,) have non-trivial solutions over certain local fields. We collect solv-

ability conditions for Cy and CJ, in the following two lemmas.
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Lemma 6. Let a,b € Z with ab(a —b) # 0 and ged(a,b) = 1. Let n be a square-free
integer with ged(n,ab(a — b)) = 1, and M C Q*/Q*?, the multiplicative subgroup
generated by —1 and the prime divisors of (a — b)n. Let p denote an odd prime

number. For any d € M, one has:

(i)  For pln,p|d : (%’) =1 and (“T;/d) =1 < 04(Q,) £0.

(i) For pln,p1td: (g) =1 < Cy(Q,) # 0.

—b
(iii) For p|(a — b),p|d : (TR) =1 < Cy(Q,) # 0.
(iv)  Suppose a+b >0 or ab < 0. If d < 0, then Cy(R) = 0.

Proof. (i) Let pjn and p|d. Suppose (w,t,z) is a non-trivial solution of Cj :
dw? = t* —2(a + b)2t*2* + (a — b)2’;—§z4 over @,. Then (p*w,pt, pz) is also a non-
trivial solution. We may assume that 0 < min{v,(w),v,(t),v,(2)} < 1, and also, if
vp(w) > 2, then min{w,(t),v,(2)} = 0, where v, is the p-adic exponential valuation,
normalized by v,(p) = 1. From the above equation one knows that the minimum of

the four values
14+ 2v,(w), 4vy(t), wvp(a+0b)+2v,(t) +2v,(2), 4vy(z),

is attained for at least two of them. Therefore v,(t) = v,(2) =0 < 1+ 2v,(w). One

has

2
t* —2(a + b)gt2z2 + (a — b)Q%zA =0 (mod p).
This implies that

TL2

(4) (w2~ (a+ b)g)2 = dab

(mod p)

where u = t/z € Z, and one must have

()
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Let vab € Z3 be one of the square roots of ab € Z,. The equation (4) implies that
u? = <(a +0b) £ 2\/@) g (mod p).

Hence

((a+b)+2vab) 2 » ((a+8)—2vab) 5

p p

=1.

Since (%’) = 1, the above condition is equivalent to

(=291

On the other hand, if (%) = 1 and (%j) = 1, from the above argument, the

p

equation
2

#— 2(a+ b)th +(a—b2% =0

2
is solvable for t € (Z/pZ)*. By Hensel’s lemma this leads to a non-trivial solution
(0,t,1) of Cy over Q,.

(ii) Let p|n,ptd. If (%) = 1, it is easy to see that one has a solution (w, 1,0) € Zg
for Cy. On the other hand, suppose (w,t, z) is a non-trivial solution of Cy over @,
with 0 < min{v,(w),v,(t),v,(2)} < 1 and v,(w) > 2 = min{w,(t),v,(2)} = 0.

The minimum of the four values
20,(w),  4uy(t), 14+v,(a+0b)+20,(t) + 2v,(2), 24 4dv,(2),

is attainted for at least two of them. Either v,(w) = v,(t) = 0 < v,(2), in which

case one has

and this implies that

2
n 4
P2z~

or v,(w) = 1,v,(2) = 0 and v,(t) > 1, in which case one has d;‘;—j = (a —b)?

(mod p), and one still gets the condition (%) = 1.
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(iii) Let p|(a — b),p|d. Suppose (w,t,z) is a non-trivial solution of Cy over @,
with 0 < min{v,(w),v,(t),v,(2)} < 1 and v,(w) > 2 = min{w,(t),v,(2)} = 0.

The minimum of the four values
14 2vy(w), 4vy(t), —142u,(t) +2v,(2), 2v,(a—0b)—2+4v,(2),
is attained for at least two of them. Since v,(a — b) > 1, one obtains
14 2v,(w) = —1 4+ 2v,(t) + 2v,(2) = min.

Dividing a suitable power of p on both sides and then taking the equation modulo

p, one has
d np o
Zwt=— b)—
w (a+b)—=z

for some w, z € (Z/pZ)*. Therefore

(2 ()

On the other hand if (’Tfm) = 1, one can see that Cy4(Q,) # 0 by using Hensel’s

(mod p),

lemma.

(iv) The proof is clear. This completes the proof of Lemma 6.

Lemma 7. Let a,b € Z with ab(a —b) # 0 and ged(a,b) = 1. Let n be a square-free
integer with ged(n,ab(a — b)) = 1, and N C Q*/Q*? the multiplicative subgroup
generated by the prime divisors of n. Let p denote an odd prime number. For any
d e N, one has:

@ Forphupld: (2) =1and (Z20) — o1 = i) =0,

(i) For pln,ptd: (“—b> — 1 and (‘—i> — 1 — CYQ,) = 0.
(iii) For p|(a — b),p)(dp: <_7lm) = lpand (C—l) =-1<=Cy(Q,) =0.

p
(iv) For plab,ptd: Ci(Q,) # 0.
(v)  C)(R) # 0. Moreover d =1 (mod 8), then C7(Q,) # 0.
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Proof. The proof of Lemma 7 is similar to that of Lemma 6 and will be left to the

reader.

4. AVERAGING THE SIZE OF SELMER GROUPS Sel®)(E, /Q)

The main purpose of this section is to prove the following lemma.

Lemma 8. Let a,b € Z with ab(a—b) # 0, ged(a,b) = 1 and ab not a square. Define

C(0 = H b,

plab(a—b)

and let h and C be coprime integers such that Co|C. For X > 0, let S(X,h,C) be
the set defined in (2) and forn € S(X, h,C), consider the elliptic curve E,, given by
(1). Let N C Q*/Q*? be the multiplicative subgroup generated by the prime divisors

of n and denote
4 (sez<¢>(En/Q) N N) — 93(n9),
Then
5(n,¢) =0
for almost alln € S(X,h,C) as X — oo.

Once Lemma 8 is proved, from the definition of the Selmer group Sel?)(E,/Q)

we will have

0 < s(n,¢) < 38(n,¢) +wla—b)+1,
which implies that
(5) s(n,¢) <w(a—b)+1

for almost all n € S(X,h,C), as X — oo.

If ¢ = ged(a, b) > 1, one may consider the elliptic curve

E,:y* =x(x+dn)(z+bn),
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where a = d’c,b = b'c,n’ = nc, and one can see that the inequality (5) still holds
true for almost all n € S(X, h,C), as X — oo. This completes the proof of the first
part of Theorem 1.

A more careful analysis of Lemma 6 shows that, if one assumes further the fol-

lowing three conditions on a and b in Lemma §:

ea+b>0orab<0,
ea—b=1 (mod 2),
o If p|(a—10), then (_Tbh):—l,

then s(n,¢) = §(n,¢), in which case s(n,¢) = 0 for almost all n € S(X,h,C) as
X — o0.

The proof of Lemma 8 is similar to that in [28], where the key idea which is based
on character sums was initiated by Heath-Brown ([19], [20]) to study the size of the
2-Selmer groups of elliptic curves related with the congruent number problem. His
method has been generalized by Yu ([29],[30],[31],[32]) to study the size of Selmer
groups for other families of elliptic curves. Since we will treat several similar sums
later in this paper, for the sake of completeness we present a proof of Lemma 8
below.

Proof of Lemma 8. By Lemma 6, one has

s SIR(E) ) (6) )G )

Expanding the product on the right hand side one has

. b a
2s(n,¢) < 4—w(D0D1D2D3)2—w(D4D5)
- Z D1 D, Dy D4

(B2 (B @) @)@

= ) g(D),
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where D = (Do, Dl, Dg, Dg, D4, D5> is subject to the condition that n = DOD1D2D3D4D5.
Since n is square-free, all the D;’s are square-free and pairwise coprime. Our goal is

to estimate

> ) gD).

neS(X,h)

We sum over the six variables D;, subject to the conditions that each D; is square-

free, that they are pairwise coprime, and that their product n satisfies
n<X,n=h (modC(C).

We divide the range of each variable D; into dyadic intervals [A;, 2A;), where A; runs
over powers of 2. There are O(log® X) many non-empty subsums, which we shall
write in the form S(A), where A = (Ag, Ay, Aa, A3, Ay, A5). Here we may assume
that

5
<[4 < x.
i=1
Following Heath-Brown ([19], [20]), we shall describe the variables D; and D, as

being “linked” if exactly one of the Jacobi symbols

D, D,

D; )’ D,
occurs in the expression for g(D). One sees that (D, Ds), (D3, Ds), (Do, D4) and
(D, Dy) are the pairs of linked variables.

4.1. Case one. Consider the linked variables Dy, Ds. Suppose A;, A5 > (log X)?*4.
We may write g(D) in the form

Ds

D) = (5 ) alDe(D).

where the function a(Ds) depends on all other variables D; except Dy, and b(D;)

depends on all other variables D, except Ds. Moreover we have

|a(D5)], [b(D1)| < 1.
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We can now write

S(A) = Y

Do,D2,D3,D4

> () oo

D1,Ds5

As a consequence of Lemma 3 one finds that
S(A) < AgAy Az Ay A, As {min(A;, A5)} V%% <« X (log X) 7.
Similar results hold for other linked variables. Therefore

Lemma 9. We have
S(A) < X(log X)™*

whenever there is a pair of linked variables with A;, A; > (log X )?*4.

4.2. Case two. We now examine the case when A; > (log X)** while A5 <

(log X)?*4. Using quadratic reciprocity we put g(D) in the form

D,

(D) =472 (1) x(Dy)e

where y is a character with modulus dividing 8b. x may depend on the variables D;

other than D;, and the factor ¢ is independent of D; and satisfies |¢| < 1. It follows
that

(6) INESEDS

Do,D2,D3,Dy4,Ds5

S (51 w(oy

Dy

Y

where the inner sum is restricted by the conditions that D; must be square-free and

coprime to all the other variables Dy, Dy, D3, Dy, Ds.
We remove the condition D; = 2’ (mod C) from the inner sum on the right side
of (6) and insert instead a factor
.

50, %C)wwl)ww)-
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Employing Lemma 4 one has

S(A) < Avexp(-n/log A1) > 7(DeDyDsD,Ds)

Do,D2,D3,D4,D5

< Ajexp(—ny/log A) H ZT(D

D;,i#1 D;

< X(log X)* exp(—nv/log Ay)

provided that D5 # 1 and Ds times the modulus of y is < log™ A, for some N > 0.

We summarize the above results as follows.

Lemma 10. For any constant k with 0 < kK < 1 one has
S(A) < X(log X)) 7
whenever there are linked variables D;, D; for which
A; > exp {(log X)"}
and D; > 1.

4.3. Case Three. For any 0 < k < 1 denote

(7) C = exp {(log X)*} .

Let Y indicate the condition that Ay, A;, Ay, A3 < C, Ay < C or A5 < C. Then

SVIS(A) <2 Y 4o geog o) S geein),
A

;<20,0<4i< X
D;<2C,0<i<4 Dsgm

We now use the bounds ([17])
Z 1M <« X (log X )~
n<X

and

> —<1]I (1+ %) < (log X)7,
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which are valid for any fixed v > 0. Since

s> XO P> X2
Do+ Dy > > )

one has log(XC~%) > log X. Therefore

X
E ' IS(A)] < E g—w(Do) , .. 4*W(D3)2*W(D4)—(1Og X)*1/2
~ ... D

D;<2C,0<i<4

<« X(logX) 2 (Z 4;(71)) (Z 2;@))

n<2C n<2C

1

< X(log X)?(log2C) i (log 2C)2 < X (log X) 2+52 .

Let >°" indicate the condition that A, A5 < C and at least one of Ay, A;, Ag, As is
less than C. Then

SIS < S 4 gDyt

A

DoD1DoD3DsDs<X

=y 4—w<m>2—w<n>< > 1)( > 1)

mn<X DoD1D2D3=m D4Ds=n

S SIS SR

n< QC m<X/n DoD1DsD3s=m

IA

Write

H D;, my = H Dy,

D, <2C D;>2C
so that m; < (2C)*. One has

Sl « Y1 Y Y ())

A n<(20)2 m1<(20)4 ma< 2 X

< Z Z logX) 1/4

n<(20)2 mi<(20)4

< X(log X) " Y*log2C)? < X (log X) i+

We summarize our results as follows.
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Lemma 11. Choosing k = -, we have

40’

SIS < Xlog X)

where the sum over A runs over all sets in which either Ag, A1, As, A3 < C' and at
least one of Ay, As is < C, or Ay, A5 < C and at least one of Ay, Ay, As, Az is < C,
or there are linked variables D; and D; with D; > C and D; > 1.

4.4. The remaining cases. The cases where the sums S(A) are not handled by
Lemma 11 are as follows.

(1) Ay,As >C = Dy=Dy=Dy=D3=1.

(2) Ay >C,As < C = Dy=Dy=D5=1, A; or A3 > C.

(3) Ay <C,As >C = D1 =D3=Ds=1,Agor Ay > C.

(4) Ay, As < C = Ay, A1, A9, A3 > C and Dy = D5 = 1.
Case (1). With Dy = Dy = Dy = D3 =1 the function g(D) reduces to

9-w(D4)9=w(Ds5)  The sum is

Z Q*w(D4)2*W(D5)’

D4,Ds
where Dy, D5 are subject to the conditions

Dy, Ds >C, n=DyDs=h (modC), n square-free, n <X.

We can remove the condition Dy, D5 > C' with an error

< 2 Z 9—w(D41) Z 9~w(Ds) X(lOgX)flp Z

Dy<C D5§DL4 Dy<C

9—w(Da)

Dy
< X(log X)"2*2" < X (log X) /%,

Since n = D4Ds5 is square-free it factors as D4 Dj in exactly 2¢ different ways.

We therefore obtain

Y 140 (X(log X)™%) = #S(X,h,C) + O (X(log X) /%) .
nesS(X,h,C)
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Case (2). With Dy = Dy = D5 = 1 the function g(D) reduces to

e () () () (3) (3) ).

and the conditions for A are A4 > C and at least one of A;, A3 > C. If A; < C or

Az < C, using an argument similar to that in Case Three one sees that
S(A) < X(logX)~V?.

If Ay, A3, Ay > C, one can apply Lemma 5 to obtain that the total contribution of
these sums is O(X (log X)™!). Case (3) and (4) can be treated in a similar way and
the total contribution is O(X (log X)~'/%). Therefore we conclude that

> 2 < #S(X h,C) + O (X (log X))
nes(X,h,C)

as X — o0.
4.5. Analyzing the result. For any integer r > 0, let

a, = #{n e S(X,h,C) :5(n,¢) =r}.
The above inequality is

> 24, < #S(X,h,C)+ 0 (X(log X)~'/7),

r>0
hence
Y 2ta, < Y (27— 1)a, = O (X(log X)7'/7) .
r>1 r>1
One has
a, = O (X(logX)_l/‘r’Q_T) r>1,
and

D a,=0(X(log X)) .

r>1
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Therefore
5(n,¢) =0

for almost all n € S(X,h,C) as X — oo. The completes the proof of Lemma 8.

5. AVERAGING THE SIZE OF SELMER GROUPS Sel@(E! /Q)

Let h,C,S(X, h,C),s(n, ngﬁ) be defined as in Theorem 1. For simplicity we first
assume ged(a,b) = 1. For any n € S(X, h,C) consider the elliptic curve E,, defined
in (1). Let N C Q*/Q*? be the multiplicative subgroup generated by prime

divisors of n, and denote
# (Sl (B /QN) = 29,

From the definition of the Selmer group Sel®(E’ /Q) one has

~ ~ ~

(8) 5(n, @) < s(n,¢) < 5(n, d) + wlab) + 1.

~

It is enough to study the asymptotic behavior of 3(n, ¢) for n € S(X, h,C), as

X — oo. For any d € N, by Lemma 7, C,(Q,) # ¢ for any p|ab. Denote the
cardinality of the set of d € N such that C’,(Q,) # ¢ for any p|n by 2510 and the
cardinality of the set of d € N such that d =1 (mod 8) and C}(Q,) # ¢ for any
p|(a — b)n by 252("). One can consider s;(n) as the 2-rank of the set of d € N with
respect to restrictions (i) and (ii) of Lemma 7, and s9(n) as the 2-rank of the set of

d € N with respect to restrictions (i), (ii), (iii) and (v) of Lemma 7. One sees that
(9) s2(n) < 8(n, 9) < s1(n).

We will treat s;(n) first.
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5.1. Analysis of s;(n). We will take a graphical approach to study the
asymptotic behavior of s1(n). For n € S(X, h,C), let

n:pl...ptql...qs
be its prime factorization, where the prime numbers p;, ¢; satisfy the conditions

() ()

We construct a graph G1(n) = (V, A) with

V:{pla"'apt7Ql7--'7QSaa}a

Di
U{E@:(%)z—ﬂ,lgigt,lgjgs}
U{EE:<§)=—4,1gzgt}.

One can see from (i) and (ii) of Lemma 7 that, for any d € N, C(Q,) # 0 for any

A:{@ﬁ:(ﬁ):—L1§i¢r§§

p|n if and only if the partition

n
ool ({per]5 Ut@)
is an even partition. Hence the number 25" is the number of even partitions
V=n1J"

of the graph G;(n) with the condition that a € V. Putting the vertices in order as
Pl Py iy - - - 5 Gs, @ and letting Mj(n) be the Laplace matrix of the graph Gy(n),
by Lemma 1, one obtains that 251" equals the number of vectors

(x1,..., 20, y1,...,ys) € F5T such that

Ml(n>(x1> sy Ty Y1y e 7y570)T =0.
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We may write the matrix M;(n) explicitly as

X
A B
X
M(n) = 0 0 0],
0 0 0
[ 0---0 0---0 O |

where A is a ¢t X t matrix and B is a t X s matrix. One has
s1(n) =t + s — ranky,[AB|.

Denoting
$1(n) =t — ranky,[AB],

we will prove the following.
Lemma 12. §;(n) = 0 for almost alln € S(X,h,C), as X — oo.

Proof of Lemma 12. First one sees immediately $;(n) > 0. Next, when n =1

(mod 4), one constructs a graph (V,A) with
V= {pla"'vpt7QI7"'7QS7a}7

A:{Mi (%)z—l, 1§z'7é7"§t}
U{pa « (2)=-11<i<t,1<5 <5}

Ufpia: (2)=-11<i<t}.

(3

When n =3 (mod 4), one constructs another graph (V,A) with

V:{pla"'7pt>qla--'7QS7&}7
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= (2) 15000
v, - ([B) — ; .
U{pz(b-<qj = 1,1§Z§t,1§]§5}

U (5

Let M{(n) be the Laplace matrix in either of these two cases. Putting the vertices

N——"——

— 1 1§i§t}.

in order as p1,...,p,, ¢, - - -, s, @, we may write the Laplace matrix M| (n) in the
form
_ T
AT C
*
Mj(n) = 0 0
BT
0 0
[ 0---0 0---0 0 |

Denote by €(n) the set of even partitions V' = Vi |J V2 of the graph such that
{q1,...,qs,a} C V. Then #¢(n) is equal to the number of vectors (z1, ..., ;) such
that

M(n)(zy,...,24,0,...,0,007 = 0.

Therefore
#e(n) = Qt*rank%(g;) =251 ("),
One can see that the set ¢(n) corresponds to the set of d € N subject to the

following conditions: if n =1 (mod 4), then:

(i) For pln,pld (%’) 1 and (%) (ﬁ) _1.

(ii) For p|n,ptd: <§>:1.
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If n =3 (mod 4), then

(i)  For pln,pld : (%) — 1 and (%“) (n%z) —1.

(i) For p|n,ptd: (g) =1.

From the above description one sees that if n =1 (mod 4), then
2§1(n): ZHl a_b +1 g (£)+1 H1<<]—9>+1)
4 P p) \d 2 \\d ’
n=dd’ p|d pld’
and if n =3 (mod 4), then
; 1 ab —a D 1//p
51(n) - it _ z - =
0= SI((5) ) () (B o) () )
n=dd’ p|d pld’
In both of these two cases one can apply Heath-Brown’s method as in Section 4 to

obtain the asymptotic formula

> 2 = #S(X 0 C) + O (X (log X)),

neS(X,h,C)

as X — oo, and this implies that
§1(n) =0

for almost all n € S(X,h,C), as X — oo. This completes the proof of Lemma 12.
Since s1(n) = s+ §1(n), by Lemma 12, s1(n) = s for almost all n € S(X, h,C), as

X — oo.
5.2. Analysis of sy(n). For n € S(X,h,C), let

n=puec Py ds

be its prime factorization, where the prime numbers p;, g; satisfy the conditions

) ()
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We construct a graph Go(n) = (V, A) with

V= {p17“'7pt7q1)"'7QS7a7 61762}U{p:p|(a_b)}7

a={pg (4)=-11<i<t 1<j<s)
U{pza ‘—j) =1, 1<@<t}
U{eip : p=3 (mod 4), pln}
U{ewp : p=+£3 (mod 8), p|n}
U{7 : (1) = ~Lola—b).qln}

One can see from (i), (ii), (iii) and (v) of Lemma 7 that for any d € N, if the

partition

el ({p:p ‘% Ut en et Jtp  pla - 0)})

is an even partition, then C’(Q,) # 0 for any p|(a — b)n. Hence 2°2(™ is at least

the number of even partitions
v=vJv

of the graph Gy(n) with the condition that {a,e1,ea} J{p: p|(a —b)} C V5.
Putting the vertices in order as py,...,p, q1, - - -, qs, a, €1, €2 and p for p|(a — b), and
letting My(n) be the Laplace matrix of the graph Gy(n), by Lemma 1 one obtains

that 252" is at least the number of vectors (x1,..., 2, ¥1,...,ys) € F5™ such that

M2(n)(x17 R P AT 7y870707070)T =0.
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We may write the matrix Ms(n) explicitly as

* 0 0 0
A B
x 00 0
0 0 0000
e Y Y X1 B

0---0 0---0 0 0 0 O

x.o-x k---% 0 x 0 O

%-0-% x---% 0 0 % O

x---x k---x 0 0 0 x

where My(n) is a (t + s+ 3 +w(a —b))? matrix, A is a t X t matrix and Bisat X s

matrix. One has

4B
* %

sa(n) >t + s — rankp, > s —2—w(a—b)+t—ranky,[AB].
¥ %

One sees from Lemma 12 that §;(n) = ¢ — ranky,[AB] = 0 for almost all
n € S(X,h,C), as X — oo; hence sa(n) > s — 2 — w(a — b) for almost all
ne S(X,h,C), as X — oo. From the inequalities (9) and (8), one concludes that

Lemma 13.

s d) = 3 1+0(1)
pln,
(2)=-1

for almost alln € S(X,h,C), as X — oc.

It is easy to see that Lemma 13 also holds true if ged(a,b) > 1.
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For n € S(X, h,C), denote

where ab is not a square. Let

S ={n € N:nis square-free and n =h (mod C)}.

Define the map f: S — N as

for any n € S. Then

h(n) = w(f(n)).

One can verify that the set S and the function f satisfy all the conditions listed in
Lemma 2 with constant ¢ = 1. Therefore for n € S(X,k,C) and X — oo, h(n), as
well as s(n, qZ;) satisfies the desired Gaussian distribution, with mean and variance
%log logn. This proves the second part of Theorem 1. The proof of Theorem 1 is

now complete.



30 XIONG AND ZAHARESCU

6. PROOF OF THEOREM 2

Recall that ¢ : E, — E! is a 2-isogeny and b E!' — E, is the dual 2-isogeny.
Hence ¢ o ¢ = [2], one has the following commutative diagrams (see pp 97, [1]):

0 0 0
0 — ;235 — Sel9(E,/Q) — WI(E,/Q)[¢] — 0
0 — 29 - SO, /Q) — HI(E,/Q)[2] —> 0
0 — 38y — Sel¥(E],/Q) —~ UI(E,/Q)[6] —= 0
|
0 C C 0
0 0

For n € S(X, h, D), denote as in the theorem
(B, /Q)[¢] = 2/, #II(E,/Q)[g] = 2™, #III(E,/Q)[2] = 2™,
and
#5el9)(E,/Q) = 29, #5el (B, /Q) = 27", #5el®)(E,/Q) = 2.
From the above commutative diagrams one has the inequality
0 <t(n,¢) < s(n,9),

which immediately implies that t(n, ¢) = 0 for almost all n € S(X, h, D) as

X — 00 by Theorem 1, under the stronger assumptions of Theorem 2. One also
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has the relation

hence

(10) Z (s(n,gzg) - s(n))k < Z t(n, o)F < Z s(n, )* .

neS(X,h,D) neS(X,h,D) neS(X,h,D)

By Lemma 13, s(n,$) = h(n) + O(1), where

hin)= ) L

lz:ln,
(9)=-1

We will prove in the next section that for any k € N

(11) > h(n)*=#S(X,h,D)

(log log X
neS(X,h,D)

>k + Oy, (X (loglogX)k_1> .

6.1. k-th moment of the h-function. To establish the asymptotic formula (11),

we first prove the case when k& = 1, which is essentially the following lemma.

Lemma 14. For X > 0 and non-zero integers c, h,C such that ¢ is not a square,
(Hp|cp) |C" and ged(h,C) = 1, let the set S(X, h,C) be defined in (2). For any
n € S(X,h,C), define the function

hin)= > 1.
pln,
(5)=-1
Then

> h(n) = #S(X,h,C) (%) +O0(X)

neS(X,h,C)

as X — 00.
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Proof. First we write

S ohm= Y k.
neS(X,h,C) _, n(gX a0)

Removing the condition n = d C) by inserting the factor

h (mo
@ Z wwm,

where ¢ is the Euler-¢ function, and interchanging the summation one has

> b= Y U0 Y i),

nesS(X,h,C) ¥ (mod C) n<X

For the character ¢/ (mod C'), denote

If ) # 1, one has

= Y @Pn)yn) Y 1= vip) D H(m)p(m).

n<X pln p<X m<X/p

(i):_l (%):—1 gcd(m,p)zl
By Lemma 4,
) X
> iE(m)(m) < = exp (—77 108;(X/P)> :
m<X/p b
ged(m,p)=1
Since

|
< eXp(n (log X)/ )Zp

per/X DEXD (n log(X/p)> per/X
< exp (—m/logX) loglog X <« 1,

and

! < ) i<l

aexrexp (0VIs(XTp)) T i
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one has

S, X) < X.

When ¢ = 1, one has

LX) = X e Y= X X ),

n<X pln m<X/P
ged(n,C)=1 (£)=-1 (;) *1 ged(m,pC)=
ged(p,C)=1

For any integer » > 1, denote

n<X
ged(n,r)=1

We define the multiplicative function g by convolution g = u? * . One sees that

p? = 1% g and for any prime p,

0 m=1,
gp™) =4 -1 : m=2,
0 m >3
Then
LN DR WU DI IR TEID VS
n<X d<X m<X/d n<vX m<X/n?
ged(n,r)=1 ged(d,r)=1 ged(m,r)=1 ged(n,r)=1 ged(m,r)=1
Since
X X o(r)X
> 1= Yl 5] =@ (F+om) =22 1o,
m<X d|r dlr
ged(m,r)=1
and

I 1 (R AR !
n<\/7 plr

ged(n,r)=
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one obtains that

6X
A X) = SIJa+p ) +0 (VETR).
plr
Using this result we have
S(LX) = ) A(pC, X/p)
p<X
(5)=-1
ged(p,0)=1
6X P 1o X
= 2. |+ [Ja+a 1+0<\/—T(p0)>
p<X P qlC p
(;)=-1
ged(p,C)=1
6.X 1
- 1 —1\—1 - 9] X1/2 —1/2 )
Seset X o (v
qlC p<X p<X
(£)=-1
ged(p,C)=1
Since
1 1 1 1—(5
> - X tom-y ¥ HEeon
pex P p<x P p<X P
(£)=—1 (£)=-1 ged(p,C)=1
ged(p,C)=1 ged(p,C)=1
log log X
- %_’_0(1)’

by Merten’s estimate, and

1/2 1/2 ¥ \2
Sorte (1) (D)« (i) e

p<X p<X p<X

one obtains that

3
S(1,X) == [[a+p" Xloglog X + O(X).
p|C
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Finally, one concludes that

S hin) = @ (LX) + S(h)S(, X)
neS(X,h,C)

3X loglog X
m2)(C) [T (1 +p7)

+
S
>

Since

#5(X,h,C) = Yo w) == (h) ) 1 (n)v(n)

= ﬁ — H(l +p H 1+ 0XY) ] +0 (Xexp (—7) logX))
plC
6X

= ey O (Few (rviex)).

one immediately sees that

S h(n) = #S(X,h,0C) (%)H)(X).

neS(X,h,C)

This completes the proof of Lemma 14. Now we can prove

Lemma 15. Assume the conditions of Lemma 14. Then for any integer k > 1,

log log X

5 )k + Oy, <X (loglog X)k_l)

> h(n)* =#S(X,h,C) <

neS(X,h,C)

as X — 00.

Proof. For k = 1, this is established in Lemma 14. For k£ > 2, we recall the

following high-power analogues of the Turan-Kubilius inequalities (see [8] or [21])
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for the additive function h,

) ) " [n(p™)|*
¥ 2 k) — A < B+ 37 =T

n<X pm<X

where

AX)=B(X)= >

p<X

by the argument in Lemma 14. For & > 2 one has

Z h(n) loglong < Z’h() A(X)\k—{—z A(X) loglong
n —_————— — _—————
2 - " 2
n<X n<X n<X
<, XB(X)* + X <, X(loglog X)*/2
Therefore
loglog X = loglog X ¥
ko _
S ot = Y (h(n)— X | 08
neS(X,h,C) nes(X,h,C)
log log X F log log X ol log log X
= === X =R el _ o
(FEEE) s )+ k(25 S (bl - B
neS(X,h,C)
log log X b

+ O | max < (loglogX)" Z h(n)

0<r<k—2
neS(X,h,C)

2

The second term is
Oy (X (loglog X))
by Lemma 14, while for any 0 < r < k — 2, one has

log log X |""

5 <5 (loglog X)" X (loglog X)*/

(loglog X)" Z

neS(X,h,C)

h(n)

< X (loglog X )"

Putting these two error terms together we complete the proof of Lemma 15. This

completes the proof of the asymptotic formula (11).
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Using (11) one obtains

k
S s(n,@)F = #8(X,h, D) (M)

neS(X,h,D)

+ Oy (X (log log X)’“*) .
Recal the following result obtained by Yu (Theorem 2, [32])

> 20 = (34 0(1)#S(X, h, D),

neS(X,h,D

which implies that

> s(n)f = 0u(X).

neS(X,h,D)

The magnitude of the left hand side of (10) is

Nk IN\T k—r
> (@) + 0| max &> s(n.0)s(n) ,
neS(X,h,D) neS(X,h,D)

and for any r with 0 < r < k — 1, one obtains that

1/2 1/2
> s(n,d)s(n) n,§)* > s(n)X
neS(X,h,D) nes X,h,D) neS(X,h,D)
1/2

)21" X1/2

~

nESXhD

<k (X(loglog X) 2’“)1/2 (X)? < X(loglog X ¥

Therefore
. loglog X \*
> tn,é)" = #S(X,h,D) (%) + Op (X (loglog X)) .
neS(X,h,D)

which completes the proof of Theorem 2.
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