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Let B = (BQ) oen DE an increasing sequence of positive square free integers satisfying the condition that
B, |B,, whenever Q1 < Q2. For any subinterval I C [0, 1], let

Fpo@M={a/gel:1<a<q<Q ged(a,q) =ged(q, By) =1} .

Itis shown that if B, < Q'°81°8 /4 then the limiting pair correlation function of the sequence (Zs, o D) oen

. L. . . . P »(Bg)
exists and is independent of the subinterval I. Moreover, the sequence is Poissonian if limg—.cc —5 Q- =0,
Q
#(Bg)
Bg

and exhibits a very strong repulsion if limg_. o

# 0, where ¢ is Euler’s totient function.
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1 Introduction and statement of results

The statistics of spacings measure the fine structure of the distribution of a sequence in a more subtle way than
the classical Weyl uniform distribution ([20]). Their study was initiated by physicists (see for example Wigner
[21] and Dyson [5, 6, 7]) in order to understand the spectra of high energies. These notions have received a great
deal of attention in many areas of mathematical physics, analysis, probability theory and number theory.

In the study of the spacing statistics of a sequence, correlations play an important role. There are few se-
quences of interest for which one could establish the existence of correlation measures, and many of them are
conditional, as in the important case of the zeros of the Riemann zeta function, or more general L-functions
([11, 13, 17, 18]). In [3], Boca and one of the authors have established explicitly the pair correlation function of
Farey fractions in the unit interval [0, 1] and their result shows a very strong repulsion between the elements of
the sequence. In this paper, we consider more generally subsets of fractions with denominators satisfying certain
divisibility constraints, and investigate the subtle effect these arithmetic constraints have on the pair correlation
of the sequence.

The study of the distribution of Farey fractions is of independent interest. By the classical contributions
of Franel and Landau ([8, 10], see also [15]), the existence of zero-free regions 1 — §y < Re s < 1 for the
Riemann zeta function, and in particular the Riemann hypothesis, are equivalent to quantitative statements about
the uniform distribution of Farey fractions. Ideas and techniques from this area, especially those which make use
of Weil-Salié type estimates for Kloosterman sums, turned out to be useful in proving sharp asymptotic formulas
in problems from various areas of mathematics ([1, 2, 4, 12]).

* Corresponding author: Maosheng Xiong, e-mail: xiong@math.psu.edu
** e-mail: zaharesc@math.uiuc.edu. The second author was supported by NSF grant number DMS-0456615, and by CNCSIS grant
GR106/2007, code 1116, of the Romanian Ministry of Education and Research.
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2 Xiong and Zaharescu: Correlation

Let .# be a finite set of cardinality NV in [0, 1]. The pair correlation measure Rz (C) of a finite interval C' C R
is defined as

1 1
N#{(l'vy) 692 Zl’#y,l‘*yE NC+Z}
Suppose that (.%,),, is an increasing sequence of finite subsets of [0, 1] and that

R(C) = lim Rz, (C)

n—oo

exists for every finite interval C' C R. Then R(C) is called the limiting pair correlation measure of (.%#,),,. If

then ¢ is called the limiting pair correlation function of (.%,,),,.

In this paper, we assume that B = (B,, )., is an increasing sequence of positive square-free integers satis-
fying B, |B,, whenever Q1 < Q2, and for any subinterval I C [0, 1], we consider the pair correlation of the
sequence (Z , (I))gen, where

Fno@ ={a/gel:1<a<q<Q,gcd(a,q) =ged(g, B,) =1} .
While our result shows that the limiting pair correlation of the sequence (%, (I))q exists and is independent
of the subinterval I if the number of distinct prime divisors of B, is fairly small compared with the number of all
primes less than @, a surprising phenomenon appears, producing two different types of behavior depending on

the limit of % as () goes to infinity. To state the main result precisely, we use the following notation. Define

two functions ¢, ¢’ by
stn)=JJa+p™"), &m)=]J0-p?), neN (1.1)
pln pln

Since B, |B,, whenever Q1 < Q, both §(B,) and ¢'(B,,) are non-negative monotonic functions as @ in-
creases. The limit lim¢g .. 6'(B,,) always exists, and we denote it by §'(3). Let

5(B) = lim 6(B,).

if the limit exists, or let §(B) = oo otherwise. Denote by w the function counting the number of distinct prime
divisors. We prove the following result.

Theorem 1.1 Assume that

log Q
B )<
w(Bq) < 5log 2

o). (1.2)
Then for any subinterval 1 of [0, 1], the limiting pair correlation function of the sequence (7, ,(I)),, exists and
is independent of 1. Moreover, if §(B) = oo, then the limiting pair correlation function is constant equal to 1. If
0(B) < oo, then the limiting pair correlation function is given by

 60'(B) k T2\(B)

7275(B)
1<k<—F—

forany A > 0. Here Q is chosen large enough in terms of A and the sequence B and  is Euler’s totient function.

We remark that, firstly, if §(B) < oo and A > 0 is fixed, since there are only finitely many k with 1 < k <
2
%5(3), and the values gcd(k, B, ) become constant for ) sufficiently large, the function gz () in (1.3) is well

os B D, if B, < Q°81°8Q/4, the condition (1.2) will be

defined. Secondly, since w(B,,) < (1 + o(1)) ;o5 ([16
Q
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Fig. 1 Graphs of g1 (), g2(X), g6(A), goo(A)s 9op i (A) and g,

satisfied. Finally, if I = [0,1] and B, = 1 for any @ € N, then (1.3) reduces to the limiting pair correlation
function provided in [3].

The graphs of g1,92, g6 With B, = 1,2,6 respectively and g, with B, the product of the first 100 prime
numbers are shown in Figure 1. For comparison, we also show the graphs of the pair correlation functions in the
GUE and Poisson models, which are ggug(A) = 1 — (%)2 and respectively gpo = 1. All the functions g1,
g2, g6 and g, vanish at zero, presenting a strong repulsion between the elements of the sequence. It is also clear
from the graph that as B, contains more and more prime factors, the repulsion decreases and the distribution
tends to become Poissonian.

In the paper, we will make use of the identity

>oooetry= >, wld D>, g reZ, (1.4)

YE€EF .o ([0:1]) d<Q q<Q/d
ged(d,Bg)=1 ged(q,Bg)=1
qlr

which can be derived from the Mdbius inversion formula. Here the function e(y) = exp(2miy) for any y € R.
We first estimate the quantity #.% , , (I) in Section 2, then we start the process of proving Theorem 1.1 in Section
3. In Section 4, to complete the proof, the two cases §(B) < oo and §(B) = oo are then treated separately.

2 Farey fractions in a short interval

For any subinterval I C [0, 1], we need an asymptotic formula for the quantity #.7, , (I). We first obtain the
result for I = [0, 1].

Lemma 2.1 We have

3@

#yByQ([O’ 1]) = 7T26(B )

+0 (d(B,)QlogQ)) ,

as Q) — oo, where d is the divisor function, that is, d(n) = >, 1 for any positive integer n.

rln
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4 Xiong and Zaharescu: Correlation

Proof. Using the Mobius inversion formula we have

SIS SITID ISP ST Sl
<X D|B, <X D|B,, q<X/D
gcd(qB )=1 D<X Dlq D<X

This becomes

Then

47,01 = Y o= Y Mo Y uw Y e
d<Q
d,B

a< q<Q dlq q<Q/d
gcd(q,BQ)ZI gcd(q,BQ)zl ged( )—1 gcd(q,BQ)*l
By using the above estimate, this can be simplified as
Q° w(D) p(d)
D|B, d<Q/D
D<Q gcd(d,BQ):l
Since
p(d) -
> M - +om.
d<Q/D 1B,
gcd(d,BQ)zl
d(B,)Q™! d 1—p =20
Z << )Q ) an H( —D ) - §7
D|B, P
D>Q
we finally obtain
Q? (D _
47,,000) = © X MO T 10w/ |+ 0wB,)Q10sQ).
D|B, PIB,
D<@
This yields the desired result after simplification. O

Lemma 2.2 For any continuously differentiable function G with supp G C [0, 1], define

Sc.Q = Z G(v).

Veng,Q ([0»1])

Then

/01 G(z)dx

+ ||DG|OO) QlogQ) ,

where

DG = sup |G ()] .
z€R
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Proof. Fory € (0,1),let G(y) = >, <z ane(ny) be the Fourier series expansion of G ,Using the identity
(1.4), we have

Se.c = Yoo D e =Y a Y e(my)

VEF .o ([0,1]) nEL ne€L  yeF g 4 ((0,1])
DD DETC I DR
nez a<Q q<Q/d
ged(d, B, )=1 ged(q,B,)=1
qln
That is
Se.c = Yooould) Y a4 agm.
d<Q q<Q/d nez
gcd(d,BQ):1 gcd(q,BQ)=1

The Fourier coefficients a,, are given by

an, = G( —ny dy—/G é(n),

0

where G is the Fourier transform of G defined by

/G —zy)dy, z€R.

Consider for each y > 0 the function

Gy(x) = éG (i) , zeR

By the properties of the Fourier transform, @y(z) = G(yz), and by Poisson summation (pp. 538, [16]),
> agn=>_Glgn) =3 Gyln) =3 Gqy(n)
neZ neZ neZ nez

Hence

SQ7G = Z N(d) Z q Z ( )
a<Q q<Q/d nez 1
gcd(d,BQ)zl gcd(q,BQ):1
Since Supp G C [0, 1] and G is continuously differentiable, by using simple Riemann integration ([14]) we obtain
DG
ZG() /G d+0<” ”).
nez q
Therefore
1
Soc = ( / G(@dm) S oud) Y q+0(IDC]QlogQ) -
0 d<Q 9<Q/d
gcd(d,BQ):1 gcd(q,BQ):l

Notice that

#F5.([0,1]) = Z w(d) Z q.

a<Q q<Q/d
ng(deQ)zl ng(Q7BQ):1
Applying Lemma 2.1 we obtain the desired result. O
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6 Xiong and Zaharescu: Correlation

Lemma 2.3 For any subinterval I C [0, 1], denote by || the length of 1. Then

3 2
B (D) = [l
Q

+0((d(B,) +@Q"?) QuogQ) .

as QQ — oo.

Proof. We will approximate the characteristic function xy of I by a C 1 function. To this end, consider the
function f(x) = 322 — 223 for x € [0, 1]. First note the following properties:

e f'(z)=6x(1—x)>0and|f (z)| <3/2forze[0,1];
o [(0) = f'(1) =0,f(0) =0, f(1) = 1;
o fi f(z)de=1/2.

For real numbers ¢ < b < ¢ < d, define the function g, pc,q : R — [0,1] by

0 : t<a;
f(i:—z) Da<t<y
Jab.e,d(t) = 1 D b<t<g
f(l—é:i) :oe<t<d;

0 : d<t.

It is easy to see that g, p.c.a € C*(R) with Supp g4 p.c.a C [a,d], and

3 1 1
||D9a,b,c,d”oo < 5 max {b—a’ d—c} ;

b—a d-—c¢
+ .

a,b,c dr=c—b
[ssntts e V50 0

Now let G = X, ,,» the characteristic function of interval I = [a,b] C [0,1]. Puta; = a — €,a2 = a+€,b; =
b+€,by=b—€eand G1 = ga,.a,6,b1> G2 = Ya,as,b5,6> and denote

SQ761 = Z Gl(fY)’ SQ,Gz = Z GQ(’Y)'

YEF .o ([0,1]) YEF 5.0 ([0:1])
Since Go < G = Xiay < (71, it is clear that
SQ,GQ < #ﬁByQ (I) < SQ,G1~ 2.1

Noticing that

/Gl(x)dxzb—a+6:|l|—|—6, /Gg(a:)dxzb—a—€=|1|—e,
R R

and
DGl < 5, 1DGalloe < 5
from Lemma 2.2 we obtain
Soa = (1l+ @77;;’820) + Eqn,
Soc, = (- e>ﬁ2f}8;) + Eq.n,
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where
1

Eq.c, = Eqa, < | d(B,) + - Qlog Q.
Choosing

c=Q 72,
and using the inequality (2.1), we get the desired result. O
3 Proof of Theorem 1.1
Assume now that w(B,) < ;‘ig)% + O(1), and I C [0,1] is a subinterval. Since B,, is square free, d(B,) =
2v(Bo) « Q'/%, by using Lemma 2.3 one obtains

#F5.0(0) 3Q? :
N=TTmer) 0 (Q**108Q). 3.1

Here the implied constant may depend on |I|. One can also compute, by using Mertens’ estimate ([16]) that

§(By) = [[+p ) <exp| DY p'| <loglogQ.
p|Bg, p<logQ

Our objective is to estimate, for any positive real number A, the quantity

SB, (A) = #{(x,y) €Ty o) iatyr—ye (ON/\) +Z}

as Q — oo. Let H, G be any two continuously differentiable functions with Supp G C [0, 1] and Supp H C
(0, A) for some A > 0. From now on, for simplicity, all the constants implied by the big “O” or “<” notation

may depend on the functions H and G. Define
Z H(N(y+n) yeR,
nez

and

Spoma= Y, h(y=7)GHGH).

¥V E€EF 5,4 ([0,1])

We will estimate Sp p, instead of Sp (N). Let h(y) = > cncne(ny),G(y) = > ,.cz
Fourier series expansions of & and G. Then we have

SBQ,H,G = Z Zcme '7 7 Zan TW Zar Tfy

VY E€EF .o [0,1]) m

= > emanar Y e((mtn)y) D ellr—m)Y)

mn,r VEF 4 o ([0.1]) Y EFy o ([0.1])

= ) cmana, Yoooud Y a > )

ane(ny) be the

Y oa

m,n,r d<Q q<Q/d d<Q q<Q/d
ged(d,Bg)=1 ged(q,Bg)=1 ged(d, B )=1 ged(q, B, )=1
qlm+n qlr—m
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8 Xiong and Zaharescu: Correlation

Changing the summation index asm +n=m’',r —m =n',m =71, hencem =1 n=m’ —r';r =n' + o/,
and one obtains

SBQ JH,G = Z ,U/(dl)/’b(dQ) Z q142 Z Cr Z Qgym—r Z Agon+r-

d1,d2<Q 1 <Q/d1 rez meZ nez
ged(didz, B, )=1 2<Q/d>
ged(qiqz, B )=1

Consider for each ¢ > 0 and real number r the function

Grq(z) = éG (z) e (qu) , reR

Using the Fourier transform and an appropriate change of variable we obtain that for any m € Z,

~

Gr,q (m) = G(mq - T) = Qgm—r-
Applying the Poisson summation formula (pp. 538, [16]) one has

5 tunr = 3 Gran ) = 3 G ) = - L6 (2] (22).

meZ meZ meZ meZ 0 n

1 n —-rn
Qgontr = —G|— e .
gant th <Q2> ( q2 )

neEZ nez

and similarly

It follows that

§ Cr § aqlm—TE Qgon+r

rEZ MEZ neZ

T (G2

The Fourier expansion of h(y) gives us

Yoe((G-n)) = (G-n) -2 (5 -5))

Using this in the above formula for S By .H.G and changing the symbols d’s to r’s and ¢’s to d’, we deduce that

Sp, HG = Z pu(r1)p(re) Z X

r1,m2<Q d1<Q/r1,ds<Q /72
gcd(nrz,BQ):l ng(d1d2,BQ):1
m n m n
G2)G(—)H(N(r+22=2)).
ng;eZ <d1> <d2> < (T—i_dl d2>>

Since supp G C [0, 1], Supp H C (0,A), dy,ds < Q and N > &,ifr #0, then H (N (r+ dml — %)) =0
when @ is sufficiently large. For positive integers dy, do, let

d = (di,d2), dy=qd, dy=q0,

Clearly (q1,92) = 1, and there is a unique integer o such that 0 < g2 < ¢1,G2g2 = 1 (mod ¢;). Take
a1 = (1 — q2g2)/q1, so that @1q; + Gag2 = 1. Changing the summation index as

A / ~ _
m =qgm—qn, n =am-+qgmn,
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mn header will be provided by the publisher 9

we have
— li / ~ / li
m=qm +qn, nN=—am +qgn.

Hence, by taking r» = 0, we obtain that

Sp,HG = > p(r1)p(re) > > x

r1,72<Q q1<Q/ér1  mneZ
ged(rire, B )=1 2<Q/ér2
ged(q1,q2)=1
ged(q1q2,B,)=1

o (5 (%)) e (G (o= 2) ) ()
0\ @1 o0\ @ q1G2 q1420

Taking into account the formula (3.1) and the fact that supp H C (0,A), when @ is large enough, to get a
non-zero contribution from H, one must have

m
<A

0< ,
q1q20

which implies
0 < mdrire < 2C,,

where

25(B, )N
Ch = % < loglog Q. 3.2)

To get a non-zero contribution from G with supp G C [0, 1], one needs

0<1<q2m+n><1.
o q1

It follows that
=20, < —m<n<d<20,.

Denoting by A,,, the finite set of all such integers n for a fixed m, one has
# A, < loglogQ.

Using the above estimate and noticing that

o5 (%)) =e G (% on)) o (o)
o\ ¢ q192 0\ @ 0q1G2

Nm 3Q%*m ) ( m. a9 )
H(2 ) g (2™ ) o @¥21080),
(5(11(12> (W25(BQ)5(11(12 5Q1Q2Q 8l

one can further simplify S B, H.G a5,

SB, HG = Z w(ry)u(rs) Z G <(15 <(j2m +n>)2 X

and

mrlrzfASQC/\ 1 <Q/ér1 e
nEAm q2<Q/dr2
ged(ry 7'27BQ )=1 ged(q1,92)=1

ged(q192,B,)=1
2
3Q7m ) L 0(Q* (105 Q)Y).

H —————
(7‘1’2(5(3@)5(]1(12
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10 Xiong and Zaharescu: Correlation

Next, for fixed m, 1,79, d, n, let us define

(3.3)

f@) =G (;(mm + n)>2  h(my) = H ( 3Q%m > .

m26(B,, )0y

Then the inner sum of the main term of S B,.H.G ON (1,42, which will be treated below, can be written as

Z = Z f <Zj> h(q1,q2), (3.4)

q1<Q/ér1
q2<Q/dr2
ged(q1,92)=1
ged(qiqz,Bg)=1

where G is the unique integer such that 0 < g» < 1,292 = 1 (mod ¢;). We will need several additional
estimates. First of all,

I£llee = max |(z)] = O(1),  IDf]lsc = Olloglog Q).

Next, since Supp H C (0,A), for 0 < z < Q/dr1,0 < y < Q/dre, if h(x,y) # 0, then one must have

2 . . .
0< % < A, which implies

2
Q N 3Q°m S mr1r26Q7
ory A25(B,)dy —  Carid

and similarly

Q mT1T25Q
sy > 2
5rs = Y7 TCrad

Here
[hllec = O(1),
and

3Q%*m 1 <A Cnrid log Q
w26(B,,)ory T mrire0Q) Q

oh 3Q%*m
- = |H’
‘8:}3 (x,y)’ ‘ <7r25(BQ)5xy)
A similar inequality holds for g—;‘ (z,y) and hence

1
DB < 289

Q

Let K be a large positive integer which will be chosen later. Then (3.4) can be written as
K

—1 _
q2

O S S L

=0 <Q/om @

q2<Q/dr2

ged(q1,92)=1

ged(qiqz, B )=1

@2€Ea, Fa)

K_l . 2
i Q° loglog @
= —= h ol ——m———1.

>i(z) X nwwro(EE
=0 1 <Q/dr

q2<Q/dr2

ged(q1,q2)=1

ged(q1g2, B, )=1

@2€[Eq, F2aq1)
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We need the following variations of results from [1]. Recall that for each region €2 in R? and each C"* function
F: Q — C, we denote

[[Fllo = sup |F(z,y)l,
(z,y)€R
and

oF oF
DF||soc = su —(z, + | (x, .
i i (x,y)gn (‘ Ox ( y)‘ ' dy ( y)D

For any subinterval I = [a, (] of [0, 1], denote I, = [(1 — B)a, (1 — a)al.

Lemma 3.1 Let Q) C [1, R] x [1, R] be a convex region and let F be a C* function on Q. For any square-free
integer A and any subinterval 1 C [0, 1] one has

6|1 5/
Y. Flab) = || // (,y) dedy + Er,r1,a,

(a,b)eQN 22
ged(a,b)=1
bel,
ged(ab,A)=1

where

Eraria<c mp|F|oR?Td(A) + || F||lwd(A)?>Rlog R
+||D fllcArea(S2)(log R)d(A)d(A),
for any € > 0, where b denotes the multiplicative inverse of b (mod a), i.e., 1 < b < a,bb = 1 (mod a), mp

is an upper bound for the number of intervals of monotonicity of each of the functions y — F(z,y), and the
function &', 0 are defined in (1.1).

The proof of Lemma 3.1 goes along the same line as that of Lemma 8 in [1], where Weil type estimates ([9, 19])
for certain weighted incomplete Kloosterman sums play a crucial role.
Using the above lemma, one has

Z h(g1,q2) = 66, / / h(z,y)dzdy + O (Q%ﬂd(BQ)) ,

q1<Q/dr1
q2<Q/dr2
ged(qi,q2)=1
ng(QllJmB ) 1

@ElEa. Fa)

66/ 3m5r1r2 3
dzd 2teq(B .
725(B,)? //01]2 (7“5 B, )z ) ) y+0€(Q ( Q))

Returning to the sum Z we obtain that

_ 60" (B >Q2 ! 3mdriry
Z B 25( @)20%T1r2 / dx//{o 1)2 (W25 )931/> drdy+
0. (KQ%+Ed(BQ)) +0 (Q%glogQ) .

which is

K

We may choose

1

K =1[Q7],
and use d(B,,) < Q'/5, to obtain an error term E; <. Q2= 20¢. Itis easy to see from the definition (3.3) that

Z/ flx = 5./01G(z)2dz.

neZ

Copyright line will be provided by the publisher



12 Xiong and Zaharescu: Correlation

Using this and all the above results, we finally conclude that

Sp,.HG = 652§< )Cf (/O G(z>2dz) 3 %x

1<riromdé<2Cn
ged(rir26,B,)=1

3miriry ) g1
dzdy 4+ O (Q* 20 T¢) .
//o 1]2 (W ?6(B,)x Y ( )

4 Completion of the proof of Theorem 1.1

. !
Denote the main term of Sp ¢ by SBQ e If

lim 6(B,) = 0(B) < oo,

Q—o0

3mdrirs

we follow the computation of Sy in [3]. Since Supp H C (0, A), we put A = 25(B ey then the double integral
Q

in the above S B, H.G becomes

NG NG ' " HQ
/ / mnre\ g e - M/ / ( )d)\dx,
57717‘17‘2 57717‘17‘2 C/\xy C/\ Jwg‘l T A&gw‘lrz x>\2

A
/\6mr1r2/ H()) log( CA) >d)\.

Ch N”g:ﬂQ A2 ANOmrire

which is

Inserting this back into S B, .H.G» W€ obtain

g B 18Q2§/ (fo 2dz) Z A H()\) log <7T2/\(5(BQ)> D
B, ,H,G 7.‘.45( BE v, 22
- - Q

> pu(ry) p(r2)m

moriro=k
gcd(&rlrz,BQ)zl
Let u = ged(k, B, ), then
k r 1 r
> wrurdm = 3 plrulr) —— =& 3 A0 ! (r2)

morire=~k 5r1r2|§ ri| & 5|k ro| £
gcd(&rlrgB )=1

k Z w(re) Z : p(k/(uri6)) - Z w(re) Z o(k/(urid)) = u Z 'u(rl)uirl = up(k/u).

k/(ur19)

k
Tll 117‘1

Also notice that

3k 726(B,)A
— < < —— =
5B, ST RS T Cn,
th d(B,) = d(B) < 0, Qlim §'(B,) = ¢'(B) < oo,

and
3Q?

T _ 3/2

#75.00) = W 3555 +0 (@105 Q)
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One concludes that

1
i Sp,.H.G _ Jy G(2)%dz
Q—oo #‘/B Q(I) ‘I|

/ " HOgs(an,

where the function g () is defined in Theorem 1.1. Now using standard approximation arguments one sees that

i 2o /AgB@)dA,
0

Q—oo #JB7Q (I)
and gp(A) is the limiting pair correlation function of .77, , (I) as @ goes to infinity. This completes the proof of
Theorem 1.1 for the case 6(B) < oc.

If §(B) = oo, then O, = 220"

M B AOT1T9m
SBQ’H7G N Z 67"17“2 Z //0 1]2 ( C/\l'y ) dz dy ’

1<r1726<2CA
ged(r1m20,B, )=1 _5T1T2

— 00. We focus on the sum

Let

Ch
57’17”2 ’

and define a function f by

// ( ) dzdy, zeR.
0,1]2 Ty
One can see that

g _ p(r)p(ra) (@)

Bo H.G Z drimo Z / L)’
1<r11r20<2C A m
gcd(rlrgti,BQ)ZI

and

Ifllo €1, logL <logChx.

Since Supp H C (0, A), there is a non-zero contribution to the integral in the definition of f only if 0 < ;\—; <A,
therefore z has to satisfy 1 > zy > z > 0. It is clear that

1 1
"(z) < // —dzdy < -.
TY>z zy z

Therefore,
(L] m/L
1 m m 1
T = —/f(z)dz = / fl= —f(z)dz+0(>
L 1§%:§L (L) R mz:; (m—1)/L <L> L
[L] m/L
1L 1 log L
< ——dz+ 0O (> < .
mz_z/m—n/L Lm L L

Also notice that

o= [ (o (55 o) et =5 [

Copyright line will be provided by the publisher



14 Xiong and Zaharescu: Correlation

Using this and the above estimate one obtains

" _ M(Tl)u(r2) Ch /
SBQ,H’G = Z TAoris RH(x)dx—l—O(logCA)

57"17“2
1<r1726<2C A
gcd(rlrgti,BQ )=1

C/\/ p(r)p(r2) 4
= 2 HEde Y EERN L 0(log00)Y).
4N R 1<r1726<2Cx (527"%7"5

gcd?rlrzé,EQ)=1

Since
572 = 5‘2+O<T1T2) = 1—p2 1+O<TIT2>,
> > v o
s< 2 ged(8,Bg )=1 pIBg
gcd(é,BQ):l
Z p(r2) _ Z p(r2) L0 ) H (l—p_2)+0 S
7‘% 7"% O/\ C/\ ’
TzSZSTA gcd(rz,BQ)zl p)(BQ
ng(TQ,BQ):l
and

1
r1<2CA pJ(BQ
gcd(rl,BQ):l

one sees that

Z plrop(rs) pi(r1) p(ra) Z 52

2,.2,.2 - 2 2
\<ripcac, 0TI r1<Ch " ra<Ca "2 s <,
gcd(mrzé,BQ):l gcd(rl,BQ):l ng(Tz,B;):l gcd(é,Ble):l
log CA)?
_ H(l_p_2)+0<(g /\))7
Ca
p)(BQ
and
" _ C/\ —2 4
SBQ$H’G = In (1—p~*) [ H(z)dz 4+ O((log CA)*).
ptBg R

Now returning to S B, .H.G> using the definition of C's in (3.2), we finally conclude that

- 3Q% ([ G(2)%dz) (g H(z)dz) Q*(logd(B,,))*
Sogue = S P o (S ).

Since §(B,,) — oo, one has

Sp,.HG [ G(z)2dz [N
lim ot -0 / H(z)dzx.
R FF L W Sy T

A standard argument with smooth functions as before completes the proof for the case d(B) = co. This finishes
the proof of Theorem 1.1.

Acknowledgements The authors are grateful to the referee for many valuable suggestions.

Copyright line will be provided by the publisher



mn header will be provided by the publisher 15

References

(1]
(2]

(3]
(4]

(5]
(6]

[17]
[18]
[19]

(20]
(21]

F. Boca, C. Cobeli, A. Zaharescu, A conjecture of R. R. Hall on Farey points, J. Reine Angew. Math. 535 (2001),
207-236.

F. P. Boca, R. N. Gologan, A. Zaharescu, The average length of a trajectory in a certain billiard in a flat two-torus, New
York J. Math. 9 (2003), 303-330.

F. P. Boca, A. Zaharescu, The Correlations of Farey Fractions, J. London Math. Soc. (2) 72 (2005), 25-39.

F.P. Boca, A. Zaharescu, The distribution of the free path lengths in the periodic two-dimensional Lorentz gas in the
small-scatterer limit, Comm. Math. Phys. 269 (2007), no. 2, 425-471.

F. J. Dyson, Statistical theory of the energy levels of complex systems, 1. J. Mathematical Phys. 3 (1962), 140-156.

F. J. Dyson, Statistical theory of the energy levels of complex systems, 11. J. Mathematical Phys. 3(1962), 157165.

F. J. Dyson, Statistical theory of the energy levels of complex systems, 111. J. Mathematical Phys. 3(1962), 166175.

H. M. Edwards, “Riemann’s zeta function”, Dover, Mineola, NY 2001.

T. Esterman, On Kloosterman’s sums, Mathematika 8 (1961), 83-86.

J. Franel, Les suites de Farey et le probl’eme des nombres premiers, Gottinger Nachr. (1924), 198-201.

D. A. Hejhal, On the triple correlation of zeros of the zeta function, Internat. Math. Res. Notices, 7 (1994).

M. N. Huxley, A. Zhigljavsky, On the distribution of Farey fractions and hyperbolic lattice points, Period. Math. Hungar.
42 (2001), 191-198.

N. Katz, P. Sarnak, Zeroes of zeta functions and symmetry, Bull. Amer. Math. Soc. (N.S.) 36 (1999), no. 1, 1-26.

L. Kuipers, H. Niederreiter, “Uniform distribution of sequences”, Pure and Applied Mathematics, Wiley-Interscience,
1974.

E. Landau, Bemerkungen zu der vorstehenden Abhandlung von Herrn Franel, Gottinger Nachr. (1924), 202-206.

H. L. Montgomery, R. Vaughan, Robert C, “Multiplicative number theory. I. Classical theory”, Cambridge Studies in
Advanced Mathematics, 97. Cambridge University Press, Cambridge, 2007.

H. L. Montgomery, The pair correlation of zeros of the zeta function, Analytic number theory (Proc. Sympos. Pure
Math., Vol XXI1V, St. Louis Univ., St. Louis, Mo., 1972), 181-193. Amer. Math. Soc., Providence, R.I., 1973.

Z. Rudnick, P. Sarnak, Zeros of principal L-functions and random matrix theory, Duke Math. J. 81 (1996), no. 2,
269-322.

A. Weil, On some exponential sums, Proc. Nat. Acad. Sci.USA 34 (1948), 204-207.

H. Weyl, Uber die Gleichverteilung von Zahlen mod, Eins, Math. Ann. 77 (1916), no. 3, 313-352.

E. Wigner, Random matrices in physics, SIAM Review 9 (1967), 123.

Copyright line will be provided by the publisher



