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Efﬁenvalu.( 6!\0{ E(gen(fecb:vr
quwt\‘m-. let /-\e(R"m be & Sgmare. magrx, A nonzero vecty X
Is an eigenvector Df A with LéC Be::ﬁ the. @msloow't‘j

elgenvalue i
AX= X X
Reparks : o Bven Ais & real matrix, its Q[ﬁer\valuz ond elgenvector G
be omplax.

o The set of eigenvalues of A is called the spectrum of A.
The. spectral adins O(A) is the paximum value [A[ over alf
eigenvalues of A

o If (X, is an efenpair of A, then

(X7, %) is an egenpoir of A%,
(AT, x) is an eigenpair of  A—g]
(5 %) is en egenpur of (A-01)7
Proof. Sine (X, %) is an ergenpair Df A, AxX=Ax.
Multiply both sides by A fimm the left,
ABX=XAAX = Ax=AAX=AAX =A%
Ao, AX-TX= Ax-0X = (4-cD)X=\~0) X
= %= (o)A = sox=2B-0D)"x @&
Definition;, T motrices A and B ore similor with ecch other if thore exists



0- rwr\singmlm matriy T Swdh  that
B=TAT™

Thoorem: If Aond B are similar, then A and B have the same eigenvalues,
proof. S A,B 0@ similar, Rz T/.\T"/ which implies A= f@T

If (%) is on ederpair Of A, then  AX = AX, o that

T'BTX=MX = B(A= Al

Thus , (A, TX) is an erRnpair of B.

re, ony elqenilue of A is an eigenvalue of R

The. vevarse is  shown srm‘(w@ )

Efﬁe/\mﬁu_ Decnmpos)"abn:
1A, etsen Value alewmpos;‘ﬁm of a Spuare matnx AER™ is a foctorization
Az XAX™
whore XEC™ is non-singulr ond //\ ec™ is a&‘aﬁona(.
o If AER™ sdmits an eisenvah docmpositon, than
AX =XA
If we vewrte X =[x % - %] wit GEC th i-th column of X,
ok A= disg (AL M - M) = ["‘z\/\n] wih X €C beig the ;- th
diogmel. of A then !
AN % - %] =[x % - m][ 'A’“/\"]
= (A% A% - - AG]=[A6 Ak - oo A]
> AX: = As Xi) 1=l,2,--, h
In other wonds, Ay 6) ,izimyn are efgen pairs of A,
o Sna X is rwnsv‘vgulwr, Ai, 32l,--,n are binaarly ~ indepenclort So, %, o
ore N independet eisenvectors | which spans .




* Epgenohe o(wMFosihbn implies Y"AX= A, 5o that we also says A s
owogonali 26ble..

° El‘genvafm olwmposfﬁon ohoes not w(wsz exst, as a Sguare matrix A¢ R
does mot alwows have 0 inolependant ergenvectors,

. Tkougk AER™ is real, the elgenvalue olwmpos,'h‘on maw bhe aJ”\/O(lX.

Charocteristic PO@MMM
The characteristic polymomeal of AER™, olenoted 4 is & dogree 1
plgroncial dofd by
Pu()=det (z]-4) = e zeC
Let (LX) be on elgenpaip of A. Than  AX=AX, which is epuivehent 4
(AI-A)x=0
Sinca X is non-zers,  AT-A has o non-zer soluton, Thaefore, AI-A is
swalor. That is | olet(AT-A) = Pa(}) =0. Thus, A is an eigenvabe of A
f ond oly f
falx)=0,
ond  the cmeﬂ?md;ﬂ e{ger\ vector X ove  non-zero Solutions Of
(AI-a)x =0,
EXamPLo_ | Az “g‘;]‘
The characteristic polynomaad s
Pale)= det (2I-[0)]) et ([33]) = &
Thefoe, P ()= A=0 = 7\,_)\2 =0 ave eigenvabes of A
For eljenvectors | slve  (0I-A)x=0, pe,

[04_])(:0
oO
= x= (%) vacc (0 one independnt  eenvector)



So A is net diajOWza‘)Q (,‘.e,) no eljenahe O[Za,m/;ps;zlb,l)_
Framplo 2: A= [97%]

=10
TLLL Ck&f&cteY?s{ij MMW&( (s
Pal@)= det (21-A) = 4ot ([ 1]) = =
T;wef"t, 'PA(,)\) )\,‘H—O = )\,:L‘) /\1‘: -1 are e,:ﬁ‘er\vgé,_zg‘
For eigen vectr of \i= 1) Solve

(I-A)x=0, ie, [*

‘lL]XDQ%O([

Vo(eC
'ﬂw’efm, [N c:omsta(J‘:‘j eigenve Ctor is 7(,_[ ]
For eijenvector of A= -1, solve
{iL—A)x—o e,

- ]')(0—->9( (3[] v pe C

Therefore o o:ms[mobtj egenvecfw is Xz- [_,]

thoere  dofre X=0%, 632 (V5] A= [P0 [ 4]
b X202 [H4]

A= X/\X“'

|:o -| ] ][—Lt _l.] s an e':fenmam

Ly -L dLC')MPOS').{'\-‘on-
Thes Shows that o real matnx may ke & Com plax e/‘jenwﬁu; alacwloofém

0= V=

’('}uura re

We vill not nse the method sohe y(\=o0 and AI-A)X=0 to compute
the. efgmvalm dzooMPoffhbn/

becouse  polyronial voot- fnding s not
W\U\'calb stoble i1 3QM-M-

Specinl Case : Symmetric matex  oad  SPD matix

Assame AER™" is  symmetric.  Then
D The e{jenmluas of A ore veal

Pt Let (),X) be an eigenpair of A, Thn, AxX= AX



Multiphy hoth sies by 2'= X7 (cojugote unspoie) fom she Gft,
FAX= AKX > Az ":ﬁ‘;
VAKX is real, fecause XAX = (A9 = XA XAX
="AX
% is olso val, beawwse ¥x = (0 = X x =K
So, A= %{i;‘ is T, ®
@ Th elgenvectors &freSPonoﬂ‘ﬁ b distnct elgen valugs of A ore oréhefom(
to eoch Other.
poof Lot (AX) and (Ao, %) e eenparrs of A with A A,
Then  AX =AY, ad AX%=ALX,
lot ws onsider % AXER.
On the ona luwl, XZAX, = 'X,,T()L.?C,) = A% = A (XIT%)_
On the other hand, BAY% = (5A%) = HATG= XTAX,
=1 (M) = ho ().
Tlmefm A ) =X (). Sne A% Ay, we hawe
X % =0 e, A L, B
@ Ais olwajs olmgonait‘zaf)(a, and the eigenvalue o&composfﬁwﬂ has a Speaiil
]CVY"\ (o(ML to the wﬁf‘&yonabﬂ of elyenyecﬂﬁ)
A= QAQ,
whee Q€ R™ is orthogonal and AER™ s diagonal . (Need some
offorts 4o Show this )
® If Ais SPD, then ol eigenvaluss are positive.
I§ Ais SPSD(Symmtr-‘c prsitive Qem&«iafcnm)) then ol eigen values gre
fon-nejative .

prof. Lot (\%) ke o eigonpair of A, Thes Qu=Ax.




Thoy — X Ty = _ xX'Ax
So , ')(AX—-)\XX = /\—W

S, XX =[MlF >0 («A#0)
- T
If Ais SpD, A'Ax >0 @A:% >0
Lf Ais SPsD, wAxz0 = A=XAX =, %

G’mpktaﬁbn of E@en vadue Deaomposfhbx)

Covv\PuECAj o sl elgervalue / elenvector
Pro[nlm Se('up

For s‘cmplxc.‘bj) we Yestrict owr odtontion fo el Symmetyic matrices who se
elgenvalues/eigenvectors - are all Yeal. Moy of the ideas can be sim;(a,@
exterded, to rom-Symmetric madiees,
let ACR™ be symmebric Lot Ai, t=[,2,---, n be its efenvalns,
which are sorted in magnitude, e,

M2 Lo > --- > | Al
The comrespondling elgenvectors o donoted by G, i=l, 20,0 whih form
an, WngoM matrix, re, Q=[% % - LIER™ with QTQ,’—‘QQ,T:I.

Rag(ugh Quobient

Let AER™ be symmetric. For a vector XER', the Raylajsh fuotiest

is defred b
s defiren O A
Y‘(,'X):W'

Py Tﬂl"‘c"““ﬂ, Roﬂb.i?}\ W’Qn‘t‘ Is wsed o Compute O estimate t0  an
Q'BQV\VW ), Gven 0N estimate to an e;‘ﬁenvecfor, In Parﬁ‘cu,(ar) 'jc X is



0a eifenvector of A with the Grrespnding elgenvalue ), then it s easy

fosee tat  r(x)= AR -AXE -

’ Acmwj, the. ejev\vab&s of A are critical pomts of the optin 2ations
of ij[q,‘ﬁ/\ quotient , i€,

max 1&) and vy )

Tt can be proven fhat

' —— max A\, =
win A = M 100 g MAXA o7 X 1(x) ,
ondl oy @‘5en\/a,l,uzs bhat are mot Max or man  are gap(l(e_ fofmts Df
¥ (x),

Powey Tteration
Pwpose: F.’v\o( A ond its assocated eijenvector X with (1% //)_:’.
A%orffl\.mt Choose lj](’o) ER" st 14%|, =y
jCOY l‘: l) Z; oot
29 = A y(wt)
) _ S
= 2719,
M(K) — Q’] uc))T A \j(lc)
end
Tllustration by Examples.
o Assame (2)%), (1,%) gre two eigenpirs of AcR™ (S, A AX)
Assume 1’](0) = L\B_(%rl-')(;)
K:l . Z((): Aj(’o) = A (‘J{(X\‘"XL)) :‘U—';_—‘(AX\‘lLAXz) = ‘\‘Lj—;(le“{' Xz)
= & 294l = &2%F = (£
3u> = 2%, = g (%6 +7%)
k=t AW = A (U-Y(zx,m)) & A6 +A%) = & (22 +%)

((<) (s on estimation Of e/:ieqw/

J because /u(K) Y\(y(k)) as
Y90, =1,




"21)”2 = 6%”21)6"' Yl = El"kz’jz_” = @
2 2 2, [ 2
‘f]“" Z“/Z““ —/‘7—(2 )q-{—')(z)

kel: 0 = /—\3(@ A( o (¥ ﬂa))
= 22\<+ (ZK/-\)(, + AX1>— \fz_z“\t—l (ZHIXI“‘ Xz)

(G

H(V-‘ﬂ)—_—_ 2 /IZ ' = (Z\Hlxl_{_ Xz)/m
Tharefoe, when K becmas longer and Longer,

%) beomes nore ano( move o(orm:rwvt in ﬂa‘) 4

s

[y*— X, =0, as k= -+
o - XX, - 2%t Xe— o -

Pouer itevatin may nat be convergent.

Asswma ([,%),(1,%) are two eign pairs of Acp™*

Assuma Y9 = &= (X4%).

ez =AY = A (Getw) = & (AtAn) = g ( 6-%)
Bh= &l %X I, = |
40 = B0, = = 06x%)

= 2@z AW = A (L) = E(AaAn) = g (0%
1270, = Lt = |
Y® = 2% = & (K1)

kel: = AY= L (6 + )
2%l = |



(23] ¥
o= 2%, = 640

Tharefore H(K) (s \r (G+%) i k even (/Vdfha-r GL§<XI+YL) noy
U" (?(I ‘XL) ‘F K OD(A é(’)(‘ "XL) 1S an eu'ﬁenvedor>
- XXy

X\ KXo
*  Pover iteration mw net be C"”“’e’”jeﬂffo (A1, %)

V) Assume C’Z;X,) (1,%) ave two exenpais of AC—[{ZW
Y +Xx>
= \jc“) =

= (20 +%).
So et [V < xifl 1o small when ki even
1Y% £ 1), s smabl when E i odd,
= ‘ja‘) —+%X (mlg the oireckon s wrecf)
1Y) Assume (2,%) and (],%) are two @igenvectors of AcR?
ASSume ‘j“’): X,
=AL =% = 2Y=X
- = Yo VE,

)
e, Y9 >,

/—\NJqu s of Power Iteratin:;
Cince \j“‘) ma  cerge to X, o — X or a(fv_rnﬂﬁw{:yj we Can yse
i § 1Y% =%l Hﬁ""*xnllfj $o measure the converyerca.
Moty that — 1Y9-7 112 = Y21 4% 01:= 2<Y*, %> =2- 2CY™, 6>



1Y%+ 1l =Yl % 5 +2469 %> = 2+ 259 %>
Thoefre | we  use
|- <Y®, %Y to weasure the convergence.
we wll show =YW, x> =0 as kP
Theorem & Assome /-\C " is symmatric gad (X[ > ([Xa]
If % #0, the 3 Co dypendigon Y7 st
(1- e 52k L R >0
Goequontly | @ min {190l , 9} € FZC 2] — 0
le., the limt of y® s £x
rd ®  [UY-\] € 256 (%]" >0 |
Prof, By tnducbon,
Eju<) — /\Kﬂw/ﬂ/\kf}“’{{z
Let A= XA XT be on eienalue choompsition of A
Tha A= XAXTXAKT - XAX = XAKT (Beaase €02
Th, AJ® = XAKTY®
Let V=XTy®
A Y@ = XAV = %M"'Ui X; | ke VieR, X €R"
Ayl = ( AL 1)
= (1 (BT -+ ()
> (1Al

tndl
” 2 I 1K 2
Y “nAjmn <z K, %"= gy (A
(Because {Xi,%>= {o ’oflxuwm)

Thare fore,
E <3U<); X,>2 - mumkgm”f_ (% )\fl);, Xi, X,>l)



IR EY T N i\
= g () (%‘)+ ot (o)
< [ LR e R

l>\2 A — Co < +to (beCQMSQ Uj io)

(Becawse [Nz (A2 2 Pl)

Thas,
XSS 5@[2‘;7 >0 (9 '-f‘é'l )
ConSeW,

O < 0>t == GIR"
Also, by CuodySchwnrte, <5‘*’ x> < Y90 (15l =]
S |-G RI* < <y, x>% < |
If <Y %520  than
Ny -%h =2 - z<y‘<’,»x,>)y‘é kc /?\‘f/ )
If Y9 > €0, then
15 4% [, = (24 2 <Y<, 05) < [202 [
So Y9 g clse o eithur A or —X when KIS mﬂ,‘cren@[a(}rg,

O u9= YA
If Y2 %520, than,
U=\ = [()44" - X/Ax]
= [(AW-x) — @-9°)"Ax]
< [§TAWx)] + [oxry)'Ax)
=Y, AU + <, AT(4-9)))]
4@ 1A+ TR A Gy
WAl Y-, + u'xf 4,
é Al M-l < 25 (2]



Tf Y9 %> <0, Simlody,
W(K)-Ml < 1®M)TA(UCK)+X|)} + ,(Xr"\'ﬂ("DTAX\}
<2§E R
Ln either o2,

o)) < 2928 & %)

Remack : O <47%> = s 20 (sma 1yMhllh=1) i,«{
So (I- 4”0% = Sin g —x
®© The cowvegene vote depends on —(,)QTI\I<I
The smaller %l) the fester onvergence.
When AR , ‘the power Meratn May not converge o X,
O When Y2, %520, Co may be oofinty,
o tat  [<YO, %5 A 0. Cmmpanly, YIS X



