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Abstract

In this note, we present a result to show that the symplectic structures have been
naturally encoded into the Painlevé test. In fact, for every principal balance, there is
a symplectic change of dependent variables near movable poles.

1 Introduction

Recently, we provided an algorithm for finding an appropriate change of variables that
regularizes the solutions near movable singularities for differential equations passing the
Painlevé test [1, 2]. In [3], we further proved that our algorithm is in fact equivalent to
the Painlevé test. An immediate consequence of this is a conceptual proof that demon-
strates, for ordinary differential equations, that the formal Laurent series produced from
a successful application of the Painlevé test is always convergent.

The main result of this paper is that our algorithm is compatible with Hamiltonian
systems. Specifically, we show that, by carrying out our algorithms more carefully, we can
make sure that the change of variable used for constructing the mirror system preserves the
symplectic structure and converts the original Hamiltonian system to another Hamiltonian
system given by a regular Hamiltonian function near movable singularities.

2 The first Painlevé equation

In this section, we use the first Painlevé equation P;, u” = 6u® + t, as an example to
demonstrate the symplectic structure of the Painlevé test. We rewrite the equation as a
Hamiltonian system

G1=p1, Pp1=6¢+qp, d@=1, p=q, (1)

whose Hamiltonian is given by H = %p% — 2qi5 — ¢2q1 + p2. The formal Laurent series
solution is given by
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From the expansions, we can construct the following table:

resonance | t | ro 1 3
j -1 1 4 6
q1 210]-1/10 | 1/4
q2 010 1 0
D1 60| -1/5 1
D2 -1 1 ]-1/30 1| 1/20

In the first column vector are the products of the leading exponents to the corresponding
leading coefficients; the other vectors are the coefficients of the resonances. After rescaling,
the following column vectors in the table form a symplectic basis of R*:

2 0 1/4 ~1/10
0 0 21 0 1

-6 |’ ol 7 1 T -1/5
-1 1 1/20 —-1/30

This nice symplectic structure has an important consequence in the study of Painlevé
analysis for Hamiltonian systems. To see this, let us make a transform for the original
Hamiltonian system to a system governing the behavior of solutions near pole singula-
rity. By following a standard procedure [2], we first introduce the indicial normalization
¢1 = 02 and have the following expansions in terms of small 6:

1
9’:1—3r294+§95+r396+-..,

go = —12r9 + 60 4+00% + -

p1=—20"% 46120 — 0% — 2r30° + - -,

\

1 1
P2 = —p~1 +7r —|—7”293 — §94 — 57“395 + -

Then we introduce new variables 11, 12, and 73 by successively truncating the #-series of
q2, p2, and py at rq, 73, and r3. The result is

q2 =M,

1 1
pr=—-20"3— 50— 592 + 1367, (2)
pa=—0""+mn.

The transform (qi,qo,p1,p2) < (6,1m1,7m2,m3) given by ¢ = 672 and (2) converts the
system (1) into a regular system for the new variables. The proof is given in [3].
A simple computation shows that the symplectic form

dgi Ndp1 +dga Ndps = —2dO Ndns+dny Adno.
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Therefore, if we denote Q1 = 0, Q2 = 11, P = —2n3 and P, = 19, then the following
transform

q1 = QI27
72 = Q2,

_ 1 1 1
p1=—2Q7° - 5@1@2 — 5@% — §Q?P17

D2 = _Q1_1+P27

preserves the symplectic form. Moreover, the transform converts the Hamiltonian sys-
tem (1) into a Hamiltonian system given by

H(q1,p1,92,p2) = H(Q1,Qa, P, P)
1 o0, 1 3 1 4,1 4 1 5 L 652
:P1+P2+§Q1Q2+ZQ1Q2+§Q1+ZQ1Q2P1+ZQ1P1+§Q1P1,

which is again a polynomial.
We remark that the fact that the mirror transform is symplectic is actually a general
property for Hamiltonian systems, provided that the systems pass the Painlevé test.

3 Main theorem

In this section, we consider general polynomial Hamiltonian systems

OH OH O 1
I _ — - e = m
W =JVH, VH-= <au1’ ’aun>’ J < s ) (4)

in which n = 2m and H (u) is a polynomial.
A balance for the system is a formal Laurent series solution of the form

U; = CZ'(t*to)_giJruLi(t*to)l_gi+- . '+Uj7i(t*t0)j_gi+- ey e =1,...,n (5)

in which the coefficients are analytic functions of ¢y, and we have at least one 4, such that
¢; # 0 and g; < 0. The integers g; are called the leading exponents of the balance.

Note that the leading exponents in Laurent series are usually understood as the orders
of the poles. We allow some (but not all) of the leading terms in (5) to be trivial.

We call a balance to be principal if it allows (n — 1) free parameters. If we include ¢,
this brings the total number of free parameters to n. We say the ODE system (4) passes
the Painlevé test if all balances are principal.

Definition. We say the Hamiltonian system (4) is almost scalar invariant relative to the
leading exponents gi,...,9n if i + giem =h —1 foralli=1,... ,m.

Theorem. Suppose the Hamiltonian system (4) is almost scalar invariant relative to the
leading exponents of a principal balance. Then up to exchanging some p; with q; and
rearranging the order among the pairs (qi,p1), - -, (¢m,Pm), there is a change of variables
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of the form

( q1 = Q1_917

@ =Q" (az,o +az 1 Q1+ + az,jrlQ{l_l + Q2Q{1) )

—9m ‘mf -1 "m*
gm = Q7 (am,o +am1Q1 4+ g 1QTTT 4 Q@ 1) ;

- m 4n— _1 — 'n—
p1=Q; " (51,0 +011Q1+ -+ by, Q7T — g TP 1) ;

. in_o—1 i
pe=Q 7" (bz,o +b21Q1+ -+ b, ,1Q7 T + PQ 2) ,

[ P = Q1" (bm,o + b1 Q1+ + by 1@ T+ PmQ{m)

such that
Loj1 < < s
2. a;j is an analytic function of Q. with ji < j;
3. bij is an analytic function of Q2, ..., Qm, and P with j, < j;
4. The symplectic form is preserved

dgiANdp1+- - -+dgm Adpy, = dQ1AAPL+- - - +dQum Ad Py

The Hamiltonian system is converted to another Hamiltonian system with a polyno-
mial of (Q«, Py) as the Hamiltonian function;

The principal balance is converted to a solution of the new Hamiltonian system with
the initial data equivalent to the resonances.

The crucial points to prove the main result are that under the above conditions:

1.
2.

The Kowalewski exponents appear in pairs;

The 2-form dg; A dpy + - - - + dgm A dpp, is regular under the transform.

We remark that the second point was first realized by Ercolani and Siggia [4].
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