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Line Integrals
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Scalar Line Integrals in the Plane
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X
C is a smooth curve of finite length on zy-plane,

4]
parametrized in terms of arc length as r(s) = area ~ st SVAs,
{(x(s),y(s)), for a < s < b. kzlf( (st), y(sx) )Asy

DEFINITION Scalar Line Integral in the Plane, Arc Length Parameter

Suppose the scalar-valued function f is defined on the smooth curve
C:r(s) = {(x(s). y(s)), parameterized by the arc length s. The line integral of
[ over Cis

/'f(X(S)sy(s))ds = lim ; Fx(s), v(sp)) Asy
C

provided this limit exists over all partitions of C. When the limit exists, f is said to be
integrable on C.



EXAMPLE 1 Average temperature on a circle The temperature of the circular plate
R= {(x,y):x>+y>=1}isT(x,y) = 100(x* + 2y?). Find the average temperature

along the edge of the plate. — \ —— sy 10060 5 2
o= <A ,/‘f >  on edge of plate |
- <
f‘\ ne T
[ m— /
{ ) — / .
7 \g p ¥ wpase H o b3 o 2 -
| / (%) ds | 100 ( Cos’s +2 S5an s )dS
N 12 f
C N oo

S,

=  JooO ( o 21 ;ﬁ =300 !i’

X

S0l _ 4 s s Jp (| Edgeofplatex’ 3 =1
—_— . == / 3 o & Lwe Qiif e m{ o ¥ ,f‘ ( § r = {x,y) = (cos 5, sin s),
‘ -, 3

S
- for0=s= 2w

When we compute the average value
by an ordinary integral, we divide by
the length of the interval of integration.
Analogously, when we compute the
average value by a line integral, we
divide by the length of the curve L:

f= 1 'fds.

L
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THEOREM 15.1 Evaluating Scalar Line Integrals in R’

Let f be continuous on a region containing a smooth curve C: r(1) = (x(1), (1) ),

fora =t = b.Th - |
ora =t = b.Then As = fi’“‘"?-f;; | 4

,/fds /f(x(f)s}?(t))lr'(t)]dt “frmm As = /idx ) +{dy)
C a

b
- /f(X(l),}’(f))\/X'(f)?‘ + ' (1)* dt.
PROCEDURE Evaluating the Line Integral / fds
C
1. Find a parametric description of C in the form r(¢) = (x(1), y(1) ), for
a=1t=b.

2. Compute |r'(1)]| = Vx'(1)* + v'(1)>

3. Make substitutions for x and y in the integrand and evaluate an ordinary
integral:

b
/de = /f(X(t),y(f))lr’(f)ldf-
C a
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EXAMPLE 2 Average temperature on a circle The temperature of the circular

plate R = {(x,y):x®> + y*> = 1} isT(x,y) = 100(x? + 2y?) as in Example 1. Con- o —ot St
firm the average temperature computed in Example 1 when the circle has the parametric - ) 2
description %f ’= 24 Cos 't
C={(x,y):x=cost’y=sint>,0=<t=<\V2r}. /{"W” é{j’} a(’f”“?“fd{
/ P mﬁ -
[ ex yds = | Jeo ( (o S+ 25m T ) 2tdt
e ’ J o g R
= Joo | Cos’u +2 Sin'tt) du S
' Jo )
= Joo (% +277 ) = 3ee;) as 453@“;”2'“‘?Q

Line Integrals in R’

THEOREM 15.2 Evaluating Scalar Line Integrals in R
Let f be continuous on a region containing a smooth curve
C:r(t) = (x(6), y(t),z(¢) ), fora = t = b. Then

[ s - /f (1) ¥ ()] a

C

b
/f(JC(f)aY(f),Z(t))\/x’(t)z +y' (62 + /(1) dt.
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EXAMPLE 3 Line integralsin R® Evaluate |, c (xy + 2z) ds on the following line

segments. —> ‘
a [ (t)=<1V, 00> +t<~/,/,1>

a. The line segment from P(1, 0, O) to 0(0,1,1) >

b. The line segment from Q(0, 1, 1) to P(1,0,0)
/ N/ ‘ A~/ .
/ / / T —t )t 4 2 F J& At = i?: (2t -17) At

ﬁj ;:i{‘f”/?& / <=/, 1/, f}/iﬁ”\;j

) ) p—
\é o x 7 RE ¥ = | (’ — _W.) = LY
— Vo U2 3 A

‘ - . e )
‘fi“r*"’”m: ® { ’ . . ‘ i é’M ’?,W g[

- { ™ e . .
\Wﬂ::) L e L b e Lo éf\* RS B =2V/ P J¥ | wfif: fﬂl .
L 3 gj

EXAMPLE 4 Flight of an eagle An eagle soars on the ascending spiral path
t t
C:r(t) = (x(1), y(¢), 2(2) ) = <24OO cos 7 2400 sin > 500t>,

where x, y, and z are measured in feet and ¢ 1s measured in minutes. How far does the
eagle fly over the time interval 0 = ¢ < 107 A Jo

| - )
s = | [Pl e

C

//\ /C? ;”‘f R R——
— \/firw /2 {?6) e,_,m 3_:?, }¢ W};{Q ‘;:}@ O {m%;:w::‘ . )

— s 2 7 > B o Py » . oy 2 ) ﬁ“
= Jl1zee) +(Sew)y >10 -~ \/ /é 7 x /eo0 2 €00 '
"\\é § Fese &4 S S &, —— B
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Line Integrals of Vector Fields

DEFINITION Line Integral of a Vector Field

Let F be a vector field that is continuous on a region containing a smooth oriented
curve C parameterized by arc length. Let T be the unit ltangent vector at each point of
C consistent with the orientation. The line integral of F over C is | cF-Tds.

Different Forms of Line Integrals of Vector Fields

(F-T>0 |

! . I
The line integral f o F + T ds may be expressed in the following forms, where T f{ffi‘;‘;‘;ﬂig;g;b***m" z
F = (f g, h) and C has a parameterization r(¢) = (x(1), v(¢), z(¢) ), for “ ' f
a=t=b

I

b b
/F-r’(t) dt (fx'(t) +gv'(t) + hz' (1)) dt

[

T points in the forward or
| positive direction of C.

= /fdx + gdy + hdz

| T 1 " 4 e e 4 wagnim 2V
j It / Mt = T ot = dr FT<0

ot — F- dl‘. neg'zmv'e contribution
. . to line integral

For line integrals in the plane, we let F = (f, g) and assume C is parameterized
in the form r(f) = (x(¢), v(f) ), fora = t < b. Then

b
fF'Tds = (fx'(t) + gvy'(1)dt = /fdx + gdy = /F-dr.
c “ ¢ ¢
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EXAMPLE 5 Different paths Evaluate [.F-Tdswith F = (y — x, x) on the
following oriented paths in R? (Figure 15.20).

VA Vector field F = (y — X, X)
a. The quarter circle C, from P(0, 1) to O(1,0)
b. The quarter circle —C from Q(1, 0) to P(0, 1) —
¢. The path C;, from P to Q via two line segments through 0(0,0) __ |
—_
a. 'tOHh=<Swnt, Cost> Pm
— Pazaretsization,
t o> F =
o C,
Sint . O—=1 , CostT |—= O X
7} S, -
. i
F.gérv“::’: [Ca:;t ST Cost At 0
C, Q _71— S !M % ( ,S;Ma'i ) A/_{ NN
7]
Tz | - o _ L =
\/\ (COSzf — O ,z,mz-é)a% 2 0
(=) dx + x - —
= ((Cost — SW-t) Cos t ot
, : — c27F — L < > At
-+ Shan + — San, 1) ot ((‘“%»«eﬂi ST D '?f)

Fotr=< Cost ,,wfz%{ > . 4. 0>z, %A= st /
j %)ﬁé”)é - ?(é{,,/ — (-.g”/tzw-i o C()c'l[' ) (’__5,14 c-g )‘?ﬁ;{" —f Cosf Cost A4 = (C@S 2% E&»;Zf}l’%

/“7>0 =St O—= /.

7
[ F 47 - /ﬂ = ) 21
\ji"”céf— %'N \/ [ C@»ngl -?L e .,,S’}MM”Z’ )@é,"{{ —_ ""z‘ . ‘ C/ ____‘% . C[



. Variable force: ., - Component of F in the |

. ! o . N |
P W= , Foode, | dlrectxgn of motion: |
: Constant foree: i T : 'F-T=|F|cos 8 2
W=([Flcosthd - where :

F(x(n)) #

fl‘” = [Fixl cos 8

( }
;work:f F-Tdsi
\ c )

DEFINITION Work Done in a Force Field

Let F be a continuous force field in a region D of R? and let

C:r(t) = (x(¢).,y(1), z(t) ), fora = t =< b, be a smooth curve in D with a unit
tangent vector T consistent with the orientation. The work done in moving an object
along C in the positive direction is

b
W=fF-Tds=/F~r’(t)dr.
¢ .
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EXAMPLE 6 An inverse square force Gravitational and electrical forces between
point masses and point charges obey inverse square laws: They act along the line joining

the centers and they vary as 1/r2, where r is the distance between the centers. The force <, £ }

of attraction (or repulsion) of an inverse square force field is given by the vector field -~ " )_m c LIS
kix,y.z . - * (3¢)*

F = x.2) where k is a physical constant. Because r = (x,y,z), this ( X %& At _ Kokt

(x% + y2 + 227 — A
‘ 3 2% H?

force may also be written F = Find the work done in moving an object along the

[
following paths. m <ttt> +t: />0 a>l 74#1%& awnif

a. C, is the line segment from (1, 1, 1) to (a, a, g) where ¢ > 1. | grgon .
b. C, is the extension of C, pmduced by letting a — o<,
Fd>m<f +,t > 4 )= a>)
S(w”f ?%%W‘tuza‘tm\. of oo [/Uh&. Luhne
— X aé:f _ Kt
?' 1r = k(z‘“)::% C At dt, H = B K2 ot =
( 3t°)= -1 Jz ¢ '—?ﬂ—_‘
= = _ [Nk oM K /"’”"‘“ & WV,«,/',_W@”(,._.__;_"
. %,fv — et “WW::’}V s S -uww~ e wja:;;m | = ﬁv;
CF \/I NE t J:%‘ L [ sil* t a fg
o —> 62 |

L — — £ :
AR > R ot
f: S
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Circulation and Flux of a Vector Field

DEFINITION Circulation

Let F be a continuous vector field on a region D of R’ and let C be a closed smooth
oriented curve in D. The circulation of F on C is f c ¥+ T ds, where T is the unit
vector tangent to C consistent with the orientation.

EXAMPLE 7 Circulation of two-dimensional flows Let C be the unit circle with
counterclockwise orientation. Find the circulation on C for the following vector fields.

YA A \

a. The radial flow field F = {x, y)

b. The rotation flow field F = (—-y, x) \ i
C
X=@sf, Y=5nb / N
0o<B <2 T l\ ~ !1,, e

N . >
—fez unit cetrele S
On the unit circle, F = (x, y) \ On the unitcircle, F = (~y, x)

a2aml Tz
%
) | . -
is orthogonal to C and has |  is tangent to C and has
|
)

zero circulation on C. | positive circulation on C.

Y

3
|
H
§

= (s (- SinB) A
+ Sim@ Cos G A4

=0
\/'ﬁ.w - b~ dtt Xl = = Sl (~5m @) + 056 259 A

. v\c’(ﬁ 24
Fodr = [T do=2m .

C

c



EXAMPLE 8 Circulation of a three-dimensional flow Find the circulation of
the vector field F = (z, x, —y) on the tilted ellipse C: r(#) = (cos ¢, sin t, cos t), for

0=t=2nm Z&W#‘%ﬁ—ﬂdz

“4 | Projectionof Fon |
| unit tangent vectors |
Lof C |

F . drF = « e+ Xy — Y Ax
Cost (=Sint )t + Cost Cost At — Sy,+ (— Syt )t
osT (—Swmt)dt + Cost Costdt — St (— Simt)dt

H

I

= (——Z—/—&iﬂzf —/—/)af?lf

277 / —
J (— & Sam2t+/)dt =21T =\/‘F~J/r"
* C

0
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~ F points outward on C.

F + n > 0 gives a positive
_ contribution to flux. ’
—
. oS
r —_
X = ? X /< AS
—_ ->
=(T 4= Xk
—> ->
o = dr x Kk
Fpointsinwardon C. 7k
- F - n < 0 gives a negative = L J
(a) Z contribution to flux. ' (b ,7(0(/ A o
o o |
DEFINITION Flux
Let F = (f, g) be a continuous vector field on a region R of R*. Let =< ”Lﬂ ,—dx, 0

C:r(1) = (x(1),¥(t) ), fora = t =< b, be a smooth oriented curve in R that does
not intersect itself. The flux of the vector tield across C is -/_:;> —
- 7L AS

A |
[Fnas= [oyw-exwya = F =g

| ¢ a | _ (f < > \7 x ) o
where n = T X Kk is the unit normal vector and T is the unit tangent vector consis-

tent with the orientation. If C is a closed curve with counterclockwise orientation, n is
the outward normal vector and the flux integral gives the outward flux across C.
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XK= sl . \”7 =S &
o<@ < 27T |
EXAMPLE 9  Flux of two-dimensional flows Find the outward flux across the unit =~ , 5/ ~oi /o

circle with counterclockwise orientation for the following vector fields. Prra s tr ot
. The radial vector field F = (x, y) a. %@-\fjo@é = CosB oso A48
b. The rotation flow field F = {—y, x) - Sl (—52.80)AdY

21|

T
VA :6?{
\/d@ =217 " 7
7) 0 M
\<( / \ | ][ )

— Ay — xdx
" On the unit circle, F = (=y.x) |

| 1s tangent to C and has % — Q

YA

- Y
- Y
o
3
|

' On the unit circle, F = (x, y) |
1s orthogonal to C and has
| positive outward flux on C.

\/\_—}Z \/2”0{6) 207

o \70\0:7 f/fzz/x =277 .

H

| zero outward flux on C.
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