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Conservative Vector Fields
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Types of Curves and‘Regions

C
: C
" | Closed, simple | Not closed, simple

o0 X

. Closed, not simple | | Not closed, not simple\E

DEFINITION Simple and Closed Curves

Suppose a curve C (in R? or R?) is described parametrically by r(¢), where

a =t = b. Then C is a simple curve if r(¢;) # r(z,) for all 1, and t,, with

a <t <1, < b;thatis, C never intersects itself between its endpoints. The
curve C is closed if r(a) = r(b); that is, the initial and terminal points of C are
the same
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Thm curve cannot be contracted
to a point and remain in R. j

. @

§ Connected, | [ Connected, ?
. ;\ simply connected j § not simply connected }

‘00.

Not connected,
not simply connected ;

§ Not connected, |
§ simply connected §

DEFINITION Connected and Simply Connected Regions

An open region R in R? (or D in R?) is connected if it is possible to connect any two
points of R by a continuous curve lying in R. An open region R is simply connected
if every closed simple curve in R can be deformed and contracted to a point in R



Test for Conservative Vector Fields

DEFINITION Conservative Vector Field

A vector field F is said to be conservative on a region (in R? or R?) if there exists a
scalar function ¢ such that F = V¢ on that region.

THEOREM 15.3 Test for Conservative Vector Fields

LetF = (f, g, h) be a vector field defined on a connected and simply connected
region D of R®, where f, g, and h have continuous first partial derivatives on D.
Then F is a conservative vector field on D (there is a potential function ¢ such

that F = Vo) if and only if UL \?
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EXAMPLE T Testing for conservative fields Determine whether the following vec-
tor fields are conservative on [R? and %, respectively.

a. F = (efcosy,—e*siny)
b. F = (2xy — 2%, x% + 22,2y — 2xz)
. X~
“ Fym ety Jam o elSy o s comedie

b, A =9 =ax w=he=—22 | Je=py =L, Jes,
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Finding Potential Functions

EXAMPLE 2 TFinding potential functions Find a potential function for the conserva-
tive vector fields in Example 1.

a. F = (e"cosy —e*siny)
b. F = (2xy — 2%, x* + 22,2y — 2xz7)
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= 2/% * o/{z)

%j %;-f.z]z—%w&m o Po= —2xzazyd T

= X°) — xX&> +2Y L&+ Const. =2y -2k, d’=0, o= ans



PROCEDURE Finding Potential Functions in R’

Suppose F = (f, g, h) is a conservative vector field. To find ¢ such that
F = Vo, take the following steps:

1. Integrate ¢, = f with respect to x to obtain ¢, which includes an arbitrary
function c(y, 7). |

2. Compute ¢, and equate it to g to obtain an expression for ¢,(y, z).

3. Integrate c,(y, z) with respect to y to obtain c¢(y, z), including an arbitrary
function d(z).

4. Compute ¢. and equate it to & to get d(z).

Beginning the procedure with ¢, = g or ¢. = h may be easier in some cases.
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Fundamental Theorem for Line Integrals and Path Independence

THEOREM 15.4 Fundamental Theorem for Line Integrals

Let F be a continuous vector field on an open connected region R in R? (or D
in R?). There exists a potential function ¢ with F = V¢ (which means that F is
conservative) if and only if

/F*Tds = /F‘dr = o(B) — ¢(A).

¢ | C
for all points A and B in R and all smooth oriented curves C from A to B.
?°?dﬁﬂ Fooodr T s =dr
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EXAMPLE 3 Verlfymg path independence Consider the potential function

@(x,y) = (x* — y*)/2 and its gradient field F = (x,—y). Let C; be the quarter circle v
r(t) = (cost sint),for0 <t < 7/2, from A(1, O) to B(0, 1). Let C, be the line
r(t) = (1 — t,¢),for0 = ¢ = 1, also from A to B. Evaluate the line integrals of F on

C; and C,, and show that both are equal to ¢(B) — ¢(A).

C, < Cost , — STl > e -_Sq/m't” (’og‘zf >0Lt

Al "5@1/“{7’23 Cos "rf: néj/ %; % F d ’;M
JZ2 o> /2,

\/“‘”2 Shnt (et éﬁt‘?f = fam ) (
i / oo

Cso . < I1—t, =t > <71, 1>d M e
= -kt e Fd7 [ (=dt) =—1 7 M/’ pectid
\./9

EXAMPLE 4 Line integral of a conservative vector field Evaluate

/((ny — i+ (22 +22)j + (2y — 2xz) k) - dr,
o
where C is a simple curve from A(—3,-2,—1) to B(1,2,3).

?0 =Xy - xxTYE durimed J;p-?/m |
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Line Integrals on Closed Curves

¢ C=CUC,
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THEOREM 15.5 Line Integrals on Closed Curves
Let R in R? (or D in R?) be an open region. Then F is a conservative vector field on

Rifand only if ¢.F-dr = 0 on all simple closed smooth oriented curves C in R.

EXAMPLE 5 A closed curve line integral in R* Evaluate
ch (—xy + xz + yz) *dronthe curve C: r(f) = (sint,cost,sint), for 0 < 7 < 2,
without using Theorems 15.4 or 15.5. YV (- Xy + % Z-=yz)

=<y Ga, —ntR L KB

v@-dr
= o CostF St , O, St + Cst > - Cost ,— Sim?, Gost > ot

= (= Cos®t + Sant Gst + Smt CosT + @S =t ) at ] -
—_— < . Vol AL 36
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Summary of the Properties of Conservative Vector Fields

We have established three equivalent properties of conservative vector fields F defined on
an open connected region R in R? (or D in R%).

» There exists a potential function ¢ such that F = V¢ (definition).

. fc F-dr = ¢(B) — ¢(A) for all points A and B in R and all smooth oriented curves C
from A to B (path independence).

. 561(: F - dr = 0 on all simple smooth closed oriented curves C in R.

The connections between these properties were established by Theorems 15.4 and 15.5 in
the following way:

Theorem 154 Theorem 15.5

.......................

Path-independence > F is conservative (Vo =F) < F-dr = 0.
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