First name: Last name:

Student number: Signature:

UNIVERSITY OF CALIFORNIA, IRVINE
DEPARTMENT OF MATHEMATICS

February 8, 2008

MATH3A (Introduction to Linear Algebra)
Instructor: Shingyu Leung

Duration: 50 minutes
No aids allowed
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Answer all questions.

To obtain credit, you must give arguments to support your answers.
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1. [20] True or false. Just write the word TRUE/T or FALSE/F. No explanation is
necessary.

(a) If dim(V') = n, then there exists a set of n + 1 vectors in V' that spans V.

(b) Let x; = (1,0,1)7, x5 = (1,1,3)" and x3 = (2,1,4)T. The set {x;, %3, x3} spans
R3.

(c) Let A, B € R™" such that AB = 0. Then rank(A)+rank(B)< n

(d) Let A € R™™. If dim(N(A)) = 0, the column vectors of A are linearly indepen-
dent.

e) If a set S of vectors in V' contains the zero vector, then S is linearly dependent.

(
(
(
(

)
f) The set of all vectors of the form (a,a + b,a + b+ ¢ + 3) is a subspace of R3.
g) If dim(V) = n, then any set of n — 1 vectors in V must be linearly independent.
h) Let fi(z) = e® and fo(x) = e*®. f, and f, are linearly independent if a # b.
(i) If A e Rm*™, rank(A)< min(m,n).

)

(j) If the set of vectors {uy, - - -, u, } is a basis for a vector space V', then uy, - - -, u,, U, 41
are linearly dependent.

2. [15] Show that the union of the y-axis and the z-axis in R?, i.e. theset S = {(x, vy, 2)T
R3|y = 0 or z = 0}, is not a subspace of R.
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3. [20] Let xq, - - -, X, € R™ are linearly independent and let A € R™*" such that Rank(A) =
n. Prove that if
Y = Ax;

fori=1,---,n, then y,,---,y, are linearly independent.
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4. [15] What are the maximum and minimum possible ranks of a 3 x 5 matrix. Give one
example of a matrix of each type. For each of your examples write down its nullity.

5. [15] Let
1 1 0
4 4 1
A=| -6 —6 -2
2 2 1
-6 —6 -2

By row operations A can be transformed into matrix B given by

sy

I
cCoo o+
cCo oo+
cooro

(a) What is the rank of A?

(b) Find a basis for the column space of A.

(c¢) Find a basis for the null space of A.
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6. [15] Consider the vector space R?**? and the following sets of ordered basis

e {0 (60 (81) (1))
F={G ) (5e) (V)G

(a) Write down the coordinate vector for each element in E with respect to the basis
F.

(b) Find the transition matrix U from the basis E to the basis F.
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