ﬁc e | B | | ' e

Properties on implied survival probabilities, P(t,T)

1. P(t,t) = 1 and it is non-negative and decreasing in T. Also,
P(t,00) = 0. |

2. Normally P(t,T) is continuous in its second argument, except
that an important event - Scheduled at some time 77 has direct
influence on the survival of the obligor. Fovr example, oL Coluprne
poyme~t dofe £ Tt is unclear f the ceupen will be paid,

3. Viewed as a function of its first argument ¢, ali survival proba-
bilities for fixed maturity dates will tend to increase. Th\< ic shifious

;since., | P, T) = P, T) Plhyer) , ot
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If we want to focus on the default risk over a given time interval in
the future, we should consider conditional survival probabilities.

conditional survival probability over [T7,T5] as seen from t, Given
P(t,T>) o Haok Yhere was ne
P(t,T1,T2) = P(:.Ty)’ where t < Ty < To; defant pat; | €ime T
- EL‘E',TLJ B(’C:I'.)_
BLt, T.) FLETD

This is O direst U“S‘-BM‘*C-Q' D’F P[P;(B]"" P[};@{)%J) = Suwivel walil T, ° i
g S

|

A= Surivel wl\T,




Recat| odds vafe of ain event (pradc&)wmmw of eventy divided é“a“ e cex,,meg)'
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PU L, T T4aT) = (= PCE T, THaT),

Discrete implied hazard rate of defauit over (T,7T -+ AT] as seen
from time ¢t

Pac.; £, T, T-%’AT) "‘ P&, THaD)

P ( » )x' T+AT) B Pee, T4 oT) P&)T‘TAT) i

: PeeE,T)
sO that ' -. _

PGt,T) =Pt T+ A1+ HT, T+ AT)AT].

In the limit of AT — 0O, the contmuous hazard rate at time 1" as
seen at time t is glven by

h(—b ,T) = i_‘r';p H(t T T+z>"‘)

a0 AT

Pte T4aT)

-
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- Forward spreads and implied hazard rate of default

For t < T7 < T5, the simply compounded forward rate over the
period (T4,T»] as seen from t is given by

B(taTl)/B(t7 TQ) —1
Ty — Ty '

This is the price of the forward contract with expiration date 77 on
a unit-par zero-coupon bond maturing on 1. To prove, we consider
the compounding of interest rates over successive time intervals:

F(t: T].: TQ) —

1 1
= 14+ F@, Ty, T5) (T — T
B(t, T») pery GG TVl
—_—— —— simply compounding over [T1, T5]
compounding over [¢,T»] compounding over [¢, Ti]

')(‘\0"("30“'5 o Tmpi-}&&. Survvel ()vébab:'l:—ﬁe_c énad fnspla'cc‘, La.}a./é rake o—fde{éwt:

PLe,T) = PCE, T4 4T) [U+ Bt T, "'-rAT)ATl
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Defaultable simply compounded forward rate over [T1,75] '-

B(t,T1)/B,T») — 1

F(t: T17 Tz) — T2 — T]_

Instantaneous continuously compounded forward rates

]
f(t, T) = Al%rl Ft, T, T+ AT) = _8—Tm B(t,T)

F(t,T) im F@,T,T+ AT) = —;9%'” B, T).

AT—0

The implied hazard rate of default at time T > t as seen from time
t is the spread between the forward rates:

| h(t,T) = f(,T)— f(¢T)
obtained using

_ B(t,T)
f@,T)—f@T) = —ﬁmm

0
————InP(,T) = h(L,T).
T ( ) (t,T)

£



Implied hazard rate of default

Recall

B(t,T5) B(t,T1)
B(t,T») B(t,T1)
1+ F(t,Ty,To)(To —T1)
= - =1— Py ¢(t,11,17),
1+ F(t, Ty, To)(To — T1) def (-T2, T2)

and upon expanding, we obtain

Paes(t, T1,T5) [1 + F(t, 11, To)(Th — T1)] = [F (¢, T1, T2)—F (¢, T1, T2)] (T2 —T1)-
B(.T1)/BU,T) T eprens bosen visky ot

Yiskfree disccete Hvword vates

P(tn Tl: TQ)

i e ke To=T Gua To= THeT, then

= HGE T THT) AT = Fi T, T+aT) —F (£ TT+aT).
P, T, T4&T ) |
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The local default probability at time t over the next small time step
At

iQ[T <t AUF A > 0] m7(E) — (1) = A1)

where r(t) = f(t,t) is the riskfree short rate and 7(t) = f(t,t) is the
defaultable short rate.

Recovery value

View an asset with positive recovery as an asset with an additional
positive payoff at default. The recovery value is the expected value
of the recovery shortly after the occurrence of a default.

XThlS A@fin-"l’l'om {jno(& 'tt\Q, AibFianllies Het or€ mvelved in tha ‘(eﬁ“
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Payment upon default

Define e(t, T, T+ AT) to be the value at time ¢t < T of a deterministic
payoff of $1 paid at T + AT if and only if a default happens in
[T, T + AT].

e(t,T,T + AT) = Eg [B(t, T + AT)[I(T) — I(T + AT)]|F] -
Note that

1 if default occurs in (T, T + AT]
O otherwise

3

I(T) — I(T 4+ AT) = {

EglB(t, T + AT)I(T)] EqlB(t, T + AT)]EQU(T)] (indept-dence

B(t, T+ AT)P(t,T), AStumplion )

EqQlB(t, T + AT)I(T 4+ AT)] = B(t, T + AT),
and
Bt, T4+ AT) =BG, T+ AT)/P(t, T + AT).



- It is seen that

e(t, T, T +AT) = B, T+ AT)P(,T) - B(t, T+ AT)
P(t,T)

P(t, T + AT)

= B(t, T+ AT)

= 0T % &, T’-\—-AT) Pm (&, T, T44T)

= AT B, THeT) PET) Puaet ¢, T,T4aT) 6 &, T, T+l
' —é(,'h)T) T+LT)
- P(;’% T) (Paer (&, T, T4ar) 8T] B, THgT) 0

tlr\e, absve  Yesule "’lA'C“’,'&S W’t
C &, TT+aT) = B&[@Lt T447T) [ICTJ-' ‘L(T—ho‘r)] U't)

= L&[BU‘"’» T42T) | T%] to ( T(T) — TLT48T) (J’fj

I
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On taking the limit AT — 0, we obtain T

t, T, T+ AT
rate of default compensation = e(t,7) = lim e( T )
AT—0 AT

— B, T)h(t,T) = B, T)PE, TR, T).

"The value of a security that pays =(s) if a default occurs at time s
for all t < s < T is given by S

T T |
] w(s)e(t,s)ds = / w(s)B(t,s)h(t, s) ds.
t t

This result holds for deterministic recovéry rates.

A) {—,,;,kad—.-,; Y 2covery

Let W dfno'i'x- ths  vandor recweg Ornonnt

£ a defoabe pecurs an (T, T_'f‘”ATj /L-L value of dhis Pﬁgm“‘L s |
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T O, T, TH D) €0k, T, T,

whee Té, T, T4aT) is e tondiHionel. .Qx’o-edqu,\ @C T’ mdHione| o a defudt
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Building blocks for credit derivatives pricing

Tenor structure

0 maturity date
| ' ' ' 5k=Tk+1—Tk,0§k§K—l

T, T, T, T,

Coupon and repayment dates for bonds, fixing dates for rates, pay-
ment and settlement dates for credit derivatives all fall on 7,0 <
k< K.

* B¢ .Q\!e:j dote Ta, oL defaulc . oComr, or tle obligov Con Cortinue_
kil the rexk date Ty,  Afer defants, Hhe dodult-free werld
gres on bt the defrubiable.  asteks only 2oyn Aleiv  rleovéy

Payott ond case te  axict Ofr dofontt



Fundamental quantities of the model

e Term structure of default-free interest rates F'(0,T)
e Term structure of implied hazard rates H(0,T)

e Expected recovery rate = (rate of recovery as percentage of par)
B(Oa Ti—l)
146, 1F(0,T;-yT))’
B(0,0) = 1, we obtain

B(0,13) =

From B(0,T;) = i=1,2,--- ,k, and B(0,Tp) =

k 1
5 146_1F(0,T;_1,T3)

1=




P(O: Ti—l)

. we deduce that
146, 1H(0,T;_1,T3)

Similarly, from P(0,T;) =

k
_ 1
~ 146, 110, T;1,T3)

1=

6kH(07 T, Tk_l_l)E(O, Tk—]—l)
value of $1 at Ty if a default
has occurred in (Tj, Ti+1]-

e(0, Tk, Tt 1)

¢ Frvivard @\a%m vates lave G_ simple  intuitive isterpretation botl_

“r o ~EtonomiC cense (View frvovd }erob.md sr,p_,.ds) as well
WA
b5 in e probebility sase (viee Aocol conditional defouts

prﬁb«b:ti‘des) _
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Taking the limit §; — O, for all + =0,1,--- |k

Ty
B(0,1}) = exp (— ; f(O,s)ds)

Tk[

B(0,T,) = exp (—/0 h(0,s) + f(0,s)] ds)

Alternatively, the above relations can be obtained by integrating

| _ 9 - _
f(o, Ty = 6TInB(O,T) with B(0,0) =1

7(0,T) h(O,T)+f(O,T):—£fInE(O,T) with B(0,0) = 1.

A
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Defaultable fixed coupon bond

K
e(0) = > e,B(0,Tx) (coupon) Cn = C0p_1
n=1
+ B(0,Tk) (principal)
K
+ 7> e(0,T_1,T) (recovery)
k=1

The recovery payment can be written as

K K B
e(0,Ty_1,Ty) = ) mo,_1H(0,T}_1,T;)B(0,T}).

k=1 k=1

T

The recovery payments can be considered as an additional coupon
payment stream of #é,_1H(0,T;_1,7T%).

o Fide



Defaultable floater

I[?Tecall that L(T,,_1,Tn) is the reference LIBOR rate applied over
n—1,1In] at Tp,_q SO thqt 1+ L(T,_1,Tn)dp_1 is the compousding: dactor
over [T,,_1,Tn]. Application of no-arbitrage argument gives

1

B(Tn—laTn) — .
1 + L(Tn—laTn)én—l

e The coupon payment at Ty equals LIBOR plus a spread

| 1
81 | L(Ty 1,1 pary — — 1| 4+ P65, 1.
Consider the payment of ! at 7T, its value at T,

[ , _
B B(Tp 1,Tn) e
B(T,_1,T;

i (Tn—-1,Tn) = P(T,_1,Tn). Why? We use the defaultable

S
B(Tn-—laTn) L
discount factor B(T,_1,Tn) since the coupon payment may be

defaultable over [T, _1,Tnl].

AT



e Seen at t = 0, the value becomes

p—
—

EQ [{3 ©0T,) T (,Tn,, ) e CT-r\-al Tn )J

——
o

B{D)Tnv\)r E‘& E I (,T-H) PCTM}T,,)J (:},d@n,\d.enc.e_ q,;.gu..?ﬁ;_,’ _J
B (O./T'H) p CD)T"). |

Combining with the fixed part of the coupon payment and observing
the relation

[B(O, T, 1) — B(O, TW)P(0, ) = {ng;f;—;u] B(0, Tw)
/‘ 5n_1F(Oan__]_,Tn)§(O,Tn),

the model price of the defaultable floating rate bond is
K

o
e(0) = Y 6,-1F(0,Ty—1,Tn)B(0,Tn) + %" > 6,-1B8(0,Tn)
- K
+ B(OJTK) + Z e(OJTk—laTk)'
k=1



