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Survival function

+ = continuous random variable that models the default time. Let
F(t) denote the distribution function of r.

F(t)=P[r<t], t>0
Survival function = S(t) = 1 — F(t) = P[r > {]
density function = f(t) = F/(t) = —5'(¢).

C@néib’@mf defulk and survivel probabilities

+qr — conditional probability that the risky security will
default within the next t years conditional on
its survival for x year
Plr—zxz<tlr>z], t>0
the = 1 —¢qz, t2>20.
Note that S(¢)
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Hazard rate function (iastantaneous) * AQL)

Gives the instantaneous default probability for a security that has
survived up to time =z

f@) A P+ Az) = F(@)

P < A =A(x)A\x = o~
[z < 7 < z+Azx|t > z] =K(2) Az T~ F(2) x ey
so that
| / | t
Ax) _i{((a:))’ giving S(t) = e~ JoX(s) ds  \where S(0) = 1.
' €T
0z = probability of survival up to = + ¢ conditional on survival up to z

— e fwm—{*t);(s) ds._;i{_,e— fé’ A(z+ S)ds.
Also, F(£) =1 — S(t) = 1 — e~ Jo*3)ds and () = SENL).
Recall that S(t) = e~ @Oy (O  where 3O = r.‘slﬁ, gield & 4 < rikfe yield

1
() — y* ()]t = /O X(s) ds.

AE‘SQ )\(’&) = Yk — T’C—L‘)) heve Tty = Yiskg th ot rale
’ ret) = viskfree chort v&te | s



summary of formulas (deterministic. hagard vole fun kion )

e Survival probability
| t
S(‘t) = Plr > t] = exp (— /0 Ms)ds) .

e Suppose we write P[t < 7 < t + At] =HOAtL, where fidis the
density function of the default time, we then have

= Ndexp (_ /0 t }Ué)d,s) = AYS(L),

e Probability of surviving until time ¢, given survival up to s <¥{,

Plr > t|T > s] = f:[[: i z]] = exp (4 /St/\l.u)du) :

e Default in (¢,t 4+ At], conditional on no default 'up to time s,

t _
Plt < 7 <t4 At|T > s] = MWexp (—/ Af.'&)du) At.
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Whet kappens when the ha 3«& rate (.‘nte.-.s:y)
Atis G, Yondom proces:?

It moy be de__laenden-t on the h:squ * a

muttd dimensic aol Brownicwm wmoetion wup to time <,

“k& o vector O‘F mé LYo - @Cohomie Ond f.'rm spfﬁ.fo'g

vovio bles,

« |

plt>«x] =€ [e&p ("L, As ‘!5)] '
Where the expedtetion (s token over all porsible
Pa.t.ks b‘F “He Brownlow wmotion,



L2t G denste the information set ov fiatrotion

Gssctiated ith the evenls on which the +vajectory

of A depeds up o tme €,

The Pfo'mlﬁl'o's , bosed on tnhsvmalion kknown at twme ¢ A

of Surviving ueSil time T, given Survival up o

Lme t , is e hllou:..j Conditione( Expechtion

plT>T \t>¢] = 6 [ vaﬁ'f:lx J:)IGJ.
t, for o fixed T, o obtaia e

IF we Vory
adopted to the fittration b

=T
Yondem process e ,



. of defomttuble discowt bond

et <
Money mavket aceust , Mq = exp ([0 R ag
N

I'h'-: Curvivel| 1ndicater Pm“ & 1{-:,.&}

E (£,T) = Line - £ pricR of T- matuih, defovnttuble
)
discoust bond (3ere recovery )
A
| J,
vhere E¢ dewotes L. a,:mwm | condtiona(

OonNn F-t. F.t-.':e"tUI{) T s 4he defoutt

Q;Stmy (‘I;S'l'cyy of i:).
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Consider  Ee([Iv] = E[Dc ] G UI-J‘
Shee  Fyg =z GeUIy © GrUIe , by tower papety,
ECfrIr] =60 EC B lGunllR]
Recatl P LT>TITo)= exp (- Audu)

So 4thot _ R .
E(Q‘Y'G-[UIQ‘]: I« zﬁf('t A..,J&).

Hence E ( '1\1 l F‘E] - &t Et [e"P (-'.C: Au 6&)]
Now BHT)=M, E [ _i_;_: | F-e] 2 Mtglcm(:{,& a..)]

= Y B[ exp (-[f (a4 2y 4]



Credit - visky Coupon Poying insbumest
An instnumert that pays Cowpon Ys on & contiawens
basis wtil Kime T.

time - L Value = M-eE-g[f Ys 1,45)

u‘“‘j e *tower law ogain
E{[St MSYSI-S‘B] E“?[I E[YS IS,G'TUI-;]“‘]

SN S NDLY

So thet time-K wolue

= ft e [ I: Ys “"l’(""‘:-é("""'\“J o) J‘]



Bn inttaument dhat peys in the eveat of defaut

B instrumes thot pays B¢ ot tme & i dehult ocan,

TF dcfoutk dets nwet occur OVEr C"JT], the P“"ﬁé

denckes Ha Cemppencoliion Fajma.:tf sk Mo Yondonn defzul e C,si‘v,y,?j

8- ;‘(a. Zt Lime T.

: I

Lime- £ volue = - Me E-t [rlt 'th
= . Mg Eo [EL%E; ' G-.'.UI{‘]

= ’i{M{: E« [Jf %? Ag ka(—!:;\“du) J:)

= £: Ex [I: 25 As exp(-ﬁ(l..-t \'u)&)“‘].

(ose 64 Cotinwous Coupom Stream..



Co 9?g£_a’t§,___ yisk

. l‘f’ A d,eﬁul.‘ts) no Payme,.—.:t witl b mede to bw\.cll\al&v&

" The :n‘tehs:‘&y process /\-@ bor A Avkes the fovm

A _ As
\ )\t""ltalt--\—a‘”%tg)ﬂt)
Lilee 1»? e Me (wvived Sndicatty proess v 8,

Lime—t volue of Abe visky bond issued by A

= j:_f‘ 1:_{__[ Oxp (__,L':" [+ 38 + 19 ﬁsjd:] |

"”D&ns'dy Sonkion Foy 4he defoutt twe of B, give~ ng&?&uf'&

wp to tme €, cnditpnel on Ctonvmic. ‘wlovmelion &TB,AfCQP(,(:A: ,\;

- _Fioo\ rg;“Lt 'ﬁhf ‘l’_a'?ng.-'t vaolue o-F s« Y&'@k‘y boad

¢ = 10 B [ e&p(’f& ds) S;)\i ?aq»(— [_‘; AEdu) exp (—f:aexa.-f; Tais ,Js]
- " .

d@fﬁf‘:‘j —FU#\,K;?A. ”-F‘rﬁ 10



Partial vecovery

: . € 4u
" T4 default oceurse, 4he valuz dvops te a foadion Qu,t defoutt
=7 EY swrt befwe T
B{(- - ‘ AT T') = Value Juns
B(:C} T) = RT- B(t ;T)) B )
s
Re Y@cwe,y rrac_au ; Manderm Gnd sdeapled o ‘dt. ame_
€Lonomi e inPormetion set thot dvives the m‘ten-hs
Value @f e bond

= Vot of  terinal Paﬁow{  he
in the evet et & defantt

defanlt

+ Gmount récovemble
1

%t- =Rt E*Lt ;l') | ) s
T& T) =i~: Et(e)‘f(_("’& +)\s)°!‘) +g Rs)‘.s E(s;f)&p("f_k(rwtwdu Js]
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Recall BY¥t) is the Velue of the vicky bemd assuming ho

default  has je.'t' occurred, So (% obltin Al ‘F&“b\ﬂ;f:j reécuraive, 43.,4-(:‘,,“
B = <
B*ct,'i') = B¢ [exp C‘* j:@ +hs) ds) -l—‘(':&,l\;g"‘cs,-() 2xp é’” [, (htA ) A.s]

Ve ol < B en(-[Jt o)

And  Sints ?(T;T} —:;g (.:“— Heo v o"(’ no A@Fﬁu&’ Pajo# S _untty)
Q..: = eyp C‘j:@s*l}\s) cls) '

Observe. ) . . .
S¢ = Ee ( exp (- fof@%&) ds) + Lc As Bs BTy @ (- (raan)en Jf)

So {hat | | \,
T = B [ST [T M )



=& [gTT + ;(: Asks S5 45 "J‘f As Py szcls] .

The last devn is %newm et tme %, 5o

7 ¥ [ Ask ST ds = e [T+ (At < ds)

Qa Mft;(\ja,‘e, mI
m-tT ond S are velated LB ‘b ’-anuu-ﬂr\:j ttochacic

| 87 4+ AcRs S¢ Ak = A
& d [ epf Ak 3] = el [ Mg e

c‘:‘F&f@t“Gl ?\&0‘9-\

We can deduce by integration Mot Lo ok valug oF T,

e procéss pr(j:‘ )\sRsAS) m: s & mxﬂajale. (“L"fj thg

mafingale PRy ¢ 5 s < B e [ (1T Ot o)),
The hazard vote is adjusted by +hé  loss froction (- Rs

Wwhen e C@wpbtt— bond Value i
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Interpretation of E[X I.ﬂ |

It is quite often that we would like to consider all condﬁmnal expectatmns of the form
E[X|B] where the event B runs through the algebra 7. Let B, j = 1,2,---,n,be
the atoms of the algebra F. We deﬁne the quantity E[X|F] by | '

E[X|F]= ZE[X]B g, S (2;2..4)_

j=1

We see that E[X|F] is actually a random variable that is measurable with respect
to the algebra F. In the above numerical example, we have i = {¢, {w1, w2},
{ws, wa}, $2}, and the atoms of F1 are 81 {wi, @2} and By = {w3, a)4}‘. Since we
have o | o
E[SQ)IS(D) = '3] =2.8 and E[SQ)|S(1) =5]=4.6,

so that | ’ -
| | E[SQ)|F1] = 2815, +4.61p,.



| | 82 0 Plwi) + S©2; w2) P(wy)
CE[SQ)S(1) = 3] = ‘ '
= | P(w1) + P(@2)

= (4x02+2%x03)/05=28;

82 w3 Pwn) + S wa) Plws)

CEISOOISO) =53] = — . _ : |
PRI =S = T ey T P
= (4x035+6x0.15)/0.5 =46.

- S@e)=4

S 0,0 )=3
\S(Z;cnz):Z

S(0;00) =4
S(2; 0. )=4

| S(l;m3,®4)=5<(»®3)

S(2; @,)=6

Fig. 2.5. The tree representation of an asset price process in a two-period securities model.
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Tower Property |
Since F [X |Flisa random variable, we may compute its expecta‘atwn We find ‘i:hat

E[EIX|F]) = Z‘ EIX|BIP(B) = Y ZX(w)(P[w}/P(B))P(B)

- BeF | - Be}"a)eB | | | ,
= Z ZX(m)P(w): Elx1. (22.5)
BeF weB | .

The above result can be generalized as follows. If F; C F»>, then
E[E[X|F21lF1] = E[X|F1]. (2.2.6)

If we condition first on the information up to , and later on the information Fy at
an earlier time, then it is the same as conditioning ongmally on JFi. This is called the
tower property of conditional expectations.



