Credit spread derivatives

e Options, forwards and swaps that are linked to credit spread.

Credit spread = vield of debt — risk-free or reference yield

e Investors gain protection from any degree of credit deterioration
resulting from ratings downgrade, poor earnings etc.

(This is unlike default swaps which provide protection against
" defaults and other clearly defined ‘credit events’.) |
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e target the future purchase of assets at favorable prices.

The holder of the put spread option has the right to sell the bond
at the strike spread (say, spread = 330 bps) when the spread moves
above the strike spread (corresponding to a drop of the bond price).

The investor intends to purchase the bond below current market
price (300 bps above US Treasur'y) in the next year and has targeted
a forward purchase price corresponding to a spread of 350 bps. She
sells for 20 bps a one-year credit spread put struck at 330 bps to
a counterparty who is currently holding the bond and would like to
protect the market price against spread above 330 bps. |

e spread < 330; investor earns the option premium

e spread > 330; investor acquires the bond at 350 bps
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and denitly of  defout time. T

].

as the survival probability from time ¢ until time T.i
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The process P(t,T)
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the density of the time of the first default as seen from ¢ is for T > t
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Payoff at Default |
In the case when the payoff takes piacé at default, th";e expectation to calcula'
L)::E}[e“fgfwﬁwl{T<T}].
Conditioning on the realization of A yields
De—g [ .y r(s)dsl{T<T} } _ E[ o [e'";'fOT r(s)dsl{T<T} I AJ]

Now note that the probability distribution of 7 (gi"{ren A) is

P[*TST]ml—-—P[T,\»T]:l—exp{--/OT)\(s)ds},‘

(t) exp{— J/ ds} | o

50 the density of 7 is
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Nithout independlnce asstmption, dlen one vefuires goink BYnmics:

Two-factor Gaussian model

dr(t) = [k(t) —ar]dt+ o(t)dZ(t)
d\(t) = [k(t) —a)]dt+3()dZ()
with dZ dZ = pdt. For default-free bonds, the discount bond price
IS
dB(t,T
GT) ey — 70 11— e *T=D] dz(t)
B(t,T) a :
Recall that

Bl T)=E {e_ftT r(s) dSl}“t:l — eﬁ(t,T)—r(t}ﬁ(t,T)
where \

B(t,T;a) = % [1 — e‘“(T_t)]

n 1 /T 5 (5 2 S
A, T: a,,k,or)“—"af 02(s)B(t, s a) ds—/t B(t, s: a)k(s) ds.
t



Recall
B(t,T)=E {e— Jr(s)+2(s)] dsj' — B, TYE. {e“ I AGs) ds]
o’ ) &T .
The dynamics of default intensity under the T-forward measure is

dA(t) = [k(t) — aX] dt + &(¢) dZ(t)
where |
k(t) = k(&) — po(t)o () B, T).

To price the defaultable claim of paying $1 at T if a default ha'p"pe-ns
at T,

e(t, T) = EJ\(T)e~ ftT[r(s)—l-)\(s)] ds} -

We use B(t,T) as the numeraire so that

e(t,T) = _B;(ta T)EBN(T)]
and the dynamics under the new measure .

Eas

dA@) = [k(®) — o()a(®)pB(t,T;a) — EQ(t)B({, T: @) —a(ON®)] dt
+ o(t) dZ5(t).



The evaluation of the expectation gives

— _ T —
e(t,T) = B(t,T) [A(t)e_a(T -4 /t e~ T =3)} () ds
where
K (t) = k@) — po(t)o(t) B, T;a) — 5 (t)B(t, T; @).
Default digital put with maturity T

Payoff of $1 at default, if default occurs before T'. Its price is

T T t t .
_ — [3A(s)ds — [or(s)ds
/0 e(0, 1) dt = /0 E [A(t)e 0 e Jo dt.

e
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The key term for the pricing of the credit spread forward is
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under the equivalent recovery model.



Credit spread options |

at trade date, option premium

investor ,|counterparty

Payout = notional x (final spread — strike spread)+

The terminal payoff is given by

Psp(r,s,T) = max(s — K, 0)

where r = riskless interest rate
s — credit spread

K = strike spread



Discrete. models

e Follows the HJM term structure approach that models the for-
ward rate process and forward spread process for riskless and
risky bonds.

e The model takes the observed term structures of riskfree forward
rates and credit spreads as input information.

e Find the risk neutral drifts of the stochastic processes such that
all discounted security prices are martingales.

Example Price a one-year put spread option on a two-year risky
zero-coupon bond struck at the strike spread K = 0.01.



Let the curkent observed term structure of riskless interest rates as
obtained from the spot rate curve for Treasury bonds be

,— 0.07
— {1 0.08 |
The riskless forward rate between year one and year two Is

1.082
1.07
The market one-year and two-year spot spreads are

__( 0.010
=\ 0012 )"
The two-year risky rate is 0.08 + 0.012 = 0.092. The current price
of a risky two-year zero coupon bond with face value $100 is

f12 = — 1 =~ 0.09.

B(0) = $100/(1.092)? = $83.86.



e The discrete stochastic process for the spread under the true
measure is assumed to take the form of a square-root process
where the volatility depends on /s(0)

s(At) = s(0) + k[0 — s(0)]AL + 04/s(0) AL
where k = 0.3,0 = 0.02 and o = 0.04, At = 1, 5(0) = 0.01.

e We need to add an adjustment term - in the drift term in order
to risk-adjust the stochastic forward spread process

s5(t) = s(0) + k[0 — s(0)]At + v £ o4/s(0) At.

The adjustment term « is determined by requiring the discounted
bond prices to be martingales.



e Let B(1) denote the price at t = 1 of the risky bond maturing
at +t = 2. The forward defaultable discount factor over year one

1
14 f1o0 +s(1)

and year two is

over the period.
__ ) v+ 0.017
s(1) = { v+ 0.009

so that B(1) = {4

where s(1) is the forward spread

( 100
1+ f1o+~+0.017

100
1+ f12+~+0.009°

with equal probabilities for assuming the high and low values.

We determine ~ such that the bond price is a martingale.

1 1

B(0) = 83.86 = X —
1+4+0.07+4+0.01 2

100 100
( + ) S

1.107 +~ 1.099+~«

RWL



The first term is the risky defaultable discount factor and the last
term is the expected value of B(1). We obtain v = 0.0012 so that

[ 0.0182
s(1) = { 0.0102 -

The current value of put spread option is

1

1.07
where L is the notional value of the put spread option. Note that

the default free discount factor 1/1.07 is used in the option value
calculation.

1
x [(0.0182 — 0.01) + (0.0102 — 0.01)]L = 0.00393L,



} @Orfﬂnwws mbéeﬂt_‘
Under the risk neutral measure @, the stochastic processes followed
by the short rate » and the short spread rate s are

dr = [¢() — ar] dt + o dZ;

ds = [0(t) — Bs] dt + o5 dZs,

where ¢(t) and 0(¢) are time dependent parameter functions, o and
B3 are mean reversion parameters, dZ, dZs = pdt. The sum r(t)+s(t)
is considered as the risky short rate.

e “No-arbitrage” refers to the determination of the time depen-
dent drift terms in the mean reversion stochastic processes of r
and s by fitting the current term structures of default free and
defaultable bond prices. This is a calibration procedure.

Eg _exp (-— /tTr(u) du”

-

|

B(t,T)

T
Eg |exp (_ft [r(u) + s(u)] du)] .

B(t,T)




B(r,t; T) admits solution of the form a(r, t; T)e ""4T)  The process
followed by B(t,T) is given by

dB
E — T'dt — O'B(t, T) dZ’I’

where

op(t,T) = 271 — e T-D)
(84

In terms of the forward measure Q1 where B(¢,T) is used as the
numeraire, the defaultable bond price is

— T
B(t,T) = B(t,T)Egr [exp (_ /t s(u) du” .

V() _ V(T)
B, T) @ {B(T,T)

In general, ] so that V(t) = B(t,T)EQT[V(T)].



The process followed by the credit spread s under QT is given by

ds = [0(t) — Bs + posop(t, T) dt + o5 dz!

where Z7T is the standard Wiener process under QT.

T
The stochastic quantity / s(u) du has
t

mean — EQT [/th(u,) duil — :S.%)[l _ e—ﬁ(TMt)]

T _ o B(T—w)
+ / [G(U)—I—pasdg(u,T)]l eﬁ du
t
variance =va (fT (u)d ot Br—u)|
= r . — _3s s —U

A



Hence,

B, Ty T
B(t.T) EQT[ (—/t s(u) du)}

|
®
X
o

T 1 _ ¢ B(T—u)
-/ [e(u)+pasoB<u,T>1 —— du

d —B(T—u)y2
T D

wee of Hs fvmula -
2
process with, drift M and yadtanc 6,
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k)= €7 2o

E[ Y(_.t) l Y(o)-::: Z.Q] = %o 2%p (-"“)*'(: *‘”%t—) ‘



By solving the integral equation

2 - > B
o2 oty o0 [ BGT)| 0% | BT)
o) = Spll—e 1= P71 [m B.T)| or2| B(,T)
_ e—a(T—1) 1 _ e B(T—1)
+ posor Loe o ‘I‘e_a(T_t) - 3

Trick to solve for 0(T)

Differentiate the integral involving 6(u) with respect to T and sub-

T -
tract those terms involving / H(u)e'ﬂ(T_“) du so as to obtain an
L

T
explicit expression for / 0 (u) du.
t



Pricing of the credit spread option

psp(r, s,t) = B(t, T)EQT[maX(s — K, 0)].

Note the presence of the mean reversion term —g3s in the drift term.

Define
£t) = e PTDs(1)

so that
dé = [0(t) + posop(t, T)]'e—”ﬁ(T_t) dt + o5 BT g7

Now, & is normally distributed with mean pe and ag, where

— -~-B(T—t) PIsOr
s(t)e + ot 7 5

pe [ |

and

2 _ 9sy1q4  _28(T—-1)
Spread option value K
psp(fr’ 3, t) — B(T‘, t) I:;i‘é_re*(f(mﬂe) /207 + (#& . K)N (H’fo_é ):1 '
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Change of Measure from ¢ to Or

We would like to illustrate how to effect the change of measure from the risk neu-

tral measure Q to the T-forward measure Q7. Let the dynamics of the T-maturity
discount bond price under O be governed by '

dB@,T)
BT = r(t) dt op(t, TYdZ(1), (8.1.4)

where Z(¢) is Q-Browman By integrating the above equation and observing M@

M) —
fo r(u) du, we obtain

B, T)  B(O,T) ! '. 1 [ )
M@ MO e%p(_ﬁ GB(“’T)dZ(”)_’iL ol D) d")'

The Radon—Nikodym derivative d%T conditional on Fr is found to be [see (3.2.4)]

dor BT, T) [M(T)
dQ  BO,T)/ M(©

T ' T
- exp(—jf oplu, TYdZ(u) — —;—f op(u, T)? du). (8.1.5)
‘ 0 o 0

For a fixed T, we define the process

do
& ""EQ[iig

f] ' (8.1.6)

——

A



and since M(0) = 1 and B(0, T) is known-at time ¢, we obtain

;1 B(r,T)| .1 BGET)
% = B, T)EQ[ M(T) f’} = BO, T)M(®

¥4 t .
:exp('—f opu, TYdZu) — %f JB(u,T)zdu). (8.1.7)
0 ' 0

By virtue of the Girsanov Theorem and observing the result in (8.1.7), we deduce
that the process |

ANG) =Z(®+ f t og(u, T)du

(8.1.8)
0
is Qr-Brownian.

As an example, consider the Vasicek model where the short rate is modeled by
dr(t) =aly —r(O1dt + pdZ(0),

where Z(t) is Q-Brownian. The corresponding volatility function op(¢, T) of the
discount bond price process is known to be

oplt, T) = g[l T DY,



Fiiting Term Structures of Bond Prices

We consider a special form of the Hull-White model, where ¢ (¢) in the drift term
is the only time dependent function in the model. Under the risk neutral measure 0,
the short rate is assumed to follow '

dre = [¢(t) — ar dt + o dZ,, (7.2.36)

where o and o are constant parameters. The model possesses the mean reversion
property and exhibits nice analytic tractability. We illustrate the analytic procedure
for the determination of ¢ (¢) usmg the information of the current term structure of
bond prices.
The governing equation for the bond price B(r, t; T) is’ g1ven by

9B  o2d’B dB

—+ = t) —ar]— —rB = 0. 7.2.37

5z T3 57 +[¢() ar] r ( )
The bond price function assumes the affine form shown in (7.2.14). Solving the pair
of ordinary differential equations for a(z, T') and b(¢, T), we obtain

bt T) = — [1 _ e—“(T*’)} - (7.2.382)
(44

: 0.2 T T
a(t, T):-E f b (u, T) du — f d)b(u, T) du. (7.2.38b)
t t

i

@m\.,



Our goal is to determine ¢(7T) 1n terms of the current term structure of bond
prices B(r, t; T). From (7.2. 38b) and applying the relation

InB(r, t;T)+rb@, T) =a(, 1),

we have
T o T ,
f o @)b(u, T) du = — f b, T) du —W B(r,; TY —rb(t, T). (1.2.39)

To solve for ¢ (&), the first step is to obtain an exp11c1t expressmn for ft ¢ (u) du.
This can be achieved by differentiating ft G u)b(u, T) du with respect to T and

subtracting the terms involving ft dwye = ”) du. The derivative of the left-hand
side of (7.2.39) with respect to T gives

[ )b, T) du = $()b(u, T)

—i—[ qb(u)—-—b(u T) du
U= T

= [ qb(u)e"“(T_”_‘) du. (7.2.40)
t .

Next, we equate the derivatives on both sides to obtain

T L2 T | |
f dw)e T dy = — j [ — e~ T-W1e=aT=9 gy
t a Jp |

d ' ,
~ 57 mnB(r,i;T) — re 1, (7.2.41)

L



We multiply (7.2.39) by « and add it to (7.2:41) to obtain

T o2 T S
f ¢ () du = —f [1—e T du—r
: 20 t
5 |
o InB(@, t;T) —olnB(r,t; T).

Finally, by differentiating the above equation with respect to 7" again, we obtain
¢ (T) in terms of the current term structure of bond prices B(r, t; T') as follows:
| 2 Y

o} . d
T)=—[1—e "D - — BT
$(1) = >-[1—c 1= oo B 1:T)

d
— a'—g»? In B(r, t; 7). (7.2.423a)

. Alternatively, one may express ¢ (7') in terms of the current term structure of forward
© rates F (¢, T). Recall that — 2> In B(r, ; T) = F(¢, T) so that we may rewrite ¢(T")
in the form -

2

0 iy, O po
$(T)=—[1—e 14 =P, 1) +af(t,T). (7.2.421))
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