Advanced Topics in Derivative Pricing Models

Topic 1 - Financial derivatives with embedded barrier features

1.1 Product nature of barrier options

e Accumulators

1.2 Partial differential equation approach and method of images

e Single-asset models

e Extension to multistate models

1.3 Probabilistic approach

e Density functions of restricted Brownian motions
e First passage time density functions
e [ wo-sided barriers

1.4 Approximation of probabilities of hitting time dependent barriers

e Brownian bridge technique



1.5 Barrier derivatives under stochastic interest rates

e Fortet method

e Applications to defaultable bonds

1.6 Occupation time derivatives

e Proportional step options
e [ransition density functions with killing rate

e Delayed barrier options and simple step options

1.7 Discretely monitored barrier options

e Continuity correction formulas
e Double-exponential fast Gauss transform algorithm

e Merton’'s jump diffusion model



1.1 Product nature of barrier options

A barrier option is either nullified, activated or exercised when the
underlying asset price breaches a barrier during the life of the option.

1. An out-barrier option (or knock-out option) is one where the
option is nullified prior to expiration if the underlying asset price
touches the barrier. The holder of the option may be compen-
sated by a rebate payment for the cancellation of the option. An
in-barrier option (or knock-in option) is one where the option
only comes in existence if the asset price crosses the in-barrier.
The holder has paid the option premium up-front since there
can be potential positive payoff with zero chance of negative
payoff.

2. When the barrier is upstream with respect to the asset price,
the barrier option is called an up-option; otherwise, it is called
a down-option.



One can identify eight types of European barrier options, such as
down-and-out calls, up-and-out calls, down-and-in puts, down-and-

out puts, etc.
up in call
down out put

How do both buyer and writer benefit from the up-and-out call?

e With an appropriate rebate paid upon breaching the upside bar-
rier, this type of barrier options provide the upside exposure for
option buyer but at a lower cost.

e [ he option writer is not exposed to unlimited liabilities when the
asset price rises significantly since the liability amount is capped
at the payoff of the call at the upstream barrier.



Barrier options are attractive since they give investors more flexibility

to express their view on the asset price movement in the option
contract design.

In general, embedded barrier feature in a derivative refers to the
trigger of certain event (say, knock-out with rebate, accumulation

of coupons, doubling of purchase, etc.) upon breaching of a barrier
level.

Discontinuity at the barrier (circuit breaker effect upon knock-out)

e Pitched battles often erupt around popular knock-out barriers in
currency barrier options and these add much unwanted volatility
to the markets.

e George Soros once said “knock-out options relate to ordinary
options the way crack relates to cocaine.”



Accumulators

e Entails the investor entering into a commitment to purchase a
fixed number of shares per day at a pre-agreed price (the “Ac-
cumulator Price” ). This Price is set (typically 10-20%) below
the market price of the shares at initiation. This is portrayed as
the “discount” to the market price of the shares.

Example

Citic Pacific entered into an Australian dollar accumulator as hedges
“with a view to minimizing the currency exposure of the company’s
iron ore mining project in Australia’”. The company benefits from
strengthening in the A$ above the exchange rate of A$1 = US$0.87.



Example of an accumulator on China Life Insurance Company

e Stock Price Movement of China Life Insurance Company Lim-
ited (June 12, 2009 - July 13, 2009)
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Decomposition of an accumulator under immediate settlement

Under the assumption of continuous monitoring of the upper knock-
out barrier and immediate settlement of the accumulated stock, one
can decompose an accumulator into a portfolio of up-and-out barrier
call and put options. Let K = strike price and H = upper knock-out
level, the payoff on the observation date ¢; is given by

(

0 if maxOSTSti Sr>H
< Stz’ — K if MaXo<r<t, Sr < H and Sti > K
\Q(Sti — K) if MaXo<r<t, S; < H and Sti < K,

where maXg<i<¢. S+ signifies continuous monitoring of barrier.
0<t<t;

e When 5y, > K, the t;-maturity put option is out-of-the-money
and the t;-maturity call option has the payoff S, — K.

e When Stz. < K, the call option is out-of-the-money and the put
option becomes in-the-money with payoff K — S;.. The two
put options are in short position, the payoff is —2(K — S;,) =
2(St, — K).



Pricing formulas

n = total number of observation dates
cuo = up-and-out barrier call option
puo = Uup-and-out barrier put option

Fair value of an accumulator (continuous monitoring approxima-

e For the t;-maturity call option, the payoff remains the same,
independent of whether the knock-out event occurs on t; or
otherwise. This is an uncommon type of up-and-out call, where
the call payoff is adopted as the rebate upon knock-out.



Delayed settlement

e [0 take care of the delayed delivery of the stocks, the present
value of the purchase cost of each unit of stock on date t¢; has
to be adjusted by the time value of the strike price K paid on
the delivery date (several business days after the ending date
of the corresponding accumulation period). How to modify the
formula?

e More precisely, the underlying asset of the t;-maturity knock-
out option should be the forward contract with delivery price
K and maturity date T; (7T; is a few business days after t;),

1 =1,2,...,n.
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1.2 Partial differential equation approach and method of im-
ages

Pricing formulation of a European single-asset down-and-out
call (continuous monitoring of barrier)

dc o7 232 dc
— = S > B and 7 € (0,71,
or — 27 952 T 53 m & (0.7]
subject to
knock-out condition: c(B,7) = R(7)
terminal payoff: c(S,0) = max(S — X,0),

Here, B is a down-barrier and R(7) is the time-dependent rebate.
Normally, B is set to be less than X; otherwise, the barrier is
breached even when it is in-the-money. The rebate is set so as
to avoid jump discontinuity in the payoff structure.
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After applying the transformation of variable: y = In S, the barrier
becomes the vertical line y = In B in the (y, 7)-plane. The governing
equation becomes

= r—-—|———rc,

or 2 9y2 2 | 9y
defined in the semi-infinite domain: y > InB and 7 € (0,T].

oc o2 92c ( 02> oc

The boundary condition and initial condition, respectively, become

c(inB,7) = R(7) and ¢(y,0) = max(ey — X,0).

Since the down-and-out barrier call option becomes a forward con-
tract at S — oo, the far field boundary condition is

im c¢(S, 7)) =85 —Xe "".
S—00
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Recall that the density function

1 (z — ut)?
u(x,t) = exp | —
( ) oV 27t P ( Dot )
satisfies
ou o2 2 ou

= 5o Mo with  u(z,07) = 6(2).

Green function

2
Setting u = r—%, the Green function in the infinite domain: —oo <

y < oo IS given by

—TrT _ a2
Go(y,7:8) = Gf/% exp (—(y +2i27 £) ) :

where Go(y, 7; &) satisfies the initial condition:

Iim+Go(y,T; §) =46(y —&).

7—0
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Method of images

Assuming that the Green function in the semi-infinite domain takes
the form

G(y,m,&) = Go(y, 7, §) — H()Go(y, 1), y>InkB,

we are required to determine H(£) and n (in terms of £) such that
the zero Dirichlet boundary condition G(In B, 7; &) = O is satisfied.

Note that both Gg(y, ;&) and H(§)Go(y, 7;n) satisfy the differential
equation. Also, provided that n € (In B, >), then

lim Ggo(y,7;n7) =0 for all y > In B.
T—0
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By imposing the boundary condition at y = In B, one observes

CoinB.710) _ g (6= 25 4 1) = ()
Go(InB,T;n) 2021 .

H(E) =

The assumed form of G(y, ;&) is feasible only if the right hand side
becomes a function of £ only. This can be achieved by the judicious

choice of
n=2InB —¢,
so that
H(&) = exp (256~ InB)).
o
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e [ his method works only if M/OQ iIS a constant, independent of
7. In other words, the method fails when the model parameters
are time dependent.

e The parameter n lies outside (In B,c0). Actually, it can be vi-
sualized as the mirror image of & with respect to the barrier
y = In B. In engineering perspective, an image sink of magni-
tude H(&) is placed at the image point n = 21In B — £ so that the
combination of the source of unit strength at £ and image sink
of strength H(£) at n give zero value at the barrier y = In B.
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mirror

image 0 object
n=2InB-¢& a

X
¥

y=InB

Pictorial representation of the method of images. The mirror is
placed along y = In B.
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Once n and H(&) are determined, we have

H(§)Go(y, m:m) o ,
e exp<_[y—|—m—(2|n3—£)] )

2
- eXD (?(5 B ln B)) oV 27'('7' 20’27'
_ (B\2#/o* T [(y — &) + pr — 2(y — In B))]?
B (E) O\ 27T =P <_ 202+ ) .

In the last expression, the scalar multiple of the Gaussian term is
now independent of £ so that integration with respect to £ can be
performed more effectively.

The Green function in the specified semi-infinite domain: InB <y <
oo becomes

€

T (u—pr)?\ (B (u—28— pr)?
G » T — ex — — (—> eX — ,
(Y, 73 8) 0\/27r7'{ p( 202t ) S P 202t
B 2 2
where u =¢ —yand B =InB—y=1In—. Also, A\ = B = r—1=
S o2 o2

2
§ — 1 with 5:—;
(o)
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Zero-rebate case

We consider the down-and-out barrier call option with zero rebate,
where R(r) = 0, and let K = max(B,X), so ¢¢ — X > 0 when
£ € (InK,). The price of the zero-rebate European down-and-out
call can be expressed as

0@

cao(ys ™) = /mBmax«ef — X,0)G(y, 7; ) de

N -
= [ (= X)G(y, i) de

B e~ 1T 0O . (u _ /“_)2
o2 nK/S(Se - %) [exp <_ 2021 )
B\ 2K/0° (u— 28 — ur)?
- (§> P (‘ 2027 ) e

InB<y<oo, 7>0.
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The direct evaluation of the integral gives

0+1
s,y = 5N - (5)7 N

e e - (2)' )]

where
|n%+<r+%2>7
d = d2=d1—a\/7_'
1 O‘ﬁ ) )
2" B > B >
ds = di+ In— dg = do + n=, &6=2_

oT S’ o7 S o2
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Suppose we define the modified European call price formula
cp(S, 7, X,B) = SN(d1) — Xe ""N(d2),
then ¢4,(S, T; X, B) can be expressed in the following succinct form

B\0—1 B2
CdO(S,T; X, B) — EE(S,T, X, B) — (E) EE (?77_; X, B) .

B 0—1 BQ
One can show by direct calculation that the function (g) CE (?’ 7’)

satisfies the Black-Scholes equation identically. Also, we observe

BQ
Cr (F’O+> =0, InB<S< .

The above form allows us to observe readily the satisfaction of the
boundary condition: c¢y,(B,7) = 0, and the terminal payoff condi-
tion.
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Remarks

1. Closed form analytic price formulas for barrier options with ex-
ponential time dependent barrier, B(t) = Be™ 77, can also be
derived. However, when the barrier level has an arbitrary time
dependence, the search for an analytic price formula for the
barrier option fails.

2. Closed form price formulas for barrier options can also be ob-
tained for other types of diffusion process followed by the un-
derlying asset price. The types of processes include the square
root constant elasticity of variance process (volatility is a power
function of the stock price) and the double exponential jump
diffusion process (to be discussed in Sec. 1.7).

3. The monitoring period for breaching of the barrier may be Iim-
ited to only part of the life of the option. The pricing of this
type of partial barrier option as a compound option is outlined
in Problem 4 in Homework One.
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4. Since the nullification of the out-option is compensated by the
activation of the in-option counterpart, it is obvious that
cqi(S, 7, X, B) + cqo(S, 7, X, B) = cg(S, 1, X),

valid for either B < X or B > X. Assuming B < X, so that
K = max(B, X) = X, the price of a down-and-in call option can
be deduced to take the following simple form:

B 0—1 B2
Cdi(S,T; X, B) = (g) Cp <?,T; X> .

5. With a rebate B(7) paid upon knock-out at S = B, the value of
the rebate provision is given by

i+ (5 )]

exp | —

g 202u
T _ru lnF R( ) d
0 y V21O u3/2 oA

where u is the time lapsed from the current time (see Problem
3 in Homework One for the mathematical derivation using the
pde approach).
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Multistate models

Assume that there are m underlying risky assets, and let S; denote
the price process of asset 7, : = 1,2,...,m. Let I denote an external
pbarrier variable that determines whether the option is nullified or
activated when I hits some prescribed threshold level B. Write
n=m-+ 1. The terminal payoff function may not involve I.

Under a risk neutral measure @, the dynamics of S;, : = 1,2,...,m,
and I are governed by

dS;

?Z =(r—gq)dt+o;dz;, i=1,2,..,m,
i

dl

Let p;; deonte the correlation coefficient between dZ; and dZ;, i,j =
1,2,...,n.

We apply the following transformation of variables:

1 , 1 1
x;, =—InS;, +=1,2,...m; xp=—In—.
o) on B
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Let V = V(x1,20o,...,2n) denote the price function of a down-and-
out option on these m underlying assets and the external barrier
The governing partial differential equation for V with a

variable.
downstream barrier is given by
ov. 1. & 02V no9V
9 o pra 8-+Z“28 rV,
T i=1j=1 Lidxj =1 i
—oco<x; <00, 1 =1,2,....m; 0 <xp, <oo0, 7>0,
T
where p, = — 272 ;=12 .. .n
o;

Two-step procedure to find the Green function of the governing

equation:

1. Find the Green function for the infinite domain.

2. Use the method of images to find the Green function for the
semi-infinite domain.
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Green function for the infinite domain

We would like to derive the Green function of the following n-
dimensional equation defined in the infinite domain:
ov 1 n o2V . oV

n
- = . . —I— : —’r’v’ —Oo<x<oo’ 7::1,2,...777/.
ot 2 z; jgl Pis (9.%7;(9:13 j z; Hi 8:1%' ’

Let y; = x; +u;7, t=1,2,...,n and ¢ = "7V, then ¢ is governed by
0p 1 & 929

1=17=1
0
/%\
—l<a 9 i)RE(p —co<y; <00, 1=1,2,...,n
2 ayl 8y2 ayn - Y y'l, Y Y )2 *°* *
0
\3yn)

Here, R is the symmetric and semi-positive definite covariance ma-
trix whose entries are R;; = p;;, 4,5 = 1,2,...,n. We rule out the
unlikely case where R is singular. As a consequence, R becomes
positive definite and all its eigenvalues are strictly positive.
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Since R is symmetric and positive definite, there exists an orthonor-
mal matrix Q such that Q1Q = QQY =TI and

QTRQ = A,

where the columns of ) are the normalized eigenvectors of R and A
is a diagonal matrix whose entries are the (positive) eigenvalues of
R. Let A—1/2 denote the inverse of the positive square root of the
diagonal matrix A. Note that R = QAQ! so that R~ = QA—1QT.

We apply the following linear transformation of variables:

z=(z1 2z - ) =AY2QT(w yo - yn)T
=N"12QTy,
so that
T T
o 00N _ apg(o o o)\
oy1 Oyo Oyn 0z1 0z Ozn
We then obtain
00 _ 1. 0%
oT 22.:18,2@2
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The fundamental solution to the above n-dimensional prototype
equation in the infinite domain is given by

1 exp _z%—l—z%—l—...—l—zg
(271'7')”/2 2T ’

¢(Z17 Ry eeny 2Ny 7-) —

—o <z <o, 1=12,...,n.

Note that 21z = yTQA~1QYy = yI' R—ly, and the Jacobian of the

transformation is det(A—1/2QT) = \/déTR'

The fundamental solution ¢(y1,y>,...,yn,7) in the infinite domain
can be expressed as

1 1 yl' R 1y
s YDy ey Yn, T ) = eXp | — ,

—oco < yY; <oo, t=1,2,...,n.
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Multistate Green function in the semi-infinite domain

Corresponding to the homogeneous boundary condition at z,, = O,
we seek the Green function in the semi-infinite domain represented

by the form:
e "7 1

Gly,m.8) = (277)"/2\/det R

[exp (—%(y - O'R 1 (y - £)>

1 _
~H©®ew (— y-mTR y-m)|
where n is to be determined so that the homogeneous condition at
xn = 0 is satisfied.
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Extended method of images to multistate Green function

Observe that in general the following quantity

exp (—5-(y — TR 1(y - ©))

exp (—=(y — TRy —m)|, _,

is a function of & and 7. We would like to examine whether an

appropriate choice of n can be found such that F' is a function of
& only. If otherwise, the Green function does not admit the above

analytic representation.
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We consider

- 21_7 Y-&O"R N y-&—-@y-m"R y—mn)
o (GL S
—2[y1ef RN E—m) + ... +yn_1en 1R (E—n) +ynen RHE -]},

and observe that at x;, = 0, y, = un7 SO that the last term becomes
unel R=1(&€ —n), which is independent of r.

In order to make F' to be independent of r, we choose ny1,no,...,7n
such that
¢'RT¢=n"R'n
Tr—1 _ .
e; R (—mn)=0, i=1,2..,n—1.
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T he solution to the above algebraic system of equations is found to
be

n =& — 260 Rey,.

To verify the claim, we observe that
el R —n) =2¢elR"1Ren =0, i=1,2,...,n—1,
and

"7TR_1”7 — (é: — 2€nR€n)TR_1(£ — Q‘SnRen)
=¢TR™1¢ — 4cnel e + ac2el Re, = ¢TR71¢.
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The corresponding value for H(¢) is found to be

H(&) = exp (unep R™H(E —n)) = exp(2pnén).

As a result, the semi-infinite Green function can be expressed as

G(y,7; &)
- (27ew)”/2 \/dltR [exp (—2—17(;:4 SO Ry - 6))

1
— expP(2unén) exp <—2_7_(y + 2¢nRen — g)TR_l(y + 2¢nRen — S)) ] :

The semi-infinite Green function takes the same form, independent
of the external barrier variable being upstream or downstream.
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Alternative representation

Observe that y — & =x 4+ ur — € = x — (£ — pur) so that the drift
p applied to x has to be swapped in sign when the drift is applied
to £&. By virtue of the symmetry property of the Green function,
an alternative representation of the semi-infinite Green function is
given by

G(y,:8)
B (2:;7)"/2 \/dltR [exp <_%(y —O RNy - Q)

— exp(—2unxn) exp <—2—1T(y — 2z Repn — £)TR_1(y — 2znRen — 5)) ]

This form is preferred since the option price formulas are derived
pbased on the spatial integration with respect to the dummy vari-

ables: &1,&o,...,&n.
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Two-state option model

We consider the valuation of a European out-option on one under-
lying risky asset and with single external barrier variable.

e Let 0 denote a binary variable which equals 1 or —1, depending
on whether the barrier is downstream or upstream, respectively.
The interval of definition for & is (0,00) or (—oco,0) correspond-
ing to 8 =1 or —1, respectively.

e Let n be a binary variable which equals 1 or —1, corresponding
to the option being a call or a put, respectively. The terminal
payoff is given by

max(n(Sy,r — X),0)),

where X is the strike price and SLT IS the asset price at maturity
T.
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T he price of a European out-option with an external barrier is given
by

V(51,1,7)
= nS1e N7 |Np(ndy, —061; n0p12) — e~ 22120072 Ny (ndy , —08); np12)|
—nXe T [Na(nda, —082; n0p12) — e~ 272 Np (nd, —08h; nfp12)| ,

where

- Ini—l— 101T . - - 2 T ~ 2 x
B=—X"" 4 =t orv/rdy = di - P22 3, = g, - P22
o1/ T VT VT
5 — ~ @2+ (p2 + p1201)T 5, — | T2 p2T g — a4 2x2 A 2%
JT ’ N JT2 JT
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1.3 Probabilistic approach: density functions of restricted
Brownian motions and first passage time density functions

Realized extremum value of the asset price process

The realized maximum and minimum value of the asset price process
from time zero to time t (under continuous monitoring) are defined

by

t .
ma = min S
0 o<u<t "
Mt = max S
0 0<u<t W

respectively. The terminal payoffs of the various types of barrier
options can be expressed in terms of mg and MOT. For example,
consider the down-and-out call and up-and-out put with barrier B
(downstream or upstream), their respective terminal payoff can be
expressed as

Cao(ST,T; X, B) = max(St — X, O)l{mg>B}
Puo(ST, T X, B) = max(X — STaO)]-{MOT<B}'
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First passage time

Suppose B is the down-barrier, we define 7 to be the stopping time
at which the underlying asset price crosses the barrier and enters
into the down-region (stopping event) for the first time:

g = inf{t|St < B}, Sp=25.

Assume S > B and asset price path continuity, we may express 7
(commonly called the first passage time) as

TR = iﬂf{t|St = B}
In a similar manner, if B is the up-barrier and S < B, we have

5 = inf{t|S; > B} = inf{t|S; = B}.

e A random variable 7: Q2 — [0,00) is called a F;-stopping time if
{r <t} € F for all t € [0,00). That is, it is possible to decide
whether {r <t} has occurred on the basis of knowledge of F;.
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Expectation representation of a European down-and-out call

Assuming S > B, it is easily seen that {rg > T} and {mg > B} are
equivalent events if B is a down-barrier. By virtue of the risk neutral
valuation principle, the price of a down-and-out call at time zero is
given by

cdo(S,0; X, B) = e "TEg[max(Sy — X,0)1 (mT>p}]
e_TTEQ[(ST — X) 1{ST>X} 1{TB>T}] .

The determination of the price function ¢4,(S,0; X, B) requires the
determination of the joint density function of S and mg.
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Reflection principle

Let Wto (W}") denote the Brownian motion that starts at zero, with
constant volatility o and zero drift rate (constant drift rate u). We
would like to find P[m{ < m, W, > z], where z > m and m < 0.

Zero-drift Brownian motion W2

Given that the minimum value mg falls below m, then there exists
some time instant £,0 < & < T, such that £ is the first time that
Wgo equals m. Here, £ is seen to be the first passage time to the
down-barrier m. As Brownian paths are continuous, there exist some
times during which W2 < m. In other words, W2 decreases at least
below m and then increases at least up to level = (higher than or
equal to m) at time T.
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Pictorial representation of the reflection principle of the Brownian
motion WP. The dotted path after the stopping time ¢ is the mirror
reflection of the Brownian path at the level m. Suppose WTO ends
up at a value higher than z, then the reflected path Wg at time T
has a value lower than 2m — x.

41



Suppose we define the random process

— 0 WP for t < &
Wt — 0
2m — W, for £ <t < T,
that is, W2 is the mirror reflection of W2 at the level m within the
time interval between & and T..

e Note that WtO is F-Brownian and the first passage time ¢ is
a JFi-stopping time. The strong Markov property of a Brown-
ilan motion states that for each stopping time &, the increment
W&_u— Wép, u > 0, is a Brownian motion that is independent of
the path history from time zero up to &.

e Though the stopping time ¢ depends on the path history {Wp :
0 <t <&}, it will not affect the Brownian motion at later times.
The reflection of the Brownian path dictates that

Wy, — W =-(W2i, —We), u>0.
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e By the strong Markov property of Brownian motions, the two
Brownian increments have the same distribution, and the dis-
tribution has zero mean and variance o2u. In other words, for
every Brownian path that starts at O, travels at least m units
(downward, m < 0) before T and later travels at least x — m
units (upward, x > m), there is an equally likely path that starts
at 0, travels m units (downward, m < 0) some time before T
and travels at least m — x units (further downward, m < x).

e Hence, {WQ > z} n {m < m} is equivalent to {W2 < 2m — z}.
Equivalently, we claim that the two events {W2 > z}n{m{ < m}
and {2m — W > z} are equal in probability. We then have

P[2m — WTO > x]

P[WP < 2m —z] since W has zero drift

2m — x .
= N( ), m < min(xz,0).

P[W}) > m,m% < mj

oV'T
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Non-zero drift Brownian motion W}'

We apply the Girsanov Theorem to effect the change of measure
for finding the above joint distribution when the Brownian motion
has non-zero drift.

Suppose under the measure Q, W} is a Brownian motion with vari-
ance rate o2 and drift rate u. We change the measure from Q to
Q such that W} becomes a Brownian motion with variance rate o2
and zero drift under @ As an illustration, we consider

WN 2T
., B R mwWor
PWp <y] = EQ[]'{W%LQJ}] e [1{W$<y} =P ( o2 202)]
22 pz ulT
— /y 1 6_202T€526_502 dz
~00 V27102T

_ (z—uT)? _
/y 1 e 20°T dz= N <y ,uT> :
—00 V2mwa2T U\/T
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Wk 2T
e Note that the Radon-Nikodym derivative: exp (“ r_H ) is

o2 202
appended in transforming from @ to ). Also, the density func-
tion of WX under O is given by O[WE € do] = —+_ ¢=#2/20°T g,

T T V2na?T

e When the p-drift Brownian motion Wfﬁ does not go beyond vy,
the zero-drift Brownian motion W2 does not go beyond y — uT.
y — ,UT)
oVT )

This intuition gives P[Wh < y] = N (

e In order that we can apply the reflection principle that is ap-
plicable under the zero-drift case, we perform all expectation
calculations under Q whereby W}' becomes a zero-drift Brown-
lan motion.
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Recall that the two events {WR > z}n{m{ < m} and {2m—-W2 > z}
are equal in distribution. We transform from @ to CNQ by appending
2
u<T

exp (%(Qm —W§) — F) under which 2m— W/ becomes zero-drift

Brownian motion. AIsoO, Wff iIs a Brownian motion with zero-drift
under Q. For m < min{z, 0}, we then have

P[W’TL > :c,mg < m]j

2
_ H N
2um

2
_ Hoon BT
— =} 02 Eé ll{W#<2m—£B} eXp <—§WT — 202>]

2um  r2m—x 1 2 2T
_ oo (15T
—00 275 2T 20T o 20
2um  r2m—x 1 T)2
— e o2 exp(—(z_l_g ) )dz
— 00 vV 27TO'2T 20' T
2pm <2m —x 4+ ,LLT>

—e o2 N
ovT
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Consider the restricted Brownian motion W/}' that has a downstream
barrier m over the period [0,T] so that m} > m. Given that W}
does not breach the barrier m, we would like to derive the joint
distribution

P[lef>a:,mg>m], and m < min(z,0).

By applying the law of total probabilities, we obtain

P[lef > x,mg > mj]
= P[Wh > z] — P[Wh > z,m} < m]
N —x 4+ uT —62:—2mN 2m — x + pT
ovT oVT

) , m < min(x,0). (A)

By setting m = =z, and since W/, > m is implicitly implied from
mg > m, we obtain the following distribution function for mg:

—m—l—,uT> —ech—QmN <m—|—,uT>
oVT ovT |

P[m§>m]=N<
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Extension to upstream barrier

Consider the restricted Brownian motion W/} that has an upstream
barrier M over the period [0,7] so that MJ < M, the joint distri-
bution function of W{ﬁ and MOT can be deduced using the following
relation between M4 and m}:
Mg = OQ%XT(JZt + pt) = — OgignT(—aZt — ut),

where Z; is the standard Brownian motion. Since —Z; has the same
distribution as Z;, the distribution of the maximum value of W/' is
the same as that of the negative of the minimum value of W, *.
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By swapping —u for u, —M for m and —y for x, we obtain

P[-WE > —y, —M3 < —M]
= P[W/ <y, M§ > M]
262534]\[ y—2M — uT

ovT

In a similar manner, we obtain

) , M > max(y,0).

PIWE <y, M§ < M]
= P[Wh <y] - PWE <y, M§ > M]
N (y — “T> N (y —2M ~ “T> . M >max(y,0). (B)
ovT ovVT
Lastly, by setting y = M, we obtain the following distribution func-
tion for MJ:

PME < M] =N (M_“T> 2 <—M+“T>.

—ed? N
o/T o T
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Density function of a restricted Brownian motion with one-
sided downstream barrier

We define fyoun(x, m,T) to be the density function of Wi with the
downstream barrier m, where m < min(xz,0), that is,

fdown(xamaT) dxr = P[Wf}b S daf,mg > m]

By differentiating eq. (A) with respect to x and swapping the sign,
we obtain

fdown(aja m, T)

1 x — puT 2umfx —2m — uT 1
o/T n o/ T —ceon o T {m<min(z,0)}"
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Extension to upstream barrier

Similarly, we define fup(z, M,T) to be the density function of W
with the upstream barrier M, where M > max(y,0). By differenti-
ating eq. (B) with respect to y, we obtain

PIWE € dy, Mg < M]
— fup(yaMaT) dy
1 y — uT 2wy —2M — uT 1
AT "\ ovT "\ovr )| Wm0y
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Transition density function of a restricted Geometric Brownian
motion with downstream barrier

Suppose the asset price S; follows the Geometric Brownian motion

S
under the risk neutral measure such that Ingt = W}, where S is
2
the asset price at time zero and the drift rate p = r — %. Let

Ww(St; S, B) denote the transition density of the asset price Sp at
time T given the asset price S at time zero and conditional on
St > B for 0<t<7T. Here, B is the downstream barrier. From the
density function fyown(x,m,T), we deduce that ¢ (Sp; S, B) is given
by

- 2
1 In%?—(r—%)T

Y(St;S,B) = m /T

()7 T
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First passage time density function of a Brownian motion

Let Q(u; m) denote the density function of the first passage time at
which the downstream barrier m is first hit by the Brownian path
W/}, that is, Q(u; m) du = P[rm, € dul.

We determine the distribution function P[r; > u] by observing that
{7m > u} and {mg > m} are equivalent events. This gives

Pltm > u] = Plmg > m]
. —m + pu B 26/;_2””‘ m + pu
_N< o/ ) ‘ N(w&)'
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The first passage time density function Q(u; m) associated with the
downstream barrier is then given by

Q(u;m)du = Plrm € du]

_ 0 —m+pu\ 2um (m o+ pu

T o N( o/ ) ‘ N( o\ )] 4 o)
. —m (m — pu)?

B \/27r02u3exp <_ 202y )dUI{m<O}.

Let Q(u; M) denote the first passage time density associated with
the upstream barrier M. In a similar manner, we obtain

— Q. 2uM u
o < () (]

M (M — pu)?
= Varord (‘ 207 )1‘“‘“’}'

54



g 2
Now, we consider Ingt to be a Brownian motion with drift r — %.

We write B as the option barrier, either upstream or downstream.
B
The normalized barrier under the Brownian motion is In E' When

B B
the barrier is downstream (upstream), we have In 3 <0 <In 3 > O).
The combined first passage time density function is given by

fng=()f

202y

B
‘In§|

V2ro2u3

exp

Q(u; B) =

Suppose a rebate R(t) is paid to the option holder upon breaching
the barrier at level B by the asset price path at time ¢t. Since the
expected rebate payment over the time interval [u,u + du] is given
by R(u)Q(u; B) du, so the expected present value of the rebate is
given by

T
rebate value :/o e ""R(u)Q(u; B) du.
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When R(t) = Rg, a constant value, direct integration of the above

integral gives
X+ In 2 T
(g) ~ (s g+ B
S oT

() (")

rebate value = Rgp

Y

where

S
o =sign|(In—|.
an (1n )

Here, 6 is a binary variable indicating whether the barrier is down-
stream (6 = 1) or upstream (6 = —1).
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T wo-sided barriers

We take the initial position Xg = 0. Let g(«,t;¢,u) denote the
density function of the restricted Brownian motion X; with two-
sided absorbing barriers at * = ¢ and *x = u, where the barriers are
positioned such that / < 0 < u.

S
Recall that X; = In Et and if L and U are the absorbing barriers of

L U
the asset price process S, respectively, then ¢ = Ing and u = In—.

The partial differential equation formulation for g(x,¢;£4,u) is given
by (see Problem 3.8 in Kwok's text)
dg dg n a29%g
ot ”aaz 2 Ox2’
with the homogeneous boundary conditions:

<z <u, t>0,

g(4,t) = g(u,t) =0 and g(a:,0+) = 5(x).
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Both * = ¢ and x = u are the absorbing barriers (equivalent to
say ‘‘particles are removed from the system once these barriers are
hit” ), so the probability of staying at each of these barriers is zero.

Defining the transformation

121

gz, t) = eo? 2 202G(x, t),

we observe that g(x,t) satisfies the forward Fokker-Planck equation
with zero drift:

7;

G 292G
I(a,t) = Z"F(a,t).
ot 2 Ox2
pr_ p2t
2

Note that the factog eo
. ,th u<t
tive: exp ( 5~ 202).

o
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The auxiliary conditions for g(x,t) are seen to remain the same as
those for g(x,t). Without the barriers, the infinite-domain funda-
mental solution to the above equation is known to be

o t) = exp [~
x, o — .
V2oro2t 202t

Like the one-sided barrier case, we try to add extra terms to the
above solution such that the homogeneous boundary conditions at
xr = ¢ and z = u are satisfied.
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Method of images revisited

We attempt to add the pair of negative terms —¢(x — 2¢4,t) and
—o(x — 2u,t) whereby

[o(x,t) — d(x — 24,1)] =0 and [o(x,t) — o(x — 2u,t)] = 0.

=/ T=U
Note that ¢(x—24,t) and ¢(x —2u,t) correspond to the fundamental
soluton with initial condition: 6(z — 2¢) and 6(xz — 2u), respectively.
Writing the above partial sum with three terms as

§3(£U,t) — qb(:r;,t) o Qb(x o 267 t) o gb(x o Quat)7

we observe that the homogeneous boundary conditions are not yet
satisfied since

£ 0

=/

£ 0.

r—Uu

§3(£7t) — —¢(CB T 2u7t)

g93(u,t) = —¢(2 — 24, 1)
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To nullify the non-zero value of —¢(z—2u,t) and —op(x—24,t) :

=/ =u

€r=
we add a new pair of positive terms ¢(x—2(u—2¥¢),t) and ¢(x+2(u—
¢),t). Similarly, we write the partial sum with five terms as

and observe that

g5(¢,t) = ¢p(z —2(u—4£),t))  #0

=/

£ 0.

r—Uu

Whenever a new pair of positive terms or negative terms are added,
the value of the partial sum at x = ¢ and = = u becomes closer
to zero. In a recursive manner, we add successive pairs of positive
and negative terms so as to come closer to the satisfaction of the
homogeneous boundary conditions at x = /¢ and =z = w.
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The two absorbing barriers may be visualized as a pair of mirrors
with the object placed at the origin (see Figure on the next

page).

The source at the origin generates a sink at x = 2¢ due to the
mirror at x = £ and another sink at * = 2u due to the mirror at

r — U.

To continue, the sink at x = 2¢ (x = 2u) generates a source at
x=2(u—4)[x =2/ —u)] due to the mirror at x = u (z = ¢).

As the procedure continues, this leads to the sum of an infinite
number of positive and negative terms.
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Infinite number of images

T he double-mirror analogy provides the intuitive argument showing
why g(z,t) involves an infinite number of terms.

; B B
@ : CT) f! O,u! CT) @
@ @® @ @

| | I
a_, o o a,

R

A graphical representation of an infinite number of sources and sinks
due to a pair of absorbing barriers (mirrors) with the object placed at
the origin. The positions of the sources and sinks are a; = 2(u—¥£)j
and 3, =20 +2(u —£)(j — 1), respectively, j = 0,£1,%2,....
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The solution to g(x,t) is deduced to be

pr _ p2t
g(z,t) = eos? 207 (fL‘ t)
g i
— eo? 207 Z [0(x — 2n(u — £,t),t) —
n=——oo
pr_ p2t
_eo? 202 X [z — 2n(u — £)]?
V2102 2. &P |- 2521
Tt n=—_0c o
[(x — 2¢)
— b <_ 202t
2l (0
. i eUQn(u 2 exp ( [z — put — 2n(u — E)]2>

o(x — 20 — 2n(u —

)

— 2n(u — E)]2>]

ei—gmn(u—e)]

V2ot

exp (—

[(z — pt — 20)

£), )]

o2t
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Alternative representation: eigenfunction expansion

Let P(x,t; zg,tg) denote the transition density function of the re-
stricted Brownian process W} = ut+oZ; with two absorbing barriers
at = 0 and x = ¢, where ¢ > 0. We take the convenience of set-
ting one of the absorbing barriers to be x = 0. Using the method
of separation of variables, the solution to P(x,t;xzg,tg) admits the
following eigenfunction expansion

2
Ml Y B s VD X k k
P(x,t; zg,t0) = eo2(8720) =53 (1=10) £ > e~ M (t=t0) gjp BT iy O
£ =1
where the eigenvalues are given by
N, — k2m2052
BT o2

P(x,t; xg,tg) satisfies the forward Fokker-Planck equation with auxil-
iary conditions: P(0,t) = P(¢,t) = 0 and P(z,t3; z0,t0) = 6(x —xp),
0 <zxg <V
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Proof (Separation of variables):

, : . kmx _
The eigenfunctions sin 7 k= 1,2,..., are seen to satisfy the
homogeneous boundary conditions at x = 0 and £ = £. T he solution
in the form of eigenfunction expansion assumes an infinite series of
the form

oo
k
P(x,t; xg,tg) = Z Ake_Ak(t_tO) sin ﬂ,
k=1 ¢
where the eigenvalues A\, £k = 1,2,..., are determined so that each

k
term e~ (t—t0) sin% satisfies the governing differential equation:
or o292 P

% 2 a2 ‘This requires that the eigenvalues should be given by
X

N, — o2 k22 or )\ _k277202
B 7o g2 R o2

k=1,2,....
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Lastly, we determine the constants A,, k= 1,2,..., using the initial
condition:

@)
k
6(z —zg) = ) Agsin iy
k=1 ¢
By virtue of the orthogonality of the eigenfunctions, we have

k k
/Aksm2 Wwda;—/O(S(x—a:O)Sln%xda: 0 < xg < L.

2 k
Lastly, we obtain A, = Zsin T*0

k=1,2.....

The solution of the density function can be expressed either as
an infinite series of Gaussian kernel functions using the method
of images or the eigenfunction expansion approach. These two
solutions are equivalent by virtue of the Poisson summation formula.
It has been shown that the Gaussian kernel series has a faster rate
of convergence to the exact value with respect to the number of

terms n used.
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The density function of the first passage time to either barrier is
defined by

q(t; £,u) dt = P(min(1y, m) € dt),
where 1, = inf{t| Xy = ¢} and 7, = inf{t|X; = u}. We consider the

corresponding distribution function

P(min(ry, 1) < t) = 1 — P(Min(ry, m4) > t) = 1 — /ﬁug(:c,t) da

u
where /z g(x,t) dz is the total probability that W}" stays within (¢, ).
The density function of the first passage time is given by

o [u 1
gt bu) = —— / g(z,t) do =
V27T(72t3

{ S [2n(u—£) — £ exp (”—E _ “—Qt> exp <—(2”(“ —0 - EP)

g2 D2g2 D02t

u 2 n(u — ul?
+ [2n(u — £) + u] exp (’u 5{;) exp( [2n( 20€2)t-|— ] >}
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Exit time to a barrier

The density function of the exit time to the respective lower barrier
and upper barrier are defined by

qg (t;4,u)dt = P(mp € dt, 7p < Tu)
q+(t; Ciu)dt = P(ry € dt, T, < 7p).

Since {mp € dt,7p < T} U {1 € dt, 7y < 179} = {Min(7y,7) € dt}, we

deduce that
q(t; L,u) = ¢~ (t; 4,u) + g (t; £, u).
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A judicious decomposition of ¢(¢; 4,u) into its two components would
suggest

(60 u) = \/2730—%3 Y [2n(u—0) -4
2 n(u — _n2
(2 ) =0 )

ot b)) = @;J_th 3 [2n(u—0) +ul

exp (,uu B ,u2t> exp <_ [2n(u —¢) + u]2> |

g2 202 Dot

70



To show the claim, we define the probability flow by

20

g

J(z,t) = pg(z,t) — ——(:r: t),

where the negative sign is chosen for the dn‘Fusnor()3 term since the

probability flow is in the negative direction when 9 > 0 (diffusion
Xr

tends to make probability concentration to spread evenly). Also,
recall that

q(t; b,u) = —g ug(a:,t)d:cZ/;—%d:c

Since g satisfies the forward Fokker-Planck equation, we have

U dg 2829
L0, =/ de = J(u,t) — J(, ).
ottty = [ (w52 = T 0 8) do = ) - T00)

One may visualize the probability flow across x = ¢ and x = u as

—J(l,t) = P(mp € dt, 7p < Tu)
J(u,t) = P(1y € dt, T, < 7).
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Note that J(4,t) is negative since the probability flow is outward from
the interval (¢/,u) through z = ¢ along the negative z-direction.

The exit time densities ¢~ (¢; ¢,w) and g1 (¢;¢,u) are seen to satisfy

2
q (L 4u) = —=J(, 1) = — |pg(z,t) — —@(aﬁ t)]

2
(b 6w = T (1) = g 1) — 70 ()

=/

r—Uu

Rebate payment

Suppose a rebate R—(t) [RT(¢¥)] is paid when the lower (upper) bar-
rier is first breached during the life of the option, 0 < t < T, the
value of the rebate portion of the double-barrier option is then given

by

rebate value = /OT e "R (£)q™ (& 4,u) + RT(O)qT (&4, u)] de.
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1.4 Approximation of probabilities of hitting time dependent
barriers

Let »(¢t) and o2(t) be time dependent interest rate and exogenous
volatility process. Under the risk neutral measure ), the dynamics
of S; is governed by

d?st =r(t) dt + o(t) dWs.
t

e The time dependence on o(t) can be resolved by applying the
standard time-changed argument for Brownian motions. Instead
of following the calendar time, we adopt the time frame where
the physical time is shortened when the volatility level is high so
that the volatility adjusted time is kept constant.

e At the end, the resulting barrier option price formulas can be de-
duced from those of “constant volatility " to *“time dependent
o(t), 0 <t < T,” by simply swapping ov/T with \/fgaz(t) dt,
which is the total variance over [0,T].
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Assuming constant volatility o, we obtain

S o2t
In 2t —aWt———I—R(t)
S0

where W; is the standard Brownian motion with Wg = 0 and

R(t) = /Otr(u) du.

Let H(t) be the time dependent upstream barrier. We assume Sp <
H(t) and define

H(t) o2t
+ %5 — R(1)
f(t) = ,

o

then “S; hitting H(t)" is equivalent to “W; hitting f(¢)".

Reference ‘“Pricing barrier options with time dependent coeffi-
cients,” G.0O. Roberts and C.F. Shortland, Mathematical Finance,
vol.7 (1997) p.83-93.
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Let 4 (St) denote the terminal payoff of the derivative security at
time 7T'. The value of the up-and-in barrier option is given by

o0 02T X 1
V = e_R(T>/ Soe?T T R(T) =55~ W< TWpr=2z|n dx,
where n(x) is the density of the standard normal variable and T]W
is the first passage time that the Brownian motion W hits the up-

stream barrier f from below. Here, Q is a risk neutral measure.

Note that Q[T]W < T\Wp = z] =1 when = > H', where H = f(T)
[equivalently, the terminal value of stock price is above f(T)].

We decompose V into two parts:

For z < H’, we use the Brownian bridge to compute Q [T]W < T‘WT = a:*]

75



Brownian bridge technique

The Brownian bridge X; from (0,zqg) to (T,x7) can be visualized as
a time-changed Brownian motion (see Appendix):

X, =x04+ L0 4 (T—t)W* , , where W =D0.
T T(T—1)

Note that Xg = zg and X = zp, while W* ; is the time-changed
T(T—t)

Brownian motion with variance rate equals

T(T —t)
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In terms of the Brownian bridge X from (0,0) to (7, z), we observe

Q[TJW < T‘WT =z| = Q[T}X < T1].
The adjusted time s is related to the calendar time ¢t via

t sT?2
i <t = )
T(T—t) 1+ sT

Also, T —t = Given xg = 0, when X; hits f(t), we relate
1+ sT
x T
W* with f via Xy = f(t) = —t %788
S f t f( ) T + 1+ sT s
t T : . .
Note that —/ = s, so that X; hits f(¢) when the unit-variance
T/ 1+ sT

time changed Brownian motion hits the value

1+ sT ( sT2 )
f — xS.
T 1+ sT

7’



Also, as t evolves from O to 7', s evolves from 0O to oco. Hence,

{X; hitting f(¢) in (0,T)} & {W} ever hitting g(s)},

1+ sT T2
9(8) — _;8 f (]_S—I—ST> — IS.

where

We then have

QIrf < TIWy = 2] = Q[r)" < oal.

Except for a few examples of g(t) will the exact value of Q[T;/V < Q]
be available, so approximation techniques are required.
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Hazard rate of the first exit time across an arbitrary boundary

A(E)

Define hy(t) by

W <4 WS¢
e—0t €

where

W __ :
T\ = ggg{t W > A(t)}.

In other words, h)(t) gives the probability that W hits A(t) during
the time interval (t,t 4 €], conditional on no hitting up to time t.
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Survival function and hazard rate

Let S(t) be the probability that there is no hitting of the barrier up
to time ¢, that is, S(t) = Q[r;” > t]. we then have

S(t) — St + At)

= hy(t)At.
Taking the limit At — 0, we obtain
dS(t) .
= —hy(t) dt with S(0) = 1.
S = @ (0)

Solving the differential equation, we have

S(t) = exp (— /O " () du) |
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Recall that the probability of ever hitting the boundary g from below
IS given by

Q[T;V < ool =1—exp (— /OOO hg(s) ds) .

Let g be a C2 boundary, {¢:(-),t> 0} and {us(-),t > 0} be collections
of C? functions, where ¢; and u; observe

li(s) < g(s) <w(s) forall s <t

while 4:(t) = g(t) = u(t). It is obvious that

Qlr, < oo] < Q[r) < o0] < Q7" < o0].

Normally, we choose ¢; and u; such that the exit distribution prop-
erties are known. A convenient choice is given by

i = inf SO =96 o a(®) — ()
s<t t—s s<t t—s
cf =g(t) — 2 =g(t) —

ut(s)—mts—l-ct, lt(s)—mts—l—ct.
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Function

- Time

g(s) lies within the envelope of straight lines bounded by wu:(s) and
4:(s). The line £(s) [ut(s)] has intercept ¢? (c¢}) at s = 0.
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With the above choices of u; and ¢;, we obtain

maX(O,Ctz)n (@)

NG
hy,(t) =
" , [ N <g(7tt>) _ 28m2 (g(t@zcg)]
and
max(0, cn (M>
hut(t) — t vt

t [N (%) L e—QCgm%N (g(t)\;l_tQCél)] .

Note that if ¢f or ¢/ are negative, the straight lines used for com-
parison are negative at t = 0, so the first exit time is O by definition.
Thus, the hazard rate at time ¢t must be zero. The factors max(0, cg)
and max(O,ctl) incorporate these considerations. As a remark, the
choice of a bounding line that has negative intercept would lead to
meaningless approximation, where Q[TEW < oo] = 1 for sure.
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Proof of the formula for hy,(t) for ¢ > 0

A

A

w:mzs+c%

»

w

Recall the unconditional first passage time density function of the
Brownian motion with up-barrier B and drift u:

(B — ut)2>

B
Q(t; B) = Trgi32 P (— 502,
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The probability of reaching the time dependent barrier w = m?s+c7
under zero-drift Brownian motion is equivalent to that of reaching

the fixed barrier ¢ under the Brownian motion with drift —m?.

In the present problem, we have

B =c¢? and B — ut = ¢ + m?t = g(t).

The probability for the Brownian motion with drift 4 not hitting B
IS given by

— 2ubB
P[M{{<B]=N<B “T>—e:—2N<—B+“T>.

oVT oVT

In the current problem, we set B =c¢?, u = —m7? and o = 1.
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The probability that the up-stream barrier is not hit from below up

to time t is given by
N CtQ_I_mz%t —e_zthtN Cg_mtt
Vi Vi

_ @ . _thct g(t) 26152
= N<ﬁ> ‘ ( Vi )

Recall that Q[TgW < t]hy,(t) is the unconditional first passage time
density to the barrier g. Lastly, we put all the results together to

Q| <t

give
o#n (%) n (%7)
h, () = Q[ <] - [N (%) _ e—2cm <g<t>Jchg>].
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Bound on 11

o—R(T) /H’ . (Soegx+R(T)—"27T>

[1 _exp (- /Ooo hy, () dt)] n (\%) \/1? d
> vz ek 7y <soeow+R<T>—%T)

[1 —exp (— /Ooo B, (1) dt)] n <\;’%> \/1? dz.

Note that both h;, and hy, depend on the value of z through g(t)
and cannot be factored out of the integrals.
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Hazard rate tangent approximation

We adopt the approximation

hg(t) ~ hr,(t),
where T;(s) = [g(t) — tg'(t)] + ¢'(t)s is the tangent to g(s) at s = t.

By setting ¢ = g(t) —tg¢’(¢t) and m; = ¢'(t), the corresponding hazard
rate is

max(0,9(t) — sg'()n (10)
t [N (M) _ W@ty OIN (th’(%g(“)] .

hr,(t) =

Vit

The analytic approximation of V7 according to the hazard rate tan-
gent approximation is given by

e~ 1T /H/ (B (Soe”"'R(T)—”zTT) [1 — exp (— /OO hr (t) dt)] n ( ud ) 1 dx.
—00 0 t \/T \/T
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Illustrative example

We model the stock price by

dSy = r(t)S; dt + oSy dWr4,

with Sg = 10, ¢ = 0.1, and r(t) = rqg + ae~t, with rg = 0.1 and
a = 0.05. This represents the case where the risk-free interest
rate has been perturbed and will return to its equilibrium rate in an
exponential decay. We consider the analytic approximation to the
value of an European up-and-in call option.

We set the strike price ¢ = 11, maturity date 7' = 1 and knock-in
upstream boundary at level H = 12.
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We note that

t
R(t) = /O r(s) ds =rt+ a(l —e™?),
so that

IN(H/Sg) 4+ 02t/2 —rt —a(l — e 1)

(o)

f(t; H) =
For T'= 1, we obtain

_ (1 +1)In(H/So) +0%t/2 —rt —a(1 +t)(1 - e~t/(+1)y

o

xt.

g(t)

The lower and upper bounds Iy and u; both have particularly simple
forms due to mild upward concavity of g(¢):

(s) = [g(t) — tg' (D] + g'()s,

ut(s) = g(0) + 9(t) _t 90)

where [+(s) is the tangent line through (¢, g(¢)); and u:(s) is the line
joining (0, g(0)) and (¢,4(1)).
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Finally, we define

2 2
In<& — R(1) + 2 ni _R(1)+ <
s~ R+ 5 and  H' = f(1,H) = 0 = =

d=f(1;¢c)=
o o
It is necessary to evaluate
H' «
V= ¢ D) // (So 60%+R(1)_02/2 — C/)Q[TW < oo]n(x) dx
_I_ B_R(l) (S €UCB—|—R(1) 0' /)TL(.CU) dx
= ¢ R // (S ot tR(1)—02/2 _ C/)Q[TW* < oo]n(x) dx

+ e B (S o R(1)—0? — n(z) du.

Using the bounding techmque for the first integral and evaluating
the second integral analytically, we obtain

0.516758 <V < 0.517968.
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Mathematical Appendices — Brownian bridge

Gaussian processes

e A Gaussian process X(t), t > 0, is a stochastic process that for
arbitrary set of times: 0 < t1 <t < ...,tn, the random variables
X(t1), X(t2),..., X(tn) are jointly normally distributed.

e Let A(t) be a non-random function of time, and define the
integral

I(t) = /O " Als) daW(s),

where W (t) is a Brownian motion. It can be shown that I(t) is
a Gaussian process.
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Brownian bridge as a Gaussian process

Let W (t) be a Brownian motion. Fix T > 0, we define the Brownian
bridge from 0 to 0 over [0,T] to be the conditional Brownian motion

X(t) = W(t) — %W(T), 0<t<T

t
e Note that X(0) = X(T) = 0, and fW(T) as a function of t is
the line from (0,0) to (T, W (T)).
e Since W(T) enters into X(¢t) for 0 < t < T, so the Brownian

bridge X (t) is not adapted to the filtration F(¢t) generated by
W (t).

e For 0 <t1 <t <..<tp <T, the random variables

X (t1) = W(t1) = ZW D), o X (ta) = W (tn) — W (T),

are jointly normal since W (tq1), ..., W(tn), W(T) are jointly nor-
mal. Therefore, the Brownian bridge from O to O is a Gaussian

Process.
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e T he Brownian bridge is a Gaussian process whose increments
are not independent.

The mean of X (t) is easily seen to be

m(t) = E[X(1)] = E [W(t) _ %W(T)] _

For t1,t> € (0,T), the covariance function of X (¢) is given by

o(t1,12) = B|(W(t) = 2wm) (W(t2) - 2w (D))
= BIW ()W (t2)] - 2BV (t2)W (1)

- ?E[W(tl)W(TH + tthE (W (T)?]
2t1to t1t2
T + T

: t1t
min(tq,to) — 172

min(ty,t2) —

94



It is not necessary to fix the starting point and ending point to be
both at 0. More generally, we consider a Brownian bridge that starts
at a at time O and ends at b at time I'. The Brownian bridge from
a to b on (0,T) is the process

(b—a)
T

X0b(4) = a + “Lx@), o<i<T,

where X (t) = X9720(¢).

Adding a non-random function to a Gaussian process gives another
Gaussian process. The mean function becomes

b—a)t
mob() = a+ LDt
T
while the covariance function is not affected.
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Brownian bridge as a scaled stochastic integral (time-changed
Brownian motion)

Consider

t 1
T—t/—dW 0<t<LT
(T—6)[ ~~— dW(w) 0<t<
0 t=T

Y(t) = :
we would like to show that Y (¢) is a continuous Gaussian process
on [0,T] and has the same distribution as the Brownian bridge from
O to 0 over [0,T].

The process Y (t) is adapted to the filtration generated by the Brow-
nian motion W (t). Also, the stochastic differential of Y (¢) is given
by

Y (¢)

dY (8) = — 7, dt +dW (D).
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Effect of the drift term

e Suppose Y is positive as t approaches T', the drift term —%dt
becomes infinitely large in absolute value and is negative. This
drives Y (t) toward zero almost instantaneously.

e Similarly, suppose Y is negative, the drift term becomes infinitely
large and positive, and this again drives Y (¢) toward zero.

e One can show rigorously that as ¢t — T, the process Y (t) con-
verges to zero almost surely.
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Proof [Y(t) and X (¢) are equal in distribution]

The integral
t 1
I(t =/—dW  t<T
(1) = | dW(w)

is @ Gaussian process. For 0 < t1 < to < ... < tp < T, the random
variables:

Y(t1) = (T—t1)I(t1), Y(t2) = (T—t2)I(t2), ..., Y(tn) = (T—tn)I(tn),

are jointly normal. Hence, Y (t) is a Gaussian process.

The mean and covariance functions of I are
m!(t) =0

min(ty,to) 1
Cl(ty,t =/ d
1 1
= _ — —, for t1,to € [O,T].
T —min(t1,tp) T

Hence, var(I(t)) = O<t<T.

T(T —t)’
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Similarly, the covariance function of Y is

1 1
(t1,t2) = ( 1)( 2) T —min(ty,tp) T
min(t1,to)

= (T —t1)(T —t2)

T[T — min(tq,t5)]

T —ty)t t1t
( 2)1=t1——}1_72 if t1 <t»o
= 9
T —tq1)t t
( 1)2_2_12 b1 > b
\ T
t
:mln(tlatQ _1—27 tlatQE[OaT)
Remark
t2 (T —t)

Now, variance of X (t) is t—? . In terms of time-changed

Brownian motion, we may write

X)) =(T-tOW* , , WE=0.
T(T—t)
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1.5 Barrier-type derivatives under stochastic interest rates
Up-and-in call option under stochastic interest rates

Let Smax be the realized maximum of the stock price over [0,7T] and
H be the upstream barrier. Consider

W = P(0, T)Eq,, [(ST - K)+1{SmaX>H}] ’

where Q7 is the forward measure with riskfree unit par discount
bond price P(t,T) as the numeraire. By the martingale property,
the time-t price of the contingent claim X; is given by

X X
— Et T
P(t,T) Qr | p(T,T)

= B, [X7].
We write

A= EQT [ST1{5T>K}1{Smax>H}] , B = QT[ST > K, Smax > H]
Let v denote the first passage time that the stock price hits the
up-barrier H from below. Note that {Smax > H} and {y < T} are

equivalent events.
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We let /4 = InS; and observe that the distribution of S would
depend on the level of interest rate at the first passage time, so

A=Eq; St ins>nky L <y = Bop |67 Ligom iy L ip<ny]
T roo
= [, | Bor [ Loy Lperylry = rv = 5] Qrlry € dry € ds),

T roo
B= | [ Qrltr>mnKlry=ry=s]Qrlr € dry € ds].
— 00

We integrate the first passage time s over [0,T] and r over (—oo, 00).
Joint distribution of v and r~ at time t under Qr

The explicit expression of the joint distribution of (v,ry) is not
known. We approximate it by discretizing along the time and in-
terest rate dimensions using the extended Fortet method (to be
discussed later).

We assume the short rate process r; to follow the Vasicek interest
rate model so that InS; and r form a joint Gaussian process.
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One-factor short rate models and bond prices

Assume that the short rate r under @) is governed by

dry = pu(re, t) dt + or(re, t) dZs.
The unit-par discount bond price function P(t,T) is given by

T
P(t,T) = Egle™Je Tudy),

where Eé? IS the expectation under Q conditional on the filtration
Fi.

Recall the Ito lemma, which gives the dynamics of P(¢,T) as follows:

oP OP  020°P oP
dP(t,T)=< +'u—7“+587“ )d +O-7‘EdZt
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Suppose we write formally

dP
? — :U'P('n t) dt + O-P(Ta t) dZta
then

(. 1) 1 8P_|_ 8P+0382P

r = —|—
HPAT P\ot " Foar T 2 a2

O"rap 8
t) = ——— =o,—InP.

op(r,t) P Or JT@T "

For short rate models of the affine class, P(t,T) admits solution of
the affine form:

P(t,T) = e~ B&TIr—n(t.T)

then

0
o InP = —B(t,T) so that op(t,T) = —0,.B(t,T).
-
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Note that B(t,T) is a positive function [consistent with P(t,T) being
decreasing in r]. It is desirable to take the volatility of P(¢,T) to be
orB(t,T), a positive quantity.

Accordingly, we adopt the convention that the dynamics of P(¢,T)
IS specified as

dP

? — :U’P(t7T) dt — JP(th) dZy
with op(t,T) = o,B(t,T). The sign does not matter since Z; is
symmetric with respect to the value zero.

Furthermore, since the discounted price of the riskfree discount bond
is Q-martingale, so up(t,T) = r¢. This gives the following governing
equation for P(¢,T):

oP 0P  020°%P

E_I_'u@r T 2 Or2

—rP=0, P(T,T) = 1.
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Joint dynamics of the interest rate process and stock price
process

Under the equivalent martingale pricing measure (@, the dynamics
of P(t,T) can be characterized by

dP(t,T)

P(t,T)
where op(t,T) is the volatility structure of P(¢,T) and r; is the short
rate process. Let Sy denote the price process of the underlying stock,
and p be the correlation coefficient between St and r;. The dynamics
of S is given by

dsS
Wt it o [p a1 () +1 - a2,

t
where Z1 and Z> are a pair of uncorrelated QQ-Brownian motions.

= ry dt — O‘p(t,T) le(t),

105



Ornstein-Uhlenbeck (OU) process

The dynamics of an OU process X; is governed by

dX: = a(0 — X) dt + o dWr,

where a > 0, ¢ > 0 and 6 are parameters, and W; denotes the
standard Brownian motion.

The parameter 0 represents the mean value (or equilibrium) sup-
ported by fundamentals, o is the degree of volatility around the
mean value caused by shocks, and a is the rate by which these
shocks dissipate and the variable X; reverts towards the mean.

The OU process is an example of a Gaussian process that has a
bounded variance and admits a stationary probability distribution.
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Analytic formulas of the OU process

Consider f(z¢,t) = ez; so that
df (z¢,t) = axe™ dt + e dzy = ae™0 dt + oe® dW;.
Integrating from O to t gives
t t
ze = xQ —I—/O ae?®0 ds —I—/O oe® dWs
so that
/ / t £)
xy = xpe "+ 0(1 —e” ) —I—/O oet(5t) g,
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Mean
Elxi] = zge® + 0(1 — e %)

Covariance
S t
cov(xs, Tt) = E[026_a(8+t)/0 eauqu/OeavdWU]

2
_ ¢ e—a(s—l—t) [62a min(t,s) 1].
2a

Variance

o2

2 1 — —2at
var(zy) = - e—2at(62at 1) = o< ( € )

2a

For a fixed value of t, x; is a Gaussian distribution, where

2
X;~ N <:coe_at +0(1 — e %), (27—(1 — e_2at)> :
a
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Density function of X; is

PIX; € dx] = \/ a exp (_w — [zge~ + 6(1 — e—at)]) |

no2(1 — e—2at) 0’_2(1 — e~ 2at)
a

Remark

The CKLS (Chan-Karolyi-Longstaff-Sanders) process with the volatil-

1
ity term replaces by oxz” dW; can be solved in closed form for v = >

1, as well as v = 0.
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Vasicek short rate model

Under Q, the dynamics of r; is given by

dry = a(0 —ry) dt + o dZ1(t).
The governing equation of P(¢,T) is given by

aP 02 92P
il 0 _ ) 1L 7T
—I—a( ) or + 2 Or2

The bond price function admits P(t,T) = e~ BT —tia)re=n(T—t)  gyp-
stituting the assumed affine solution into the above differential equa-

tion, we obtain a coupled system of ordinary differential equations
for B(T —t) and n(T —t). The auxiliary conditions are

—rP = 0.

B(0) =n(0) =0 (since bond price equals one at maturity).

Closed form solution to B(T —t) and n(T —t) can be obtained since
the drift term u(r, t) in the Vasicek model is linear in r;. [See p.395
in Kwok's text for details]. We obtain

o2

of
;;) [ — Blu; )] + 7= B(u; )2
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Under the Vasicek short rate model, the corresponding volatility
structure op(t,T) is found to be

op(t,T)=0,B(T —t,a) = @[1 — e_a(T_t)].
a

The risk neutral dynamics of S; and P(t,T) can be expressed as
2
t

t t t
S = Spexp </O Ty du—%—l—/o po le(u)—I—/o o\/1 — p? ng(U))

and

o3 (u, )
s

t
P(t,T) = P(0,T)exp (/O ru du — 0

du — /Ot op(u,T) le(u)) :

Setting T'=t, we can deduce

o3 (u
P(t,t) B 1 — oxo </Otru du—/t p(2 1) du_/otO'P(u’t) le(U)> :

pP(0,t) P(0,t) 0

t
The last equation is useful in relating exp </o Ty du) to the initial
price and volatility term structure of the t-maturity discount bond.
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T-forward measure

Let Qp denote the T-forward measure, where P(t,T) is used as the
numeraire. Under QT, we observe the martingale property of the
relative price S¢/P(t,T):

St So .
PG, T)  P(O,T) " (/ lop(u, T)Fpol dZi (u)+ / o\/1 - p? dZ (u))

dZi(t) = dzZ1(t) + op(t, T) dt and dZ3 (t) = dZx(t),

where Z{'(t) and Z4'(t) are a pair of uncorrelated Qr-Brownian mo-
tions.

The following proof is adopted from Section 8.1 in Kwok's text.
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Proof of the formula for affecting change of measure from
to QT

We would like to illustrate how to effect the change of measure
from the risk neutral measure @ to the T-forward measure Q. Let
the dynamics of the T-maturity discount bond price P(¢,T) under
(Q be governed by

dP(t,T)
P(t,T)
where Z(t) is Q-Brownian.

— r(t) dt — op(t,T) dZ(t),

M) _ t
M(0) /O r(u) du,

where M(t) is the time-t value of the money market account, we
obtain
P(t, T)  P(0,T)
M) M(0)

By integrating the above equation and observing

exp <— /Ot op(u,T) dZ(u) — %/Ot o p(u,T)> du).
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d
The Radon-Nikodym derivative diQT conditional on Fp is found to

be

dQr P(T,T) / M(T)
dQ P(0,T7)/ M(0)

= exp <—/OTO'p(’U,,T) dZ(u) —%/OTJP(U7T)2 dU> .

For a fixed T, we define the process

dQ
T T
= FEp | —| F
§i Q| a0 |7t
and since M(0) =1 and P(0,T) is known at time ¢, we obtain
T 1 P(T,T) P(t,T)
§i = Eqg t| =
P(0,T) M((T) PO, T)M(t)

— exp <— /Ot op(u,T) dZ(u) — %/Ot op(u,T)> du).
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By virtue of the Girsanov Theorem and observing the above result,
we deduce that the process

2T (1) = Z(b) —I—/Otap(u,T) du

iIs Qr-Brownian.

As an example, consider the VVasicek model where the short rate is
modeled by

dr(t) = aly —r(t)]dt + or dZ(2),

where Z(t) is @Q-Brownian. The corresponding volatility function
op(t,T) of the discount bond price process is known to be

op(t,T) = 77 [1 — e~ (T-1)].
(8%
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Under the T-forward measure @7, the dynamics of r(t) is given by

oF

dr(t) = « {7 — L1 —emoT70] - r(t)} dt + o dZT (1),
8%
where Z1(t) is Qp-Brownian. We integrate the above equation to

obtain

2
0 = e+ (v - B ) - o)
(8%

+ ;‘_7?2 [e—oz(T—t) . e—a(T-I—t—QS)] + o /t e_a(t_u)dZT(u).
« S

Under Qr, the distribution of »(¢t) conditional on Fs is normal with
the following mean and variance

0.2
Eg, r(D|Fs] = r(s)e—a<t-8>+<v—a—g> 1 e—ol=))

0'2
Yr [ —a(T-t)  _—a(T+t—2s
i 1 [e ) _ oo )]
2

t
varg,. (r(t)| Fs) 07?/8 e~ 20(t—w) gy — g—;[l — eQO‘(t_S)], s<t<T,
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Bond price process

We would like to express P(t,T) in terms of ZlT and bond prices
P(0,t) and P(0,T) (initial bond prices with maturity dates t and T).
Recall

2
P(taT) — P(O,T) exp (Atru dU—/Ot O-P(;HT) dU—/OtO'P(u,T) le(u)>
1 _ t t o2 (u,t) t
P(0.1) = exp </O Tu du—/o > du—/o op(u,t) le(u)>

and dZ;(v) = dZ{ (v) — op(u,T) du.

Putting these results together, we obtain

P(0,T)

POT) =505

o  [[lopCut) - ap(u. D] 2

43 [Ty ~ opu, 0 du).
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Stock price process

Recall the formulas:

t 24 t t
Sy = Spexp </0 Ty du—%—l—/opa chl(u)—I—/OU\/l—,o2 dZQ(u)>
1 t t 0 (u,t) t
— ex d—/P’d—/ ) dZ
P(0, 1) p</o ru du— | = du— joop(ut) 1(u)>
dZ1(u) = dZi () —op(u,T) du,
we obtain
t 2 £ — 2
S, = 50 exp /JP(U’> ° du
P(0,t) 0 2

+ [lopu) + polldz] (w) — op(u, T) dul

+ /Ota\/l —,02 ng(u))

The short rate r; has been eliminated and it does not appear in the
above expression.
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The forward risk neutral solution of S is given by

So t o2 (u,t) — o2
1= ol xp( [ (—ap<u,T>[ap<u,t>+pa]+ plwt ) du

+ / [op(u,t) + pol dZT (u) + / o\/1 - p? dZ] <u>)

or equivalently

/4 :|I"ISt

a2 (u — 0?2
A ( o, D)o p(u,) + po + TP ) "

+ / [op(u, t) + po] dZT (u) + / o\/1 - p? dZ (w).

P(o £)
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Moments and conditional moments of ¢; under Qr

Using the closed form expression of ¢ [in terms of Sy/P(0,t)] and
volatility functions of the bond price, we obtain

)+ [ (ortuDloptu0 + pol + TP =)

mean = M (t) = In (P(O 0

cov(s,t) = cov(¥s,¥)
= /O lop(u,t) + pollop(u, s) + pol + o2(1 — p2)] du

/Os {02 + polop(u,t) + op(u, s)] + op(u, S)O'p(U,t)} du, s < t;

var(4y) = V(t) = /O t[02 + 0%(u,t) + 20pop(u,t)] du.
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Explicit expressions of the moments and conditional moments of
¢y can be found, given an exponential structure of volatility which

corresponds to the Vasicek model.

Conditional moments for the process ¢; [in terms of r, instead of
P(u,t)]

2 2
Eo, [0 Fu] = Lo — (ru 4+ P9 gy %) (t —u) — a; e~ T-DB(t — u; 2a)

52 o2
+ <ru — 6+ —; + —;e_a(T_t) + @G_G(T_t)) B(t — u; a)

a a a

2 2
varg, (4)F.) = ( + 2757 02) (t—u) -2 ("; + “p"’“) B(t — u; a)
a a a

52
-+ —;B(t —u; 2a),
a

2 2
covg, (bs, b Fu) = %e_“(t_s)B(s —u;2a) + ( + 2(’”* + Z?) (s — u)

2
B (O'g —I— O'p0'r> [e—a(t—s) _I_ 1]B(8 —Uu; a)’ s < t.
a

Recall: P(u,t) = e~ Blt—w)ru—n(t—u) op(u,t) = ﬁ[1 — e_a(t_u)],
a

t > u.
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t
Covariance between ¢; and r; = ar/ e’ lop(s,t) + ps] ds
U

o2 o2
covg, (b, r¢|Fu) = | — + poor | B(t — u;a) — —B(t — u; 2a).
T a a

Replacing v by O in the above expressions of the conditional mo-
ments of /;, we obtain the following formulas:

S 2 2 . 2 2
M(t) —In 0 + Oy . (0-7” _I_po-o- _|_O- )t—O—TGQGt

P(0,t)  4a3 2a2 a 2 4a3
n (2053 " ngr) —a(T—t) _ (Zgz n ngr) T | ;_53 oo (T +0)
V(t) = (02 + Z,j 4 202%) L 225 B 2pa0’207~ n 207«(07;— apo) ot _ ;—;e_zat,
cov(u, t) = — (Pg;’r + ;i) + (az 2000y ;ﬁ) -
+ (ngr + Zi) (em™ 4 e™) — (ngr + ;;3> emalt=w),
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Projection Theorem

When X and Y is a bivariate normal distribution, their joint density
IS given by

_ 1 1 r — Mg 2
fX,Y(xay) — 27‘(‘0‘;50‘y\/1_7p2€xp <_2(1 — p2) [( Ox )
_2p(w — pa)(y — ,uy) 4 <y — My)j) .

The conditional density of Y, given X = z, is given by

fxy(x,y)
fx(x)

- exp< & [ P79 )]2>
= - Yy — py — — (& — p -
V2moyy/1 — p2 205(1 — :02) Y Ox :

fy(yle) =
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The Projection Theorem gives

ElY|X =] = py + ZE Y (2 — uy)

2
oXx
2 2 2
O~xO0O
var[Y|X = z] =0§2/—'0 2
Ox
The conditional law of InS; given InSs = InH, where InH is an

.

arbitrary given level, is normal and possesses the following mean M
and variance V:

cov(s,t)

M(s,t) = M; + (In H — M),

S
cov2(s,t)

V(s,t) =V, —
(8) t V.
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One-dimensional Fortet method

For a one-factor continuous Markov process ¢+, we define w (4, t|4s, s)
as the free transition density. Further, define g(¢s = £, s|{p,0) as the
probability density that the first passage time through a constant
boundary £ occurs at date-s. An implicit formula for ¢g(-) in terms
of «(-) is given by

t
(4, t|lp,0) = /O g(ls = £,5|€g,0)w (b, t|ls = £,s) ds, where £y > £ > £.

Note that ¢+ and £p are on the opposite sides of the boundary ¢ = /.

When the process ¢; is one-factor Markov, the above equation has
a very intuitive interpretation: The only way that the process can
start below the boundary (/5 < £) and end up above the boundary
(4 > £) is that the process at some intermediate time s must pass
through the boundary for the first time.
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More rigorously, we can write for arbitrary {4, ¢,¢p}, where 7 is the
first passage time to /4:

t
7 (£, t16o,0) = /O w(ly, t: 7 = s|lo,0) ds + 7(0y, t: 7 > t|£o, 0)
t

— /O 7 (£, t|7 = s: Lo, 0) (7 = s|€p, 0) ds

+ 7w(ly, t; T > t|€p, 0)

t
||ttt = £,5)g(ts = €,5/¢0,0) ds
+ 7w(ly, t; T > t|€p, 0).

e \We have used the strong Markov property in the last line, where
the path history of ¢; prior to the stopping time 7 is irrelevant
to the distribution of ¢4, t > 7.

e \When ¢ > £ > /g, the last term vanishes.
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Extended Fortet method

Reference: "Pricing derivatives with barriers in a stochastic interest
rate environment,” C. Bernard et al., Journal of Economic Dynamics
and Control, vol.32 (2008) P.2903-2938.

The interval [0,T] is subdivided into np subintervals of length §; =
T /np, and the interest rate is subdivided between ryijn and rmax into
n, intervals of length 6, = (rmax — rmin)/nr. Ve write

t; = 40t and r; = rmin + Or

as the discretized values of time and interest rate. Write

q(i,7) = Qr(ry € [ry, rig1l,y € [t,t541])
as the discretized approximation of the joint distribution of the first
passage time v and r,.

We would like to find a numerical procedure to compute ¢(3, 7).
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Let the conditional mean and variance of £y be defined by g1 =
EQT[£T|FS] and ES,T = varQT(€T|J—“S).

Suppose X ~ N(m,a?), then

o

2 2 _
EleX 1 xoina] = k(m,0,a) = exp (m-l- %) N <m+ d lna) :

E[]-{X>|na}] _N (m —Oln a) |

Recall

A = /T/OO EQT [eeTl{e >InK}1{7§T}‘T”Y =-ry = S} QT[TV c d?“,’y c dS]

> 3 kG0 S et g).

7=01:=0

B = /O/ Qrlbr > InK|ry =1,y = s] Qrlry € dr, € ds]
— O

Q

q(i,7).

2
I\g
I\g
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We assume a down-barrier, where one observes initially g > In H =
h. Suppose at time t, the process ¢; = ¢ < h, so the down-barrier
must have been hit earlier. Also, we assume ¥¢; to be continuous.

[

I A

ly,>h

h=InH

[ <h

v
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Assuming ¢ > h and ¢; < h, the two-dimensional Fortet integral
equation is given by

Qrlle € [, €+ dby),re € [r,r + dr)|Lg, ro]

=/Ot/_o; Qrll € [6,£+ db),rs € [r,r +dr)|ls = h,rs = 7]
Qrlry € [r', 7"+ dr'),~ € [s,s + ds)].
Next, we integrate with respect to ¢ from —oo to A and obtain
Qrllt < h,re € [r,r =+ dr)|lo, 0]
=/Ot/_O:OQT[€t < h,ri € [r,r+dr)lls =h,rs = 1]
Qrlry € [r', 7" + dr'), v € [s,s + ds)].
Write

®(r,t) dr = Qrl[ly < h,r € [r,r + dr]|€g, 0]
W(r,t,r',s) dr = Qpl[ly < h,rt € [r,7 + dr]|ls = h,rs = r'].

When t = s, we have W(r,t,r', s) dr = l{r’e[r,r—l—dr]} and W(r,s) dr =
Qr(rs € [r,r +dr], r = s).
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Note that X = (¢,r) is a Gaussian process whose joint dynamics
under Qr is given by

a [9 — %5p(t,T) — rt] or 0 dz%

We use fy ., to denote the density function of (4,r:) under Qr.
Thanks to the conditional results, one obtains

fftﬂ“t (£7 ’I”) — f"“t(r)fﬁt‘rt (E)

Let Fo and Fs represent the available information at time O and s,
respectively.

Using the strong Markov property of (4+,r¢), conditioning on Fs is
like conditioning on (4s,7s), where s is the Fs-stopping time. One
then obtain W and &:

®(r,t) = fry(r|F0) [" o fo,r, (€1 F0) de,
\U(T,t, 74/7 3) — frt(T|F3) fﬁoo fgt|rt(f|f3) d’.
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Since the process (4, 1) is Gaussian, the conditional law of #|r;
knowing the available information at time s is Gaussian. We de-
note Eq [l|ry = 1,£s,7s] and varg, [b|ry = r, s, 5] by u(r,£s,7s) and
S2(r, ls,7s), Where r, = r. By the projection Theorem:

p(r, s, m5) = Egulti] Fs] + St jr'?% — Bolr 7).

S2(r, L, rs) = var[l| Fs) — CO\);(r%ZZ“ltj\TZs) .

The above moments have been computed. We then obtain

CD(’I", t) — th(T|TO)N ( h—M(T,KO,TO) ) :
\/22(T7€OaTO)

\U(r,t,r’, 8) — frt(ﬂ’rs — T‘/)N h—u(rls=h,r") ) :
V2@ e=h,r")

where fr, is the transition density of r;.
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Recall

(D(Ta t) dr = QT[ét S h,’l“t S [’I",’I“ _I_ dr>|607’r0]7
W(r t,r s) dr = Qrlle < h,r¢ € [ryr +dr)|ls = h,rs = r';

they observe the following integral equation for Qp[r~ € dr’,~ € ds]

— W / I ./ / .
)= [ VOt )Qrl € [+ dr'), v € L5+ ds)]

We start with /5 > h so that the first passage time cannot be zero.
In discretized form, at t = tj and »r = r;, we have

j Ny
D(rit) = > Y W(ryt,ru, tv)q(u,v).

v=1 u=0
In particular, when 53 = 1, the previous expression becomes

Ny
q)(r’i)tl) — Z W(Ti,tO,TU,tO)Q(’U,,O).

u=1
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We then obtain the following expression:

Q(Z, 1) — QT(T’Y S [Tinri—kl]a’y S [t07t1])'
Note that W(r;,t1,7ru,t1) = l{ri:ru}, one readily has q(7,1) = ®(r;,t1).

Recursive scheme for the computation of ¢(i, j)

First, we compute ¢(i,1). For 7 > 1, we use the relation:

J—1 ny
CD(TZ)t ) — Z Q(’LL ])W(T’wtjaruat )_I_ Z Z Q(u’ U)W<T27tjaruatv)
u=0 v=1u=0

Thanks to W(r;,tj,ry,t;) = l{ri:ru}, we deduce that
J—1 n,y

q(i,7) = ®(ri, t5) — 3 > a(u,0)W(ry,t5 Ty, o).

v=1n=0
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Up-barrier case: summary of formulas

Starting with ¢q(i,1) = ®(r;,t1), we compute q(i,5) recursively as
follows:
J—1 n,

q(i,5) = P(ri, t;) — Y > al, k)W (rg, 5, ty),

k=11=0
where

p(r, Lo, o) — h
\/22(7“, o, 70)
u(r,h, ') —h
V20 )

P(r,t) = fry(rlro) N

Y

W(rtr s)= fri(r|rs = YN
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Review of the key results

e With regard to the knock-in condition, one has to find the joint
distribution of ¢y and ~ [note that {Smax > H} and {y < T}
are equivalent events]|. More specifically, we need to compute
Qrlr~y € dr,y € ds]. Goal: obtain an integral equation.

e \We |limit ourselves to the Vasicek interest rate process and Ge-
ometric Brownian motion for the stock price process. The joint
process {/¢;, r¢+} is two-dimensional Gaussian. The bond price
process has exponential volatility structure, where

op(t,T) = 271 — e~ a(T=0)],
a
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The relation between the bond price P(¢,7) and the short rate r; is
given by

INnP(t,T) = —B(T —t;a)ry —n(T —t),
where

— 2
1 —e 4 o;

2
: : Ty - \2
B(u;a) = — n(u) = («9 — 2a2> [u— B(u;a)] + —4aB(u, a)”.

Recall the change of measure from Q to Q7"

dZ1(t) = op(t,T) dt + dZ1(t), where Z{(t) is Qp-Brownian.

Under Qr, we have

2
dry = a [ — U—TB(T —t;a) — frt] dt + oy leT(t)
a

t t
et [rueau + a/ Ose?® ds + ar/ e?? d,Zip(s)] :
u u

Tt
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e Bond price process

P(0,T)

Pit,T) = P(0.6) e

0 ( [[lopu1) = op(u, 1] 42 ()
+ 5 [lop(u ) — op(u 01 du)

e Stock price process
{4 = In St

— (72(u,t)—(72
= o t)+/{ o, Tlop(u,£) + po] + TP }du

4 /O lop ) + pol dZf () + [ oy/1 = P azf(u)
2

[rt — % — poop(t, T)] dt + op leT(t) + o\/1 — p? ng(t)

dl;
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e TO compute EQT[€€T1{£T>InK}|r7 = r,r = s|, we use the for-
mula:

2 2
k(m,a,a)zE[eXl{X>|na}]=exp (m—l—%)N(Tn—l_J Ina>’

o

where X ~ N(m,o02). At v = s, we have ¢s = H. By the
strong Markov property of (4, r:), conditioning on (4s,rs) is like
conditioning on Fs. Take the first passage time ~ to be tj, we
obtain

—_—

EQT[66T1{€T>|n K}|‘th] — k(ﬁtj’T7th,T7K)’

where
ﬁS,T = EQT[ETLFS] and th,T = varQT(£T|]-“s).

Similarly,

ﬁtj,T —In K)

EQT[1{€T>|n kylFyl =N ( S
2.t,,T
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o Eg. llry =1Ls,rs] = p(r, Ls,rs)

coVv (g, re|F.
= B[] + S0

Var(rtl}—s)

(r — EQulri| Fs])

cov(ly, r¢|Fs)?
varg [b|re = r,€s,rs] = S2(r, bs,ms) = var(€¢| Fs) — (€, e Fs) .

Var("“t|-7'—s)

o O(r,t) dr = Qplle < h,r¢ € [r,r 4+ dr)|lg,r0l, Lo > h
W(r,t,r',s) dr = Qpl[ly < h,rt € [r,7 + dr)lls = h,rs = ']
T he discretized form of the integral equation is

P(ri,t5) = Z Z W (ry, tg, Tus to) g (u, v),

v=1u=

where

Q(Z,]) ~ QT[T’Y S [r’bri—l—l)a’y S [t]7t]—|—l>]
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1.6 Occupation time derivatives

Define the occupation time below the barrier B over the period [0, T]
by

T
S /O (B — S, dt,

where H(x) is the Heavside step function. The following quantity

T
exp(—prg) = exp <—p/o H(B — St) dt)
is the knock-out discount factor with knock-out rate p.

1. Down-and-out proportional step call
terminal payoff = exp(—p75) max(St — K, 0).
2. Simple step call option with principal amortization
terminal payoff = max(1 — p75,0) max(Str — K, 0).
3. Delayed barrier call (also called cumulative Parasian call)

terminal payoff = 1{ max(Sr — K,0).

Tp<aT'}
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Other contingent claims with dependence on the occupation time
but no independence on the terminal stock price:

e Switch option
Pays off a dollar amount proportional to the fraction of the
contract life for which S; lies above or below the barrier:

ATg Or Afé", where A is a notional constant.

e Day-in/day-out option is the difference of 2 switch options

A(Té — Tg—)

e Occupation time option

max(rg —aT,0) or max(al —15,0).
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Quantile options

. 1 T
M(a, T) = mf{B ; f/o l{StSB}dt > Oé},

which is the lowest barrier level B such that the occupation time
T IS greater than or equal to a given fraction « of the option’s
life. Note that M («a,T) becomes the realized maximum of the asset

price over [0,T] when o« = 1; that is, M(1,T) = Sr[r?g(].

When B is taken to be below M (a,T), Tp > o will not be satisfied,

so {rz < oT'} and {M(«a,T) > B} are equivalent events. We then
have

P(rp < aT,Wp € dz) = P(M(«a,T) > B,Wr € dz).

One can obtain the joint law of the pair (Wp, M («, T)) by the known
law of (Wp,75).
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Seasoned (in-progress) step option

Let t be the current time and recall

T3(0,T) = 75(0,¢) + 75 (¢, T),
where 75(0,t) is already known at time ¢t. We then deduce that
c, (S,75(0,1),t; T, K, B) = exp(—p75(0,t))c, (S;T — t, K, B),

where K is the strike price and B is the barrier.

The asset price path over [0,t] determines how the terminal payoff
is affected by the factor exp(—p75(0,t)) while the terminal asset
price at T does not depend on the path history over [0O,t]. At time
t, the time to expiry of the option is T" —t.

Reference

“Step Options,” V. Linetsky, Mathematical Finance, vol.9(1) (1999),
P.55-96.
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Partial differential equation formulation

We consider a contingent claim written at time ¢t = 0 that pays

F(Sp,7g) at time T. Let f(S,1,t) denote its value at time ¢, t €
[0,T], where I is the path dependent state variable. The occupation

time 75(t,T) follows the process

dtp (t,T) = H(B — Sy) dt.

The function f solves the following terminal value problem:

32f of _ of
: 852+( —C])S +7'[(B S)—B_ rf = Y

subject to the terminal condition: f(S,I,T) = F(S,I). Here, we

assume S; under @ follows the dynamics:

d
5t = (r —q)dt+ odZ;.
St
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Special case: separable terminal payoff

Suppose the terminal payoff is separable, where

F(S, 1) = e Pl (5),
so that the solution f is also separable:
£(S,1,t) = e Plg(s,1).
For Iy = 15 (t) = /OtH(B — Sy)du, we have

ofdl dl
57 di pdtf pH( ) f

The governing equation for g is given by

2 2
279 4 (DS _r+ pH(B - S)]g = -2
> g2 T DS~ Ir+ pR(B=5)lg = =7,

subject to the terminal condition:

g(5,T) = P(5).
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The discount rate becomes r + p when S < B and it is equal to
r when S > B. The quantity r 4+ pH(B — S) can be interpreted
as the adjusted discount rate with killing rate p in the down-barrier
region. Once ¢g(S,t) is obtained, f(S,1,t) = e_pTé(O’t)g(S, t) (see the
in-progress step option formula).

Remarks

e Consistency in the “separability’” assumption is observed in the
governing equation for ¢(S,t).

e Numerical scheme can be constructed easily by adopting the
adjusted discount rate r 4+ p in the “barrier” region.

82
e [ he discontinuity in the damping term leads to jump in a—sg.
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Perpetual step options

Consider the price function f(S) of a perpetual step option, whose
governing equation reduces to the Euler equation

L >S —[r 4 pH(B — 8)]f =0
> 452 d P —

with the boundary conditions:

f(S) > STl as S 00 and f(S)=0 as S—0.

2
When S > B, the auxiliary equation is %az(az -1+ (r—q@zr—r=0

and whose roots are A+ + 1, where

2q r—q . 1
A= A+ A2+ A= —.
+ \/ o2 o2 +2

148



When S < B, the auxiliary equation is

o2
Sel@e—)+—gz—(r+p) =0

and whose roots are X, + 1, where

Q(q—l-p).

o)

Ap = —\+ \/AQ +
The continuity boundary conditions at the barrier are

Ilm f(B4+¢) = Ilm f(B—¢), Ilim (B—I—e)— lim dS(B—s).

e—0T e—0T 0t d e—0t
Solution

The general solution takes the form:

f=A18MT 4 A8 5> By
f=B1SYTl 4+ B,s1=% g < B.
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The time-independent solution for the perpetual down-and-out step
option is given by

[ Ay +1 Ap=Aq (B\AM—A-

o [P 5o
Ay —A— oAy 41 (B\M— '
s (£) S<B

We consider the two asymptotic limits:

(i) p—0
im £(9) = sA+T1
p—0

which is the stationary solution of the Black-Scholes formulation
with continuous dividend vyield q.

(ii) p — oo (standard perpetual barrier option when the knock-out

rate is infinite)
B Agp—A—
lim f(S) = ST |1— (E)

p—00

, S >DB.
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Proportional step options
C,(S;T,K,B) = e "' Egle”?"8 max(Sr — K, 0)],

where Eg is the conditional expectation operator associated with a
geometric Brownian motion S, t € [0,T], started at S at time ¢t = 0.
The governing dynamics is

dSy = (r — q)St dt + oSt dZ;.

Introduce the following notation

1 02 112
= — | r — ——, = 7r —,
(¥ ( q 2) Y +2

o)

1 S 1 K
$=—|n<—), k=—|n(—>.
o B o B

151



The process St can be represented as

2
(T—q—%) t+oZ;

St Se

— BGO'(Zt—I—CE)eO'Ut —_ BGU(Ut+Wt), Wt —_ Zt _I_ T,

where W is a Brownian motion started at z at time t = 0. By virtue
of the Girsanov Theorem, we have

2 _
Cy(S;T,K,B) = e " TE [’V =271 (Be"Wr — k)1 1y o]

= e "BV, (v+ ok, 2,T) — KV,(v; k,z,T)].

,02
The factor e!Wr=2)=3T js the associated Radon-Nikodym deriva-
tive. The change of measure is effected by

2 2
€UZT—U7T — ev(WT—az)—%T.

When Z; (W) is Brownian under the original measure, Z; = Z; +
vt (W = Wi 4+ ot) is Brownian under the new measure. We then
drop ‘“tilde” for notational convenience.
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The event §; = Beo (vi+Wi) > B < Wi+wvt > 0 in the original measure
< Wi > 0 in the new measure. Similarly, Sp = Be?Wr+vT) > K in
the original measure is equivalent to Be"7T — K > 0 < Wor > k in
the new measure.

Here, ' is the occupation time of (—oo, 0] until time 7', and

T

The occupation time of St < B in the original measure is equivalent
to the occupation time of W; staying in (—oo, 0) in the new measure.

The function W,(v; k,z,T) is defined by

_ o0 _
Wo(v k2, T) = B [T 1Ly o0 = /k eV Egle™"' 1; Wy € dz].

Here, E, is associated with the Brownian motion W; started at = at
time O.
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Transition probability density of a Brownian motion with Killing
rate p

Exle P r: Wr € dz] = Ky(z,z;, T)dz,

where K, is the transition probability density of a Brownian motion
started at x and killed at rate p below zero.

t

A z z+dz
(/)
4 /’
down
//// barrier
/ region
X W
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e RegionI. x>0, z>0, x + z > 0: (initial stock price S is higher
than or equal to barrier B)

dt,

T oy — —( o . T—e TNz 42) (ha)2/o
Ky(z,2;T) =K (z,:c,T)—I—/O (T — 1)3/263/2 e

where W stays outside the barrier region or at the barrier. The
degenerate case x = z = 0 has a simpler form.

Here, K™ is the transition probability density for a Brownian
motion with absorbing barrier at zero and started at x

K:_(z,x; T) — 21 = e_(Z—ZC)Q/QT . e—(2+$>2/2T .
s
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e RegionIl. x <0, z> 0:

KM (2,2, T)

T = eI D)[2(1 — 22 /(T — ) + (1 — 22/t)]
- /O 2wp(T — t)3/2t3/2

e_z2/2t_$2/[2(T—t)] dt,

Region
|l

Region
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Introduce a Brownian motion W; = —W; so that

L
Ko(z,z; T)dz = E_plePr; W € —dz]
e PTE_ [’ 1: Wy € —dz]
e_pT/C_p(—z, —x; T)dz.

e Region IIl. x > 0, z < O:

/an(z, x,T) = e_pT/CI_Ip(—z, —x;T);

e RegionIV. <0, 2<0, z4zx <0:
/Cgv(z,:c; T) = e_pT/CI_p(—z, —x;T);

o =1 =0:
1 —ePT

V2rpT3/2
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Solution for G,

Recall the forward Fokker-Planck equation for the dissipative density
function KCp:

oK, 10°K,

T ~ 2 0x2
with terminal condition: K,(z,z;T) = 6(z — x). Here, T is the
forward time variable and z is the diffusion state variable. The unit
variance Brownian motion ends at the point z for sure at time T
and dissipates at the rate p when =z < 0.

— pH(—2)KC,

The above governing differential equation resembles the option pric-
ing equation with Killing rate p in the downbarrier region. This is
not surprising since K,(z,z; T)dz gives the fair price of the contin-

gent claim with terminal payoff e_prEdZ1{WT€(z,z—|—dz)} subject to
the amortization factor with killing rate p. We take the Laplace
transform of KCy(z,x;T) with s as the dummy Laplace variable:

o0 —sT
Go(z,x;s) :/O e " Kp(z,x; T) dT.
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When z tends to —oo or oo, the transition density should tend to
Zero; so

im Ky(z,z;T) = Iim Ky(z,z;7T)=0.

—r00 T——00

The pde is reduced to an ODE when we take the Laplace transform.

oK
Observe that the Laplace transform of 8—Tp gives sGp—9d(z—x). We
then have
102G,
592 [s + pH(—2)]Gp) = —6(z — x).

For the far field boundary conditions, by observing the corresponding
far field boundary conditions for K,(z,x;T), we observe

lim Gy(z,z;s) =0, lim Gp(z,z;s) = 0.

T——00 T—>00

In the solution of the ODE in view of s+ pH(—=x) in the coefficient
of Gp, we observe that

(i) when z < 0, the fundamental solutions are e=#V2(stp).

(ii) when z > 0, the fundamental solutions are etTV2s
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oG
Jump conditions for G, and P atx=0andz ==z

ox
Due to the Heaviside term H(—xz) in the ODE, it remains to have
0G) oG
continuity of G, and 8— at z = 0. However, there is a jump in — ——r
X X

at x = z due to the Dirac term 6(z — z). We have

lim [Gp(z €;5) — Gp(z,—€; 8)] = 0;

e—0T

lim [aGp(z € 8) — 8Gp(z —€; s)]

e—0T

lim [Gp(z z+e€;8)— Gp(z,z —¢€;8)] = 0;
e—0T
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It suffices to consider the case z > 0. The solution to K, with z <0
can be deduced from K, obtained for z > 0 using the symmetry
relation: K,(z,z; T)dz = e "L K,(—z, —x; T)dz. The special case z =
O can be obtained in a separate (possibly simpler) procedure.

Solve the ODE for Gy in 3 separate segments:

x<0 O<x<z X >z

For the determination of the arbitrary constants, we apply the two

far field boundary conditions at x — +o0o, and observe continuity of

oG oG
G and 8—p at x = 0, continuity of G, at x = z and jump of 8—p of

XL X
amount 2 fromx =z —€¢ to r = z + €.
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Region I. x > 0, z > O:

Gl(z,wi8) = (e 7V LRy ()em (VRS

V25
where the coefficient R, is given by
_Vstp—/s
Rp(s) = .
Vs+p+/s

T he solution consists of the two exponential terms: Ale_f’?\/Z and
Agex‘/Q_S.

Note that e_|2_5’7|\/2_8 becomes e_(x_z)\/Q_S when = — z > 0, which is
consistent with the requirement that the exponential term AQGCC\/Q_S
should be excluded when z — z > 0.

The coefficients Ay and A, are determined by the continuity con-
ditions and jump conditions at xt = 0 and x = z. This leads to the
solution for G4(z,z; s) in the above form.
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We rewrite

G{)(z,az; s) =G (z,x;s) + \/%E-I- NG e_(z+w)\/2_8,
where G~ is the Laplace transform for the transition density of the
unit variance Brownian motion with an absorbing barrier at zero and
starting point at x (restricted Brownian motion). With both x > 0
and z > 0, we have

1
G_(z’ xT; 3) — \/2_8(6_‘Z—ZU|\/2_8 . 6—(Z+£IZ)\/2_S)

Performing the Laplace inversion and noting that

T~ v

vVs+p+/s —\/27Tpt3/2,
we obtain
1 (z—x)? (z+a)?
/Cf,(z, x,;T) = e 2T —e 2T
27T

2T 2
T 1—ePT=t) (4 x)e—( 5

0 V2mp(T —)3/2  /2rxt3/2

+ dt.
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Some useful Laplace transform formulas

r=lro—avsy — a —a?/4T 0
rAe T = e © azn

o—a2 /AT
a > 0;

—li—a\/gz
TR TR RS

5_1{ 1 _ oot [Ystamvsl 1ot
T \Wstatvys) 7 a 2a/mT3/2"

convolution formula:

c { [ s - dt} — C{g(TY} LR}
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Note that Gé(z,a;;T) remains to be continuous at £ = 0. At z =

2
z =0, G5(0,0;s) becomes V2 so that

Vs+p+ /s
1 —e Pl
2rpT3/2

k20,0, T) =

As a remark, the last integral term in /C/I)(z,a:;T) can be expressed
by

T G+ )5

4 XI)e
Kl(0,0;T —¢ dt,
Jo < N T

which is the convolution between Kﬁ(o,o;t) and the first passage
time density function of a standard Brownian motion that starts at
0 and travels downstream to —(z + x).

More precisely, the dummy variable t is the sum of t;{ and ¢, where
t1 is the first passage time of W} to barrier x = 0 with Wy = x and
to is the last passage time to the barrier x = 0 with Wp = 2.
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Under such scenario, W; moves from position O and ends at position
O over the remaining period 1T'—t. The corresponding transition
density with killing rate p is K4(0,0; T — t).

]_ — e_p(T_t)
1. When p — oo, we observe |im — 0 so that
p—0  o(T —1t)
1 (z=2)? (242)?
im Ki(z,z;T) = [e_ 2T  —e 2T |.
p—oo P 27T

This is the same as the density function of the restricted Brow-
nian motion with an absorbing barrier at x = 0.

]_ — e_p(T_t)
2. When p — 0, we observe Iim = 1 so that
p—0  p(T —1)

1 (z—)2 (z4)2
lim K2 z,x; 1) = e 2T —e 2T
p—0 ol ) V27T [

(z+2)?
1 (z4+x2)e” 2

T
+ V(T —OY2  ani3/?

dt.
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By taking the Laplace transform of both functions and using the
convolution formula, one can show easily that

free space density function of a standard Brownian motion
starting at  and ending at —z

1 _ (z+2)?

— e 2T

27T

(z+x)?

. /T 1 (z+x)e 2 5t

0 V2r(T —t)1/2  /2xt3/2 .

1 1
Note that £t —_\ = - which is the density function of a
T {\/2_3} NGTT y

standard Brownian motion that starts at O and ends at O again at
T. Also,

1) —(z+x)v2s| _— _* T —(z +)?
L {e } NoTiEIL exp ( ST ,

which gives the first passage time density to the barrier x = —z with
Wo = .
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The integral can be expressed as the product of two terms; namely,

(z4a)?
(4 x)e 2

\/ﬂt3/2

P[T‘_/I; e dt; Wy = «x] dt

and

PWp e (—z,—z+ dz)|7"_/vz =t, Wy = z]
= P[Wp € (—z,—z 4+ dz)|W; = —z] (strong Markov property)
1
V2m/T —t
We integrate over all first passage times over [0,7] and obtain the
integral as

T
/o PWr € (=2, —z+ dz)|77, = t; Wy = z] P[T_, € dt, Wy = 1]
T
= /O PWp € (—z,—z+ dz)|W = —z] P[] [z c dt; Wo = z].

This integral contributes to Kg(z,a;; T) for p = 0 under the scenario
where the downside barrier x = 0 has been breached at some time
within [0, T].
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e RegionIl. x <0, z > 0:

G[I)I(z, x,8) = %770(3)833\/ 2(s+p)—2V2s
S

NGT
where

The solution consists of one exponential term: Aze®V2(stp)

e Region IIl. x > 0, z <O0:
1
G[II 210 8) = T (s ez\/Q(s—I—p)—a:\/Qs.
p ( ) \/2_8 P( )
e RegionlIV. <0, z<0:

va(z,ac;s) _ 1 {6—|z—x|\/2(8—|—p) +Rp(8)€(z+x)\/2(8+’0)}.
\/2(8 + p)

This is obtained by swapping z - —z, * - —x, s - s+ p and

s+ p—sin Gg(z,x; s).

169



e Region. k>0 (K >B)and z>0 (5> B) :
I > I
V(v k2, T) = /k e Ky(2z,2;T) dz

— 1 o0 e[—(z—x)Q/QT]-I—vz dz
V22T Jk
1

B V21T

T 1 — e pP(T-1)
—I_/ V27 p(T — t)3/2

z+x 2 /0¢ +vz
<\/ﬂt3/2/ (z—i—x)e[ (z2)</21] dz)d
— eva:—|—v2T/2N(d1) . e—v:v+v2T/2N(d3)

oz T [1 — e_p(T_t)]QUQt/Q
te /o V2mp(T — 1)3/2

o0 e[—(z—l—zr;)z/QT]—I—fuz d=

[N (ds) +t~Y/2N'(ds)] dt;

where
g _ —kH4x 40T g _ —k—xz 40T
1 \/T y G3 \/T )
—k — x4+ vt

dg = dg = ds + oV/t.

VA
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The function W,(v; k,z,T) is continuous for all k € R and z € R.

Price of a down-and-out proportional step call att =20

e K>Band S > B

C,(S;T,K,B) = e " " [BY/ (v+0,k,2,T) — KW,(v; k,z,T)]
DOC(S: T, K, B)
B\2v/o (T [1 — e P(T—1)]e(T—1)
+ (E) /o V2rp(T — £)3/2
2
[(v + o)e ¢ (%) (dg) — ve "K' N(dg)| dt.
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DOC(S;T,K,B) = e 9'SN(dy) —e ™ KN(dqy)

2u/o 2
(5L () o]

do =dy + oVT, dg =d3+ oVT.
In the limit p — oo,

Jim C, (ST, K, B) = DOC(S; T, K, B);

and in the Ilimit p — 0,

im C;(S;T,K,B) = C(S;T, K) (vanilla call option).
p—0
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e RegionIl. k>0 (K >B)and <0 (S<B):

Wi (v k2, T)

©.@)
/k evZ/CIgI(z, x:T) dz
e
0 V2mp(T —t)3/2

+ z(1 — zQ/t)]e_Z2/2t+vzdz) dt;

— 22 /2(T—t)

T [1 — e_p(T_t)]QUQt/Q
/O V27 p(T — t)3/2
[vC1 N (d7) + CoN'(d7)]e = /(T gy
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C,(S;T,K,B) = e " [BYW /! (v+ o0,k 2T)— KW, (v, k,z,T)]
(B v/o (T [1 — e PT—1)]e(T~1)
- (E) /O V2mp(T — t)3/2
[((v+ 0)C3e BN (dg) — vCie " K N(d7)
— aazt—1/26_thN’(d8)]e_xQ/[Q(T_t)] dt;
—k + vt
d7 = ﬁ:, dg = d7 + ov/%;
R O B xk . B
Ci =1 - v, C’Q—\/z et C3 =(C1 — 6.

Continuity of value function and delta; jump in gamma

lim
e—0T
lim
e—0T
lim
e—0T

:Cp_(B—I—e;T,K,B)—C’p_(B—e;T,K,B)] =0
A, (B+6T,K B)~ A, (B-6T,K, B)] =0
o _ 2p
r,(B+aT.K,.B)~T,(B-aT,K B)]= 5

C, (B;T, K, B).
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e RegionIll. k<0 (K<B)andz>0 (S> B) :

o0 0
/O evle](z x;T) dz—l—/ eUZ/Cé”(z,ac;T) dz

/ UZ/CI(Z x;T) dz—l—/ vlegn(z,ac;T) dz

Wi (v k2, T)

—/ UZ/C{)H(,Z,Q:;T) dz;

1 e—pT[\uf (=00, -, T) — \lfl_lp(—'v; —k, —x,T)];

C, (S;T,K,B) = e " [BY ! (vt0, k2, T) - KWV (v, k, 2, T)].
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We apply a useful symmetry property of the function ICp(z,a:; T):

Ko(z,2;T) = e_pT/C_p(—z, —x;T).

e RegionIV. k<0 (K<B)and <0 (S<B):

00 0
W{,V(v;k,x,T) — /O eUZ/CH(z x;T) dz—l—/ e’UZ/CgV(z,a;;T) dz

/ UZICH(Z x;T) dz—l—/ Ulef;V(z,:C;T) dz

—/ Uz/Cgv(z,a;;T) dz.

= \Uu(v 0,z,7T)
+ e—PT[xufp( v;0,—z,T) — WL (—v; —k, —2,T)]

C,(S;T,K,B) = e "BV (vto;k,2,T) - KW (v; k,z,T)].
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Vanilla, Down-and-Out Proportional Step, Simple Step, and Barrier Call
Values and Deltas as Functions of the Underlying Asset Price S

vanilla call proportional step simple step barrier
S C A C,” AyT Oy A% DOC A
85 9.8517 0.4554 1.6062 0.2376 0.7200 0.1730 0 0
90 12.2641 0.5091 3.2951 0.4602 2.1528 0.4291 o) o)
95 14.9373 0.5597 6.5008 0.8598 5.3548 0.8908 0 1.0058
96 15.5019 0.5694 7.3603 0.8591 6.2450 0.8895 1.0044 1.0029
97 16.0760 0.5790 8.2192 0.8587 7.1339 0.8884 2.0060 1.0003
102 19.0867 0.6247 12.5113 0.8589 11.5668 0.8855 6.9780 0.9892
105 20.9994 0.6503 15.0904 0.8607 14.2229 0.8855 9.9376 0.9841

Option parameters: K = 100, B =95, ¢ = 0.6, r = 0.05, ¢ =0, T'= 0.5 (six months).
Proportional step call parameters: 8= 0.9 (p = 26.34, T = 21.85 trading days).

Simple step call parameters: p; = 0.1 (p = 25, T = 10 trading days, 5 = 0.9).
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20 +

15 + Vanitta Call

l

Proportional
Step Call

J

Cali Value
—
(]
1

Simple
Step Call

|

Barrier Call

085 8:7 819 9’1 913 9I5 9'7 9|9 1(1)1 1(|)3 105
Underlying Price

Vanilla, down-and-out proportional step, simple step, and barrier
call values as functions of the asset price S. Option parameters:
K =100, B=095, 0 = 0.6, r = 0.05, ¢ =0, T = 0.5 (six months).
Proportional step call parameters: 8 = 0.9 (p = 26.34, Tp =21.85
trading days). Simple step call parameters: p; = 0.1 (p = 25,
Ty = 10 trading days, 8 = 0.9).
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0.8 -
<—— Barrier Call

E 0_6 - /]\/
©
0O
T
© Vanilia Call
0.4
Proportional
Step Call
0.2 1 Simple
Step Call
0 . '

Underlying Price

Vanilla, down-and-out proportional step, simple step, and barrier call
values as functions of the current asset price S. Option parameters:
K =100, B=095, 0 = 0.6, r = 0.05, ¢g =0, T = 0.5 (six months).
Proportional step call parameters: 3 = 0.9 (p = 26.34, Tp = 21.85
trading days). Simple step call parameters: p; = 0.1 (p = 25,

Ty = 10 trading days, 8 = 0.9).
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Joint law of (Wrp,I 1)
Define the joint density of terminal value of Brownian motion and
occupation time by

pz(Wr € dz,T € dt) = pz(2,t,T) dzdt, —oo<z<oo, t<T.
We would like to show: pz(z,t;T) = Lt_lle(z,w;T). Consider

Ezle "' 1: Wy € dz]
Ko(z,z;T) dz

T t
— /O e Plpy(z,t;T) dtdz

@)
— </o e Plpy(z,t;T) dt) dz since pg(z,t;T) =0 for t > T.

Since the last integral can be visualized as the Laplace transform of
pz(z,t;T) with the Laplace variable p, so

pz(z,t; T) = L7 HKp(z,; T)).
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RegionI. >0, z>0, z+4+z > 0:

pl(z,t;T) = Ct_l{/Cg(z,az;T)}

Tt (z+4a) G+ D?)
- /O 2 (T — u)3/243/2 exp( 2u >du,

or rewrite it as

T—t 1 (z -+ a:) _G4a)? dt
I :
z, t:T) dt = e 2(T-uw) — du,
P ) 0  V2mul/2\27(T — u)3/2 U

where v is the time variable lapsed backward from 7. Note that u
runs from 0 to T'—t (since u > T —t means the calendar time is
less than t and should be ruled out). Contribution to pl arises only
when the barrier x = 0 is breached.

Region II. x <0, z > 0:

pil(z,t;T) = £y HK (2,2, T)}
_ /T_t {z[1 — 22 /(T —u)] + 2(1 — 22 /u)}
—Jo 27 (T — u)3/243/2
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Region III. £ > 0, z < O:
p (2, t; T) = L YK (2,2, T)} = p (=2, T — t; T);

where the last equality is deduced from K,(z,z;T) = e "1 K_ (=2, —x; T).

Region IV. <0, 2<0, z4z <O0:

plV (2, t; T) = Ly HKY (2,2; 7)) = pl (=2, T — £, T);

1
V 2rT3/2'

r=2=0: pg(0,t;T) = L;1{K,(0,0;,T)} =

t=0,2>0,2>0: po(Wpedz,T-=0)=K (z,x;T) dz;

t=T, <0, 2<0: pp(Wredz,T 7 =T) =K (2,2, T) dz.
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Pricing of contingent claims with payoff F(St,Tg5)

The price at t = 0 of a claim with the payoff F(Sp,75) at time T
and S > B [corresponds to = > 0] is given by

©.@)
Cr(S;T,B) = e VI-v {/O F(Be®?,0)e”K ™ (z,z;T) dz

T roo ;
T /O /0 F(Be, t)evsz(z, t; T) dzdt

T 111
+/o / F(Be?*,t)e""py, " (2,1, T) dzdt ;.
— OO0

Here, K~ (z,x;T)dz gives the probability that W € (z,z + dz) while
the stock price never crosses the downstream barrier (corresponds

to 75 = 0).

For 7, > 0, z can assume values from —oo to oco. When z > O,
pl(z,t;T) is used; while when z < 0, we use pl!{(z,t;T).
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Delayed barrier options and simple step options

With separable payoff: f(r5)®(St), we have
Cy(S;T,K,B) = e "' Eg[f(r5)®(ST)]

e_TT/OTf(t) /_O; S (8)ps (8, T) dodt.

Recall
Loips(8,t; T)} = Egle™""B; St € df]
so that

Cy(S;T,K,B) = /OTf (w)LyHe ™ Egle "B ®(ST)]} du

T o
= /O Fw) L {C; (S; T, K, B)} du.

Note that W,(v; k,z, T) in the price function C; (S; T, K, B) invariably

1 — e_p(T_t)
contains the factor ~ which arises from the choice of

P
flu) = er
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A useful identity: Given E;l {e_puo} = H(u — ug), we have
P
_ e—p(T—1)
[ raet | ] du
0 p
T

= | F@IH@) — Hu— (T =1)] du
— /OT_tf(u) du = F(T —t).

By using the price function of the proportional step option with
down-barrier Cp—(S; T, K, B), we obtain

K> B and S > B:

Ci(S;T,K,B) = f(0)DOC(S;T, K, B)
B\2V/ (T (T —t)e (Tt
+(§) 0 2r(T —1)3/2
B2

[(v + o0)e 1 (?) (dg) —ve "' K N(dg)| dt,
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where the factor F'(T —t) reveals the functional dependence of the
terminal payoff on B of the occupation time derivative.

For proportional step options, delayed barrier options, and simple
step options we have

Fp(T —t) e PY du = :

0 p

T _faT, 0<t<(Q-a)T
FMT—U-—ﬁ; 1@@ﬂdu—{T—u(1—®T<t§T’

T—t
Fs(T —t) = /O max(1 — pu,0) du

1 1

_ |3 0<t<T—+

(T —t)[1 - 5(T — )], T—%<t§7”
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1.7 Discretely monitored barrier options

Discrete and continuous monitoring of the asset price process

e [ he asset price process is monitored over the life of the option
contract for breaching of a barrier level. In actual implemen-
tation, these monitoring procedures can only be performed at
discrete time instants rather than continuously at all times.

e \When the asset price path is monitored at discrete time instants,
the analytic forms of the price formulas become quite daunting
since they involve multi-dimensional cumulative normal distri-
bution functions and the dimension is equal to the number of
monitoring instants.
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Correction formula for discretely monitored barrier options

Let V(B;m) be the price of a discretely monitored knock-in or
knock-out down call or up put option with constant barrier B and
m monitoring instants. Let V(B) be the price of the corresponding
continuously monitored barrier option. We have

V(B:m) = V(BetPoVAt o(i>
( ) ( ) + N

1
where g = _£<§> /\/27r ~ 0.5826, ¢ is the Riemann zeta func-

tion, o is the volatility, At is the uniform time interval between two
successive monitoring instants.

The “4" sign is chosen when B > S, while the “—" sign is chosen
when B < S.

One observes that the correction shifts the barrier away from the
current underlying asset price by a factor of ePoV AL,
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Numerical comparison

Up-and-out call price (m = 50, roughly daily monitoring)

barrier option price under option price using exact value
level continuous barrier correction formula

155 12.775 12.905 12.894
150 12.240 12.448 12.431
145 11.395 11.707 11.684
140 10.144 10.581 10.551
135 8.433 8.994 8.959
130 6.314 6.959 6.922
125 4.012 4.649 4.616
120 1.938 2.442 2.418
115 0.545 0.819 0.807

Option parameters:

S(0) = 110, K = 100, ¢ = 0.30 per year,

r = 0.1, T = 0.2 year (roughly 50 trading days).

e T he errors in adopting the continuous barrier price formula as
an approximation can be quite significant when the stock price

is close to the barrier.
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Formulation of discretely monitored barrier options

In the discretely monitoring case, at the nth monitoring point nAt
with At = T /m, the asset price under the risk neutral measure Q@ is

given by

Sn = S(0) exp (,LmAt + oV AL Zn: Z,L') = S(0) exp(WnoVAL), n=1,...

=1
where the random walk W,, is defined by

mn
Wn=Y (ZZ- —I—E\/At).
i=1 o
Here, the drift is given by u = r — ¢2/2 and Z;'s are independent
standard normal random variables.

Intuition behind the continuity correction for random walk: Correc-
tions to normal approximation are made to adjust for the “over-
shoot’ effects when a discrete random walk crosses a barrier.
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We rescale the breaching condition from the stock price process S
to the Wiener process W. Let H be the barrier, we consider

Sn>H & exp(WpoVAL) >

S(0)
1 H a\/m H
& Wp > IN = , where a = In :
"= ovAt S(0) oVT S(0)

Let 7/ (integer valued) be the (discrete) first passage time to the

barrier z. The barrier is not hit until maturity (m!" time step) if
and only if

7’ ¢ WIl>me W, < ¢ vm forn=12...,m.
oV'T O'\/T
T Xr

In the present context, we consider a first passage problem for the

random walk W, with small drift [E\/At — 0 as m — ool to cross a
o

a

m — OO dS M — OO.
T ]

high barrier
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'(H,S) = (discrete) first passage time (in units of monitoring
time intervals) that the stock price reaches H or above,;
when 7/(H,S) assumes k, the calendar time is kAt.

I(7'(H,S) > m) is the indicator function that the barrier call option
survives up to the maturity date.

m = number of monitoring instants
Sm = stock price at the last monitoring instant (maturity date)

The price of the discrete up-and-out call option is given by

Vin(H) = E*[e "1 (Sym — K)TI{r'(H,S) > m}]

= E*e"T(S,, — K)TI1{ W) > m}],
(€™ (S — KT (S W) > m)]
where a = In 3009 >0, 7(H,S) =inf{n >1: S, > H}, 7' (z,W) =
a
inf{n>1: W, > - where x = .
{n > n > Ty/m} T T
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We consider standalrdized quantities, where o and T' are set to be
unity so that At = —, where m is the number of monitoring instants.

m
For unit variance U(t) and Un(n), we have U(t) = ut + B(t) and
Umn(n) is a random walk with a small drift (as m — o0),

n

_ L K
Un(n) = 3 (zz + m) |

i=1
where Z;'s are independent standard normal random variables.

e n iS the running index of the discrete random walk with m total
increments

e ¢t is the running time of the continuous Brownian motion up to
time T'=1.
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Reflection principle (discrete version)

The random overshoot of Un(7') over the barrier by/m is defined
by Rm = Un(7") — by/m. The reflection principle for random walk

should be
PlUm < yv/m, 7' (b,Um) < m] = P[Unm > 2(bv/m + Rm) — yv/m].

SA 2(bym+R,,) - y\mi

Ny

N\fl

T

An illustration of the discrete reflection principle
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Discrete Girsanov Theorem

For any probability measure P, let P be defined by

dP m 1,
— = exp ZaiZiZai),
apr (izl 23
where a;, 1t = 1,...,n, are arbitrary constants, and Z;'s are standard

normal random variables under the probability measure P. Then
under the probability measure P, for every 1 < i < m, Z,L- = Z;, — a;
IS @ standard normal random variable.
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Rescaling property

For Brownian motions with drifts au and w, and unit standard de-
viation, we have

P[Wau(1) > z,7(c, Way) > 1] = P[Wu(a?) > az, (ac, W) > o?],
where W, (t) denotes the Brownian motion with drift x and unit
standard deviation.

Proof

Suppose p is increased by a factor of «, then Wu,(t) = aut + B(t).
Considering the increase of time by a factor of a2, we observe

Wu(et) = p(a’t) + B(a®t) = alapt + B(t)] = aWau(t);
and

Wou(l) >z & W,u(on) > ax.

196



Main T heorem

For b > y and b > 0, the discrete joint distribution for Uy, and 7/(b,U)
and the continuous joint distribution for U(1) and 7(b+ B/v/m,U)
are related by

P[Um < yvm,7'(b,U) < m] = P[U(1) < y,7(b+8/vm,U) < 1]+o(1/v/m),

1 1 = [1 1 1 €(3)
Whereﬁ_\@{l—ﬁngll\/ﬁ—\/%< n2>(—1)]}_—@,and

¢ is the Riemann-Zeta function.

Proof

Replacing the random overshoot R;, by its expectation E[R,,], whose
£(3)

V2r

value can be shown to converge to g = —
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We then have
PlUnm < yvm,7'(b,U) < m]

P [Um > 2 (b -+ %) vm — y\/ﬁl (renewal theory plus reflection
™m

Q

principle)

_ B
P_U(1)22<b—|-\/m> y]

= P|\UQQ)<y,T (b—l— ﬁ,U) < 1] (reflection principle)
_ vm

Q

where 7 is the stopping time for the continuous counterpart.
Intuitive interpretation

The expectation of random overshoot is similar to the average of
residual life, which is defined as the interval from time ¢ until the
next renewal event. For example, if we arrive at a bus stop at time
t and buses arrive according to a renewal process, then the residual
life is the time that we have to wait for a bus to arrive.
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Limiting expectation of overshoot

The constant 3 is the limiting expectation of the overshoot, which
can be viewed as an approximation to the average of the amount
by which the random walk Uy, exceeds the boundary by/m the first
time the random walk is above the boundary. By renewal theory,
we have
5 — E[A%] |

2E[AN]
where the mean zero random walk A, is defined as

n
An =) Z
1=1

and N is the first ladder height associated with A,

N =min{n >1: A, > 0}.
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From Spitzer (1960), we have

1

\F

1 1 1 An 1
o nzlf{ ()%

> fwl] |

For normal random variables, we have wg = 0, wy = 0, E[Z3] = 0,
SO

E[Z3]
B—E[A] B [w2+3\/— fwl] _wp
2E[AN] 2\%6’“’0 V2

S| e e e N
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From classical analysis, recall the property of the Riemann-Zeta
function £(s), where

. o0 2T 1 s—1
() = im > {n— —ra - (in}) } ,
where
r(14s)= /OOO e 'S dt.

1
Taking s = 1/2, and observing I (§> = /m, we have

m S (v lml] ) =< ):

After same tedious manipulation, we obtain

s £0)
V27
For details, see the proof in Appendix B in Kou’s paper titled “Dis-
crete barrier and lookback options” (2008).
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Up-and-out call option
For valuation of up-and-out call, we need the following result:

For any constants b > y and b > 0,

P(Um > yvm, 7' (b,U) >m) = P(U(1) > y,7(b+8/vm,U) > 1)4o(1//m).

Simple algebra yields

P[Upm > yv/m, 7 (b,U) > m]

P[r'(b,U) > m] — P[Um < yv/m, 7' (b,U) > m]

P[Um < by/m, 7/(b,U) > m] — P[Um < yv/m, 7' (b,U) > m]
P[Upm < bv/m] — P[Um < by/m, 7' (b,U) < m] — P[Um < yv/m]
+ P[Um < yv/m, 7' (b,U) < m].
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We use the Theorem to relate the distribution functions of the
discrete random walks to those of the continuous Brownian motions
and obtain

P[Unm < by/m, 7' (b,U) <m] = P[U(1) < b,7(b+ B/v/m,U) < 1] 4+ o(1//m),
PlUm < yv/m, 7' (b,U) <m] = P[U(1) < y,7(b+ B/v/m,U) < 1] + o(1/v/m),

we have

P[Upm > yv/m, 7' (b,U) > m]
= P[U(1) <b]-PIUQA) <b,7(b+B/vm,U) < 1] = P[U(1) < y]
+ PUL) <y, 7(b+ B/vVm,U) < 1]+ o(1/v/m)
Plr(b+ 8/vm,U) > 1] = P[UQ1) < y,7(b+ B/vm,U) > 1] + o(1/v/m)
PlU1) > y,7(b+ B/vm,U) > 1] + o(1/v/m).
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Note that

Efle ™S, — K)TI(+(H,S) > m)]

E*e™™ (S — K)I(Sm > K, 7' (H,S) > m)]

Efle ™' 8mI(Sm > K, 7' (H,S) >m)] — Ke "™ P*[S), > K, 7'(H,S) > m)]
[ —Ke ™. J1

2
r—%)T—rT ﬁT

Observing etmAt—rl — e( — ¢~ 21 and using the discrete

Girsanov Theorem with a; = oV At, the first term is given by

I = E*

m
e "1'S(0) exp (,umAt +oVAL Y ZZ-) I(Sm > K, 7'(H,S) >m)
1=1

S(0)E*

1 ™m
exp (—202T +oVAL Y ZZ-) I(Sm > K, 7(H,S) >m)
1=1

S(O)E[I(Sm > K, 7' (H,S) > m)]
S(0)P[Sm > K, 7' (H,S) > m].
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Under P, log S, has mean umAt, where Z; is a standard normal vari-

m
able. Under P, oV AtZ; has mean ov Ata; = 02At; SO Z oV AtZ;
i=1

m
has mean o2 Y At = o°T.
i=1

Under P, 109 S, has a mean umAt + oV AL - moVAEt = (u + 02)T
instead of u1" under the measure P*. Therefore, the price of the
discrete up-and-out-call option is given by

Vin(H)
B - log(K/S(0))
= S(OP |Wpy > N ,T(&/(O‘ﬁ),W)>m]
T log(K/S5(0)) _ H
—Ke P sz O'\/E ,T(&/(U\/T),W)>m], a’_log%7

where under P, Wy, = S (Z; + {{(n + 02) /o }v/T/m}). Under P*,
Wm = Y7 1(Z; + {(1n/0)VT/m}), where Z; and Z; being standard
normal random variables under P and P*, respectively.
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Recall

_10g(K/S(0)) |, a_ _log(H/S(0)
ovT 7 0\/_ ovVT -
as m — oo, we obtain
V() = SOP W2y (1) 2 2 EOD oot W o ) > 1]

. log(K/S(0
—Ke TP Wg(l) > Og(a\;T( )),r(b—|— B/v/m, Wg) > 1]
+ o(1/v/m),

where W.(t) denotes a Brownian motion with drift ¢ and unit stan-
dard deviation. By the rescaling property, we obtain

st (T)>'09(K/S(O)) r(WT + B\/T/m, W Wp2) > T

W (T) > IOQ(K;S(O)),T([D\/T 4 B8\T/m, W) >T
+ o(1/v/m).

Vm(H) = SO)P |W

_Ke ™'p
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Lastly, we transform the barrier threshold and first passage time
from W to S.

Since T(bWWT+B\/T/m, W) = 7(a/o+B\/T/m,W) = r(HePov T/m,S),

we have

Vin(H) = S(O)P |S(0)eltoTHBM) > g r(11efrVTIm, ) > 7|

—Ke TP [S(O)e“T+UB(T) > K, r(HePOVTIM gy > T] + o(1/y/m).

Similarly, by using the continuous time Girsanov theorem, the con-
tinuous time price V(H) can be written as

V(H) = S(0)P [S(O)e(“'l'UQ)T"'UB(T) > K,7(H,S) > T]

_Ke TP [S(O)e“T‘l'UB(T) > K,7(H,8) >T]|.
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Double-exponential fast Gauss transform algorithm

We set up the Black-Scholes framework for pricing a European bar-
rier option with discrete monitoring dates. The risk neutral dynam-
ics of the stock price process S; follows

5t = (r — q) dt + o dW4.

St
We consider a time horizon [0,T] and n 4+ 1 discrete time points
t; =iAt, i =0,1,..,n, where At =L and denote S, by S;. The dis-
cretely monitored down-and-out call option with maturity T°, moni-
toring dates {t; ?:_11 barrier level H and strike price K has terminal

payoff (S, — K)T if S, > H, 1 <i<mn—1, and zero otherwise.

Reference

M. Broadie and Y. Yamamoto, “A double-exponential fast Gauss
transform algorithm for pricing discrete path-dependent options’,
Operations Research, vol.53(5) (2005) p.764-779.
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We define the set of risk neutral probability density {F;(S;)}_1 such
that P;(S)dS represents the probability that S; > H, 1 <35 <4, and
S<S;,<S+dS.

The recursive relation for finding P;(S;) is seen to be

P (5) = 4 P5LS0) T S1 > H
1l 0 otherwise '

P(S;) = Jg p(SilSi—1)Pi—1(S;-1)dS;—1 If S; > H
o 0 otherwise

The price Q¢ of the discretely monitored down-and-out call at
time O is given by

O
QDOC (Sp: K, H) = T /K Po(Sn)(Sn — K) dSh.
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terminal payoff =(S; —K)’

S S+dS
—

probability= P(S) dS

> stock price

Discretely monitored down-and-out call option
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Define

2
ZCthSt—(T—q—%)t

so that x4 evolves according to
dry = o dWr.

In terms of z;'s, the transition probability density function is given
by

1 (z; — x;_1)?
G 7 1—1

. . — . . — ex ’
p($z|33z—1) — P (377, xz—l) — /—2 N P < 52 /i >

which is a Gaussian density function. The option pricing formula
becomes

00 2
Qé)OC(SO;K, H) = e_TT/k Pr(xn) [exp (mn + (r —q— %) T) — K] dxn,

52
where k= In K — (r—q—§>T.
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The recursive scheme for the density functions becomes

P1(51) = p“(z1—InSo) if @y >hy
otherwise
P.(S;) = e pY (@i —wi—1) Pi_1(wi—1) dei_y if @5 > by
o 0 otherwise
52
Here, hz' = InH — (r—q_?> i\t

The price of the down-and-out call can be computed by a series of
convolution integrals of P;(xz) and the Gaussian density function.

Unlike the time marching scheme in finite difference calculations,
we can compute the density function at the next time step through
one-step integration over [t;_1,t;].
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Double-exponential integration formula

Consider the integral
o0
I =/ f(x) dx
C

with semi-infinite integration domain, it can be transformed into
infinite domain by defining the following double exponential trans-
formation:

r = c -+ exp (gsinhu) .
The integral now becomes

©.@)
I=/ f(c—i—exp (gsinhu»exp (gsinhu>gcoshudu.

— 0o

Applying the trapezoidal rule with step size h, we obtain

s T T T
Ip=h > f(c—i—exp (—smhjh))exp (—smhju)—coshjh.
i 2 2 2
The above trapezoidal sum can be truncated at a modest value of
|7h| without affecting too much on the accuracy.
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Error estimation

1
The integrand f(xz) has to decrease faster than l as |x| — oo in
x

oo
order that / f(x) dx exists.
C

Suppose f(z) ~ z~17% as z — oo, where a > 0. For u > 0, taking
u — 00, the integrand becomes

T —1l-« T T
exp | —sinh exp ( —sinh — Ccosh
(C+ P (2 “)) P (2 u) > u
—
~ exp (f sinh u) zcoshu
2 2
exp( T exp )Wexp
~ —— u | — (7
4 4
7Te><|o< 7TOéexp )
—_ — u — — u | .
4 4

which decays at the rate of double exponential.
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Similar result can be deduced for ©« < 0, u - —oc0. Take a ~ 1, the
above function becomes less than 1016 at w = 4. Therefore, the
infinite trapezoidal sum can be safety truncated at |jh| ~ 4 if double
precision arithmetric is used.

e \When the number of sample points N is increased in the double-
exponential integration formula, its discretization error decreases
faster than any negative power of N.
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The fast Gauss transform (FGT)

We define the sample points a; and weights w; as follows:
NT
Ii]zv = Z w; f(aj),
J=N~

a; = h; + exp (g sinhjh) , W = h exp (g sinhjh) gcosh 7h,
where N~ and Nt are determined so that

NTh~ —-N"h~4

and the total number of sample points is N = Nt - N— + 1. The
convolution between p&(z; — z;_1) and P,_1(xz;_1) can be approxi-
mated by

NT
. . 4 4 . B
Pa) = 3 wip®(aj—ay HPio1(al ), j=N",.,NT.
J'=N—
e We do not include sample points in the region x; < h; since
P;(x;) is always zero there.
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Write q = Pi_l(az_l)wk and § = 202A¢t.

e The evaluation of Pi(a;-) requires O(N?) computation for each
time step.

e Fast Fourier transform cannot be used to reduce the compu-
tational work since the sample points {a;'-} and {a;.,_l} are not
equally spaced.

e The FGT can compute the discrete convolution of a given func-
tion with a Gaussian function in O(N) work. We would like to
calculate the sums

N 2

€T —

G(:B]) — Z QReXp <_( J 5yk) )7 .] — 1727°"7M'
k=1

As a result, the double-exponential fast Gauss transform algorithm
has computational complexity of O(Nn), where n is the number of
monitoring dates and N is the number of sample points on each
date.
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Hermite functions

The Hermite polynomials H,(t) is defined by

Ho(t) = (—1)"et (%)ne—tz.

The generating function for the Hermite polynomials is given by
2 X gh
275" = 3 T, (b).
=0 n!
Note that H,(t) are just the Taylor series coefficients of e2ts—s®  To

verify the result, consider

o" 2 2 O™ ()2
p2ts—s — et e(ts)

— (next, set u=1¢ —s)
Os™ <=0 os™

n
= (—1)net2 (%) e_tQ.

s=0

2 O" 2
— (_1)77,675 We—u
u

u=—t
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Multiplying each side by e~t°, we obtain

oo ’n,

o—(t—9)2 — Z ° hn(t)

n=0 "
where the Hermite functions h,(t) are defined by

hi(t) = et Hp(t).
Shifted and scaled version

e (t=5)2/0
_ o [(t=s50)—(s—50)1°/5

. X1 (tg—sg—t+s " t — so
—nZOn!< \/5 ) hn(\/3>

=Z

n=—

e 1 1 (tog—1 " to — So to — S0 "
— E : hm—l—n '
m=0n=0 M!n! Vo Vo V6

3
3
O
3_
VN
S
|
3
=
N
S~~~
o
S
~
N—
VR
(V)
SI
SV
(@)
N—
7
3
>=
3
PR
~
(@)
3|
CMCIJ
(@)
N—

219



Discrete Gauss transform

Consider

N
G(x;) = Z q; €XP
j=1

(_ (2 — y;)?

), i=1,2,...,N’;
)

which is called the discrete Gauss transform of {qj}j-\le with respect

to the discrete exponential kernel with underlying point sets {xi}qu\f:’l
and {yj};\le. Apparently, it needs O(NN’) work to evaluate these
sums based on the above definition.

Recall the following formula:

@) = 3 y—o:ha(a:), With he(z) = (—1)° (i)ae—wz.

oo & dx

220



To compute the multiple sums efficiently, the FGT uses the fol-
lowing expansion of the Gaussian in terms of the Hermite functions

o0 «a B
o (2 —y)2 /5 _ Ye — Y0 o — Yo\ (%5 — Yo
- Bzoazﬂla'< 77 e () (M)

e T his expansion converges very quickly and the double infinite
sum over o« and B can be truncated at a reasonably small integer,
a = [ = amax. It is known that amax = 8 is sufficient to
achieve a relative error of 1078 when |(y; — yg)/V/d| < 1/2 and

(2 — 20)/Vd| < 1/2.
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For each target point z; and source point yi, we choose an appro-

priate interval with length v/§ and center a:(()j) and y(k), respectively,
such that z; and y; fall within the intervals.

We can approximate G(:vj) as

2::1 a, 520 aZ Bl

y

_Oémax 1 (xj_$0>6 Oéﬁx
B=0 p! Vo o}

7\

b ro—yo\ |1
— a+p \/g \Oé!

T L (g —wo)" o — 9o\ (% — 0"
s ) e P ) s

N Y — Y0\
Eﬁ‘“( 75 )]

~~
.

7

indepenaént of z;

/
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Illustration of the FGT algorithm

The target points z; and source points y; lie in intervals of length
V§ centered at zg and yp, respectively.
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The computation of G(:pj) can be divided into three steps:

1 Yk — Yo\
Step 1: Compute Ay = — E fora=0,...,«a :

Rl o — Yo
Step 2: Compute Bﬁ = Z Aaha_|_3 <T

a=0

) for B = O, .oy OMax.

A max 1 acj — X0
Step 3: Compute G(z;) = > Bg 75

3
) for j=1,....N’.
g=0 P

When amax is fixed, Steps 1 and 3 require O(N) and O(N') compu-
tational effort, respectively, while Step 2 can be done in a constant
time that does not depend either on N or N'.
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In the general case, we divide the space into intervals of length
V6 and apply the above method to each of the possible pairs of a
source interval and a target interval. Let K and J denote the source

interval and the target interval, respectively, and yx and z; denote
their centers.

1 X —yr )\
Step 1: Compute A, g = — Z qi (yk yK) for a = 0, ..., amax
o] ) \/g

and for each source interval K.

Step 2: Compute

amax T —
BB,J — Z Aoz,Khoz—l—B< J\/gyK> for 3 =0,...,amax
a=0

and for each target interval J.
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amax 1 T;—Tj B
Step 3: Compute G(z;) = > Bgy ( J ) for j=1,.., N
P TR

Here, J is the target interval where T lies.

By applying the fast Gauss transform with source points {a;,_l},
target points {aé-}, and

g = Pi_1(ak Hwy,
o= 202At,

we can compute the discrete convolution in O(N) work.
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There are other approaches to computing the discrete convolution
with computational effort less than O(N?2). One possibility is to
use non-uniform FFTs or variants of the FFT for unequally spaced
grids, which needs O(N log N) work when the number of grid points
is N, as opposed to O(N) work required by the FGT. In addition,
non-uniform FFTs were seen to be about 10 times slower than FFTs
for equally spaced grids.

e It is more efficient to use problem-specific convolution methods
such as the FGT when they are available.

e Convolution based on non-uniform FFTs has a marked advan-

tage that it can deal with a much wider class of transition prob-
ability density functions.
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Down-and-out call option under the Black-Scholes model

We show results for European down-and-out call options under the

Balck-Scholes model.

The parameters are S = K = 100, T'"= 0.2, »r = 0.1, ¢ = 0, and
o = 0.3. We varied the barrier level from H = 91 to H = 99 in
increments of 2 and set the number of monitoring dates to n = 5,

25, or 0.

n=2>5

n =25

n = 50

n — oo

H =91 6.187290
H =93 5.999755
H =95 5.671105
H =97 5.167245
H =99 4.489172

6.032026
5.687532
5.081415
4.115815
2.812439

5.977069
5.584340
4.906789
3.833978
2.336387

5807771
5.276814
4.397503
3.059563
1.170793
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European down-and-out call option price with n monitoring instants
under the Black-Scholes model.

Execution time (sec.)
i T T 1
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BGK: trinomial tree method with 5,000 time steps.

Reiner: FFT to compute the convolution integrals, use equally
spaced grid points to discretize the log asset price.

e Errors are root mean square errors of 5 options with different
barrier levels.

e EXxecution time is the time for computing one option price.

e The error of DE-FGT method decreases almost exponentially
with the number of sample points N. As NN is incremented by a
constant, the position of the corresponding point in the graph
moves downward by a constant distance.
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Extension to Merton’s jump diffusion model

The asset price follows the dynamics

7

NF(At)

1
S; = 5;_1exp« (r —q— 502 — V)\) At + oV Atzg + Z

1
(5zl + v — —52>
=1 2

\

where At is the time interval between t;_1 and t;, N,f(At) is the
number of jumps during this interval, which follows a Poisson prcess
with intensity A, and z;'s are independent and follow the standard
normal distribution N(0,1).

The constants v and ¢ determine the mean and the standard devi-
ation of the jumps, respectively.

The compensator v is given by FE[J — 1] = 7 — 1, where J is the
jump ratio in each independent jump.
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e In this model, the market becomes incomplete due to the ex-
istence of jumps, and the standard argument for option pricing
based on the replicating portfolio no longer holds.

e Merton derives an option-pricing formula under the assumption
that jump risk is firm specific and uncorrelated with the mar-
ket. In this case, the beta value of the derivative is zero. The
expected rate of return of a zero-beta derivative is equal to the
riskless interest rate.

e Others derive option-pricing formulas in representative agent
general equilibrium models. The form of their pricing equations
are identical to the Merton formula, but with altered parameter
values that account for the market price of jump risk.
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The pricing problems in these models are therefore equivalent from
a computational viewpoint: One simply substitutes the appropriate
“risk-adjusted” parameters into the risk-neutral pricing formula.

We can apply the change of variable
1
ry = In S — <r—q—502—u)\>t
and obtain an equation for x;:

NEP(At) 1
x; =x,_1+ ocVAtzy + Z ((52’[ + v — 552) :
[=1

The Poisson probability can be written as

IYN1CVANHLL
n!

P[NP (At) =n]l =e
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When the number of jumps is n, x; — x;_1 follows a Gaussian distri-
bution with the variance and mean given by

1
a,,% = 0?°At +né? and Un =n <fy — 552) :
respectively. We can then write

M
p(zi|lzi—1) =p™ (x; —x;—1)

_ i AarAAy” 1 exp (wy— w1 — pn)?
=0 nl  \2mwoy 202 .

The probability density pM(a:i — x;_1) has the following expansion:

Gmax max T; — .CC// o
P =33 o (P55

=0 a=0

VIOV AN ) L | o7 ' — "+ pn zii1— '\
. Z e AAL h e
— n!  2mwo, \on : V20, V20 ’

where ' and =’ are the centers of intervals of length v/2¢ containing
x;—1 and x;, respectively.
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We can construct an algorithm similar to the FGT by replacing
the Hermite function with a weighted sum of shifted and scaled
Hermite functions. Specifically, we have only to replace the formula
to compute BB with the following:

N
& 6=0 “ =1 n! 2won \On ath V20, ’

where we have truncated the sum over the number of jumps at
Niump- This algorithm enables us to compute the convolution of
pM(z) and a given function almost as easily as in the Gaussian
case.
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Mathematical Appendices
Compensator of a Poisson process

Let N(t) be a counting process with (possibly stochastic) intensity
A(t). The probability of a jump in the next time interval At is
proportional to At. For constant A\, we have

PIN(t 4+ At) — N(t) = 1] = A\AL

We assume jumps in disjoint time intervals happen independent and

jumps by more than once do not occur. Suppose we subdivide the
T —t

interval [t,T] into n subintervals of length At = . the probability

n
of zero number of jump within [¢,T] is given by

pIN(T) = N(#)] = (1 — AA)"™ —s exp(=A(T — 1)).
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It is easy to see that

E[[N(s) = As] = [N(¢) = At]IN(2)]
= F[[N(s) — As] — [N(t) — Xt]] (independent increment property)
= FE[N()—N@®)]—-Xs—-t)=0

so N(t) — At is a martingale. The term At is usually called the
compensator of N(t).

More generally, for inhomogeneous Poisson process, the compen-

t
sator is /o A(uw) du, where

t
M(t) = N(t) — /O A(uw) du
is @ martingale (with respect to its own filtration).

Counting processes may be characterized by

- 1 if t > Ty,
Nt=k211[Tk,oo>(t)7 te Rt L (k) = { 0 fo<t<Ty

Here, (Tj)i>1 is the increasing family of jump times of (Nt)t€R+.
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Renewal processes are counting processes in which the holding times
7, = Tx4+1 — T, k € N, is a sequence of independent and identically
distributed (iid) random variables.

e Poisson processes are renewal processes with exponential dis-
tributed holding times 7, for all k.

Compound Poisson process

Let (Zk)k21 denote an iid sequence of random variables with prob-
ability distribution v(dy) on R, independent of the Poisson process
(Nt)t€R+. We have

b
P17 € [a,b]] = v([a,b]) = [ v(dy), —o0<a<b< oo

a
The process

N

Yy = Z Zka tER—|—7
k=1

is called a compound Poisson process.
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The mean of Y; is found to be

Ny
Ely)] = E|E ZZth]
k=1
S N AL "
— e_)‘t Z Zk Ny = n]
n=0 "V k=1
= e M nE[Z1]
n!
n=0
= e ME[Zq] Z ( ) ) = ME[Z4].
Hence, the compensated compound Poisson process M; = Y; —

ME[Z1] is a martingale.

The compound Poisson processes only have a finite number of jumps
on any interval. They belong to the general gamily of Léevy process
which may have an infinite number of jumps on any finite time
interval.
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Characteristic function of the increment Y — Y;

The characteristic function of Y — Y; is defined to be the Fourier
transform of the density function of Y —Y;. For any t € [0,T], we
have

Elexp(ta(Yr — Yi))]
= exp(A(T — 1) /_OO ('Y — 1)u(dy)). where a € R.

Proof
Since N; is a Poisson distribution that is independent of Z,, k£ > 1;
by conditioning, for all values of « € R, we have
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Elexp(ia(Yr — Y3))]

Z E |exp (ia > Zk) P[Np — Ny = 0]
e~ MNT—t) Z —(T—t)nE exp (za Z Zk)
n= O k=1

NI 1) Z _(T_t)" (E [exp (iaZ1)])"

exp()\(T — t)E[eXp(zaZl)] —1)
exp(AM(T — 1) /_ (e — 1)u(dy)) [note that /_OO v(dy) = 1].
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Like the Poisson process N¢, t € R4, the compound Poisson process
Y:, t € R4, has independent increments. To show the claim, let
O0<txg <t1 <---<tp and aq,a9,...,anp € R and consider

n .
H ezak(i/tk_}/tk_1>

k=1

exp ()\ Z (tk — tk—l) /OO (eiaky — 1>V(dy)>
k=1 —°

E

n

,}:[1 exp ()\(tk —tp_1) /_O:O(ewky — 1)V(dy)>

k=1
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Stochastic differential equation with jumps

Let n € R be a constant coefficient and consider

dSt — 775 — dNt.

When the Poisson process has a jump at time ¢, we have AN; =
Nt — Ny =1, so

dsSy = St — S;— =nS;—, t > 0.
By performing integration, we obtain

St =1 +n)S;-, t>0;

and deductively,

S = So(1 + )M, t € Ry.

243



Extending to time-dependent n:, we consider
dSTk — ntS — dNt.
At each jump time T}, we obtain STk = (1 —|—77Tk)S .
k

Deductively, taking £ =1,2,..., N¢, we obtain

Ny
Se=50 [[A+n) =5 [I (1+ns), teRy.

k=1 AN, =1
0<s<t

For the more general case, suppose

dSt = Sy dt + n:S;— (AN — X dt),

then the solution can be expressed as

t t Ny
Stzsoexp(/o [bs ds—)\/ons ds) H (1+n7,), te€Ry.
k=1
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We randomize nT, and let 1 4+ Z; denote the random jump ratio at
Tkr SO

N

t t
St = Spexp (/O s d8—|—/0 dYs — \E[Z1] dS) H (1+ Z), t€R+,
k=1

which solves

dSt = uSt dt + Sy (dY; — AE[Z4]dt).
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Risk neutral measures

Consider the asset price process modeled by

dSt = uSt dt + oSy dWy 4+ S,— dYy,

where Y, t € R4, is @ compound Poisson process. The solution is
given by

2.\ Mt

t
Sy = Spexp (,ut—l— Wi — %) [[ 1+ 2, terg.
k=1

We would like to determine a risk neutral probability measure un-
der which the discounted process e_”St, t € Ry, iIs a martingale.
Cosider

—re 1S, dt 4+ e "t dS;

(u—r)e ™Sy dt + oe Sy AWy + e 1S~ dY;
(n—7+AEL[Z1])e S, dt + oe™ 1Sy dWy

+ e "S,_(dY; — A\Ey[Z4] dt),

d(e_”St)

which yields a martingale provided that u —r 4+ AE,[Z1] = O.
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In order for the discounted process e "S; to be a martingale, we
choose u € R, A > 0 and the measure 7 such that

h—r=ocu— XE;;[Zl].
The Girsanov Theorem for jump processes shows that

dWi 4w du + dY; — NE5[Z1]dt

IS @ martingale under PUXD' The discounted asset price process
becomes o
d(e™™S) = (u—7r)e ™S, dt + oe 1S dWy + e S, dY;

= oe "8 (dWi 4+ u dt) + e S, (dY; — NEy[Z1]dt),

so that e~ "tS; is a martingale under P 5
The non-uniqueness of the risk neutral measure is apparent since

higher degrees of freedom are involved in the choices of u, A and v.
M —r
o)

In the non-jump case, the choice of u = IS unique.
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