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u!LJ) MATH 246 — Probability and Random Processes

Solution to Test One

Fall 2002 Course Instructor: Prof. Y. K. Kwok

1. Label the four cards as follows
1st 2nd 3rd 4th

Black/Black Red/Black  Red/Red  Black/Blue

Define C; = {the i*" card is chosen}

B = {the upper side is black}
(a)  The required probability

4
— P[B] = ZP[B|CZ']P[CZ']

00 B0 G0

1

5.
(b) Note that {C}, (s, C5,Cy} forms a partition of the sample space. By Bayes’s theorem,

the required probability
P[C4 n B]

P[B]
P[BICPICY] _ (3) (1)
P[B] 3

P[C4|B] =

2. (a) Sy = {2,3,4,---,11,12}.
(b) {Y =3} = {1°* time shown 1 and 2"9 time shown 2} U {1°* time shown 2 and 29 time shown 1}
={(1,2), (2, 1)}.

1

() PIY =2] = P{(1, 1)} =

T 36
PIY = 3] = PI{(1,2). (21} — =
PIY = 4] = PI{(1,3). (2:2). (3. )} — =

36

4

Ply <4]= Y P[Y =

k=2
12 3

36 736 36 6

3. Given that N is a geometric random variable with probability of success p, we have
PIN = K = (1—p)* 'p.
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PIN>K= Y (1-p/"p

Jj=k+1
= (=pypd (1=p)
= ( —p)’“p-]_(}—_p):(l -p)".

P[N is an even number]

k=1 k=1
p o0

==Y [(1—p)**
]_pk:1

_p _(=Py
T—p 1—(1-p)?

N

~5=,

PIN N <)~ PIN=ENON <m] _ PIN=kENN <m|
e e 2 R ey S
When k <m, {N =k}N{N <m}={N =k};

when & > m,{N =k} N{N <m} = ¢.

LIVER E<m
Hence, P[N =Fk|N <m]= { 1-P[N>m]’ =
Plgl, k>m
a-p
k>m

?

4. Let N(t) = number of births over t-day period. Then the average number of birth over [0, 7] is & = 5.6t

(5.61)%

and P[N(t) = k] = ~—Z—¢ 56,

(a)

k!
Note that 6 hours = 0.25 day and 5.6f = 5.6 X 0.25 = 1.4.
The required probability = P[N(0.25) > 2]
1 — P[N(0.25) = 0] — P[N(0.25) = 1]

—-1.4 14 —-1.4

=1—e — —e
1

= 1—24¢ 14

= 0.4082.

Over a 2-day period, & = 5.6 x 2 = 11.2. The mean number of births over 2 days = E[N(2)] = a =
11.2.

Over a 3-day period, o = 5.6 x 3 = 16.8. Since P[N(3) = k| attains its maximum at k = [a] = 16,
so the most possible number of births over 3 days = 16.

Finally, we have Fr(x|T > t) = Fr(x —t), so Fp(z|T > t) # Fr(x) for all £ > 0.
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(b) First, we need to show that

0, x <t
Fr|T >1) = {fT(x)/[l —Fr(), xz=t’

Now, R(t) =P|[T >t]= R(t)=1— Fr(t) and R'(t)=—fr(t);

sor(t) = fr(t|T > 1) = 5 fT;g?(t) a _ﬁ;()t)'




