MATH246 — Probability and Random Processes
Solution to Homework Two

1. Given P[X >t]=¢* t >0
(a) When z < t,
Fx(z|X >t)=P[X <z|X >t =0;
when x > 1,
Fx(z|X >t) = P[X <z|X > ]
= 1 =PX>t+ (z—1)|X >1]
= 1 —P[X >z —1t] by memoryless property

— 1= e*)\(rft)

S0
0, r<t

FX(x|X>t){]_e>\(:ct) x>t

As shown in the figure below, Fx (z|X > t) is a shift of Fx(x) by  units.

Fy(x | X>1)

(b) Note that
Fx(z|X >t)= P[X <z|X > ]

 Plt<X Lz
- PIX >1]

0, r<t
= { Fxl(f£(€$(t)7 x>t

Hence, for x # t,
d
fx(x|X > t) = %FX(MX > t)

{0, r <t
N 1f?f()t>v r >t




For x =1,

Fx(t+hlX >1t)— Fx (X >t
fx(t|X >t) = Tim x(EHAIX > 1) = P (X > 1)
h—0+ h
Fx(tJrh)fo(t) _0
— Lm —12fx®
h—0+ h
1 F —F
lim x(t+h) — Fx(t)
1— Fx(t) h—o+ h

Ix (1)

1—Fx(t)

In summary,
r<t

T () — e X — o2l

0,
Ix(z|X >1t) = { fx (=) A PEONCE!

N e - —

PX >t+uz X >1]
P[X > 1]
P[X > t+z]
[X > 1]
o~ A(t+2)

(¢) P X>t+a|X >t]=

e—At
ef)\:c

= P[X > z].

Due to the memoryless property, the probability of waiting at least an additional x second is the
same regardless of how long one has already been waiting.

2. Given PIX =k| = (1 —p)* " 'p,k=1,2,3,---. We have
PX <a]= PlX < [z]]
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(a) A={X >k}
When |z] <k,

Fy(z|X > k) = P[X < z|X > k| = 0.
When |z] >k,

Fx(z|X > k)= PlX <z|X >k
= 1-PX>k+ (x—Fk)|X >k
= 1 —P[X >x— k] by memoryless property

— P[X<z—¥
=1 —(1—p)l==kl,
Fy(x | 4)
1 ______________________________________________
p =+
0 k kil ki2 k43 k4 X

(b) A={X <k}
When |z] < 1,

Fx(z|X < k) = P[X < z|X < k] = 0.
When |z] > k-1,
Fx(z|X < k) = P[X < |X < k] = 1.
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When 1 < |z] <k —1,

Fx (2| X < k)= P[X <z|X <k
PIX <z, X < k]

PIX < K]
 P[X <<z
T PIX <K
_1=(=-pl
T—(1—p¥!
Fy(x | 4)
1 ___________________________________ -—
0 1 5 3 k-2 k-1 k *
(v) A={X is an even number }
P[A] = iP[X — 2k]
k=1
= > (1-p*p
k=1
= o, 2l =
k=1
P (-p?  pl—=p) 1-p 0
T—p 1=(1-p)2* 1-(1-p2* 2-p
|2/2]
pIX <x Al = Y PIX = 2k
k=1
|2/2]
= > (1-p*
k=1
p 22
= 7o, 0=
k=1



p  (1—p)*[1 — (1 —p)2le/2]]

1—p 1—(1—-p)?
1-p _ py2le/2]
=g T (= p) (2)
When |z] < 2
Fx(xz|A) = P[X < 2|X is even| = 0.
When |z] > 2,
Fx(z|A) = P|X < z|A]
_ PIX <A
- P4
1=p 22y /1P
- Pn_pn- S 1
sl == 120 by &)
= 1—(1—p)2le/2]
Fy(x | 4)
1 ____________________________________
: X
0 I 2 4 6 8

3. Let N = number of messages arrived in 1 second. Given that N is a Poisson random variable with
a=15 1ie.,

_ ]5k —15

PIN = k] = E=0,1,2,--

Fe ’ > 1y

(a) The required probability = P[N = 0] = e 15 = 3.0590 x 10~ 7.
(b) The required probability = P[N > 10] = 1 — P[N < 10]

s 15 s 15 s 15T s
1! 2! 10!
152 1510
= 1—eB (141 oy 2
e ( + 15+ o1 +---+ ]0!>

1—0.118 = 0.882.



4. Let N = number of silent error during the given week, where N is binomial random variable with n = 20
and p = 0.1, that is,

PN = k] = (1 =p)"~"p".

(a) The required probability = P[N = 0] = C3°(1 — 0.1)*° = 0.1216.
(b) The required probability = P[N > 1] =1 — P|N = 0] = 0.8784.
(c) The required probability = P[N > 4] = P[N > 1] = P[N = 1] = P[N = 2] = P[N = 3] — P[N = 4]

4
= 0.8784 = > C°(0.9)*° *(0.1)*
k=1
— 0.8784 —0.2702 — 0.2852 — 0.1901 — 0.0898

= 0.0431.

Now, P[N > 4] = 0.0431 is small but in general “a small probability event should not happen in
one experiment”. Hence it would be unusual.

5. Given that X is Gaussian with mean m and variance o2, then Z = is the standard normal

random variable with mean 0 and variance 1. That is,

PZ <] = ¢(x).

1
(a) P|X <m]= 3 by symmetry.

x—m‘>k}

(b) P[|X —m| > ko] = P{ a

= PZ| > K|

= P[Z>k or Z< -k
= P[Z > k| + P[Z < —k]

= 2P[Z > k] by symmetry
-l

From the table, we have

P[IX—m|>ko] | 0318 0.0456 0.0027
k

B 2 3
X_
(o) P[X>m+ka]P{ m>k}
— P[Z > K]
=1—¢(k)
:{0.1 k=128
0.001 k=309

6. (2) Fy(y)= P[Y <y|=Plz| <y
= Pl-y <X <y
= Fx(y) — Fx(~y).



7@wp7$&@—ﬁkm

= fx(y) + fx(~v).

Ply <Y <y+dy

(b) —
fY(y) dlylino dy
oy Pl <IXI <yt dyl
= lim
dy—0 dy
. Ply<X<y+dy . Pl-y—dy< X <—y]
= lim + lim
dy—0 dy dy—0 dy

= Ix@)+ fx(=y).
The answer agrees with part (a).

(c¢) fx(zx)is an even function = fx(—2) = fx (x). Hence,

Iy(y) = fx(y) + fx(—y) = 2fx (y).

7. (&) Fy(y)= PlY <yl =PleX <y
= P[X <logy| = Fx (logy)
d

n@:@w@:%m®w>

d 1
= fx(ogy)——logy = — fx(logy).
( )dy y( )
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(b) When X is a Gaussian random variable with mean p and variance 0, we have

Ix(x) = ﬁe}(p (—(x —p)? / 202>. Hence

fr(y) = ;*/fx(logy) = Uy\]/% exp {—(logy — u)2/202} .

8. (a) Suppose we want to sort the array in ascending order. Let a be the largest element.

P[I =0] = P[The largest element is in the correct position]

= Plthe last element is a]

P[I = 1] = Plthe last element is not equal to «a|

1
=1-P[[=0]=1—-—.
n



(c) Since X~ = X~  +1

S0 E[X+] = ElX> ||+ B[]
1

= KX~ 1—=.
X 1=

Note that (*) is valid for n=n,n—1,---,3,2, so

BlX) = ElXp ] 41—

n
1
E[anl] - E[Xn72] +1—
n—1
1
E|Xs3]= E[Xa]+1— 3
1
E[X2]= E[Xh]+1 - 5"
(d) Summing Equations (1) to (n — 1) in part (c), we have
n—1 n—1 n 1
1— . —NN=N"_
Ew4+2;mm Emﬂ+Z;mxyun ) Z;

(e) EHX%](5-1)_.<] to1 1> 163

S )= = 27167
23t aTs 60
5

21 % 5.5 5.5
(f) Whenn=5,% - %/ - dt =log ——, so E[X5] = (5—1) —log — = 2.7007.
Z;z st 15 15

The result is very close to the exact solution found in part (e) with roughly 0.6% error.
() The ideal average number of interchanges = E[X100]

100.5 1
:O%—U—/ ~dt
1 t

.5

100.5

= 94.7953.



