MATH 246 — Probability and Random Processes

Solution to Test Two

Fall 2003 Course Instructor: Prof. Y. K. Kwok

1. (a) For y > 1, PlY <yl
PlIX|<y—1]
= Pl-(y—-1) <X <y—1]

= Fx(y—1)—Fx(1—y).

=
S
Il

Upon differentiation, we obtain

) =Ixy—1)+fx(1—-y), y>1.
For y < 1, fy (y) = 0.
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fx(x)y=10 for x <0.
fY(y):/ fxy(z
y
:/eydx*yey for y > 0;
0
fyy)=0 for y <0.

(b) Since fxv(x,y) # fx(x)fy(y), so X and Y are not independent.

Ixv(z,y)
(c) fx(zly) = h(y)

% for0<ax<y
0 otherwise
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By convention, E[X|y] =0 for y <0.
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for y>0.



3. (a) 0< E

(X _gf[X] n Y_Ufm>2

_ E{(X—f[XDT jEQE{(X—E[X])(Y—E[Y])} +E{(Y—E[Y])T
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= 14+ 2pxy +1=2(1+pxy)

so that
—1<pxy <1

(B)  fx(x)= e, A>0

AL —b)/a
fy(y) = o Mot/

A
Ifb=0and a >0, then fy(y) = Ze~ Y. In this case, Y is an exponential random variable.
a

4. (a) Pna(k,j) = P[N =k, A= j]. Note that P[N =k, A= j] =0if k > j. Suppose k < j, then

P[N =k, A = j] = Pk successes in first n trials, j — k successes in last m trials]
- nckpk(] _p)nikmcjfkpjik(] _p)m7j+k'

Ps(j)=PlA=j]= n+m0jpj(1 — p)ntmei,
(c) Since Py a(k,j) # Pn(k)Pa(j) so N and A are not independent.

5. Since X and Y are independent, we have
ny(x,y):fX(x)fy(y):] for 0<x<1,0<y<]

and fxvy(z,y) = 0 if otherwise.

PX>Y]= //fxy(x,y) dxdy

>y

= area of the triangle bounded by ©. 1)

r=y,y=0and r =1
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(i) 0<z<1

Hence, the cdf of Z is given by
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5 0<z<l
Fp(2) ={1—5 221 .
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otherwise
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