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) MATH 246 — Probability and Random Processes

Solution to Final Examination

Fall 2004 Course Instructor: Prof. Y. K. Kwok

Time allowed: 100 minutes
1. Now E[X|Y =1] =3,E[X|Y =2] =5+ E[X] and E[X|Y = 3] =7+ E[X]. We then have

345+ BX]+7+E[X]) sothat E[X]=15.

FlX| =
x]= 1
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:/ flz,y)dy=4 7
- 0, otherwise
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v = [ fepde={ T
o 0, otherwise.

When -1 <z<land -1<y <1,
Ix (@) fy(y) # fxv(z,y)
so that X and Y cannot be independent. On the other hand
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COV(X,Y) = E[XY] - E[X]E[Y] = 0.

so that

Hence, X and Y are uncorrelated.

3. Let Tg and Ty, denote the times between now and the next earthquake in San Francisco and Los Angeles,
respectively. To calculate P[Ts > T1], we condition on T7:

P[Ts > Ty) = /OOC P[Ts > To|Tr, = y]fr, (y) dy

= P[Ts > y|hae 2 dy
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otherwise

O<y<?2
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otherwise

fz(z) = / ly|fxvy (yz,y) dy and observe that
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fxy(yz,y) is non-zero over the above shaded region.
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5.

(a) Assume t; < to

Cn(t1,ta) = E[(N(t1) — A1) (N (t2) — Ma)]
— N(t1) = Mta —t1)] + N(t1) — M1}
= E[[N(t1) — M1][N(t2) — N(t1) — Mta — t1)]] + var (N (t1)).
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By the independent increments property, N (t1) — A(¢t1) and [N(t2) — N(t1) — A(t2 — t1)] are inde-
pendent so that

E[[N(t1) — Ma][N(t2) — N(t1) = Atz — t1)]]
— E[N(t1) = M1]E[N(t2) — N(t1) — A(t2 — t1)].

Furthermore, using the stationary increments property, we have
E[N(t3) — N(t1)] = E[N(t2 — t1)] = A(t2 — t1)
so that
E[N(t3) — N(t1) — A(t2 — t1)] = 0.
Hence,
Cn(t1,t2) = Aty = var (N (¢1)) = Amin(ty, t2).
When t5 < t1, we can show similarly that

ON(tl,tQ) = )\tQ = )\min(tl,tg).

(b) Consider

=0 . . . . :
= (independent increments and stationary increments properties)

)\te—kte—)\(l—t)
= et

6. mean = E[X(t)] = E[Acoswt + Bsinwt] = coswtE[A] + sinwtE[B] =

autocovariance = F

{X(t) = mx (8) HX (t2) — mx (t2)}]

= BIX(t1)X(t2)]

= FE[(Acoswt; + Bsinwty)(Acoswts + Bsinwts)]
[

\
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A? | coswty coswty + E[AB](coswty sinwty + sinwty coswia) + E[BQ] sin wty sin wty
E[A?] — E[A]?) coswt; coswts + (E[B?] — E[B]?) sinwt; sin wty

= o?cosw(t; — ta).
(since A and B are independent, E[AB] = E[A|E[B] and E[A] = E[B] =0)
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(1) 26(1 - B) B
P=1al-p) af+(1-a)(1-0) (1-a)8
a? 2a(1 — ) (1—a)?

PXs=1,X,=2Xo=0] = P[X, =1|X; = 2]P[X; = 2| X, = 0] P[X; = 0]

2a(1 - a)82)(0.3)

(b) From ;41 =m;P,j =0,1,---,n, we deduce that
T, = moP"
Next, consider
Tp+1 = Tp P,
by taking the limit n — co on both sides, we obtain
Moo = Moo P.
Suppose we take mp = (1 0 0), we have
T, = moP" = first row in P".

Similarly, (0 1 0)P™ = second row of P" and (0 0 1)P™ = third row of P". By taking n — oo,

the steady state pmf vector T, should be independent of my so that we expect all rows of lim P™
n—oo

to be identical.



