MATH246 — Probability and Random Processes
Solution to Homework Three

1. (a) The outcomes of each toss are equiprobable
1

6
The tosses are independent.

= P[X,=1i= i=1,2,---,6; k=12

?

= PlX1 =1, X2 = j]

PIXy = i]P[Xy = j]
DN (Y=l =26
6 6 7367 Z?ji ? ? ? N

(b) Given X = min(X7, X2),Y = max(X;, X2), we may have X <Y, but X # Y.

When ¢ > j,
PIX =i,V = j] = 0;
When i = 7,
PIX =4, Y =i]= Pmin(Xy, X2) = ¢, max(X,, Xz) =1
1
— PlX, =i Xo=1] = —:
[ 1 1, A2 Z] 367
when i < 7,

PIX =4, Y =i] = P[min(X;, X2) = 4, max(X;, X2) = j]
= P{{X1=1Xo=jtU{X1=j Xo=1}]
= PIX1=4Xo=7]+ P[X; =4, X2 =1]
1 n [

36 36 18
Hence,
0, 1> 75 =1,2,--,5
P[X:Z,Y:j]— %7 Z:j7:]727”'76
& =125 i<
(c)
6
PX —i]= Y P[X =i,Y =]
j=1

Jj=t+1
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Note that ¢g(y) is the pdf of a Gaussian random variable with mean mg + —=(z — m;) and variance

o2v/1 — p?. Hence, / g(y) dy = 1. This gives
1 (x —my)? }
x) = exXpy—"—p ¢,
fX( ) o1 /—27_r p { 20%

Similarly, we have

fy(y) =

1 exp {_ (y —m2)? }
0o/ 21 202 ’

01

reR

y € R.

Therefore, fx (x) and fy (y) are pdf’s of Gaussian random variables with means m; and mg and variances

a% and (T%, respectively.

(a) PIX=EY <yl= PIY <ylX = HPLX = K
= P[N <y—k|X =KP[X = k]
= PIN <y—Fk|P[X =F]

since X and N are independent.
Note that P|X = 1] = P[X = —1] =
For k= —1,
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PN <y+ 1]P[X = —1]

1 [y 1 fytt
= 7/ iae’a‘z‘ dz = 1/ ae 2l gz

— 00



When y + 1 <0,

wheny+1>0

1 0 1 y+1
PX =1y <yl= [ acazy [ aca
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For k=1,

When y—1<0

?

when y — 1 > 0,

Hence,
lea(y+1) y < —]
P X=-1,Y <yl = ¢4 i -1
[ Y <y {%_iea(yﬂ), y>—1"
1eaty—1) <1
P[X],YSy]{ﬁL 1, —a(y—1) y_]'
5 — 3¢ , Yy >
(b) Fy(y) = PIY <y
= Y<y,Xf—1]+P[Y<y,X:]]
[ex(v=1) eo‘(y“)] y< -1
_ a(y 1) _ }L —o(yt+l) -1 <y<1
7O<(y 14 e*a(erl)] y > 1
d
fy(y) = dy Fy(y)
%[ea(yfl) + exy 1], y < —1
= q 4D ety —1<y<l
Gleolv=b) o]y >
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(c) Compare the magnitudes of conditional probabilities, P|X = 1|Y > 0] and P[X = —1|Y > 0]

PIX=1Y >0 —P[X =—1,Y >0
1—PX=1,Y<0]—1+P[X =—-1,Y <0

1 1 1
- _ a(0-1) S —a(0+41)
4° toT ¢
1 _
:5(]_6 “Y>0 as a>0.
Hence,
PIX=1,Y>0]>P[X=-1,Y >0
N P[X =1,Y > 0] P[X =-1,Y > 0]

Py >0 ~  P[Y >0
= P[X=1]Y >0]> P[X =-1]Y > 0]

so X =1 is more likely to occur given Y > 0.

4. Assume that X and Y are continuous random variables.

5.

(a) P{a<X <b}n{Y <d}]= Pla <X <bPlY <d| (since X andY are independent)
= [Fx() = Fx(a)]Fy(d).

BPla< X <byn{c<Y <d}]= Pla<X <bPlc<Y <d]
= [Fx(b) — Fx(a)][Fy(d) — Fy(c)]

IN

() P{IX| <a}n{c<VY <d}] = P{X >a}N{X < —a}]Plc<Y <d
— {P[X >d| + P|X < —a|}P[c< Y < d

[1 = Fx(a) + Fx(=a)l[Fy(d) — Fy(c)]

(a) Given that N is the number of successes in the first n Bernoulli trials and M is the number of
successes in the next m Bernoulli trials. Since all m + n Bernoulli trials are independent, N and
M should be independent.

(b) Note that N and M are binomial random variables.

The marginal pmf’s:

PIN =k =CppF(1—=p)" %, k=01

y 7;;-7’)’1/
PM =7r]=Cp"(1—p)" "

, r=0,1,---,m.

The joint pmf:

PI[N=k,M=r]= P[N =k|P[M =r] by independence

Cgc;npk+r(]_p)m+n*k*’l“7 k:(),],”-,n;?“:O,],-u

m.

?

(c) Let Z = the total number of successes in the n-+m trials, then Z is also a binomial random variable.
Hence,

PlZ =z =CrMp*(1 —p)*™™m % 2 =0,1,---,n+m.

? ? ?



6. Note that X2 + Y? = cos? 0 + sin” @ = 1, hence the sample space of (X,Y) is the unit circle.

Now, fix X =z, we have
PHY?=1 = Y=y1-22 or Y =—\1-22

Hence, Y|X = z is a discrete random variable. Recall that the pdf of a discrete random variable that
assumes discrete values x1, x2, -, is given by

fX (x) = ZPX(xk)é(x — xk)

k=1

Since (X,Y) is uniform, the probability values that Y assumes v/1 — 22 or —y/1 — 22 are equal. We

then have : :
Frlyle) = 58y — V1 —2?) + 56y + V1 —2%), 2 +y"=1.

(i) When |z] > 1, E[Y|X = x| = 0 since X lies on the unit circle.
(i1) When |z| <1,

BIY|X =a] = V1 —22fy (V1 = 22|z) + (/1 — 22) fy (—/1 — 22|)
Ji—2 (;) + <_m> (;) 0.

As E[Y|X = z] =0 for all z, we have E[Y|X] = 0.

7. Define D(2) = {(z,y) : x +y < 2}
Fz(z)= P[Z<z]=P[X+Y <7]

L/ Ixv(xy) dedy

/ / fxy(z,y) dydze

fz(2) = *FZ / Ixy(x,z—x) de

which equals the integration of fx y (x,y) with respect to x along the straight line L : z +y = 2.
When z <0, fxy =0o0n L, so fz(z) =0.

When z > 0, fxy(z,z — ) is non-zero only when z — 2 > 0 and 2z — 2 < 2. The two inequalities arises
since fx y(z,y) is non-zero only when 0 < y < x < co. Hence, the range of = such that fx y(z,z — x)

P
is non-zero is given by 3 < x < 2. We then have

fZ(z):/ 2e~ (@ H2=2) gy
z/2

= 26’2/ 1 dx
z/2

=ze ”.

In summary,

0, z <0
ze ® z>0"
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