MATH304

Homework 1

Course Instructor: Prof. Y. K. Kwok

. If we write z = re’ and w = Re’®, where 0 < r < R, show that

Re w+z) R? — 2
w—z) R2—2Rrcos(0 — @)+ 12’

This is called the Poisson Kernel (see Section 7.1.1).

. Show that the distance of the point ¢ from the line
az+az=1>b, bisreal,

a c—b
is given by (2T
2|al

Remark

Distance is considered positive if the point ¢ and the origin are on the opposite sides of the
straight line and negative if otherwise.

. When |a| < 1 and || < 1, show that

. Let u!/? denote the root of 22 = w which has positive imaginary part, where u is a non-real
complex number. For any two non-real complex numbers z; and 29 having the same modulus
value, find the value of a real number p such that

. 1/2 1/2
21— 2o = ipzy T2y .

. Suppose a complex number expressed in polar form is
z=r(cosf +isinf).
Recalling the identities:

0 1 0 1
in2 - = Z(1— 22 -2(1
sin” 5 2( cosf) and cos 5 2( + cos 0),

z1/2::|:\/;<‘/1+7;080 _,_2'1/#) for 0<6<m.

1

show that



10.

Explain why the preceding formula is invalid for —m < 6 < 0. Find the corresponding correct
formula for this interval.

Show that the necessary and sufficient condition for the existence of z satisfying the following
equation

[z —al+ |z +af = 2|7]

is given by |a| < |f]|. Find the maximum and minimum value of |z|.

Which of the following sets are connected set? Which of the following sets are domains?

(a) The set AU B and set AN B, where A consists of the points given by |z —i| < 1 while B
is the set of points |z — 1| < 1.

(b) The set C'U D, where C consists of the points for which |z] < 1 while B is given by
Rez > 1.

What are the boundary points of the sets defined below?

1 1 1
b) = < -
(a) [z[>0, (b) 3 =53

Consider the set of points (z,y) consisting of the solutions of

y=0 and sin > = 0
x
lying in the domain 0 < |z] < 1, z = & + ¢y. What is the limit point for this set? Prove your
result by showing mathematically that every neighborhood of this point contains at least one
member of the given set.

Let the two points P(&,n,¢) and P’'(¢,7',(") be two points on the Riemann sphere that
correspond to z and 2’ in the complex plane. Show that the necessary and sufficient condition
that the line joining P and P’ passes through the center of the Riemann sphere is given by

2z +1=0.



