MATH304 — Complex Analysis

Solution to Homework 3

L. (a) cosh™"i = log i+ (~2)) = log((=vZ + 1)i) = In|1 & V2| + z(g +2rk), k= 0,41,
+2,...
(b) sinh™'(log(—1)) = sinh™ ' (i(7 + 27k))
= log(mi + (1 + (mi)?)2)  [write m = (2k + 1)n]

)
= log(mi + (1 = m?)?) = log(mi + v/m? — 14)
zln(m:t\/mz—l)+z(g+27rn) kon—=0,4+1,42, -

1 1-2 1 1
(c) “19)) = =1 %)= 1 _Z
tan~ " (21) 2 8\ T2 5; °8\ 73

17 1

=5 [ln§+i(7r+27rk:)]
i

1 1+2 1 1
(d) tanh™'2 = 3 log (%) = —log(—3) = 5[1n3 +i(m+27k)], k=0,%1,---.

2. w=sin"lz <= z=sinw=
Let z = x + iy and w = a + i3, then
. eilatif) _ o—i(a+ip) e~ Beio _ oBp—ia
v 2i - 2i
& — 2y +i22 = e P(cosa +isina) — e’(cosa — isina)

—2y=ePcosa—elcosa & y=sinhfBcosa
< B B o .
2c =e Psina+e’sina & x =coshfsina

Next, we consider

22 4+ y% + 22 + 1 = cosh? Bsin? a + sinh? B cos? a + 2 cosh Bsina + 1
= cosh? Bsin® o + (cosh2 B —1)cos? o+ 2cosh Bsina + 1
= cosh? 3 — cos® a + 2 cosh Bsin a + sin® a + cos? a
= (cosh 8 + sina)?;

2% + 9% — 2z +1 = cosh? § — 2 cosh Bsin a + sin? a = (cosh § — sin o).

Since cosh 6 > 1 for all g € R, so
Vo2 +y2+ 22 +1— /22 +y2 — 22+ 1 = (cosh 8 +sina) — (cosh 8 — sina) = 2sina.

1
Hence, o = Re(sin ™! 2) = sin™* (5 {\/x2 + 2+ 20 +1— /a2 4+y2 -2z + 1})



3. Let w = -

wa— 1

e lw|e**8 ™ and note that |w| = 1. We then have
ia

a?—1+2ai
P

. ib —1+2ai
1a—1 ia—1 —barg ( ) _ ~1( 2a
< ) = e_b(argw) = e_barg(ia+1) = e af+l = e btan (u.2—1).

a+1

Using the double angle formula for tan «

2ta 2ta
tan 2o = ﬁ, so that tan(m — 2a) = na

1 — tan? o tan?a —1°

T
Let a = tan « so that — — o = cot ™' a. We then have

2
tan ™! a4 =2 T_ a) =2cot la.
a? —1 2

4. w = coshz = coshx cosy + isinhxsiny. For x > 0 and 0 <y < 7/2,

et +e " >0 et —e "

5 >0, 5 >0 and 0 <cosy,siny < 1.

Since coshz,sinhx — oo as * — 00 80 0 < coshzcosy < oo and 0 < sinysinhz < co. The
function w = cosh z maps the semi-infinite strip onto the first quadrant of the w-plane.

5. (a)

(b)

w =z =rge = w= %ei(%t”hk), k=0,1,2.

If z =1 (choose 6 = 0), the 3 roots are 1,e"27/3, and e*47/3,

If z = 2™ (after traversing around the origin once), then w = e*(%0+2m)/3 — ¢i27/3 — 4
If z traverses around the origin twice, the image point is wy = €*™/3. Note that all image
points lie in different branches of the triple valued function w = z3. In general, z traverses
around the origin n times, we have

7;27rn

wy, =e€'"3  (with period 3 such that w,, = w,_3,n).
If the closed circuit in the z-plane does not enclose the point z = 0, the value of w = z!/3
remains unchanged.

2
6. From z¢ = e°1°8% we need to evaluate 522/3/2 at —8i. Using the principal branch, we have

i /6

2 ¢3L0g (—8i) 9 e%(lnS—z‘g) 1
3 3

37 & 8 3¢

7. With r = |z| and 0 = arg z, we have

212 = \/;ei(%Jrk”), k=0,1.

The choice of the branch corresponding to 4'/2 = 2 requires that k = 0. With k = 0,

1/2
1 i3 , 1 V3
I _ i/2(=2n/3) _ o [ L _ . V2
[9( 5 2)] \/§e 3(2 12>.



