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We analyze the counterparty risk for credit default swaps using the Markov
chain model of portfolio credit risk of multiple obligors with interacting de-
fault intensity processes. The default correlation between the protection
seller and underlying entity is modeled by an increment in default intensity
upon the occurrence of an external shock event. The arrival of the shock
event is a Cox process whose stochastic intensity is assumed to follow an
affine diffusion process with jumps. We examine how the correlated default
risks between the protection seller and the underlying entity may affect the
credit default premium in a credit default swap.
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1 Introduction

A credit default swap (CDS) is a financial contract between the buyer of
default protection on a reference risky entity and the seller of that protection.
The protection seller receives fixed periodic payments (CDS premium) from
the protection buyer, typically expressed in basis points per annum on a
notional amount, in return for making a single payment covering losses on
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the reference entity following a credit event. The CDS terminates prior to
maturity upon the default of the reference entity.

In this paper, we would like to consider the impact of default risk of
the protection seller (counterparty risk) on the CDS premium of a CDS. We
examine how the correlated default risks between the protection seller and
reference entity may affect the CDS premium. We propose a Markov chain
model of portfolio credit risk of multiple obligors with interacting default
intensity processes. To generate the default correlation, the model assumes
that the default intensity processes of the protection seller and reference
entity are subject to an increment in intensity upon the arrival of an external
shock event. The shock event is modeled as a Cox process whose intensity
follows an affine diffusion process with jumps. For example, let us consider
a CDS on a risky Korean bond whose protection seller is a Korean financial
institution. Compared to a non-Korean financial institution, the Korean
financial institution serving as the protection seller may exhibit a higher
level of correlated risk with the Korean reference entity upon the arrival of
a country wide shock, like the 1997 economic melt down in Korea. With
higher correlated default risks, we expect that the CDS premium paid to
the Korean protection seller should be lower than that paid to a non-Korean
protection seller.

We model the arrival of a default event using the reduced form approach,
where default occurs unpredictably at an exogenous intensity rate. The
framework of interacting intensities (so called contagion effects of default
events) is adopted so as to create the default correlation among the risky
obligors in a credit portfolio. Under the interacting intensities model (Jar-
row and Yu, 2001), the default contagion effect is introduced via a positive
jump in the default intensity of an obligor when there is an occurrence of
default of another obligor in the credit portfolio. A general Markovian for-
mulation of a portfolio credit risk model with interacting intensities can be
found in Leung and Kwok (2007) and Frey and Backhaus (2008). Using the
total hazard construction approach,Yu (2007) presents the numerical simu-
lation technique for calculating the joint distribution of the default times of
risky obligors in a credit portfolio. Zheng and Jiang (2008) manage to derive
closed form analytic expressions for the joint distribution of default times of
risky obligors with interacting default intensities under stochastic intensity
processes.

There have been several papers that discuss the impact of counterparty
risk on credit default swap valuation. Hull and White (2001) and Kim and
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Kim (2001) examine the counterparty risk for CDS using the default barrier
correlated models, where the default time is modeled by the first passage
time that the credit index hits the default barrier. In Hull and White (2001),
the loss due to default of the protection seller is modeled by the replacement
cost of entering into a new contract that demands a higher credit default pre-
mium. Kim and Kim (2001) model the loss due to counterparty risk via the
loss of the compensation payment. Leung and Kwok (2005) use Jarrow-Yu'’s
(2001) interacting intensity model to analyze the impact on the credit de-
fault swap premium due to replacement cost and loss of contingent payment.
The replacement cost incurs when the protection seller defaults earlier than
the reference entity. The loss of contingent compensation payment occurs
when the protection seller defaults during the settlement period after the
occurrence of default of the reference entity. Brigo and Chourdakis (2008)
consider counterparty risk for a CDS in the presence of default correlation
of the protection seller and reference entity. In their model, stochastic inten-
sity models are adopted for the default events, and defaults are connected
through a copula function. Walker (2006) presents a continuous time Markov
approach for the risk neutral pricing of a CDS with counterparty risk. The
dependence between the counterparty and the reference entity is introduced
through the transition rates. Our model is similar to Walker’s Markov chain
model. However, we provide a more structural specification of the hazard
rate change. The contagion effect is modeled by an external shock event,
the arrival of which leads to a positive jump on the default intensities of the
protection seller and reference entity.

The paper is organized as follows. In the next section, we present the
model formulation of the Markov chain model with stochastic default inten-
sity. We illustrate how to apply the three-firm interacting intensities model
to analyze the impact of counterparty risk of the protection seller on the CDS
premium. In Section 3, the credit default swap premium is derived with and
without the default risk of the protection seller. We present the numerical
results that illustrate the impact of various parameters in the stochastic in-
tensity model on the CDS premium. We also illustrate how to calibrate the
time dependent parameter function in the default intensity of a risky firm
using the market prices of traded bonds issued by the firm. The paper is
ended with conclusive remarks in the last section.



2 Markov chain model with stochastic de-
fault intensity

Considering a portfolio of N risky firms, we associate a random default time
7; with firm ¢ in the credit portfolio. The default status of the portfolio is
characterized by the default process

Iszz(IJt1 thHtN)E{Ql}N:S> (1)

where
1 ifrn <t

. i=1,2--- N
0 if’Ti>t

Hy =1pcy = {
Here, H is visualized as a finite state Markov chain and S is the state space
of H. The macroeconomic variables are described by the d-dimensional
stochastic process W = (W,)icpo,r] With state space D C R¢. The informa-
tion available to the investor in the market at time ¢ includes the history
of macroeconomic variables and default status of the portfolio up to time t¢.
The filtration (F;):>o is given by

Fo=FEN RN 7N -\ 7Y
where

.7:,5‘1’ = o(P,:0<s<t)
F = o(H,:0<s<t), i=12--,N.

The martingale default intensity \;(¥,, H;) of firm 7 is defined by the prop-
erty that

) t/\Ti
H; — / Ni (U, Hy) ds is a {F;}-martingale.
0

Let 7¢ and 7i denote the random default time of the counterparty and ref-
erence entity, respectively, and let 7¢ be the random time of arrival of the
external shock S. It is assumed that 7g is independent of 7o and 75.

We model the arrival of the shock event as a Cox process with stochas-
tic intensity process {\7 : ¢ > 0}. Prior to the arrival of the shock event
S, the default intensities A’ and AF of the counterparty and reference en-
tity, respectively, are assumed to be ac(t) and ar(t). Here, both ac(t) and



ar(t) are assumed to be deterministic functions of ¢. Upon the arrival of
S, AY jumps from ac(t) to acac(t),ac > 1, while A¥ jumps from ag(t) to
arag(t),ag > 1. Here, ac and ag represent the proportional upward jump
of A’ and A\E, respectively, in response to the shock event. In summary, the
default intensities of C' and R can be expressed as

)\f = aR(t) [(OéR — 1)1{7—535} + 1:| (2)
)\tC = ac(t) [(OZC — 1)1{TSSt} + 1:| .
The proportional jump factors ac and ap are taken to be exogenously given.
Later, we illustrate how we can calibrate ac(t) and ag(t) from the term struc-

tures of market prices of traded defaultable bonds of C' and R, respectively.
The state space S of H, = (HF HE H?) is defined by

S =1{(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1),(1,1,1)}.
The various Markov states are labelled as follows:

State 1 (0,0,0) | State 2 (1,0,0) | State 3 (0,1,0) | State 4 (0,0, 1)
State 5 (1,1,0) | State 6 (1,0,1) | State 7 (0,1,1) | State 8 (1,1, 1)

Let ¥ = (AY)seo.r), and conditional on the given state ¢, the entries
of the infinitesimal generator /\s,(t) = (A (t]107))sxs for the Markov chain
H :{H,:t >0} are given by

ISHGIS) —lar(t) + ac(t) + N],  Ma(tv®) = ar(t),

Ms(t[®) = ac(t), Au(tly®) = A7,

Naa(t[9%) = —lac(t) + X1, Ass(tlY®) = ac(t), Mas(t|v®) = A7,
Aas(t[®) = —[ar(t) + A7), Ass(t|®) = ar(t), Ast(t[e®) =\,
Aua(t|®) = —[arar(t) + acac(t)],  Asws(t|t®) = agar(t),
Aar(tl9®) = acac(t), Ass(tlp®) = Af, Nss(t®) = A7,
Nes(t[1”) = —acac(t), Aes(t|v®) = acac(t)

Ar(tl9®) = —agar(t), Azs(tly®) = arar(t).

All other entries in the infinitesimal generator are zero.
By using the forward Kolmogorov equation, the conditional transition
probability matrix P(t,u|t®) = (Pi;(t, u|t)®))sxs is governed by

dP(t, u|ws)

- Pt ulp®) \ o (0, 0<t<u, (3)
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with P(t,t|¢°) = I. Since the matrix As)(w) is upper triangular, the
conditional transition probabilities P; (¢, u|1)®) can be solved successively in
a sequential manner. The solution to some of the conditional transition
probabilities are obtained as follows:

¢~ I lan()+ac(w+A7) du.
— o S lac) A du [1 _ o ST antw) du:| ;
= S Tar(w AT du [1 _ o ST ac du:| ;
— o fllarwtac(w)] du

T
/ )\fe— [T (ar-1)agr(u)+(ac—1)ac(w)] du— [ XS du dv;
t

T
Pig(t, T|¢%) = e‘ftTaCad”)dv/ el llae=ac@=25] g,
t
|:1—6_ftuaR(v)dU:| du

T
+ age” ftT acac(v)dv / CLR(U)6_ J; arar(v) dv
t

(/u )\feft“[(aR—l)aR(w)+(ac—1)aC(w)—)\i]du; d’l}) du;
t

T
P17(t’ T|,¢S) = e \[;T aRaR(v) dv/ )\Seﬁu[(aR—l)aR(v)—)\f] dv
t
[1 — e~ Jacw) dv} du

T
—+ ace_ftTaRaR(v)dv/ ac(u)€_ffuaca0(v)dv
t

{/ )\feftu[(aR—l)aR(w)—i-(ac—1)ac(w)—)\i]dwdv} du.  (4)

t

By taking the expectation operation Eys| - |, which is the expectation taken
over the path of ()\f ) rejorp We obtain the following unconditional transition



probabilities:
Pll(t,T) = e ftT[aR(u)—i-ac(u)]duEws [6_ T Aﬁdu} .

Y

Po(t.T) = ¢ I ac(u) du [1 o= ST ar() du:| Eys [e‘ I )\gdu:|

Y

P13(t,T) = 6_ ftT aR(U) du [1 o 6_ ftT ac(u) du:| Ews [6_ ftT )\gdu:| )

T
Pu(t,T) = e lanttac(w]ds / o~ ST (@r—D)an(w)+ac—1)ac(w)] du
t

Ews |:)\56_ftu Agd“:| d’U,
Plﬁ(t, T) = e ftT acac(v) dv

T
/ 6ft“(ac—1)ac(v) dv [1 e J ar(v) dv:| Ews |:)\3€_ I S dv:| du

t

T
+ agre” Ji" acac) dv/ QR(U)e_ftuaRaR(v)dv
t
{ / " I len—Nar(w)+Hac—Dac(w)dw g 1 [Afe—fi Aidw} dv} du
t

T
P17(t,T) — e~ ftTaRaR(v) dv/ 6ftu(aR—1)aR(v) dv [1 e [ ac(v) dv:|
t
Eys [Afe‘ftu ’\fd”} du

T
—|—ace_ftTaRaR(v)dU/ ac(u)e—ftuacac(v)dv
t

{ / " S len—Tar(w)+ac—ac(w)] du
t

Eys [)\fe_ I ’\idw} dv} du. (5)

Once these transition probabilities are known, one can deduce the joint dis-
tribution of the default times (Leung and Kwok, 2007). The marginal distri-
bution for 7z and 7 are given by

P[’TR > T|ft] = Pll(t,T) + Plg(t,T) + P14(t,T) + P17(t,T)
P[’TC > T|ft] = Pll(t,T) + Plg(t,T) + P14(t,T) + Plﬁ(t,T). (6)

It is necessary to prescribe the dynamic of \? in order to compute

Ews [6_ fty Aﬁ du:| and EdJS |:)\5€_ ftu Aﬁ du:| ]
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We adopt the same affine diffusion process with jump for A? as that proposed
by Duffie and Garleanu (2001). The governing stochastic differential equation
of A\ takes the form:

XS = k(0 — AS)dt + o/ NS dZ, + A, (7)

where AJ; denotes any jump that occurs at time t of a pure jump process
Ji. Here, J; is taken to be independent of Z;, with jump sizes that are
independent and exponentially distributed with mean g and whose jump
times are those of an independent Poisson processes with jump arrival rate
. Tt can be shown that (Duffie and Garleanu, 2001)

Eys [e_ N Aﬁdu} _ 6a(t)+6(t))\§’

where

bit
_k9(01+d1) In Cl—l—d16 —I—@t
blcldl c1+ dl 1

E(QQCQ — dg) Co + d26b2t 14
1 — ()t
bacady " co + dy * C2 ’
1 — ebt
) = .
B0) c1 + dyebrt’
k+ vVk? 4+ 202
by = —Vk?+202 ¢ = + _2+ U ,
oo TRV 207 ke V4207
1 2 T VRt
bg = bl, dgzdl_l—’u, 62:1—ﬁ.
C1 C1
Also, we obtain
Bos [N 28] = s [ 6289 = —fa) + BN,
ov
where
_ . /{?9(61 + dl) 6b1v ko
a(v) = - o o 1 dich + o
_ bov f
i E(GQCQ dg) € _ T (_ _ f) ’
C2 Co + dae®?? Co
— —(k? + 202)ebrv
Bw) = = )
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3 Calculations of the credit default swap pre-
mium

We would like to compute the fair credit default swap premium with and
without the default risk of the protection seller. For simplicity, we take
the notional of the CDS to be unity and let the valuation date of the CDS
premium to be time zero. Under our continuous model assumption, the swap
premium payments are assumed to be made continuously at a constant CDS
premium rate. Let T denote the maturity date of the CDS. We let C(T)
denote the CDS premium rate that is paid by the protection buyer subject
to potential default risk of the seller. Similarly, we let C'(7") denote the CDS
premium rate without the default risk of the protection seller. The impact
on the CDS premium rate with the presence of the counterparty risk is then
measured by C(T') — C(T).

There are two possible scenarios during [0, ¢]: non-occurrence of the shock
event S or occurrence of S. Given that there has been no default of the under-
lying entity during the time interval [0, ¢] and default of the reference entity
occurs during the next infinitesimal time interval (¢,t + dt], the probability
of such occurrence is given by

[P0, 8)an(t) + Pua(0, t)aran(t)] dt.

The first term Py1(0,t)ag(t) dt corresponds to “no prior arrival” of S while
the second term Pi4(0,t)arag(t) dt corresponds to the case otherwise. Let p
be the deterministic recovery rate of the reference entity upon default. The
expected present value of contingent compensation payment made by the
protection seller that is paid within (¢,¢ + dt] is given by

(1= p)e " [P11(0,t)ar(t) + Pi4(0,t)agar(t)] dt,

where r is the constant interest rate. Hence, the expected present value of
the contingent payment paid by the protection seller over the whole period
0,77 is given by

/0 (1 —p)e " [P1(0,t)ar(t) + Pia(0,t)agar(t)] dt.

The swap premium payment stream continues when the Markov chain state
is either in State 1 or State 4. The swap premium payment paid by the

9



protection buyer over (¢,t + dt] is given by
C(T)e "™ [P11(0,t) + P14(0,1)] dt,

so the expected present value of the premium payment over the whole time
period [0, 7] is found to be

O(T) /0 " [P (0,8) + Poy(0,4)] dt.

By equating the expected present value of the payments from the two coun-
terparties, the fair CDS premium with counterparty risk is obtained as

_ 1=y J e [Pu(0,t)ag(t) + Pu(0, t)agag(t)] dt
foT e [P11(0,1) + Pa(0,2)] dt '

c(T) (8)

Since the corresponding transition probabilities Py1(0,t) and Py4(0,¢) have
been obtained for the three-firm Markov chain interacting intensities model
with stochastic intensity [see Eq. (4)], it then becomes quite straightforward
to compute C(T). To compute the CDS premium rate C'(7') without the
default risk of the protection seller, we simply set ac(t) to be zero in the
above calculations.

Numerical calculations of the CDS premium rates and default probability

We performed the numerical calculations of the CDS premium rates C(7)
and C(T), and the default probability of the protection seller P[rc < 5]
of a 5-year CDS contract. The basic set of parameter values used in our
calculations are listed below:

p=04 r=0.04, ar=115 ac=1.15
Ay =005 o0=02 k=03,
=002 (=03, p=0.15.

We let ag(t) and ac(t) assume the constant value 0.2. In Figure 1(a—e), we
plot the CDS premium rates C(7T) (with counterparty risk of the protection
seller) and C(T') (without counterparty risk) against varying values of the
different parameters: a¢, ag, ¢,k and 6.

A higher value of ac means a higher proportional jump in the default
intensity of the counterparty upon the arrival of S. The dotted curve in
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Figure 1(a) shows that C(T) is a decreasing function of ac. This agrees
with the intuition that a higher counterparty risk leads to a lower value of
the fair CDS premium rate. Without counterparty risk, the parameter a¢
becomes irrelevant, so C'(T)) stays at the same constant value [as shown by
the horizontal solid line in Figure 1(a)].

On the other hand, both C(T) and C(T') are increasing functions of ap
since the reference entity becomes riskier with a higher value of ap [see
Figure 1(b)]. When ar = 1, there is no jump in the default intensity of
the reference entity upon the arrival of S. In this case, there is no default
correlation between the entity R and protection seller C, so C(T") and C(T)
have the same value. With an increasing value of ag, the spread C(T')—C(T)
widens since the default correlation between R and C' increases.

We also explore the impact of the different parameters that characterize
the stochastic intensity of the shock event S on the CDS premium rates. As
expected, a higher arrival rate ¢ of the jump process J; leads to higher CDS
premium rates since the reference entity becomes riskier [see Figure 1(c)].
Since the drift rate of A decreases with increasing k, so the CDS premium
rates are decreasing functions of k [see Figure 1(d)]. Lastly, a higher value of
0 means a higher drift rate of A7, so the CDS premium rates are increasing
functions of 6.

Though C(T') is a decreasing function of a¢, the default probability
P[re < 5] is an increasing function of a¢ [see Figure 2(a)]. This is intuitive
since a higher proportional jump in the default intensity upon the arrival
of S leads to a higher default risk of the protection seller C. In a similar
manner, a higher arrival rate of jump in Y makes C' to become riskier, so
P[rc < 5] is an increasing function of ¢ [see Figure 2(b)].

Remark - Calibration of the time dependent default intensities

In our model, the default intensities of the reference entity and the protection
seller prior to the arrival of the shock event are assumed to be deterministic
functions of time. Provided that the term structure of the prices of default-
able bonds Bg(t,T') issued by the firm of the reference entity is available, one
can calibrate the time dependent default intensity ag(t) in terms of Bg(t,T))
and other known parameter values. Under the risk neutral measure (), the
defaultable bond price Bg(t,T') is given by

Br(t,T) = e """ Eg 11| F]
e "I DP g > T|F). (9)
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Recall that the marginal distribution for 7z can be expressed in terms of the
transition probabilities of the Markov chain model [see Eq. (6)]. One can
derive the following integral equation for ag(t):

B
OBR41) = —re T Ba(t.T) ~ cnan(T) Balt. T)

+ e g — Dap(T)e I on@ it [ i) (10)

Similar calibration procedure can be performed for the default intensity ac(t)
of the counterparty (protection seller).

4 Conclusion

We apply the three-firm interacting intensities Markov chain model with
stochastic intensity to analyze the counterparty risk of the protection seller
in a credit default swap. The default correlation between the protection
seller and the underlying entity is modeled by an increment of the default
intensity upon the arrival of an external shock event. Our analysis indicates
that the impact of correlated risks between the protection seller and the un-
derlying reference entity on the fair credit default swap premium rates can
be quite substantial under a high arrival rate of the external shock and the
subsequent high proportional jumps in the default intensities of the various
parties. This study provides insight in assessing the importance of correlated
counterparty risk in structuring a credit default swap. Should we seek pro-
tection from a Korean financial institution on a Korean risky bond, though
the Korean institution demands a lower swap premium, or seek protection
from a European institution instead?
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Figure 1(d) Plot of the CDS premium rates C(T') (dotted curve) and C(T') (solid curve) against k.
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