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Abstract: Effective numerical algorithms are devel-
oped to evaluate the impact of the soft call and hard
call constraints, notice period requirement and other
factors on the optimal issuer’s calling policy in con-
vertible bonds. Our results show that the critical stock
price at which the issuer should optimally call the con-
vertible bond depends quite sensibly on these constraints
and requirements.
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1 INTRODUCTION

A convertible bond is a hybrid financial instrument
with attributes of both fixed income securities and eq-
uity. The embedded conversion option allows the bond-
holder to convert into the equity of the issuer at any
time at the contractual conversion price. The conver-
sion component gives the holder the possibility to ben-
efit from future capital appreciation in the company’s
equity, while the fixed income component provides a
return floor. The issuer pays discrete coupon payments
to the holder at regular intervals, usually at a lower
coupon rate. Most convertible bonds have the call pro-
vision that could be used by the issuer to manage the
debt-equity ratio of his company. Upon issuer’s call,
the holder can either redeem the bond at the call price
or convert into stocks (known as forced conversion).

To protect the conversion privilege from being called
away too soon, the bond indenture commonly contains
the hard call constraint that restrains the issuer to ini-
tiate the call at the early life of the bond. Additionally,
to avoid market manipulation by the issuer, the soft
call constraint requires the stock price to be above the
trigger price (usually chosen to be 30% to 50% higher
than the conversion price) for a consecutive or cumula-
tive period in order that the issuer can initiate the call.
Upon calling by the issuer, there is a call notice period
requirement whereby the holder can make the decision
to redeem or convert at the end of the notice period.

Convertible bond valuation models have been quite
extensively studied in the past decades [see Nyborg’s
paper [1] for a survey of the models]. In these contin-
gent claim models, besides the inclusion of stochastic
interest rate, they either use the firm value of the issuer
or the stock price as the underlying state variable for
modeling the equity component. To model the credit

risk of a convertible bond, Tsiveriotis and Fernandes
[2] incorporated the issuer’s debt spread into the pric-
ing model by solving a set of coupled equations, one for
the bond part of the convertible bond, and the other
for the whole bond value, using different discount rates
for the equity and bond components.

In this paper, we construct numerical algorithms that
model accurately the embedded features in a convert-
ible bond and use them to explore the various factors
that affect the optimal calling policy and conversion
policy. It would be interesting to examine the sensitiv-
ity of these embedded features on the critical stock price
at which it is optimal to call or convert. The value of a
convertible bond consists of two parts, the equity com-
ponent and bond component. The bond component is
sensitive on interest rate and default risk of the issuer.
The value of the equity component is dependent on the
stock price, or alternatively on the firm value of the is-
suer’s firm. In one-factor models, the interest rate and
default spread are assumed to be deterministic. If we
are mainly interested in the analysis of the equity com-
ponent, the simplification in one-factor models can be
considered acceptable. The stochastic state variable in
a one-factor model can be either the stock price or the
firm value. The firm value model naturally incorporates
the dilution effect upon conversion of the convertible
bond. If the dilution effect is not significant (say, the
particular convertible bond constitutes only a minute
portion of the whole capital structure of the firm), then
the use of stock price as the underlying state variable
may be more appropriate. Compared to the firm value
models, the stock price models avoid the prescription
of the capital structure of the firm. Also, the estima-
tion of the parameter values in the stock price model is
easier. For example, the stock price volatility is more
directly observable compared to the firm value volatil-
ity. Also, the conversion value and payoff structures of
the convertible bond depend directly on the stock price.

In this work, the one-factor models are employed to
analyze the impact of the soft call and hard call con-
straints, notice period requirement, the interaction of
the call right and conversion right, etc. To model the
default risk of the convertible bond, we assume deter-
ministic credit spread and use two different interest
rates for discounting. The risky interest rate is the
sum of riskless interest rate and credit spread. The
equity component and the bond component are dis-



counted by riskless interest rate and risky interest rate,
respectively.

This paper is organized as follows. In the next sec-
tion, we show the formulation of the one-factor model.
The details of the valuation algorithms are presented,
emphasizing on the treatment of coupon payments and
call policies. In particular, we propose effective tech-
niques to deal with the soft call and hard call con-
straints, notice period requirement, etc. Also, we illus-
trate how to incorporate different discount rates for the
bond and equity components. In Section 3, we use the
one-factor model to analyze the interaction of the call
and conversion policies, impact of soft call, hard call
and notice period requirements on the optimal calling
policies. The paper is ended with conclusive summaries
in the last section.

2 CONSTRUCTION OF NUMERICAL AL-
GORITHMS

By following the standard contingent claim approach,
we develop the governing equations for the convertible
bond value for the one-factor model. Our one-factor
model assumes deterministic interest rates and deter-
ministic credit spreads. Special precautions are taken
to prescribe the auxiliary conditions that model the
various embedded features in the convertible bonds.

2.1 Differential equation formulation

We adopt the stock price S as the underlying stochas-
tic state variable in our one-factor model. Under the
risk measure, S is assumed to follow the lognormal pro-
cess

ds
< = (r—q)dt + 0gdZs, (1)

where 7 is the riskless interest rate, ¢ and og are the
dividend yield and volatility of the stock price, respec-
tively, and dZg is the standard Wiener process. All
parameters can be deterministic function of time f.
Let V(S, 1) denote the value of the convertible bond.
The convertible bond value consists of two compo-
nents: equity and bond. Recall that for bonds with-
out the convertible feature, it is common to model the
credit risk associated with issuer’s default by adding
a credit spread s to the riskless interest rate in dis-
counting the bond value in time. We follow the ap-
proach by Tsiveriotis and Fernandes [2] that only the
bond component of the convertible bond value is dis-
counted by the risky interest rate rg, where rg = r+s.
In this model, we assume s to be deterministic in
time. We let V(S,t) denote the bond component of
the convertible bond value so that V(S,t) — Vg(S,t)
is the corresponding equity component. The convert-
ible bond pays periodic coupon payments ¢; at time
ti,i = 1,2,--- , N. The external cash payouts may be

N
represented by ¢(t) = Zcié(t — t;). The convertible
i=1

bond value V(S,t) and its bond component Vg(S,t)
are governed by the following coupled system of equa-
tions
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where T' is the maturity date of the bond and S* is
some critical stock price at which the convertible bond
is terminated prematurely. The early termination can
be effected either by optimal conversion by the holder
or optimal calling by the issuer.

The embedded option features in a convertible bond
are characterized by the prescription of the auxiliary
conditions in the pricing model, the details of which
are discussed below.

(i) Terminal payoff on maturity date T

The terminal values of V' and Vg are given by

V(S,T) = (P +cn)lpioysns (3a)
+ nSl{P+cN<nS}
VB(S,T) = (P +cn) L pioysns (3b)

where 1 4 is the indicator function for the event A.
Here, P denotes the par value of the bond, cy is
the last coupon payment and n is the number of
units of stock to be exchanged for the bond upon
conversion. It is a common practice in convertible
bond indenture that the accrued interest will not
be paid upon voluntary conversion.

(ii) Conversion policy

Since the bondholders have the right to convert the
bond into 7 units of stock at any time, the intrinsic
value of the bond always stays equal or above the
conversion value. Upon conversion, the value of
the bond component vanishes identically. We then
have

V(S,t) >nS when the convertible bond
remains alive, (4a)

V(S,7) =nS and Vg(S,7) =0, (4D)

where 7 is the time of optimal conversion chosen
by the bondholders.

(iii) Calling policy

Let [T.,T],T. > 0, denote the callable period, that
is, the bond cannot be called during the earlier part



of the bond life [0,7.]. Upon calling, the bond-
holders can decide whether to redeem the bond for
cash or convert into shares at the end of the no-
tice period of t,, days. Let ¢ denote the date of
call so that 7 + t, is the conversion decision date
for the bondholders. The bondholders essentially
replace the original bond at time fby a new con-
vertible bond that expires at later time t+1t, with
payoff max(nS, K +¢), where ¢ is the accrued in-
terest from the last coupon date to t+1t, and K is
the pre-specified call price of the convertible bond.
Let View = View(S,1; K, t,) denote the value of
this new convertible bond. Obviously, this option
value V). becomes the convertible bond value
upon calling. When there is no soft call require-
ment (a constraint that is related to stock price
movement over a short period prior to calling),
the convertible bond value should be capped by
Vihew- The convertible bond should be called once
its value reaches Ve (S, t; K, t,). We then have

(a) within the callable period

V(S,1) € View (S, 1 K, t) (5a)
(b) on the call date

V(S,1) = View (S, ; K, 1),
Vp(S,7) = 0. (5b)
When there is a soft call requirement, it is possible
that V(S, 1) stays above Vyew (S, t; K, ty).
(iv) Coupon payments

By no arbitrage argument, there is a drop in bond
value that equals the coupon amount ¢; across a
coupon payment date ¢;,7 = 1,2,--- , N. We have

V(Sa tj) - V(Sat;) — G,
VB(Satj):VB(Sat;)_Cia (6)
i=1,2,---,N.

2.2 Numerical algorithms

We employ finite difference algorithms to solve for
V(S,t) and Vg(S,t) as governed by Egs. (2.2a,b) and
subject to the auxiliary conditions stated in Egs. (2.3—
2.6). As usual, we adopt the log-transformed variable
x = InS and time to expiry 7 = T — t. Let V™ and
V™ denote the numerical approximation of V (z, 7) and
Vg(x,7) at the grid point x = jAxz and 7 = mAt, re-
spectively, where Ax and At are the respective step-
width and time step. The numerical schemes take the
basic form

VI = p VI 4 pn VI + paV
- TB‘N/ijil{Ei} (7a)
ij+1 - puvjril +pmvjm +pdeTl - T(ij - ij)
—’r‘B‘N/jerCil{Ei}. (7b)

The risk neutral probabilities of upward jump, zero
jump and downward jump of x = In S are given by
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respectively, where Ax = AogvV/At. Tt is common to
choose A = \/§ Here, E; denotes the event that the
coupon payment ¢; is paid at f;. When the payment
date t; is bracketed between time levels mAt and (m +
1)At, the bond values ij+1 and \N/jm+1 are increased

by an extra amount ¢;. The initial values Vj0 and \N/jo
are given by
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Interaction of the callable and conversion features

We recall that upon the issuance of the notice of call,
the bondholder essentially receives a new convertible
bond that replaces the original one. This new bond
has maturity life equals the length of the notice period
and par equals the call price K plus the accrued interest
amount ¢. The conversion ratio remains the same but
there are no intermediate conversion right and coupon
payment. With the provision of the early conversion
privilege, the bondholder chooses the maximum of con-
tinuation value V_,,: and conversion value V,yp, = 1S
if there is no recall. Upon recall of the bond, the origi-
nal bond becomes the above new convertible bond. The
issuer adopts the optimal policy of either to recall or
abstain from recalling so as to minimize the bond value
with reference to the possible actions of the bondholder.
The following dynamic programming procedure effec-
tively summarizes the above arguments

Vit = min(Vaew, max(Veont, Veonv)), (10)

where V,,,; is the continuation value as computed by
numerical scheme (7b). Once conversion into shares
takes place, the bond component becomes zero. When
the calling right is non-operative (say, during the pe-
riod under the hard call constraint) and only conversion
right exists, the above dynamic programming proce-
dure reduces to

V= max(Veont, Veonw)- (11)

To incorporate the soft call requirement, we model
the associated Parisian feature using the forward shoot-
ing grid approach proposed in Kwok-Lau’s paper [3],



where an extra dimension is added that captures the ex-
cursion of the stock price beyond some predetermined
threshold value B. With the inclusion of the path de-
pendence of the stock price associated with the soft call
requirement, Eq. (7b) is modified as follows:

+1
Vi = VT gmgan) T Pm Vi)
¢ N

+PaV" g1 — T (Vigs) = View.s)
— BV + s (12)

3 SIGNIFICANCE OF COUPONS, CON-
VERSION RATIOS, SOFT CALL AND
NOTICE PERIOD

Table 1 lists the parameter values that are used (un-
less otherwise specified) in the sample calculations of
the convertible bond pricing model presented in this

paper.

Table 1: List of parameter values used in the sample
calculations of the convertible bond pricing model.

par value 100

annualized volatility 20%

dividend yield per year | 1%

maturity date 5 year

coupon rate 4% per annum,

paid semi-annually
conversion ratio T

call period starting 1.25 years
from now till maturity
conversion period throughout the Iife
call price 140

interest rate flat at 5% per annum
credit spread flat at 5% per annum

In Figure 1, we plot the convertible bond value
against time corresponding to different stock price lev-
els. At all levels of the stock price, the bond value
exhibits a drop in value equals the size of the coupon
payment across a coupon date. Within a coupon period
(except for the last coupon period right before matu-
rity), the bond value increases as time evolves forward,
due to the effect of accrued interests. Within the last
coupon period, the bond value may increase, decrease
or stay at almost constant level, depending on the stock
price level. The dotted curve shows the bond value
against time corresponding to the stock price S = 80.
At this low stock price level (20% below the conversion
price), the value of the equity component is negligibly
small. The bond value shows a general trend of increase
with increasing time. In particular, the bond value in-
creases within the last coupon period and matches the
total value of par plus last coupon at maturity. At the
stock price level S = 100 (same as conversion price), the
convertible bond drops in value within the last coupon
period (see solid curve). This may be attributed pri-
marily to the higher rate of decrease in the value of
the conversion provision close to maturity. At higher
stock price level S = 120 (20% above the conversion

price), the bond value shows a trend of slight decrease
with increasing time (see dashed curve). However, the
bond value stays almost at constant value within the
last coupon period. This is due to the negligible time
loss of the value of the conversion feature since the con-
vertible bond will be almost sure to be converted into
shares at maturity.
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Figure 1: Plot of convertible bond value against time at
different levels of stock price (dotted curve corresponds
to S = 80, solid curve corresponds to S = 100 and
dashed curve corresponds to S = 120)

In Table 2, we demonstrate the dependence of the
bond value on the conversion ratio and stock price level
(with the call provision excluded). At low stock price
level, the bond value is not quite sensitive to the in-
crease in conversion ratio. Similarly, the bond value is
also insensitive to the increase in stock price when the
conversion ratio is low. Both phenomena are due to
the low value of the equity component of the convert-
ible bond.

Table 2: The entries in the table are convertible bond
values corresponding to different conversion ratios and
stock price levels.

conversion ratio

stock price | 0.8 0.9 1.0 1.1 1.2

50 77.07 77.94 79.23 R0.87 %2.96
100 95.07 102.62 | 111.04 | 119.78 | 12894
120 107.60 [ 117.93 | 12891 | 140.07 | 151.46
130 114.33 1 126.10 | 13815 | 150.50 | 162.99
140 12761 | 13444 | 14768 | 161.00 | 174.44
150 12898 | 142.99 | 157.16 | I71.54 | I85.0%

Let S*(t) denote the time dependent critical stock
price at which the convertible bond is terminated pre-
maturely, due either to voluntary conversion or optimal
calling. Figure 2 shows the plots of S*(t) against time
t corresponding to the case with 30 days of notice pe-
riod requirement (upper solid curve) and without no-
tice period requirement (lower dashed curve). In the
calculations, we have chosen a higher dividend yield of
3% per annum so as to better reveal the interaction of
different features.

The cost borne on the issuer upon calling becomes
higher when there is a notice period requirement since



the bondholders are given an embedded option with
life same as the length of the notice period. This option
gives the bondholders the right to convert into shares or
receive cash equals par plus accrued interest at the end
of the notice period. As revealed from the comparison
of the two curves in Figure 2, the impact of this embed-
ded option on S*(t) can be quite significant. With the
presence of the notice period requirement, the issuer
exercises his calling privilege at a higher stock price
level. In response to the delayed call by the issuer, the
bondholders would also delay their conversion decision
until the value of the conversion option is deeper-in-
the-money.

The schedule of the coupon payments plays an im-
portant role in the determination of the conversion and
calling policies. It is common in convertible bond in-
dentures that the bondholders lose the accrued interests
upon voluntary conversion (named as the screw clause).
This clause may have significant impact on the critical
stock price S},,,,, for optimal conversion. At times right
after a coupon payment date, there is a higher incentive
for the bondholders to exercise their conversion right
since the accrued interest is small. As time evolves,
S e Increases since the cost incurred upon conver-
sion becomes higher (due to accrued interest amount
accumulated over time). On the other hand, the con-
vertible bond may be terminated prematurely at stock
price level S? ,, at which the issuer should optimally
call the bond. Indeed, the critical stock price of termi-
nation is given by S* = min(S} ,,, S} .,). The plots of
S*(t) against t in Figure 2 reveal that at times suffi-
ciently distant from previous coupon date, the prema-
ture termination is caused by issuer’s call since S%, . (%)

increases in time faster than S¥ , (t).
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Figure 2: The upper solid curve shows the plot of the
critical stock proce S*(t) against time with notice pe-
riod requirement of 30 days. The lower dashed curve
shows the plot of S*(t) against time corresponding to
the same convertible bond but without notice period re-
quirement. Within the time interval [4.5,5.0], the two
curves overlap.

With the presence of the notice period requirement,
the issuer may optimally call the bond at a lower S?
when the time is approaching a coupon payment date

(see upper solid curve in Figure 2). The issuer adopts

such strategy since the coupon payment will be delayed
until the end of the notice period upon calling.

Within the last coupon period, the rate of decrease
of the value of the conversion privilege becomes sig-
nificant so that the bondholders exercise conversion at
lower value of S, . On the other hand, the issuer has
little incentive to call the bond at times close to matu-
rity. Hence, S*(t) is governed solely by the conversion
strategy. Accordingly, there is no role played by the
notice period requirement so the two curves in Figure
2 overlap at times within the last coupon period.

From our numerical experiments, we observe that
S, may change quite significantly with the length of
the notice period. Also, S;,,,, is seen to depend sensi-
bly on the coupon rate and dividend yield, also on other
factors like the counting of time lapsed from previous
coupon date.

Lastly, we use the one-factor model to examine the
effects of the soft call requirement on the convertible
bond value. In the two right columns in Table 3, we
list the bond values with varying levels of trigger price
and under different counting rules. In the calculations,
the current stock price is taken to be 130. Here, we
specify that the issuer can initiate the call only if the
stock price stays above the trigger price consecutively
(cumulatively) for 30 days. For the purpose of compar-
ison, the convertible bond value is found to be equal
to 138.24 if there is no call feature and equal to 133.68
if there is no soft protection requirement. These two
values serve as the respective upper and lower bounds
for the bond value subject to any soft call requirement.

Table 3: The entries in the right two columns are con-
vertible bond values with varying level of trigger price
and under the rules of consecutive counting and cumu-
lative counting of the number of days of breaching the
trigger price. The upper and lower bounds for the con-
vertible bond value under any soft call requirement are
found to be 138.24 and 133.68, respectively.

trigger price | consecutive counting | cumulative counting

: 134.70 134.08
130 13447 134.24
140 135.23 134.98
150 135.84 135.67
160 136.39 136.24
170 136.79 136.65
130 137.06 136.94

By examining the results listed in Table 3, the fol-
lowing conclusions can be drawn:

1. The bond value increases with increasing trigger
price. This is obvious since it becomes harder for
the issuer to initiate the call with higher trigger
price.

2. The bond value changes most significantly with re-
spect to the change in the trigger price when the
trigger price stays close to the call price of 140 (say,
130 to 150 in the sample calculations presented).



3. The bond value becomes higher when the soft call
requirement is more stringent. This is because
bondholders have better protection against call-
ing by issuer. This explains why the convertible
bond has higher value under the rule of consecu-
tive counting compared to its counterpart under
cumulative counting.

4 CONCLUSION

In this paper, we propose a more refined valuation al-
gorithm for pricing one-factor contingent claims models
for convertible bonds. Compared to earlier algorithms
in the literature, our improved algorithm enables us to
pursue more detailed investigation into the interaction
of different features that affect the optimal conversion
and call policies in convertible bonds. The time depen-
dent behaviors of the critical stock price at which the
convertible bond should be called by issuer or converted
into shares by bondholders are seen to depend sensibly
on various features in the bond indenture. In particu-
lar, we show that the notice period requirement and the
coupon payment stream have profound impact on the
value of the critical stock price. Also, we examine the
effects of the conversion ratio and soft call requirement
on the value of a convertible bond.
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