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Abstract

This paper analyzes preemptive patenting in a two-stage real options

game where an incumbent firm competes with a potential entrant firm

for the patent of a substitute product in a product market with profit

flow uncertainty. The incumbent suffers loss of monopoly in the prod-

uct market if the entrant acquires the patent of a substitute product

and later commercializes the product. Our patent-investment game

model assumes that the entrant has complete information on the in-

cumbent’s commercialization cost while the incumbent only knows the

distribution of the entrant’s cost. We investigate the impact of infor-

mation asymmetry on the preemption strategies adopted by the two

competing firms on patenting the substitute product by comparing

the optimal preemption strategies and the real option value functions

of the two competing firms under complete information and informa-

tion asymmetry. Our analysis reveals that the informationally disad-

vantaged incumbent always suffers from loss in its real option value

of investment since it tends to act more aggressively in competing

for the patent. On the other hand, the real option value of invest-

ment of the informationally advantaged entrant may be undermined

or enhanced. The incumbent’s aggressive response under information

asymmetry may lead to reversal of winner in the patent race. We

also examine how information asymmetry may affect the occurrence

of sleeping patent and the corresponding expected duration between

the two stages of patenting and product commercialization.

Keywords: patent-investment model, asymmetric information, real options
game, sleeping patents

1 Introduction

We consider a patent-investment game model that analyzes the preemption
strategies of two competing firms (incumbent and entrant) on patenting a
product under information asymmetry. The incumbent firm is now operat-
ing a monopolized product with profit flow uncertainty. The monopoly can
be undermined by the entry of a new entrant firm in the product market
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through patenting and commercialization of a substitute product. On the
other hand, the incumbent can maintain its monopoly status by blocking
the entrant’s entry through acquisition of the patent of the substitute prod-
uct. There is a fixed common patent fee for acquisition of the patent for
either firm. However, the commercialization cost of the substitute product
differs between the two firms. Furthermore, we assume that the entrant has
complete information on the incumbent’s commercialization cost while the
incumbent has only the knowledge of the distribution of the entrant’s com-
mercialization cost. Upon launching of the substitute product by the entrant,
the profit flow rate of the incumbent is reduced due to loss of monopoly in
the product market. However, if the substitute product is launched by the
incumbent, the incumbent’s profit flow rate is enhanced since it operates on
two products. It is possible that the patent is acquired in the first stage
and the subsequent commercialization of the product in the second stage is
delayed, a phenomenon that is commonly called “sleeping patent”.

Patent races, sleeping patents, and economic valuation of patents have
been explored in various works in recent decades (Gilbert and Newbery, 1982;
Harris and Vickers, 1985; Lambrecht, 2000; Sereno, 2008). Lambrecht and
Perraudin (2003) study real investment options and preemption under two-
sided incomplete information when both competing firms only have knowl-
edge of the distribution of the investment cost of their respective competitor.
The two-stage patent-investment game model in this paper is an extension
of Hsu-Lambrecht’s one-stage patent race model under asymmetric cost in-
formation (2007) and Leung-Kwok’s two-stage patent-investment race model
under complete cost information (2010). Discussions on the significance of
these models for analyzing patent races with reference to preemptive patent-
ing and revenue flow uncertainty can be found in the two papers (Hsu and
Lambrecht, 2007; Leung and Kwok, 2011). As pointed by various works
on real options game theoretic models under asymmetric information (Zhu
and Weyant, 2003; Thijssen et al., 2006), the equilibrium strategies under
asymmetric information can be quite different from those under complete
information. Information asymmetry may lead to different incentives and
preemption behaviors of the competing firms since the informationally dis-
advantaged firm may be induced to respond more aggressively under certain
economic scenarios. In this paper, we manage to obtain numerous interesting
results beyond the earlier Leung-Kwok’s two-stage patent-investment model
under complete information. It is possible that the outcome of the eventual
winner in the patent race may change when the incumbent does not have ex-
act information on the entrant’s cost. In general, the incumbent’s aggressive
response to its informationally disadvantaged status would undermine the
real option value of investment of both competing firms. However, we are
able to find exceptions that the entrant’s real option value may be enhanced
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when the incumbent’s belief of the entrant’s commercialization cost is bi-
ased high. While both Hsu-Lambrecht’s one-stage model and our two-stage
model are under information asymmetry, our model provides a wider set of
optimal preemption strategies and exhibits various forms of impact on the
real investment option values. When only one-stage patenting is assumed,
the informationally advantaged entrant never suffers loss in its real option
value. Also, the one-stage model reveals that if the entrant wins, its win-
ner status would not be affected by the aggressive action of the incumbent.
However, these results are not always true in our two-stage model. Other
real options game theoretical models under information asymmetry (Zhu and
Weyant, 2003) also exhibit potential swapping of the winner in the game. In
addition, our two-stage model encompasses more detailed analysis of vari-
ous sleeping patent phenomenon under information asymmetry, preemptive
patenting, and revenue flow uncertainty.

The paper is organized as follows. In the next section, we formulate
the two-stage patent-investment real options game model with asymmetric
information in the commercialization costs of the incumbent firm and entrant
firm (challenger). In Section 3, we examine the range of trigger thresholds
within which the strategic patent trigger of each firm lies. The upper bound
of the strategic patent trigger is shown to be simply the corresponding non-
strategic trigger threshold. The lower bound of the strategic patent trigger
is the threshold at which the firm breaks even. That is, at the lower bound
of the patent trigger, the sum of real option value of acquisition of the patent
and the benefit of avoiding loss when preempted equals the patent cost. In
Section 4, we examine the optimal preemption strategies of both firms and
consider how information asymmetry affects these preemption strategies. In
particular, we analyze how the aggressive response of the informationally
disadvantaged incumbent may affect the real option values of investment
and the preemption triggers of both firms. We also analyze the impact of
information asymmetry on the sleeping patent phenomenon, whether the
winner firm chooses strategically to shorten or lengthen the expected duration
between the two stages of patent and product commercialization. In the last
section, various conclusive remarks of the paper are presented.

2 Formulation of the two-stage patent-investment

model

We adopt a similar two-stage patent-investment real game model as proposed
in Leung and Kwok (2011) except that cost information asymmetry is added
in the present new model. The incumbent (Firm i) is now operating a mo-
nopolized product in the market with stochastic profit flow rate xt that is
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modeled by the following Geometric Brownian process:

dxt = µxt dt + σxt dZt. (2.1)

Here µ is the constant drift rate, σ is the constant volatility, and Zt is the
standard Brownian process. The constant discount rate adopted in the mar-
ket is r. With reference to the usual no-bubble condition, r is taken to be
greater than µ.

In our two-stage patent-investment game model, the incumbent is faced
with potential entry of the entrant firm (Firm e) into the product market
through the operation of a substitute product. The two firms both compete
for the patent of the substitute product by paying a common fixed cost C

of the patent. The patent serves to block the entry of the competitor. As
a consequence, the patent holder then possesses the real option to commer-
cialize the substitute product at a later stage. Let Ki and Ke denote the
additional sunk cost of commercialization of the substitute product required
for the incumbent and entrant, respectively. While the two firms compete
for the same product, the different commercialization costs represent vary-
ing levels of cost efficiency of the two rivals. Similar to the Hsu-Lambrecht
one-stage model (2007), we introduce cost information asymmetry into the
model. We assume that the entrant has full information of the incumbent’s
commercialization cost Ki. However, the incumbent only knows that the
entrant’s commercialization cost Ke is drawn from a probability distribution
G(Ke) with compact support on [KL, KU ], where G(Ke) is assumed to be
continuously differentiable.

Suppose the entrant purchases the patent and later commercializes the
substitute product, the stochastic profit rate received by the entrant is πext,
πe > 0. Under such scenario, the product market becomes duopoly with two
products offered by the two firms. Subsequently, the incumbent’s profit flow
rate is then reduced to (1 − π−

i )xt, where 0 < π−
i < 1. If otherwise, when

both products are operated by the incumbent, its stochastic profit flow rate
is increased to (1 + π+

i )xt, where π+
i > 0.

3 Trigger strategies adopted by the two firms

Since xt is a Markov process, each firm would adopt a single trigger strategy
where the firm chooses optimally to patent and commercialize the substitute
product when xt reaches the corresponding equilibrium trigger from below.
First, we quote the results on the non-strategic patent and commercialization
triggers of the two firms when there is no preemptive threat from its com-
petitor (Leung and Kwok, 2010). Let x∗

jp and x∗
jc denote the non-strategic

patent trigger and commercialization trigger of Firm j, j = i, e, respectively.
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We have

x∗
ip =

β

β − 1

(r − µ)(C + Ki)

π+
i

, x∗
ep =

β

β − 1

(r − µ)(C + Ke)

πe

,

x∗
ic =

β

β − 1

(r − µ)Ki

π+
i

, x∗
ec =

β

β − 1

(r − µ)Ke

πe

, (3.1)

where

β =
−(µ − σ2

2
) +

√

(µ − σ2

2
)2 + 2rσ2

σ2
.

Note that x∗
jp > x∗

jc under positive patent cost C , j = i, e. For either firm, it
chooses to commercialize the product immediately after acquiring the patent
when there is no preemptive threat from the competing firm.

Due to preemptive competition, the competing firms may choose strate-
gically to acquire the patent at a lower trigger threshold. Let x∗

js denote the
strategic patent trigger of Firm j, j = i, e. The non-strategic patent trigger
x∗

jp clearly represents the upper bound of x∗
js, that is, x∗

js ≤ x∗
jp. On the other

hand, the firm never chooses to acquire the patent when the patent cost is
higher than the benefits received by the firm upon acquisition of the patent.
We determine the corresponding breakeven threshold, commonly called the
Marshallian trigger, at which the firm is indifferent between acquiring the
patent and being preempted. Next, we would like to determine the lower
bound on the strategic patent trigger x∗

js based on breakeven consideration.

Entrant’s Marshallian trigger

Since the entrant has full information on its own commercialization cost Ke,
the Marshallian trigger x∗

em is known to itself. The breakeven trigger thresh-
old is determined by equalizing the real option value of commercialization of
the substitute product with the patent cost. When xt assumes the value x,
the entrant’s real option value function Ve(x) of holding the patent is known
to be (Leung and Kwok, 2010)

Ve(x) =

{

Ke

β−1

(

x
x∗

ec

)β

for x < x∗
ec

πex
r−µ

− Ke for x ≥ x∗
ec

. (3.2)

The entrant’s Marshallian trigger x∗
em is the unique solution to

Ve(x)− C = 0. (3.3)

Here, x∗
em represents the lower bound on the strategic patent trigger x∗

es of
the entrant firm.

Lower bound on the incumbent’s strategic patent trigger

Based on breakeven consideration, the incumbent strikes the balance between

5



the patent cost and the sum of the real option value of commercialization
and the benefit of avoiding the loss in revenue flow upon being preempted.
Similar to Ve(x), the real option value function of the incumbent holding the
patent is given by

Vi(x) =







Ki

β−1

(

x
x∗

ic

)β

for x < x∗
ic

π+

i
x

r−µ
− Ki for x ≥ x∗

ic

. (3.4)

Suppose the incumbent is preempted by the entrant, the expected value of

loss in revenue flow to the incumbent is
π−

i
x

r−µ
when the entrant has commer-

cialized the substitute product. When the entrant has acquired the patent
but not yet commercialized the product (patent remains sleeping), the ex-

pected loss is
π−

i
x∗

ec

r−µ

(

x
x∗

ec

)β

[see Leung and Kwok (2010)]. Unfortunately, the

determination of the precise commercialization trigger x∗
ec depends on the ex-

act information on Ke. In the present model, the incumbent only knows the
distribution of Ke. Based on the belief that Ke assumes some value K, where
KL ≤ K ≤ KU , the corresponding expected loss value function Li(x; K) is
given by

Li(x; K) =







π−

i
x∗

ec(K)

r−µ

[

x
x∗

ec(K)

]β

for x < x∗
ec(K)

π−

i
x

r−µ
for x ≥ x∗

ec(K)
, (3.5)

where x∗
ec(K) denotes the entrant’s commercialization trigger when the en-

trant’s commercialization cost is K. The incumbent suffers less loss upon
being preempted when K assumes a higher value, so we expect

Li(x; KL) ≥ Li(x; K) ≥ Li(x; KU ), KL ≤ K ≤ KU .

The incumbent’s real option value Vi(x) of holding the patent remains at
low value when the profit flow rate is at some sufficiently low level. The
incumbent would never choose to acquire the patent at the trigger level x

when Vi(x)−C is less than the largest expected loss based on the incumbent’s
belief on Ke. Since Li(x; K) is increasing with respect to K, so the largest
expected loss is given by Li(x; KL). In other words, when x is less than the
unique root to the following equation:

Vi(x) − C + Li(x; KL) = 0, (3.6)

preemptive patenting would never be exercised strategically by the incum-
bent.

Notion of the generalized Marshallian trigger
The unique root to eq. (3.6) is seen to be the incumbent’s Marshallian trigger
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that is based on the most conservative belief that Ke assumes its lowest value
KL. We use x∗

im(KL) to denote this lower bound on the incumbent’s strategic
patent trigger x∗

is. Since the exact value of Ke is much likely to be above KL,
the incumbent faces with a net negative real option value when it chooses to
preempt the entrant at x∗

im(KL). For convenience of our later discussion, we
generalize the notion of the incumbent’s Marshallian trigger to refer to the
breakeven trigger between patenting and being preempted for the incumbent
at the true value of Ke.

Updating on the distribution of entrant’s commercialization cost

Similarly, the non-strategic patent trigger of the entrant x∗
ep has dependence

on Ke. Suppose xt has moved above x∗
ep(KL) from below and the entrant has

not chosen to preempt, then the incumbent can learn from this information
to narrow the range of its estimation of Ke. We let xmax

t denote the realized
maximum value of xt from time 0 to the current time t, where

xmax
t = max

0≤u≤t
xu.

Based on the monotonicity of x∗
ep(Ke) as a function of Ke, the inverse func-

tion of x∗
ep exists and it is formally represented by x−1

ep in later discussion.
Suppose xmax

t > x∗
ep(KL) and the entrant has not chosen to preempt, the

incumbent then deduces that Ke cannot lie within [KL, x−1
ep (xmax

t )]; or other-
wise preemptive patenting by the entrant has occurred already. Accordingly,
the incumbent can narrow the range of Ke from [KL, KU ] to (x−1

ep (xmax
t ), KU ].

Given that xmax
t > x∗

ep(KL), the probability distribution of Ke can be up-
dated using Bayes’ rule as follows (Hsu and Lambrecht, 2007):

Ĝ(K|xmax
t ) =

G(K) − G(x−1
ep (xmax

t ))

1 − G(x−1
ep (xmax

t ))
, x−1

ep (xmax
t ) ≤ K ≤ KU . (3.7)

The incumbent’s lower bound on the patent trigger is then updated from
x∗

im(KL) to a higher level x∗
im(x−1

ep (xmax
t )).

Strategic interaction of preemption strategies

The preemption strategy adopted by the informationally disadvantaged in-
cumbent is strongly influenced by the most conservative breakeven triggers
of both firms based on the belief that the entrant’s commercialization cost
Ke assumes the lowest value KL.

When x∗
im(KL) < x∗

em(KL), the incumbent finds itself never being pre-
empted if it chooses to invest at any trigger between x∗

im(KL) and x∗
em(KL).

This is because the entrant never chooses to preempt the incumbent within
the range [x∗

im(KL), x∗
em(KL)) even under the most cost-efficient scenario

where Ke assumes the lowest value KL. How about the incumbent’s choice of
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a higher strategic preemption trigger x∗
is that is above x∗

em(KL)? The adop-
tion of this strategy would lead to a finite probability of being preempted
since it may occur that x∗

em(Ke) is less than x∗
is as chosen by the incumbent.

On the other hand, when x∗
im(KL) ≥ x∗

em(KL), the same argument shows
that there always exists a finite probability of preemption by the entrant
since x∗

is must be at or above x∗
im(KL). This in turns leads to x∗

is ≥ x∗
em(KL).

To each competing firm, the preemption strategy is dictated by striking
the balance between the real option value of waiting (prior to patenting) and
the real option value upon immediate patenting. We consider the incumbent
strategic real option value of waiting Wi(x|x

max
t , x∗

is) at xt = x and conditional
on the information on the realized maximum xmax

t and incumbent’s choice
of strategic patent trigger x∗

is. For the range within which x∗
is should lie,

x∗
is would not be chosen to be above x∗

ep(KU ), which is the upper bound
for the entrant’s patent trigger. Also, x∗

is must be chosen to be at or above
x∗

im(KL). When x∗
is is chosen to be below x∗

em(KL), there is no preemptive
threat from the entrant, so the incumbent always wins. The more interesting
case corresponds to the choice of x∗

is > x∗
em(KL). In this case, we consider

whether the given choice of x∗
is is optimal or otherwise.

Incumbent’s real option value of waiting
When Ke lies between x−1

em(x∗
is) and KU , the incumbent wins the game. On

the other hand, when max{KL, x−1
ep (xmax

t )} < Ke < x−1
em(x∗

is), the entrant
wins by adopting epsilon-preemption at x∗

is − ε if x∗
ep(Ke) ≥ x∗

is or optimal
entry at x∗

ep(Ke) if x∗
ep(Ke) < x∗

is. Summarizing the above observations and
taking into consideration of potential updating of the lower bound of Ke

through the knowledge of xmax
t , we deduce that the incumbent’s real option

value of waiting conditional on xmax
t and the given choice of x∗

is is given by

Wi(x|x
max
t , x∗

is) =

∫ max{KL,x−1
ep (x∗

is
)}

max{KL,x−1
ep (xmax

t )}

Li(x
∗
ep(K); K)

[

x

xep(K)

]β

dḠ(K)

+

∫ x−1
em(x∗

is)

max{KL,x−1
ep (x∗

is
)}

Li(x
∗
is; K)

(

x

x∗
is

)β

dḠ(K)

+

∫ KU

x−1
em(x∗

is
)

[Vi(x
∗
is) −C ]

(

x

x∗
is

)β

dḠ(K), (3.8)

where the distribution function of Ke with potential updating is given by

Ḡ(K) =

{

Ĝ(K) if xmax
t ≥ x∗

ep(KL)
G(K) if xmax

t < x∗
ep(KL)

. (3.9)

The first two terms represent the contributions (negative-valued) to the wait-
ing value Wi(x|x

max
t , x∗

is) due to the expected losses that correspond to en-
trant’s optimal entry at x∗

ep(K) when Ke ∈
[

max{KL, x−1
ep (xmax

t )}, max{KL, x−1
ep (x∗

is)}
)
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and entrant’s strategic entry at x∗
is when Ke ∈

[

max{KL, x−1
ep (x∗

is)}, x
−1
em(x∗

is)
]

,
respectively. The last term represents the incumbent’s real value of holding
the patent when Ke ∈ (x−1

em(x∗
is), KU ].

Determination of incumbent’s strategic trigger
How would the incumbent determine the optimal preemption strategy by
specifying its strategic trigger x∗

is to take certain value z? We show two nu-
merical examples that demonstrate the tradeoff between the value of waiting
Wi(x|x

max
t , z) and the value of holding the patent Vi(x) −C . In the first ex-

ample, the incumbent does not benefit from delaying x∗
is. As shown in Figure

1(a), Wi(x|x
max
t , z) is decreasing in x while Vi(x)−C is increasing in x. The

following parameter values are used in performing the relevant calculations:
C = 5, π−

i = 0.2, πe = 0.95, π+
i = 0.5, Ke = 25, Ki = 23, r = 0.05, µ = 0.01,

σ = 0.3, KL = 15, KU = 50. We choose the distribution function G(K) to
be the Pareto distribution

G(K) =
K−α − K−α

L

K−α
U − K−α

L

,

where α = 5. In the plot, we observe Wi(x|x
max
t , z) < Vi(x) − C when x is

sufficiently close to the chosen value of strategic trigger z. The net difference
is getting smaller in value when x assumes the value z − δ, δ is small and
positive, when compared to that when x equals to z−. This indicates that it
becomes worse for the incumbent to choose to delay x∗

is because it may occur
that the value of waiting is lower than the value of holding the patent. In the
second example, we illustrate that the incumbent may gain more by delaying
x∗

is. In Figure 1(b), we show a similar plot but now Wi(x|x
max
t , z) > Vi(x)−C

for all values of x below z. The following parameter values are used in the
numerical calculations: C = 5, π−

i = 0.2, πe = 0.95, π+
i = 0.9, Ke = 25,

Ki = 23, r = 0.05, µ = 0.01, σ = 0.3, KL = 25, KU = 50, G(K) is the
Pareto distribution with α = 5. We also observe that the net difference
Wi(x|x

max
t , z + δ) − [Vi(x) −C ] at x = z assumes a higher positive value

when we increase the strategic trigger from z to z +δ, δ is small and positive.
Hence, it is advantageous for the incumbent to choose to delay x∗

is to some
higher value z + δ.

Apparently, the net difference between Wi(x|x
max
t , z) and Vi(x) − C as

x → z− is crucial in determining whether the given incumbent’s choice of the
strategic patent trigger z is sub-optimal and possibly another better choice
for x∗

is should be sought. As x → z−, so does xmax
t → z−. Accordingly, we

define the incumbent’s preemption decision function F (z) by

F (z) = lim
x,xmax

t →z−
{Wi(x|x

max
t , z) − [Vi(x) −C ]} , x∗

em(KL) ≤ z ≤ x∗
ep(KU ).

(3.10)
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This function plays an important role in our analysis of the preemption strate-
gies of the incumbent. Later, we establish that F (z) < 0 for z > x∗

em(KL)
when x∗

im(KL) < x∗
em(KL). On the other hand, F (z) may change sign from

being positive to negative or always stays positive for z ∈ [x∗
im(KL), x∗

ep(KU )]
when x∗

im(KL) ≥ x∗
em(KL). In accordance to these properties of F (z), when

we consider the strategic interaction of preemption strategies between the two
firms, it is instructive to consider the two separate cases: x∗

im(KL) < x∗
em(KL)

and x∗
im(KL) ≥ x∗

em(KL).

Case(i) x∗
im(KL) < x∗

em(KL)
By examining the behavior of F (z) for x∗

em(KL) ≤ z ≤ x∗
ep(KU ), we would

like to establish that the choice of x∗
is whose value equals or above x∗

em(KL)
is always non-optimal for the incumbent. When the incumbent chooses x∗

is

to be lower than x∗
em(KL), there is no preemptive threat from the entrant

because the entrant never chooses to acquire the patent at a threshold below
x∗

em(KL). As a result, the incumbent is the winner in the patent race. The
corresponding incumbent’s strategic patent trigger and strategic claim value
are summarized in Proposition 1.

Proposition 1 When x∗
im(KL) < x∗

em(KL), the incumbent always wins the
patent race. It chooses to exercise the patent option optimally at x∗

ip if x∗
ip <

x∗
em(KL) or epsilon-preempts the entrant at x∗

em(KL) if otherwise. Therefore,
the incumbent’s strategic trigger is given by

x∗
is = min{x∗

ip, x
∗
em(KL)}.

The corresponding incumbent’s strategic claim value prior to the acquisition
of the patent at the profit flow rate level x, x < x∗

is, is given by

[Vi(x
∗
is) − C ]

(

x

x∗
is

)β

.

The proof of Proposition 1 is presented in Appendix A. In summary,
it is optimal for the incumbent to delay x∗

is until the minimum of x∗
ip and

x∗
em(KL) − ε, where ε is any infinitesimally small positive quantity. The in-

cumbent wins without facing preemptive threat from the entrant. By taking
the limit ε → 0+ in the limit equilibrium (Fudenberg and Levine, 1986), we
obtain

x∗
is = min{x∗

ip, x
∗
em(KL)}.

The incumbent’s strategy of delaying x∗
is beyond x∗

em(KL) is seen to be sub-
optimal. This also leads to a strictly positive probability of being preempted
by the entrant.

To relate the incumbent’s strategic patent strategies to the preemption
decision function F (z), the incumbent should not choose x∗

is to assume the
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value z when F (z) becomes negative. When x∗
im(KL) < x∗

em(KL), it is shown
in Appendix A that F (z) < 0 for z > x∗

em(KL). In the numerical example
shown in Figure 2(a), we observe that F (z) is decreasing in z and F (z) = 0
at z = x∗

em(KL). The numerical calculations for Figure 2(a) employ the
following set of parameter values: C = 5, π−

i = 0.2, πe = 0.9, π+
i = 0.7,

Ke = 25, Ki = 23, r = 0.05, µ = 0.01, σ = 0.3, KL = 20, KU = 60, G(K) is
the Pareto distribution with α = 5. Indeed, by taking x∗

is = x∗
em(KL) in the

integral in Eq.(A.1) (see Appendix A), we obtain F (x∗
em(KL)) = 0.

Case (ii): x∗
im(KL) ≥ x∗

em(KL)
The determination of the patent race’s winner becomes more complicated
when x∗

im(KL) ≥ x∗
em(KL). In this case, the incumbent always faces with a

positive probability of being preempted since the lower bound of x∗
is is higher

than or equal to the lower bound of x∗
es. The choice of a higher strategic

patent trigger x∗
is by the incumbent means a higher real option value of

waiting but facing a higher risk of being preempted.
When x∗

im(KL) ≥ x∗
em(KL), we establish in the proof of Proposition 2 that

there exists a critical threshold z∗ whose value is above x∗
im(KL) such that

the incumbent breaks even with respect to the real option value of waiting
and expected preempted loss. This breakeven trigger z∗ satisfies F (z∗) = 0.
It can be shown that the incumbent can only choose to acquire the patent
strategically at z∗ only if it has not been preempted at a lower threshold by
the entrant. When z∗ ≥ x∗

em(KU ), the incumbent can never win since even
the most cost-inefficient entrant would have preempted the incumbent. The
more interesting case corresponds to z∗ < x∗

em(KU ). Since the entrant knows
its true commercialization cost Ke, it has the full knowledge of x∗

em(Ke),
x∗

ep(Ke) and z∗. The winner of the patent race is decided by the relative
ordering of z∗, x∗

em(Ke) and x∗
ep(Ke). The determination of the patent race’s

winner and the corresponding equilibrium preemption triggers are summa-
rized in Proposition 2.

Proposition 2 When x∗
im(KL) ≥ x∗

em(KL), the entrant always wins in the
patent race and chooses to exercise the patent option optimally at x∗

ep(Ke) if
F (z) > 0 for z ∈ [x∗

im(KL), x∗
ep(KU )]. If F (z) has a root z∗ that lies within

[x∗
im(KL), x∗

ep(KU )], then the winner in the patent race is determined by the
relative ordering of z∗ and the trigger thresholds x∗

em(Ke) and x∗
ep(Ke).

(a) z∗ > x∗
em(KU )

The entrant wins the patent race surely and it chooses to exercise the
patent option at min{z∗, x∗

ep(Ke)}.

(b) z∗ ≤ x∗
em(KU )

We consider the following three separate cases:

11



(i) z∗ < x∗
em(Ke) < x∗

ep(Ke)
The incumbent wins the patent race and it chooses to preempt strategi-
cally at the break-even trigger z∗, which is below x∗

em(Ke) at which the
entrant breaks even.

(ii) x∗
em(Ke) < z∗ ≤ x∗

ep(Ke)
The entrant wins the patent race and it chooses to epsilon-preempt its
opponent at z∗ strategically.

(iii) x∗
em(Ke) < x∗

ep(Ke) < z∗

The entrant wins the patent race and it chooses to exercise the patent
option optimally at x∗

ep without preemptive threat from the incumbent.

In the measure zero event that z∗ = x∗
em(Ke), both firms rush to exercise

the patent option at this common trigger. We take the assumption that each
firm has 50% chance of winning.

The proof of Proposition 2 is presented in Appendix B. In the numerical
example shown in Figure 2(b), we observe that when x∗

im(KL) ≥ x∗
em(KL),

F (z) is monotonically decreasing in z with F (x∗
em(KL)) > 0 and F (z) has a

root z∗, where z∗ > x∗
im(KL). The parameter values used in the numerical

calculations for Figure 2(b) are: C = 5, π−
i = 0.2, πe = 0.9, π+

i = 0.7,
Ke = 25, Ki = 23, r = 0.05, µ = 0.01, σ = 0.3, KL = 15, KU = 60, G(K) is
the Pareto distribution with α = 5.

4 Impact of information asymmetry on pre-

emption strategies and sleeping patent

In this section, we would like to investigate how information asymmetry on
the entrant’s commercialization cost Ke may affect the preemption strategies
of the two firms. For notational convenience, we let x

asy
js and x

comp
js denote

the preemption trigger of Firm j, j = i, e, under asymmetric information and
complete information, respectively. We would like to address the following
queries:

1. Is it possible that there is a swap of the winner of the patent race from
the complete information model to the asymmetric information model?

2. Given the informationally disadvantaged status, one may envision that
the incumbent may respond more aggressively. Does this always lead
to x

asy
is ≤ x

comp
is ? Do we have a similar relative ordering that holds

between xasy
es and xcomp

es ?

12



Under complete information, recall that the key factor that determines
the winner is the relative ordering of the Marshallian triggers of the two firms:
x∗

im(Ke) and x∗
em(Ke). Here, we emphasize the dependence of the Marshal-

lian trigger of the two firms on the true entrant’s commercialization cost Ke.
While the firm with the lower Marshallian trigger is the winner of the patent
race under complete information (Leung and Kwok, 2010), the criteria that
determine the patent race’s winner become more complicated under informa-
tion asymmetry (see Propositions 1 and 2). In our equilibrium analysis, we
assume that each firm is restricted to adopt a single trigger strategy where
the firm chooses optimally to invest if the state variable xt reaches some
threshold value from below. Thus the possibility that the firm may choose
to invest in a downward move of xt is ruled out. It can be shown that this
single trigger strategy constitutes the weak perfect Bayesian equilibrium [see
Leung (2011) for details]. The concept of weak perfect Bayesian equilibrium
is interpreted as follows: based on each player’s expected payoff is maximal
at each information set given the strategies played by other players in the
future and the beliefs in each information set are updated by the Bayesian
rule from the path history of strategies.

Now we analyze the impact of asymmetric information on preemption
triggers of the two firms with regard to x∗

im(Ke) < x∗
em(Ke) or otherwise.

Case (i): x∗
im(Ke) < x∗

em(Ke)
When x∗

im(Ke) < x∗
em(Ke), the incumbent is the winner under complete

information in which the incumbent either epsilon-preempts the entrant at
x∗

em(Ke) or exercises the patent option optimally at the non-strategic patent
trigger x∗

ip. In summary, we have

xcomp
is = min{x∗

em(Ke), x
∗
ip}. (4.1)

Under information asymmetry, we have to consider either x∗
im(KL) < x∗

em(KL)
or otherwise. According to Proposition 1, when x∗

im(KL) < x∗
em(KL), we have

x
asy
is = min{x∗

em(KL), x∗
ip}. (4.2)

Since x∗
em(K) is an increasing function of K, K ∈ [KL, KU ], so we conclude

that xasy
is ≤ xcomp

is .
We also consider the possibility that x∗

im(KL) ≥ x∗
em(KL) [though this is

under the assumption that x∗
im(Ke) < x∗

em(Ke)]. In this case, the incumbent
wins the patent race only if z∗ < x∗

em(Ke) (see Proposition 2) and x
asy
is = z∗.

In Appendix C, we establish the following result:

z∗ < x∗
im(Ke). (4.3)

Accordingly, we obtain

x
asy
is = z∗ < x∗

im(Ke) ≤ min{x∗
em(Ke), x

∗
ip} = x

comp
is . (4.4)
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Therefore, we always have x
asy
is ≤ x

comp
is whenever the incumbent is the

winner in the patent race. Equality of xasy
is and xcomp

is may occur under various
scenarios. For illustration, two of these possible scenarios are listed below:

(i) x
asy
is = x

comp
is = x∗

ip, assuming x∗
ip < xem(KL);

(ii) xasy
is = xcomp

is = x∗
em(Ke), assuming x∗

em(Ke) ≤ x∗
ip, and Ke happens to

take the lowest value KL.

Case (ii): x∗
em(Ke) < x∗

im(Ke)
When x∗

em(Ke) < x∗
im(Ke), the entrant is the winner under complete infor-

mation whose strategic patent trigger is seen to be

xcomp
es = min{x∗

im(Ke), x
∗
ep}. (4.5)

We observe from Proposition 2 that there is a critical break-even threshold
z∗ for the incumbent such that the incumbent wins the patent race if z∗ <

x∗
em(Ke). If the above scenario occurs, then we have z∗ < x∗

im(Ke) since
x∗

im(Ke) > x∗
em(Ke). Consequently, this gives

Vi(z
∗) − C < Li(z

∗; Ke).

The expression on the left hand side gives the real option value to the incum-
bent if the incumbent acquires the patent at z∗, which is seen to be less than
the expected loss if the entrant exercises preemption at z∗ instead. Thus an
inefficient outcome to the incumbent is resulted when the incumbent chooses
the strategic patent trigger to be z∗ with regard to its informationally disad-
vantaged status. This aggressive action of the incumbent, however, leads to
swapping of the winner in the patent race from the entrant under complete
information to the incumbent under information asymmetry. It is a lose-lose
scenario for both firms.

For the other case z∗ > xem(Ke), Proposition 2 states that the entrant
wins the patent race either by taking epsilon-preemption at z∗ or optimal
entry at x∗

ep(Ke). In this case, the entrant retains its winner status un-
der information asymmetry. The entrant’s strategic patent trigger under
information asymmetry can be higher or lower than that under complete in-
formation, depending on the relative magnitude of z∗ and x∗

im(Ke). Given
x∗

em(Ke) < min{x∗
im(Ke), z

∗}, we deduce that xasy
es < xcomp

es if and only if (i)
z∗ < x∗

im(Ke) ≤ x∗
ep(Ke), or (ii) z∗ ≤ x∗

ep(Ke) < x∗
im(Ke).

We illustrate the above observations of the two firms’ preemption strate-
gies and potential swapping of the patent race’s winner by plotting the in-
cumbent’s breakeven threshold z∗ against KL in Figure 3. In our sample
calculations, we choose the distribution function G(K) to be the Pareto dis-
tribution with α = 5. The other parameter values used in the calculations
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are: r = 0.05, µ = 0.03, C = 5, σ = 0.3, π+
i = 0.7, π−

i = 0.2, πe = 0.95,
Ki = 23, Ke = 25 and KU = 40. In this numerical example, the parameter
values have been chosen such that x∗

em(Ke) < x∗
im(Ke) so that the entrant

is the winner under complete information. We also have x∗
im(Ke) < x∗

ep(Ke)
so that when the entrant is the winner it would win by strategic epsilon-
preemption but not optimal entry at x∗

ep(Ke).
The plot in Figure 3 illustrates that the incumbent’s belief on the lowest

value KL of the entrant’s commercialization cost can have strong influence on
the determination of the patent race’s winner and the preemption strategies
of the competing firms. When KL is sufficiently low, the incumbent responds
more aggressively to its informationally disadvantaged status such that z∗

may be less than x∗
em(Ke). In this case, the incumbent wins the patent race

under information asymmetry though this is a lose-lose scenario for both
firms. When KL assumes some critical value K∗, we have z∗ = x∗

em(Ke).
When KL > K∗, the entrant wins under information asymmetry and it
chooses to epsilon-preempt the incumbent at z∗. More precisely, for some
K∗∗ and when K∗ < KL < K∗∗, we have xasy

es < xcomp
es ; while when KL > K∗∗,

we have xasy
es > xcomp

es (see Figure 3). In the latter case, the entrant delays its
act of strategic epsilon-preemption so it receives the benefit of gaining more
real option value of investment. In summary, the entrant may become the
loser in the patent race under information asymmetry. Also, the entrant’s
real option value of investment may be undermined or enhanced, depending
on whether Ke is biased low or biased high, respectively.

We also explore the dependence of the incumbent’s breakeven threshold z∗

and Marshallian triggers on the revenue flow volatility σ, a numerical example
of which is shown in Figure 4. The parameter values used in the numerical
calculations for Figure 4 are: C = 5, π−

i = 0.2, πe = 0.95, π+
i = 0.7, Ke = 25,

Ki = 23, r = 0.05, µ = 0.01, KL = 20, KU = 50, G(K) is the Pareto
distribution with α = 5. When σ is sufficiently low (below some critical value
σ∗), we have z∗ < x∗

em(Ke) < x∗
im(Ke). Under complete information, the

entrant is the winner since x∗
em(Ke) < x∗

im(Ke). However, under information
asymmetry, the incumbent becomes the winner with x

asy
is = z∗ since z∗ <

x∗
em(Ke). This results in a swap of winner in the patent race as the incumbent

acts aggressively and preempts the entrant strategically at the threshold z∗.
On the other hand, when σ is sufficiently high (above some critical value σ∗∗),
we have x∗

em(Ke) < x∗
im(Ke) < z∗. The entrant remains to be the winner

when complete information is changed to information asymmetry. Note that
xasy

es = z∗ while xcomp
es = x∗

im(Ke) so xcomp
es < xasy

es . The entrant’s strategic
patent trigger is delayed under information asymmetry, thus resulting in some
gain in the entrant’s real option value of the patent right. For an intermediate
level of σ where σ∗ < σ < σ∗∗, we have x∗

em(Ke) < z∗ < x∗
im(Ke). In this

case, the entrant remains to be the winner under information asymmetry
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with xasy
es < xcomp

es . The entrant is forced to exercise epsilon-preemption at
a lower threshold z∗ under information asymmetry due to an anticipation of
the aggressive response of the incumbent.

Sleeping patent

Sleeping patent occurs when the patent is acquired strategically by epsilon-
preemption while the corresponding strategic patent trigger is below the win-
ner’s commercialization trigger, that is, x∗

ws < x∗
wc. Here, the subscript w

denotes the winner in the patent race.
When the incumbent is the winner under complete information, Proposi-

tion 2 states that the incumbent remains to be the winner under information
asymmetry and x

asy
is ≤ x

comp
is . Suppose sleeping patent occurs under complete

information for the incumbent, the same phenomena persists under informa-
tion asymmetry. Also, the expected duration of sleeping patent is length-
ened or remains the same under information asymmetry since x∗

ic − x
asy
is ≥

x∗
ic − x

comp
is , where x∗

ic denotes the incumbent’s commercialization trigger.
For the other case where the entrant is the winner under complete infor-

mation, it has been shown that the entrant may lose its winner status when
z∗ < x∗

em(Ke). In this case, if the entrant lets the patent sleep under com-
plete information, then the occurrence of sleeping patent under information
asymmetry depends on the relative ordering of incumbent’s strategic trig-
gers instead of that of entrant. When the entrant retains its winner status
under information asymmetry, as xasy

es can be below or above xcomp
es , the cor-

responding expected duration of sleeping patent (if exists) is lengthened or
shortened, respectively.

Finally, we would like to consider the interesting though unlikely scenario
where x∗

im(Ke) = x∗
em(Ke). In this case, both firms rush to acquire the patent

at this common trigger with 50% chance of winning under complete infor-
mation. As KL < Ke, so x∗

im(KL) < x∗
im(Ke) = x∗

em(Ke). Based on the
above discussions, we deduce that the incumbent is sure to be the winner
under information asymmetry and x∗

is = z∗ < x∗
em(Ke). Suppose sleeping

patent occurs under complete information, that is, x∗
im(Ke) = x∗

em(Ke) <

min{x∗
ic, x

∗
ec}, then the expected duration of sleeping patent is lengthened

under information asymmetry. On the other hand, suppose x∗
im(Ke) =

x∗
em(Ke) ≥ max{x∗

ic, x
∗
ec}, then there is no sleeping patent occurring under

complete information. With potential lowering of x
asy
is , the incumbent would

let the patent sleep if z∗ < x∗
ic. By applying a similar analysis for other

cases of relative ordering of x∗
ic, x∗

ec and x∗
im(Ke), the corresponding potential

change in sleeping patent from complete information to information asym-
metry can be obtained.
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5 Conclusion

Our two-stage patent-investment model examines the real options game in
patenting and commercialization of a product under preemptive competition
and revenue flow uncertainty. In particular, the present study sheds new in-
sight on the understanding of the importance of cost information asymmetry
on the preemption triggers in patent races. We found that the incumbent
tends to act aggressively in response to its informationally disadvantaged
status. As a result, when the incumbent is the winner in the patent race
under complete information, it remains to be the winner under information
asymmetry. However, it may occur that the winner status of the entrant un-
der complete information may be swapped such that the entrant becomes the
loser in the game under information asymmetry. The reversal of the game
winner from complete information to information asymmetry is not observed
in the Hsu-Lambrecht one-stage patent race model. Our study shows that
the strategic patent trigger of the winning incumbent is lowered in most cases
or stays at the same value (good news for the incumbent). However, the pre-
emption patent trigger of the winning entrant may be lowered or increased,
depending on whether the incumbent’s belief on the entrant’s commercial-
ization cost is biased low or high, respectively. When the incumbent is the
winner in the patent race, the real option values of investment of both firms
are in general lowered. When the entrant is the winner, the real option val-
ues of both firms may be lowered or increased, depending on the incumbent’s
belief on the entrant’s cost. In general, the duration of a sleeping patent is
lengthened under information asymmetry due to the aggressive response of
the incumbent. Under certain conditions, the expected duration of a sleeping
patent may be shortened. This occurs when under information asymmetry
the entrant has the luxury of delaying its strategic patent trigger to a higher
threshold value.
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Appendix A - Proof of Proposition 1

The incumbent’s strategy of choosing x∗
is > x∗

em(KL) is sub-optimal if we can
establish that the immediate exercise payoff function Vi(x) − C evaluated
at the profit flow rate level x slightly below x∗

is is seen to be higher than
the incumbent’s waiting value Wi(x|x

max
t , x∗

is) when the incumbent chooses
to wait until xt reaches the level x∗

is from below. By letting x and xmax
t

approach x∗
is from below, we obtain [see Eqs.(3.8) and (3.9)]

lim
x,xmax

t →x−

is

{Wi(x|x
max
t , x∗

is) − [Vi(x) − C ]}

=

∫ x−1
em(x∗

is
)

KL

{Li(x
∗
is; K) − [Vi(x

∗
is) − C ]} dḠ(K) < 0. (A.1)

To establish the last inequality, we first derive the following property of rel-
ative ordering of x∗

im(K) and x∗
em(K) for K ∈ (0,∞). According to Propo-

sition 3 in Leung and Kwok (2011), there exists K̄ ∈ (0,∞) such that

x∗
im(K) < x∗

em(K) for K < K̄;

x∗
im(K) > x∗

em(K) for K > K̄.

Since x∗
im(KL) < x∗

em(KL) and x∗
is(KL) > x∗

em(KL), it follows that

x∗
is = x∗

em(x−1
em(x∗

is)) > x∗
im(x−1

em(x∗
is)) ≥ x∗

im(K)

for K ∈ [KL, x−1
em(x∗

is)]. This gives

Li(x
∗
is; K) < Vi(x

∗
is) − C for KL ≤ K ≤ x−1

em(x∗
is).

Therefore, we conclude that it is sub-optimal for the incumbent to choose x∗
is

to be above x∗
em(KL) since immediate exercise at a threshold slightly below

x∗
is results in higher real option value.

Apparently, allowing a strictly positive probability of being preempted
by the entrant leads to a sub-optimal strategy, so the upper bound of x∗

is is
seen to be x∗

em(KL). On the other hand, the incumbent faces no preemptive
threat when x∗

is < x∗
em(KL). When x∗

is is delayed but does not go beyond
x∗

em(KL), then there always exists more gain in the option value of waiting
while facing no potential preemptive loss. In equilibrium, the incumbent
chooses to exercise the patent option optimally at x∗

ip if x∗
ip < x∗

em(KL) or
epsilon-preempts its opponent strategically at x∗

em(KL)−ε if otherwise, where
ε is any infinitesimally small positive quantity.

When x∗
im(KL) < x∗

em(KL), the incumbent then always wins the patent
race. By taking ε → 0+ in the limit equilibrium (Fudenberg and Tirole,
1986), the strategic patent trigger is given by

x∗
is = min{x∗

ip, x
∗
em(KL)}.
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The strategic claim value at xt = x, where x < x∗
is, is seen to be

[Vi(x
∗
is) − C ]

(

x

x∗
is

)β

.

Appendix B - Proof of Proposition 2

The incumbent’s preemption decision function F (z) defined in Eq. (3.10) is
seen to be continuous and decreasing for z ∈ [x∗

im(KL), x∗
ep(KU )] since the

value of waiting decreases with increasing strategic patent trigger. Note that
for xim(KL) > xem(KL), we have

F (x∗
im(KL)) > 0.

First, we consider the case where F (z) > 0 for z ∈ [x∗
im(KL), x∗

ep(KU )].
We claim that the incumbent should not choose x∗

is to lie within x∗
im(KL) and

x∗
ep(KU ). It suffices to show that it is sub-optimal to choose x∗

is ≤ x∗
ep(KU ).

We would like to establish that the immediate exercise payoff function Vi(x)−
C at x = x∗

is is always less than the waiting value Wi(x|x
max
t , x∗

is + δ) when
the incumbent chooses to wait until xt reaches x∗

is + δ from below for some δ

that is small and positive. By letting x and xmax
t approach x∗

is from below,
we obtain

lim
xt,xmax

t →x−

is

{Wi(x|x
max
t , x∗

is) − [Vi(x)− C ]}

=

∫ x−1
em(x∗

is)

max{KL,x−1
ep (xmax

t )}

{Li(x
∗
is; K) − [Vi(x

∗
is) −C ]} dḠ(K) > 0.

Using the continuity of Wi(x|x
max
t , x∗

is), there exists a small quantity δ > 0
such that

lim
xt,xmax

t →x−

is

{Wi(x|x
max
t , x∗

is + δ) − [Vi(x)− C ]} > 0.

So the incumbent finds itself to be better off when it chooses by delaying
its strategic patent trigger to a slightly higher threshold though it faces a
higher probability of being preempted. As a result, any strategic patent trig-
ger x∗

is ≤ x∗
ep(KU ) is sub-optimal for the incumbent. On the other hand, it

is not feasible for the incumbent to choose the patent trigger to be above
x∗

ep(KU ). It is clear that the entrant firm would have preempted the incum-
bent already and thus the entrant is winner in the patent race. Indeed, the
entrant exercises the patent option optimally at x∗

ep(Ke).
Next, we consider the case where there exists z∗ ∈ (x∗

im(KL), x∗
ep(KU ))

such that
F (z∗) = 0.
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Since F (z) is decreasing in the corresponding domain, so F (z) > 0 for z < z∗

and F (z) < 0 for z > z∗. Suppose the incumbent chooses x∗
is < z∗, then

F (x∗
is) =

∫ x−1
em(x∗

is
)

max{KL,x−1
ep (xmax

t )}

{Li(x
∗
is, K)− [Vi(x

∗
is) − C ]} dḠ(K) > 0.

By continuity, there exists a small quantity δ > 0 such that

Wi(x
∗
is|x

∗
is, x

∗
is + δ) − [Vi(x

∗
is) −C ] > 0.

As a result, the incumbent finds itself better off by delaying its strategic
patent trigger though it faces a higher probability of being preempted. There-
fore, any choice of the strategic patent trigger below z∗ is not optimal.

On the other hand, if the incumbent chooses x∗
is > z∗, then

F (x∗
is) =

∫ x−1
em(x∗

is
)

max{KL,x−1
ep (xmax

t )}

{Li(x
∗
is; K)− [Vi(x

∗
is) − C ]} dḠ(K) < 0.

In a similar manner, we deduce that there exists a small quantity δ > 0 such
that

Wi(x
∗
is − δ|x∗

is − δ, x∗
is) − [Vi(x

∗
is − δ) − C ] < 0.

This indicates that it is now better for the incumbent to lower its strategic
patent trigger from x∗

is to some lower value x∗
is − δ.

Finally, by observing the value matching property, where

F (z∗) =

∫ x−1
em(z∗)

max{KL,x−1
ep (xmax

t )}

{Li(z
∗; K) − [Vi(z

∗) − C ]} dḠ(K) = 0,

we can deduce that

Wi(x|x
max
t , z∗) > Vi(x) − C for x < z∗.

This implies that the incumbent should never exercise the patent option at
any trigger level lower than z∗. Also, we can deduce

Wi(z
∗|xmax

t , z) < Vi(z
∗) − C for z > z∗,

which implies that the incumbent should never delay its strategic patent
trigger at any level higher than z∗. As a result, x∗

is = z∗ is the equilibrium
trigger.

Recall that the entrant has the full information on the incumbent’s com-
mercialization cost and hence the entrant knows x∗

is. If z∗ > x∗
em(KU), it is

clear that the entrant always preempts the incumbent so it is the winner of
the patent race. Also the entrant chooses to exercise the patent option either

21



strategically at z∗ − ε if z∗ ≤ x∗
ep(Ke), where ε is any infinitesimally small

positive quantity, or optimally at x∗
ep(Ke) if otherwise. If z∗ ≤ x∗

em(KU ),
then the entrant always preempts the incumbent when x∗

is ≥ x∗
em(Ke) and

chooses not to preempt if otherwise. Given that x∗
is = z∗, we can deduce

that the incumbent can acquire the patent at z∗ successfully and it wins the
patent race if z∗ < x∗

em(Ke). Otherwise, if z∗ > x∗
em(Ke), the entrant either

preempts the incumbent at z∗ if z∗ ≤ x∗
ep(Ke) as the limit equilibrium (taking

ε → 0+), or optimally acquires the patent at x∗
ep if z∗ > x∗

ep(Ke). In this
case, the entrant is the winner in the patent race.

Appendix C - Proof of z∗ < x∗
im(Ke) under x∗

im(Ke) < x∗
em(Ke) and

x∗
im(KL) ≥ x∗

em(KL)

First, we establish the following property on the relative ordering of x∗
im(K)

and x∗
em(K) as K assumes value ranging from 0 to infinity. There exists a

critical K̄ ∈ [0,∞) such that

x∗
im(K̄) = x∗

em(K̄).

Also, we observe
x∗

im(K) > x∗
em(K) for K < K̄;

x∗
im(K) < x∗

em(K) for K > K̄.

The above results follow directly from Proposition 3 in Leung and Kwok
(2009).

For convenience, we write y∗ = x∗
im(K̄) = x∗

em(K̄). In the next step, we
would like to establish z∗ ≤ y∗. Using the above property, we can deduce
that

y∗ = x∗
em(x−1

em(y∗)) = x∗
em(K̄) = x∗

im(K̄) ≥ x∗
im(K)

for all K ≤ K̄. This gives

Vi(x)− C ≥ Li(x; K) for K ≤ K̄,

so that

F (y∗) =

∫ x−1
em(y∗)

max{KL,x−1
ep (y∗)}

{Li(y
∗; K) − [Vi(y

∗) − C ]}dḠ(K) ≤ 0.

Since F (z) is a decreasing function and F (z∗) = 0, so we can deduce that
z∗ ≤ y∗. As Ke ∈ [KL, KU ] and using the assumption x∗

im(Ke) < x∗
em(Ke)

and the above property, we have K̄ < Ke < KU . In summary, we conclude
that

z∗ < y∗ = x∗
im(K̄) < x∗

im(Ke).
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Figure 1a: Plot of the incumbent’s real option value of waiting Wi(x|x
max
t , z)

and the real value of holding the patent Vi(x) − C with varying values of
x. When x is sufficiently close to the strategic patent trigger z, we observe
Wi(x|x

max
t , z) < Vi(x) − C . The net difference is smaller in value when x

assumes the value of z − δ, where δ is small and positive, when compared
to that when x equals z−. Therefore, the incumbent cannot benefit from
delaying its strategic patent trigger.

Figure 1b: Plot of the incumbent’s real option value of waiting Wi(x|x
max
t , z)

and the real option value of holding the patent Vi(x)−C with varying values of
x. When the chosen value of strategic patent trigger increases from z to z+δ,
where δ is small and positive, the net difference between the waiting value
and the value of holding the patent becomes more positive when x → z−.
Therefore, the incumbent gains more by delaying its strategic patent trigger
to a higher threshold.
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Figure 2a: Plot of F (z) against z for the case where x∗
im(KL) < x∗

em(KL).
At z = x∗

em(KL), F (z) = 0; and F (z) < 0 for z > x∗
em(KL).

Figure 2b: Plot of F (z) against z for the case where x∗
im(KL) ≥ x∗

em(KL).
There exists a critical value z∗ such that F (z) = 0, where z∗ > x∗

im(KL).
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Figure 3: Plot of the incumbent’s breakeven threshold z∗ against KL. When
KL < K∗, the incumbent wins under information asymmetry. This represents
a swap of winner in the patent race and x

asy
is = z∗. When K∗ < KL < K∗∗,

the entrant wins and xasy
es < xcomp

es . When KL > K∗∗, the entrant remains to
be the winner and xasy

es > xcomp
es . This results in some gain in the entrant’s

real option value due to a higher bias of the distribution of Ke.
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Figure 4: Plot of the incumbent’s breakeven threshold z∗ and the Marshallian
triggers of the two firms against the revenue flow volatility σ. When σ < σ∗,
the incumbent wins under information asymmetry. This represents a swap
of winner in the patent race and x

asy
is = z∗. When σ∗ < σ < σ∗∗, the entrant

wins and xasy
es < xcomp

es . When σ > σ∗∗, the entrant remains to be the winner
and xasy

es > xcomp
es . This results in some gain in the entrant’s real option value

at a sufficiently high level of volatility σ.
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