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Abstrset. Convertible bonds and Asmerican warmmts commenly contauin the provision of the callable feamine
wihich alfows the tssoer o by back the dedvative at o predetermined recall price, Upon recall, by vietue of the
carly exercise privilege embedded in wn American sovle derivative, the holder may choose either 10 egercise lis
derivative ur tosel] 1) back w the ssper. Normally, there (s a ontice period reguirerment on e recall, that s, the
decision of the holder to exercise or o receive the casl is made s e end ol he notce peaod. Also, the period of
revell provision may cover only pan of opion’s e, e this anticle, we examtne 1he effect of the callable feature
vwith the notice period requirement) an the garly exercise palicy of o celluble Amencan call opion, The optimal
calling policy for the issuer is explored whiere the value of the American option is minimiel among all possible
rocall policies, Witkiout the notice peried reguirement, the critical asser price bowndury of the callable American
vall 1= identtcal to that of the American capped call, When the notice penied cegauirement s uopesed, e cntcal
assel prive feomsidered a8 o function of G o espine £ fist increases with 1, teaches some masimum valoe,
then decreases with ¢ Several appooaehes of designing numericad algonthms for the valuation of the calfshle
Americun eption areulse prescired

Reywords: American call, callable Ratore. optimal recall policies, notice perind,

I. Introdoction

The calluble (redecmabled feature embedded inoa financial derivative gives the tght to
the issuing company to buy back the derivative from the holder at a predetermined recall
price, 1tis guite commoen for convertible bonds (o be issued with the provision of the callable
feature, Warrants with the caombination ol carly exercise feature and callable feature are also
available in the financial markets, Two examples are guoted here: Three Year Redeemable
Common Stock Purchase Warrants of Ontro, Ine. and Redeemnable Warrants of Frontline
Communications Corp, More examples of calluble warrants can be found in the paper by
Burmney and Moore (19975,

Foraeallable American warrant, in the event of a recall by the issuer, the holder is given
anarice period, nsnally 30 dayvs. o decide whether 1w exercise his warrant or to sell it back
1o the dssuer ab the recull price. The following terms of the callable (redecmable) leature
are typical;

“The Warrants are redeemable by the Company at any time commencing (some
date), upon notice of not less than 30 days, st a price of (certan dollacs ) per Warrant,
prowided that the closing bid quotation of the Common Stock onall 20 rading davs
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ending on the third day prior w the day on which the Company gives notice has
been ot least 150% of the then effective exercise price of the Warrants™”

The pricing model of an Amencan option with the callable feature was Hrs discussed
in the seminal paper by Merton (19730 Meron claimed that there is no closed form
anmalyvtic formuly available for the price of a callable Americun call option, and only the
special case of the perpetual callable American call option was [ully analyeed, For other
convertible securities, the optimal calling policies for convertible bonds have been 2 xamined
by Tngersoll (19774, 19770y and Brennan and Schwarte (1977 A more recent article
( Burney and Moore, 19971 considered the valustion medel for callable warrants. However,
their analysis does not allow for carly voluntary exercise by the holder,

It has been ohserved empirically in the financial markets thatl issoers may not recall
a convertible security even when its conversion value exceeds the recall price. Some
research papers reported that this “delayved recall™ phenomena on converlible debts may
be attriboted to the presence of the notice period requirement and 1ax incentive [Asquith,
1905 Asquith and Mullins, 199 1: Jaflee and Shleifer, 1990y, Contrarily, Ingersoll (197 7h,
p. 464 observed that the introduction of the netice period requirement into the perpetual
convertible debt mode] reduces the eritical Army value at which the 1ssuer should recall the
debt optimally.

In this paper. using the callable American call option as an exumple, we would like o
examine the conneetion between the collable feature and early exercise policy of @ callable
American siyle derivative. What should be the optimal calling policy adopted by the issuer
s0 thatl the value of the American callable call option s minimized among all possible
recall policies? Tn our analysis, we assume the vsual Black-Scholes framework where the
undertying asset price follows the lognormal diffusion process and the riskless interest rate
is constnt, For simplicity of anelysis, the recall price is taken to be constant, Tn particular,
we take into consideration the effect of the notiee period reguirement on the eritical asset
price at which the oplion should he vecalled optimally by the issuer. To be more seneral,
we also consider partial recall pertod where the right to recall is limired to anlv pan of the
option’s lite.

The paper is organized as follows, Tn Section 2, the formulation of the pricing model lor
the callable American call option is discussed. The characterization of the callable Feature
on the optimal recall policy and early exercise policy is analveed, Tn several cuses, we
manage o obtain the analytical price formulas for the callable American call option model.
The similarities and differences between the callable American call option und the American
capped call option (Broadie and Detemple, 1995} are also addressed. [n Section 3, three
numerical algorithms for the valuation of the callable American call option are constructed,
[nterestingly. though these numerical algorithms are derved bused on different inaneial
arguments. it wens oul thal they give identical numerical results, Numerical results for the
critical boundaries and option values for the calluble Amercan call option models under
a varety ol culluble conditions, like the presence of notice pertod requirement and partial
period of recall. are presented 1n Section 4. The paper ends with summaries and concluding
remurks in the last section,

™
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2,  Characterization of the Optimal Calling Policies

It is refatively straightlorward o write down the zoverning equation for the pricing maodel
of an American call aption with the callable feature. Let K be the recall price (assumed
constant) paid 1o the holder of the call option when it is recalled by the issuer. With the
usual Black-Scholes assumplions. the call option valoe O 08, 7 satishies the Black-Scholes
equation

£ = ”—.'S'zl_]—,{, S :,:]SE, -y D =8=58r)n T=0 il

ir 2 £ iay
where rand g are the constant riskless interest rate and dividend yield respectively, @ is the
constant volatility, © is the ime toexpiry, 5 1s the asset price and 57011 15 the critical level of
the wssel price al which the option ceases to exisi. The premature termination of the option
oecurs either when the option 15 exercised ut the will ol the holder or recalled at the diseretion
of the issuer, To simplify the analysis of the optimal early exercise policy and recall policy,
the model gssumes continuous dividend vield of the underlving ssset ruther than diserote
disbursements of dividends, The terminal payoff function and boundary conditionat § = 0
are given hy

Cis,M=maxtd — X, 0) and Cilz)=1), (21

respectively, where X is the strike price of the option,

First, suppose there is no potice period requivemient, we argue that the value of the
callable American call when it stays alive must be less than or equal to the recall price K.
By following similar argument used in deducing the optimal recall palicy of o convenible
bond { Brenpan and Schwarte, 19771 the American call will be recalled as soon as s valae
ifrecalled is equal tothe value if not recalled. In other words, the option con stay unrecalled
anly il s value stavs below s recall price (thoush the American option may be valunturily
exercised prior o expiry even its value is below K, We represent this constraint condition
on the call vilue by

S T =K, lool=58=5). t=0 (3

The ahove constraing dictates that the critical asser price 57 () cannot go bevond K - X
If otherwise, the corresponding intrinsic value of the American call option ot assel price 5
satisfving §°(r) = § = K + X would be higher than &,

The boundary conditions along §° (7 ) depend on whether the option is exercised volun-
tarily by the holder or recalled optimally by the 1ssuer 101s seen that the boundary value
€057, r) wmkesthe form:

11} when the call option is recalled optimally by the 1ssuer
Cis" ) =K 4]

(i) when the call option is exercised at the will of the holder

o
Ciss =% —% and (F.0=1 (4b)

ef,
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Apparently. the payofl upon reeall is equal to max(S™ — X, K} since the holder can either
exercise the option or receive cash amount K. However, since 5% < K + X, we have
maxis" — X, K = K and thus leads o Eg. oda),

Fartial Recall Peviod

It may oceur that the recall privilege is granted to the holder only for purt of the option’s
life. The constraint condition on the option value as given in Eq. (3) is imposed ooy during
the time period when the recall privilege is aclivated. Across the time instant at which the
recull provision is cither cancelled or activated, it is expected that the option value remains
continuous but the eritical asset price §7{1) may exhihit jump.

Presence of Notice Perviod Requirement

When there is notice period reguirement, upon recall by the issuer, the holder has the right
to delay his decision to exercise or to receive the cash until the end of the notice period. This
right can be regarded us a Furopean option. The life of this vested option equals the length
al the notice peried, . Lel oo (306 denote the value of the vested option. the terminal
pavolt of which is given by

eSOy =max(y — X, K) = K +max(s§ — K — X, 0. (5)

Henee, ¢, (5, &) equals the sum of e~ und the value of a European cull option on the
same underlying assel und with strike price £ + X. The constraint condition (see Eqg, (3))
on the call value has to be moditied os

CiS. vy =o,08 ), rd=8=5(r =10 it

With the natice period requirement, the boundary condition along 5°{1) as stated in Eq, (4a)
has te be modified to hecomme

B R B N R el 1 (71

[ the following subsections, we unalyec the optinl calling policies under the simplified
sitvation, namely, recall provision is activaled throughout the whole life of the option
and there 15 ne netice perod requirement,  We manage o deduce the behaviors of the
eritical asset price boundary §'(t) and derive the commesponding closed form analytical
price formulas. The resemblance between the callable American call option under these
simplified assumptions and the American capped call optian is cxamined. The pricing
behaviors ol the perpetual American callable call option is also discussed.

The aptimal calling policies are complicated by the presence of the notice period require-
menl und partial recall period, The discussion of the guantitative behaviors of 5% (z) and
option value under the conditions of partial recall period and finite notice period requirement
will be discussed in Section 4.
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240 Rehaviers af the Critical Asset Price, 571

Imagine that when the recall price & is sufficiently high, there is no incentive for the
issuer to recall the American call option so that the recall privilege is rendered superiluous,
The calluble American cull simply resembles the vsoal non-callable counterpart. On the
contrary, when & is sufficiently low, one may envision that forced conversion of the callable
aption niy oceur prior o voluntary early exereise. The justification of the above conjectural
staternents will be made subsequently, i .

There is a close relation between 87 (1) and §°(r), where §7(1) denotes the critical asset
price at which the corresponding non-callable counterpurt should be exercised oplimally.
Recall that siven aset of parameter values X. o and g, 5° (7 ) can be uniquely determined.
Adso, E'[r} is known to be 1 monotonically increasing function of © with its lower bound
(Kim, 1990 Currer al.. [992)

ST ) = max ( X, X) ; %
q
Consider the soluton o the equation
Sy - X =K, (9}

with T as the unknown variable. The interval for 1 is [0, 7] where T is the lite of the
callable American call, Since 5% (7 ) is monotonically increasing in r, there is no selution
if K = §40") - Xor K = §°(T)—X; and u unigue salution 7 exists when K €
IS0ty — X, 5T — X

(1) £ =5 —X

When § = §*(r), the value of the unrecalled callable American call should he less
thin §° {r) — X since the call value is an increasing function of & and the call value
becomes $'(r) — X at § = §°(r). The unrecalled option value is seen 1o be less than
or eqgual to .__"".h"[TJ — X (since §* (r) = ST I'nl T = Thoand in turms fess than &
In summary, we have Ci8, t) = §%r) =X = 8771 — X = K. The recall by the
issuer would raise the call value to become K and obviously, this s not an optimal
recall policy. Consequently, the issuer would not recall the call option throughout the
remaining life ot the option since the above argument holds forall v 2 [ 7], When the
recall privilege is forfeited, the callable American call stmply resembles 1ts non-callable
counterpart. In this case, the American call would be optimally exercised by the holder
i S (v, 50

Sty = 57, for all ¢ = [0, 7. i 100)

(2] S0 —X =K =584 -X%
Let r° denote the umique solution to Eg. (9% under the siven stated condition on . We
consider two separate cases, numely. T <= t7and T = 17,

() Whent = % we have K = 51— X since $7(1) is a monotonically increasing
tunction of ., The argument in part (| ) remains valid, that is, it s not oplimal (or

B A |



194 KWOK AND WL

the issuer worecall the American call. Within this period, the callable American
call reduces Lo its non-callable counterpart, and so S7(r) = §'r)fort = 7°.

(b) When t > 7, we have $*it) = K + X. On the other hand, it has been arzued
carlier that §°i1) = K 4+ X. Therefore, it is impossible 1o have 57(t) = §7(1)
for = = 17, First, we show that the oplion should not he sarly exercised when
§ = K+ Xatr = 7. Toexplain why this is so, we abserve that the eall aption
valueat T = 17 isabove the intrinsic value forall values of § satslying § = K+ X,
As a longer lived American option should be more expensive, it is not optimal for
the halder (o exercise when § = K+ X at 1 = 17 since the American option value
drops Lo the intrinsic value upon carfy exercise, Should the issuer utilize the recall
privilege wt.y = & 4+ X7 Since the call vadue cquals K upon recall, the call value
can be lowered by choosing to recall at o higher critical asset value, provided thar
the critical asset value does not shoot higher than & + X, The aptimul policy is
then to recallal 5 = & 4+ X

(el When v = o't is indifferent o the holder whether the aption 15 carly exercised
orrecalledar ()= K + X,
[n summary, we then conclude that

-_‘E'H:I. t =<1

1) K+X, =71

mini S (t), K + X, {10k}

Il

Mote that S7(1) is cominuousal T = 1°

(3) K < §(0") =X
Now, K < S(r) — X, forall ¢ = U, T, since 57T} is an increasing [unction of 1,
Therefore, the argument in part (2b) corresponding to T = 7° 15 applicable, that is. the
sption will be recalled al & + X and there will be no voluntary carly exercise price to
recall. This s the optimal strategy adopted for the whole life of the option. We then
hive

Sity=K+X, t«]|DT] (10¢)

Disvertbvition Free Resalis

In the above discussion on the eritical asset price 57 (), we pay no regard 1o the lognormal
distribution assumption of the underlying asset price movement, and so the conclusions an
8771 can be applied to other distribution models as well. However, the analytical price
tormulias derived in Subsection 2.2 do depend on the lognormal distribution assumption
of &,
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2.2, Anpalytival Price Formulas

Since the optimal recall policy and exercise policy are refatively simple under the assump-
tions of no notice period and tull period of recall provision, it is quite straightforward o
derive the analytical price formulas under the following scenarios on K.

{1y K =8(T-X
Since the recull privilege 15 rendered superflucus, the value of the callable Americun
call option is exactly the same as that of its non-calluble counterpart.

2) S0 - X =K =571 —-X

The callable Amenican call option resembles a compound option, where it behaves fike
the vsual non-callable American call when ¢ = ©° and it becomes u Buropeun barrie
call option when r = ', with constant up-and-oul barrier £ -+ X and rebate payment £
when the barrier 1% breached, Ler o 05,0 8 denote the risk neatral transition density
function of the asset price 5. al T°, given 5 al time o capiry © (which is greater than
71, on condition tht the wsset price never breaches the up-and-out barrier; § = K + X
during the time period. Also, Tet Qe 51 be the density function of the st pussage
time for the asset price o wuch the up-barmer in the tme inerval from 1w ", The
value of the calluble American call is given by

=X T
Cis. Ty=ar T [ Cl8e T il Set 8) il Sre 4 ""[ e Qs §) doo,
oy

DeS= K+ X1 <7=T. (AR

where 18- ) s the vadue ol the corresponding non-callable American call at time
[ expicy 7,

| . h'l'l'—'.‘—m:_r—r']'?
S &) = exp (_[ 5 ] )
)

Sy 2moiir 2as(r —1°)

B (ﬁ' i )-'"’-'“.“F (_l_!n "T —1[1‘[% —biT — r'h]_)

5 2ot — 1)
{'.I"I
by, (120)
; i 1
o I A [In &L — pir — )] _
I::Ilflil.: .‘hb::uxv —= e i I_1j|,'!l|
amelt — )} do-{t—1"]

The direct valuation of the expectation integrals in Eq. (11 gives

, i ;e K+ X\=
0S5 1) = Se T Nal—ago b —p) — Xe7 " Mol =i bay —p) T
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; T BT T
In iy B+ et = 1)

h-' i 1
T T =1

| In _-,;.--':'---.-f — B4 et — 1)

f = — : (13b)
FAT —T

(3) & <507 - X
There is no voluntary early exercise hy the holder and the option is recalled whenever §
reaches K + X, Hence. the value of the callable American call equals that of a European
up-and-cul burrier call with up-harrier & + X and rebate & The call value is found 1o

he
K+X\= fiKk+XP
St = H_":'.T]—( J u(ur)
A 5
; 2 ,,\ 3 B — , F2ra?
- - Niz N(za
g (5.’+.‘r:) I'I+(F{-4-)¢') !
S=K |+ X. te[0T] {14}

where of Y, ) is the price of the corresponding European vanilla call option and

A

In == ++/b° + 2ra’r In |,1.—"."-.,|—. — b2 4 Frerly
2= — — v Er= - ' (130
T FT

2.3 Resemblance between the American Capped Call and Callable American Call

Let €., 08, mi L) depote the value of an Amertcan capped call with a constant cap £ 1is
excreised pavolt, either at expiry or upon early exercise, is specified o be

Crapl S, T3 L) = max(min( §, L) — X, (), (1G]

Let &7, () denote the corresponding critical asset price of the American capped call,
Broadie and Detemple (1995) showed that 57 (71 is given by
SplTh=min{S%(r}. L), 1 =10, (171

I we reat 1. = K + X, it is interesting to abserve that the American capped call and the
callable American call (with sssumptions of no notice period and full recall period) have
exactly the same eritical asset price boundary lor all t. Following Egs. (dab). the pavoll
at STy For the cullable American call is given by

§* X when SMT) E'n;r:. :f':rr < K +X
Ly Ey= s (18]
K when ' (r1=K + X, S%ry= K + X,
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which is exactly the same as that of the American capped call as stated in Eg. (17). Hence,
under the conditions of no notice period and full recall period, the eallable American call
has value identical to that of the American capped call,

The value of the American capped callis bounded by £ — X due toits pavoll specilication
isee Eg, (16 On the other hand, the issuer of the callable American eall would choose
the optimal recall strategy to limit the eall value not 1o shoot beyond K. The holder of the
capped call will exercise a1 his optimal choice once the cull value reaches £ — X, while the
1ssuer of the callable call will recall optimally once the call value reaches K. Tnterestingly,
thiough both types of American call options apparently have quite different contractual
features, the above strategies lead 1o the same cntical asset price boundary.

24, Perpetuad Callable American Calf

Merton (19730 analyeed the pricing model of the perpetual callable American call when
the dividend yield of the underlying asset is zeros We would like 1o extend his analysis 1o
the case where ¢ = 1L

11 is known that the upper bound of 57011 is given by

=i . i
Shlegl=§-= X, i 194}
=1
where
- {f' — g ’,) | .,.,-"I{r —g— %}1 + 25 r
o= ; =}, C1Uh)

7

(0 When & 5 57— X the callable feature is rendered superfluons, The perpetual callable
American call is identical to its non-calluble counterpart. whose value is given by

-5' il
CS ool = (8 —Xl(_—) , D=85=58_. (201}
81 '

{2y When K = 81 — X, the perpetual call will be recalled ot § = & + X. The perpetual
cilluble Americun call becomes a perpetual barrier cull with up-and-out barrier & + X
and rebate KA. The call vidue is given by

i

y
('[.‘Lmj:f(( ; ] . 0=S=K+X (21)
K+ X =

A Binomial Schemes

[t is well Rnown that the Cox-Ross-Rubinstein binomial scheme (Cox ef af., 19790 can
he easily modified 1o price an American style security by adopting the [ollowing dyvnamic
programming procedure at each binomal node
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pET (1 — pCY!
I

O =" =X, (23)

nET et ) = e
i

where Vo = — = is the value given by the rollback and § — X is the exercise
payidl. Here, g is the risk newtralized probability of upward jump of the asset price and
I/ # s the discount factor over ong lime step. In order wo incorporate the recall provision,
we discuss several approaches o modify the above dynamic programming stralegy.

A0, No Notice Period Reguirement

When there is no natice pariod requirement, the matural modification of the dynamic pro-
grnmnnng procedare woomeorporate the recal] feature 15 given by

¢ = max(min{ Vg, K1, 5 — X} {23)

The added procedure mind V., K compares Ve and K 1o est whether the position on e
issuer cun be improved by recalling the option.

Recall that 8*0r) = K 4 X and for Americancall. § = 5% (1) in the continuation region.
By observing the property: § = K+ X inthe continuation region, there are only 3 possible
permutations ol arranging the relavve magnitudes of K, 5 — X and V. The possible cases
arc; K= Vo =85 - X V= A =8-Xand K = &5 — X = V.5 However the
case where Vg = & = 5 — X cannot occur since we have shown in Subsection 2,1 that
Vi = K when § = K + X, Hence. the second case desencrates to Vg = K = 5 — X
There are 3 possible values, Vi, & and 5 — X. which can be assumed by C" in scheme
1230 Fasthy, when Vi 18 taken by €7 this corresponds to the case where the option is
neither recalled nor exercised. This cccurs when X = Vi = § — X, Secondly, when
K15 taken by 70 the option is recalled and this corresponds oV, = & = &8 — X\
Thirdly, when & — X is taken by C"_ the option is cxercised prematurely by the holder,
This occurs when & = 8§ — X = V. These three scenurios are exhavstive and mutuadly
exclusive,

Alternatively, another possible chaice of the dynamic progromming procedure is given
by

C" = min{max (V. & — X0, maxi K85 — X)), i124)
The term max( V. & — X)) represents the optimal strategy of the holder, given no recall of
the option, On the other hand, upon recall of the option, the holder chooses w accept the
recall price K or to exercise the call, so the puyvoll is given by max (K, § — X, The issuer
chooses o recall or 10 ahstain from recalling o minimize the option value with reference o
the possible actions of the holder; and consequently, the option value is given hy Eq, (24),
Furthermore, by observing § = K + X inthe continuation region, we have maxi K, 8§ —

X ) = K. The above cqustion can he simplitied to become

C = mint K. maxi Vo 5 — X)) (23)

i i
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[t can be shown that the values laken by O using scheme (251 under the above 3 cases:
KzViuz=8-XV,y,=K=58-Xaud K = §— X =V, aoree exactly with those
ebitained vsing scheme (23],

O the other hand, the binomial scheme Tor the caleulation of the value of the American
capped call s wiven by

C" = max (V. mani s, L1 — X, (2R

Suppase we treat L = K+ X, it is observed that the values taken by € using scheme
(26} under the sume 3 cases on relative magnitudes of V. K. 5 — X are identical to those
abtained using schemes (23 ) and (23}

In summary, though the above 3 dynamie programiming strategics (as depicted in schemes
(23),(25) and (26)) are developed bused on different financial arguments and take quite
different forms, they penerate the same numerical values v the continuetion region of the
option model under identical payoff conditions.

3.2, Presence af Notice Period Reguirement

suppose there exists notice period requirement, the only required modification to the bi-
nomial schemes (230 and (25405 the replacement of the recull price K by ¢,(5, 1,), where
eal S, ) s the value of the vested European option with terminal payvoff defined in Eg. (5)
and ¢, is the length of the notice period, Accordingly, we may use

C" = mindeg (8, t ), max( Ve, § — X0, (27)

to price the corresponding American callable call with notice period requirement,

3.3, Numerical Experimenty

We have verified by numercal experiments that the three binomial schemes (23, 23, 2a)
give identical numerical values for the American calluble option values in the continuation
region. The numericu] option values are also compared with the value obtained from the
numercal valuation of the analytical price formula{ 13) (see Table 1), The parameter vidues
used o the sample caleulutions are: ¢ = 00| (per annum}, ¢ = (.08 (per annum), o = (1.3
tper annuem), X = 1.0, K = 0.5, T = 2.0 (years): and the number of time steps used in
the bineminl schemes is 100, [t is seen that the call values obtained using the binonial
schemes and the analytical price formula agree favorably well fwithin wlerance ol numerical
accuracy ), This serves as o verification of the validity of the theoretical arguments used in
deriving the unalytical price formula and the constructon of the binomial schemes.

As i cautions nole. numerical accuracy of the binomial schemes can be improved by
placing the binomial nodes along the up-barrier: § = £ + X,

TF— 3Tl
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Tiotsde 1 Companison of the calluble Amencan call op-
fon values obluined oiing binomial scheme (25), and
numerical valuation of the analyvtical price formuola(13)
The puramicter vidues of the option model are: « = 0,1
(par annaml, ¢ = 008 Cperanmom), o = 0.3 (per an-
ik X 10 K = 05T = 20 {years), and the
sumber of Binomal steps s 100, The two sets of call
vitlues azree fuvnrubly well.
Asser prece 5 Opuos values by Chptaen values
poce furmola (12 by scheme 1257

330 [T Lh.CHat
075 M.O535 1461534
1.4 (I 398
1258 313 A1s0

4. Pricing Behaviors under Different Conditions on Recall Provision

In this seetion. we present the plats of the critical asset price boundaries §° (7 1 and option
vitlues of the cullable American call option under ditferent scenarios (full or partial period
of recall provision, wwd finite or zero notice penod). These results were oblained Trom
the numencal caleulations using the binomial schemes (25) and (27). In the numerieal
calculattons, we adopt the same ver of option perameter valfiues us used in Tahle |,

First, we consider the case where the recall provision is activated throughout the whale
lile ol the option, €0 = 7 < 200 In Figure Hak we plot the option value against 7 at
asset value § = L0L The dotted line shows the asympiotic option value al infinite lime
W expiry |corresponds to the value of the perpetal option given in Eq. (21)]. The call
aption value 1s seen W be o monotonically inereasing lunction of © with an upper bound.
Mext, we show the plots of optien values against & at varying Line 1o expiry in Figure L(h)
The upper price curve (solid) corresponds to 7 = LU, the middie price curve (dashed)
corresponds ot o= 0,249 [this is the ertical value ©° oblained by solving Eg. (93], and
the lower price curve (dotted) corresponds 1o 7 = 0.20 At v = % = 029 the oprion
value 15 seen to stay below K (which eqoals (05} at asset value below 57011 {which equals
K4+ X = 1.3, Atr = (L2 the callable American call 15 exercrsed prematurely ut
8%t = 138 (which 15 less than K + X = 1.3} In the stopping region where 5 = 5N'ir],
and atany value of 7. the option value 15 equal to § — X, The plotted critical asset price
houndary 571 1) against v as shown in Figure 1(c) reveals the agreement with the theoretical
prediction on 8% (01 as stited in Eg. (10b). We observe that §'(7) increases monotonically
with v ontil 7 = 029 then stays al the constant value K + X (which equals 1.5 a
T =717,

In Fieure 2. we show the plots of the eritical asset prices for the callable American call
isedid curve) and irs non-callable counterpart (dotted curve), where the recull provision is
activated in the last pan of the option’s life. 0 = 1 = 0.5, Note that 57(1) is given by
ming S ), & 4 X during the recall provision period. AL times prior 1o the recall provision
perind {corresponds 1o 1 = 03], though the issuer has not been given the recall privilege.
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Fignwre Il The recall proviswmn s acoivated thranghour the whole option’s Jike, 0 = 1 <2 200 The call salue
evalusted at 5 = L0 s plotted spainss 2 The call vitlue g shown o be wmenatenically ncreasing functon of T

bspmded above by the vilue of the: perpetual call (shown in dotted line)

it may hecome optimal fur the holder w exercise the American cull prematurely at a critical
assel price lower than S'(r b, The imposition of the recall provision starling at © = (0.3 is
anticipated during the time period 1 = (.5; so the optimal carly exercise policy at 1 = (1.3
s adopted such that the option vidue and 5701 remain 1o be continusus at T = (1.3,
Mext, we analy e the impact on option value and $° (1) when the recall provision period
5= 1 = 200 InFigure 3a). we plot the

is limited to the cardier purt of the option’s life, |
aption value against v corresponding 1o § = L35 (upper curve) and 5 = 148 (fower curve).

Within the period 0 = 7 = L5, the option value is the sume as that of the non-callable
American call. The option value may go above the recall price K. Within the period
13 = v = 24) the option will be recalled at § = 1.5, and the option value then becomes
K= 0.5, This explains why the upper curve (comesponds 1o § = 1.5) assumes the constant
valued 5 during 1.5 <= ¢ = 2.0(the option is being recalled), On the other hand, at the asser
price level 5 = |44, the option remains alive throughout the time period 0 < 1 < 2.0, The
aption value shown in the lower curve (corresponds t § = 1.448) is seen o be conlinuous
across T = 1.5 Unlike the option value which remains continious across © = 1.5, the
|.5 (see Figure 3th)p. During the period

critieal assel price 5 (1) exhibits jump at +
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Flgnre {1, We use the s recal] penod as thiatof Frgore Tosh, The eall saloe is ploned againsn 8§ a varving value
of T The eritical value v |ax obtatned by solving G 095 15 egqoal 1o 0029, The upper solid corvg corgspinds
o T o= Ll tahove o, the muddle doshed curve cormesponds 0 0 = 002249 tegual 7% 0 ond e lower dotted corve
cotgesponmls o r =102 (helow 71 When 7 = ¢, the crtical asset vatue 870t = L5 (equals £ + X1 ol when
ro= 028002 = 138 Theoall value in the stopping region, where 8 = 87000 s always cyual iy~ X,

where the recall provision is not activated. 0 < ¢ = 1.5, we have 51} = §*(T) since
this catl option behaves like its non-callable counterpart. At the time instant nght after the
lifting of the reeull provision (corresponds 1o 7 = 137 ), e assel price al which the aption
value equals & = 0.5 s found 10 be 1,48 (which is less than £ + X = 1L.5). The issuer
should recall the aption at § = 1 4% at the exact ume instant 7 = L3 the aption value will
be ubove the recull prreeal 5 = 1480 unrecalled. Duoring the time period |5 = 17 = 2.4L
the option will be recalled at the critical asset price 5% (t) = £ =X = L5 In sununury,
the critical usset price 1s given by

§t) OD<t <13
Sr)=3148 t=15
K+X |lH=r=Xh

The dotted and solid curves in Figure 4y show the option values against 5 at v = 0,76
with and without the notice period regquirement, respectively. The length of the notice
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Figerre die . Wi wse the sante revall period as thist of Figoee al, The critical asset prive §%(7 ) is plutted apainst
T wherne st menewses monatonically with T angil = 0,29, then stays anthe constnt valuoe 15 07 = B30,

period is chosen to be 1/12 (year). The eritical asset prices corresponding to zero and 1/12
year) netice perid are Tound to be 15 amd 1.73, respectively; and the option value with the
presence of notice period is higher than those without the notice period, Figure 4(h) shows
the plot (solid curve) of the critical asset price §* (7). where 5%(1) increases monotonically
from r = 0 to v = (L76, then decreases monotonically from © = (.76 onward, The
masimum value of $7t). denoted by 57 (4,0, occurs al the asset price al which the
intrinsic vilue 5 — X equals the value of the vested European option upon recall. The
critical value ¥ a1 which 5°(7) achieves its maximum value is obtained by solving the
algebruie cquation: $'(r) = 87 (5,0, where 87 {r,) is the solution to another algebraic
equation: 5 — X = e, (5 1. When 1 = T, the option is rerminated premuaturely due tao
aptimal recall by the issuer. The critical asser price 1o recall is given by the condition:
C{5. 1) = v 1 5. 6,0, that is, the tssuer should recall whenever the option value reaches
cal S fnl The critical asset value to recall 15 seen 1o he o decreasing lunction of t. In
summuary. over the time period 00 = ¢ = T, §7(1) is monolonically increasing with T and
the American call will be early exercised by the holder when 5 hits §° (74 over the time
period T = T, 87(1) 15 monotonically decreasing with 7 and the American call will he
recilled by the issuer when § reaches §°(7) Lastly, the dependence of 57 (1, on the

s
length of notice period t, is revealed 1 Figure dic), It is observed that 8 (7,) is

LIRHEY
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Frgpre 2, The eritical asser prive 87 011 (solid curve) s ploted aguinst T, where the recall provision s activated
during the kter part of the option’s lifte (1 = © = 050 The critical asset price 5% () for the non-callahle
coutterpart (dotied corved s alse plutled for comparison. With the anticipetion of the imposition of the recill
priwision startimg at o= 0.5, the call aption muy be exercised oprimatly a1 a lower critical piser pricve conpired
Lex 115 non-callable coumerpan during the time period ¢ = 0.3

inereasing function of 1.

Tuble 2 lists the values of the callable American call at two asset price levels and with
varying length of notice period. The parameter values used in the option model are identical
to those used in Table 1. It is seen that there are nouceable increases i call value from
no notice period Lo short notice period (5 days), but the rate of increase drops with longer
length of notice period. The call value can be higher thun the recall price £ (which cquals
(.51 when the natice period requirement is present.

5. Sumnuaries and Conclusions

By using the callable American call option as an example, we investigate fully the ef-
fects of the callable feature on the early exercise policy ol American siyle derivatives,
including the consideration of the impact of the notice period requirement and partial recall
period, When the recall price K is sulliciently high, the calluble feature is rendered su-
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Fipure Sap The recall provision is setivied within the peried 1.5 < 1 = 20, The option valee 15 plotted agunst
rat & = L3 (upper curved and § = 148 (lower curver The oprion vilue function evalvated o0 8 = 1.5 has o
umpar = |3

Fahle 20 We examine the impact of varying length of notice period on the value of the callable Amencarcall
ul bwek dsset price levels, The rue of increase of the call valoe with increasiog fength of notice period s more
significant a3 sharn lepgth of notice penod. The call valoe can be higher than the recall price whien the notice
pericd fequirement 1= present. Here, we wse the same set of parameter values s those i Table 1
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perfiuous and the calluble American option is reduced to its non-calluble counterpart. The
callable American call option may be terminated prematurely either by forced conversion
{under the optimal recall policy of the issuer) or voluntary early exercise (under the op-
timal early exercise policy of the holder) when the asset price rises 1o some eritical price
level.
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Fignre 3000, The saesee recall penod i= wsed e thiat in Figore 3o, Theeritieal asset price 500 ) exhibits jumps at
r = 1.4, Doring the peraod 0 < o= L5 5707008 the same as thar of the nonscallable Amercan call ophion. At
the exucl mstunt 7 = L5, the option will be recalled a1 § = 145, Durmg the pernsd 15 = ¢ o= 2.0, §%(r ) a1ays
at the constant value 1.5,

First, we consider the case where there 15 no notice period requirement.  During the
time period where the recall provision is activated, the eritcal asset price §°(r) behaves
as o monotonically increasing function of 1. then assumes some constant vuloe. The time
varving parl of 8%{1) cccurs during the time interval where the American call is terminated
prematurely due o the optimal carly exercise by the holder, while the constant value part
of %) corresponds to the critical asset price at which the cull option is optimally recalled
by the issuer, This constant value of §7(r) s equal to the sum of the recall price £ and the
sirike price X During the time period when the recall provision 1s activated, the critical
assel price 8 (7} is given by the minimum of K + X and §* (). where (1) is the optimal
exercise boundary of the non-calluble counlerpart.

W also analyze the impact of anticipated Tifting and imposition of the recall provision.
Suppose the recall provision is active now bt will be Tifted in the next instant, Right at the
lust time instant when the recall provision is sull active, the American call may be recalled
at a criucal asset price which falls below & + X, At the next moment when the recall
provision is lifted. the eritical asset price may encounter an upward jump, However, the
American call value remains continuous across the instint of lifting of recall provision. On

7
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Figerre ). The Agure shiows (e plots of the option value agiinst § 0t = 076 of @ callalle American call with
eeon notiee penod {doned curve) wnd with notice period of 1/ 12 vear (selid cure)

the other hand, when the imposition of the recall provision is anticipated in the near futare,
the halder may exercise the callable American call aptimally at a lower eritical asset price
compared 1o the non-callable counterpan.

With the presence of the notice period requirement. the critical asset price at which the
made of termination of the American call changes from early exercise w lorced conversion
vccurs at the asset value where the intrinsic value § — X equals the value of the vested
Evropean option upon recall. This purticular critical asset price is the maximum among all
eritical asset prices throughoot the option’s lile. Also, this maximum criticel asset price
increases with increasing length of the notice period. Further, the eritical asset price at
which the American call is optimally recalled by the issuer decreases with increasing T
This is in contrast w the case of zero notice period where the eritical asset price w reeall is
equal o the constant value £ +— X,

There are three quantities that determine the optimal calling and exercising policies,
namely, the recall prive K, intrinsic value 5 — X, and rollback value V,.p. Three numerical
algorithms have been proposed for the numerical valuation of the option value, The binomial
algorithm, with the adoption of the vsual dynamic programming procedure at each node,
hits 10 be modified accordingly in order to incorporate the recall feature, In one binomiul
scheme, the mimimum between V. and K is first chasen al cach node, then the higher
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Figoeg @t ) The figure compares the critical isset price 87001 corresponding 10 aero nofice period (doted curved
woed motice perioad of |02 vewr tsohid corve) Wil the presence of notice peood, §° 001 Giest dncreases with
incrensmg oresches womaximum then decreases,

vitlue between that minimum and 8 — X 15 taken, The other binomial scheme sets the
cap K on the maximum between V, oand & — X, The third binomial scheme chooses the
muinimun between 8§ — X and K first, then akes the higher value between that minimum
and V. Thowgh these three binemial schemes are constructed based on different financial
arguments, it has been verified through numerical experiments and justifcd by theoretical
arguments thal they generate the same numerical option values for the callable American
call aption in the cantinuation region.

[Lis interesting 1o observe that the pricing behaviors of the callable American call funder
the assumptions of no notice period requitement and full period of recall provision) and
the American capped call are identical, though apparently the two types of American call
options have guite dilTerent contractusl fealures,

The analvsis of the effects of the callable feature on the American call option maodel may
shed light on the better understanding of the impact of the callable feature on other hnancial
mstruments with the carly exercise or conversion right, ke convertible bonds,
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Frgnme dic ) Withithe presence of nolice perasd reguirement. the masimmm eritical asset price 85, U | is abtained
by saalving the eyuation: $—X = ¢, (8., 0 The figure shows thae 57 (4 Vis amonotonically smereasing function
ol the length of the notice perosd ¢,
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