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Agenda

1. Product nature and uses of timer options

e Barrier options in the volatility space: knock-out depends
on the discrete realized variance hitting the preset variance
budget

e Hedge downside risk with timing uncertainty
e Capture volatility premium
2. Analytic pricing of timer options under the stochastic volatility
3/2-model
e Decomposition into a portfolio of timerlets

e Joint characteristic function of log-asset price and integrated
variance



3. Numerical pricing of timer options using the Hilbert transform
algorithm

e [ he Fourier transform of a function multiplied by an indicator
function (barrier feature) is related to the Hilbert transform
of the Fourier transform: avoidance of nuisance of moving
between the real space and Fourier space to check the knock-
out condition

e Evaluation via the Sinc expansion: exponential decay of the
truncation errors



Volatility misspecification risk

e [ he level of implied volatility is often higher than the realized
volatility, reflecting the risk premium due to uncertainty of the
future asset price movement.

e As revealed by empirical studies, 80% of the three-month calls
that have matured in-the-money were overpriced.

e In a timer option, we fix volatility and allow maturity to float.
This would resolve the volatility misspecification risk.



Variance budget

At initiation of the timer option, the investor specifies an expected
investment horizon T' and a target volatility og to define a variance
budget

B = O'%T.

Lett¢;, :=0,1,2,..., N, be the monitoring dates. Let 75 be the first
time in the tenor of monitoring dates at which the discrete realized
variance exceeds the variance budget B, namely,

J S, \2
3 (m t@) > BYA.
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Here, A is the time interval between consecutive monitoring dates.

Tp = Min {j

Termination date of a finite-maturity timer option = min(rg,T),
where T' is the preset mandated expiration date.
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Uses of timer options

e Portfolio managers can use timer put options on an index to
hedge their downside risk due to sudden market drops (with
uncertainty in timing). Cashflows from the timer put payoff are
received right after the incidence of market drop.

e If one feels the implied volatility in the market is too high cur-
rently, then one can capture the volatility risk premium by long-
ing a timer call and short a vanilla call. The volatility target is
set below the current implied volatility and the volatility risk is
captured by the difference in time value of the two options.



Analytic pricing of discretely monitored finite-maturity timer
options under the stochastic volatility 3/2-model

Define the continuous integrated variance (quadratic variation) to

t
be [} = /OVS ds. We use I; as a proxy of the discrete realized

variance for the monitoring of the first hitting time. We define 7
to be

T = Min {j Iy, > B} A.

This approximation does not introduce a noticeable error for daily
monitored timer options. Note that

Co(Xo, 1o, Vo)

EO[e—T(T/\TB) max(Star, — K, 0)]
Eo [e_"“Tmax(ST — K, O)]'{TB>T}
+ e7""Bmax(Sry — K,0)1 <],

where K is the strike price and r is the constant interest rate.



Decomposition into a portfolio of timerlets

The event {rp > t} is equivalent to {I; < B}. Note that 7p =t¢;41
if and only if Itj < B and Itj+1 > B. Therefore, we have

N-1

{/p < T} = .UO{Itj <B, I, , > B}
]:

The price of a finite-maturity discrete timer call option can be con-
veniently computed by decomposing it into a portfolio of timerlets
as follows

Co = EO[G max(ST K, O)]'{IT<B}]

N-1

Z e RZES! (max(St 41 — K, O)]'{It <B}
j=0

+ Eg

_ maX(Stj_|_1 — K, O)]‘{It]+1<B})] .

The challenge is the modeling of the joint processes of {Stj+1,ltj}
and {S¢ 51t }-



The 3/2 stochastic volatility model

Consider the 3/2 stochastic volatility model specified as follows:

ds
7: = (r — q)dt + VVi(pdWi + det2>’

dV; = Vi(6; — xVy)dt + eV, 2dW,

where Wl and W2 are two independent Brownian motions.

e [ he speed of mean reversion is now &V, which is linear in V4.
The mean reversion is faster when the instantaneous variance is
higher.

e [ he parameter € cannot be interpreted as the same volatility of
variance in the Heston model.
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Partial Fourier transform of the triple joint density function
under 3/2 model

Write log asset price Xy = In S and integrated variance [y = fé Vs ds,
where I; is used as a proxy for the discrete realized variance used in
the barrier condition in the timer option.

Let G(t,z,y,v;t',2',y',v") be the joint transition density of the triple
(X,I1,V) from state (x,y,v) at time t to state (2/,¢/,v’) at a later
time t'.

T he joint transition density G satisfies the following three-dimensional
Kolmogorov backward equation:

oG ( )8G 002G
p— T—q— <

aG 203 02G 5 0°G
5 —I————I—’U——I—U(Ht—m))

+'08 Oxrdv’

2 Ox2 v 2 Ov2
with the terminal condition:

Gt x,y,v;t, 'y, 0") = 6(x — 2)6(y — y)d(v — ),
where 6(-) is the Dirac delta function.
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We define the generalized partial Fourier transform of G by G as
follows:

- o0 O OIE .
G(t7 w? y7v1 t/7w7 /'77 ,U/) — / \/O elwxl—l_lny/G(t? aj? y7v7 tl) $/7 y/7 ,U/)dy/dw/7
— 00

where the transform variables w and n are complex variables. The
partial transform G also solves the above three-dimensional Kol-
mogorov equation with the terminal condition: G(¢,z,y,v;t,w,n,v") =
eiw:c—l—inyé(v _ U’).

Note that G admits the following solution form:

iwr—+iny

G(t,z,y,v;t' ,w,nv)=e g(t,v;t',w,m,v"),

where g satisfies the following one-dimensional partial differential

equation:
g  e2v39%g

_% - [iw (r - g) = P2 | g [o(0—r0)Fiwpev?] 40

with the terminal condition:

gt vt w,nv) =d(w—-1).
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The double generalized Fourier transform on the log-asset and inte-
grated variance pair reduces the three-dimensional governing equa-
tion to a one-dimensional equation.

We manage to obtain

g(t,v;t',v")

1 K
I_ A A / Ap\3 T2 2 A
o ea(t_t)_texp — tv + v (v’)_Q (_tU)Q 2[20 Bl i ,
Ct Cov/ v/ Cy \ vo/

where I». is the modified Bessel function of order 2c,

t/
a=iw(r—q), K=k —iwpe, A= eli Os ds.

2 4 1 ~ \ 2 iw + 2_2'

g / K lw w In
C:—/ ft Hsldsd’ :\/(— —) .
t=5 ) ¢ s, ¢ 2+52 + 5

Note that ¢ is in general complex and the numerical valuation of a
modified Bessel function of complex order may pose some numerical
challenge.
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Solution procedure for obtaining g(t,v;t,v")

The reciprocal of the 3/2 process is a CIR process. Indeed, if we

1
define U; = v then U; is governed by
t

dU; = [(k + 62) — 0:Ut]dt — e/ UrdWr4.

For any ¢’ > t, Uy follows a non-central chi-square distribution con-
ditional on U;. The corresponding (conditional) density function is
given by

l, K
__|__
At AtUt/ _I_ Ut AtUtl 2 62 2
Ua|Up) = —exp | — I, | on | =—1/AUU | .
pu(Uy|Ut) C p( C, )( U, 1-|-§—2 C t2tt

t
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Evaluation of the timelets

To evaluate the series of expectations in the portfolio of timerlets,
we derive the explicit representation for the characteristic functions
of (thaltj) and (th_|_17]tj>'

The characteristic function of (th,ltj) is found to be

where
/ o0 / / /
Wt vt wm) = [ gt Vit w,n, o) do
_ e B—a) (1" 58 -1
I‘(ﬁ) Ct’U T Ct’U
- 1 K -
Oé:—§—€—2+ca B =1+ 2c,

[ is the gamma function, M is the confluent hypergeometric func-
tion of the first kind.
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Joint characteristic function of I; and S; across two successive time
points

The expectation calculation
Eole "+ max(S,,, — K. O)l{ltj<3}]

requires the joint characteristic function of Iy at t; and S at ¢;41.

By virtue of a two-step expectation calculation, we obtain
EO [eintj+1—|—i77[tj]
. . @)
= W Xotinlo [ % g(to, Vo b, 0)R(ty, 0 t1,w,0) v
Here, v’ is the dummy variable for the instantaneous variance th.

16



Iterated expectation

Working backward in time from ¢, 1 to ¢;, we compute Etj [eZ”XtHl];
and from t; to tg, we compute EO[eMth+mItj]. This is done by
setting n =0 in h(t;,v';t;41,w,0) and integrating over v’ from 0 to
Q.

ioX,. +inl,. X |
J J J
E, [e } Etj [e J

j+l
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Evaluation of expectation in the Fourier domain

We transform the product of the terminal payoff and transition
density function from the real domain to the Fourier domain via
Parseval’'s theorem.

One-dimensional Parseval theorem

<f,g>=/

0

© F@)ga) dr = % < F(u), Fy(u) >

In the one-dimensional option pricing formulation, we may visualize
f(x)g(x) as the product of the density function and terminal payoff
while F;(u)Fg(u) as the product of the characteristic function and
Fourier transform of the terminal payoff.
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Note that the pricing of the timerlets involves the joint process of
St and I; (may or may not be at the same time point).

The Fourier transform of the terminal payoff (5¢,,, — K,0)1;;, - py
J
and (S, — K, O)]'{Itj_|_1<B} admit the same analytic representation

N o0 00 i : n Kl-iwe—inB
Flom=[ [ e (e — k)T 1,y dody = (i + w?)in

where z stands for In Stj+1 and y stands for Itj or Itj+1.

We take w = wp + wy and n = nr + iny, where wy < —1 and ny > 0,
to ensure the existence of the two-dimensional Fourier transform.
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The finite-maturity discrete timer option price can be derived as

1 o0 o0 . . .

Co=75/ | e F(wmEole“ ] dupdng
7'('
N-1 1

+Z47‘(‘/ / e Tt

(%, mEole 1) — Fw, mBole™ ™41 T541] ) dupdg

1 0. oo
= 5 | Flm)H(wn) dwpdng,
7 —00 J =00

where
: : _ . N—-1
H(wa 77) — e_rTeZWXO—i_ZnIOh(th Voitn,w, 77) + €|WXO+|77[O Z e_rtj‘l'l
7=0
o0 / / /
[/O g(t07 Voi tj7w7 n,v )h(tja v, tj—|—17w7 O) dv’ — h(t07 Vo, tj—|—17w7 77) .

Numerical challenge. Three-dimensional numerical integration is

required and the integrands involve the hypergeometric functions
with order that is complex.
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timer option price
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Plot of the finite-maturity discrete timer call option prices against
variance budget B. The discrete timer call option price tends to

that of the vanilla European call option (shown in the dashed line)
when B is sufficiently large.
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Plot of the finite-maturity discrete timer call option prices against
number of monitoring instants N. The dashed line represents the
finite-maturity timer call option price under continuous monitoring.
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Plot of the finite-maturity discrete timer call option price versus ma-
turity (mandated) under two different values of the variance budget.
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Hilbert transform algorithm

The underlying asset price process S; and its instantaneous variance
v¢ under a risk neutral measure Q are assumed to follow the following
general stochastic volatility model

ds
= (r—q) dt+ iy AW,
t

dv; = a(vy) dt + B(vy) AW/,

where E;[dWSdWP] = p dt. Here, p is the correlation coefficient
between the pair of Brownian motions, ¢ is the dividend vyield, the
drift function a(v;) and the volatility function g(v;) are measurable
functions with respect to the natural filtration generated by the two
correlated Brownian motions.

We define the continuous realized variance over [0,t] by
t
I; :/ vg ds.
0
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Choice of log-variance as the state variable

S . :
We define v+ = InV4, ¢ = In Et where K is the strike price, A be
the uniform time interval between successive monitoring instants.

We choose the log-variance instead of variance as the state variable
since the corresponding form of conditional density exhibits two
advantages.

e T he left tail of the conditional density of log-variance decays to
Zzero more rapidly.

e [ he conditional densities of the log-variance processes for vary-
ing parameter values are more symmetric than those of the vari-
ance processes.

25



Value function of discrete timer call option

Let V3 (2,7, It,) be the option value of the finite-maturity discrete
timer call option at monitoring time ¢, k =0,1,--- | N, where x¢,, v,
and I, denote the time-t;, normalized log-asset return, log-variance
and realized variance, respectively.

Suppose we write the continuation value conditional on {I; < B} as

Utk<xk7 Vk> Ik) — Etk [‘/tk_|_1(xk—|—la Tk+1 Ik—l—l)]a

then V4 is the sum of the following two terms:

Vi @, Yir I) = € "2 Ut (2, Wi I) 11, < gy + K (€™ — 1)1 Sy,
k=12 N—1.
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Time-stepping calculations between successive monitoring dates

By the tower property and conditional on the log-variance process
Vtpgq At time tg4 g, it follows that

Uy (zg, Vi I) = E [E[‘/%k+1(ﬂfk+1,’7k+1,Ik+1)|ftk,7k+1]|ftk} -

The outer expectation integral involves integration over the densi-

ty function pﬂy(%,ﬂﬂlwk), which has analytic closed form under the
Heston and 3/2 stochastic volatility models.

e [0 evaluate the above three-dimensional expectation integral,
we apply an interpolation based quadrature rule for the outer
one-dimensional expectation integral and the Fourier transform
method for the inner two-dimensional expectation integral.

e ACross a monitoring date, as exemplified by the barrier condition,
we can take advantage of the fast Hilbert transform method to
deal with the barrier feature associated with the accumulated
realized variance.
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FFT technique

We adopt the numerical quadrature rule to calculate the outer ex-
pectation integral. By performing discretization along the dimen-

sion of log-variance Vit at the discrete nodes (;, j = 1,2,---,J,
we obtain
J
Ut (@, vk, Ik) = Y wipy (Gl E [%k+1($k+1,%+1,1k+1)|]:tk,7k+1 = Cj] ,
J=1
where w; is the weight at the quadrature node ¢;, j=1,2,---,J.

Since only the joint conditional characteristic function of z;4; and
Iy 1 is known, we apply the Fourier transform method to perform
the inner expectation calculations. To guarantee that the Fourier
transforms are well defined, we need to introduce a proper expo-
nential damping factor.

28



Let w = a1 + 161 and u = ao + i8>, where a1 and ao are constants.
At Vg1 = Cj Tty 1 =& and Itk+1 = y, we define

‘/tkl CVQ(x C]a ) — €a1w+a2y%k+1(xa Cj)y)
The parameters «a1,ao are chosen to insure the existence of the

generalized two-dimensional Fourier transform of Vtk+1(az,Cj,y) as
defined by

Viers 2 (i B, B2)

e~ zﬁ r+i8oyy 1,02 _
[ ey, y) dady
00 OO
— /—OO/— wCC—I—uyvk_*_l(x C]7y) dl‘dy,

where w = a1 + 161 and v = as 4+ 18>.
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By the renowned Parseval’'s theorem, we can represent the inner
expectation as follows

E[Vtk+1($k+177k—|—1> T 1Pt Ye4+1 = ¢
S @) o0
/—OO /—OO ‘/%k—kl(x’gj?y) p(xay|‘Ftk7’7k—|—]_ — Cj) da:dy

1 o0 o0 i 71,00 . -~
4—7T2/_OO /_oo Vierr (i B B2)p(w, u|l Fey, yp41 = ¢5) dB1d 2.

Here, p(w,u|Fi, 1 = §G) = Ele IhUWhtl|Fy ypyq = ¢ is
visualized as the generalized inverse Fourier transform of the joint
conditional density function p(z,y|F,, vk+1 = ¢;) Of Tt , and Iy .
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It is convenient to express p(w,u|Fs,vx+1 = ¢j) in the following
analytic representation

ﬁ(w7u|}‘tk77k—|—l — Cj)
= e wap—uly pro—wlppr—aog) —ullpp1—1i) | Ft,

, Ye+1 = G5l

Next, we express p in terms of the conditional moment generating
function W(w,u; v, vs) = E[ew(xt—$8)+“(1t—fs)|]-"s,%]. Here, we have
suppress the dependency of W on t — s for notational convenience.

By the tower property, for s < t, we have

W(w,u;vp,7s) = B|BleV @) Telli=l)|Fo o 1 — 1| Fs, w]

= E E[ew(xt_$8)|FS7 Yt It o IS]GU(It_IS)|F87 ’Yt] .
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We may express the inner expectation integral at Vg1 = Cj by the
following two-dimensional inverse Fourier transform

BVt @k 1, Y15 e 1Pty Yet+-1 = G

1 [ _wex —ulp Q1,02 - :
= oo [ e hTeR(G By, o)W (—w, —ui Gy k) ABLdB.

Here, we have set Vi1 = Cj in the conditional moment generating
function \U(w,u;’yk+1,’yk).

Next, we show that W (w, u; v, vs) possesses closed form analytic rep-

resentation under the Heston model and the 3/2 stochastic volatility
model via the determination of the respective kernel function.
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Kernel functions for the Heston model and 3/2-model

The kernel function W (w, u; v+, 7vs) is the input that characterizes the
specific stochastic volatility model. We derive the explicit represen-
tation of W(w,u;~y,vs) for the Heston model and 3/2 stochastic
volatility model.

Under the general stochastic volatility model, the asset price process
admits the following representation

S, = Soe(?“-f])t-l-at-F\/EW’
where a; and by are defined by

atzp[fm)—f(vo)]—pﬂt—% and b = (1 - p?)I,,

with

H, = /Oth(vs) ds and f(u;) :/5{3 duy.

Here, W is a standard normal random variable and h is defined by

hun) = a(e)f (@) + 582 ' ().
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Heston model

For the Heston stochastic volatility model, the dynamics for its
variance is defined by

dvy = A(v — vg) dt + n/ve dW/.

In the Heston model, a(v;) = A(v —v) and S(v) = ny/ve. It follows

that f(v) =% and h(v) = WT—W)

We can rewrite the normalized log-asset return process as follows

ry = In @—I—(r—q)t—l—e (et — 70 — Avt) + (Q = 1) It—l—\/(l — p2) I W.
K n n 2
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We obtain
\U(U],ur ’Yt,’}/s>
= E[E[ew(mt_xS)LF& Yt It — IS]eU(It_IS)LFS’ fyt]

w{r—a) (t=a) e e - X(t-5)] }

A1 1
o (e (8- s ).
n 2 2

where

. t
D& v, s) = Bl s v du)y, 4]

IS the conditional characteristic function of the time-integrated log-
variance process [f vy, du.

With the use of the kernel function, one can express the two-

dimensional moment generating function W in terms of the one-
dimensional characteristic function &.
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3/2 stochastic volatility model

T he variance process evolves according to the following dynamics

dvy = Avg(v — vy) dt + 77%3/2 dWw,’.

1

The use of Ito's formula gives the corresponding dynamics for ™

1 A1 1
d <—> = )«7( all ——> dt — —L dwy.
V¢ AU V¢ /Ut

The reciprocal of the variance process of the 3/2 model follows a

2
mean-reverting square-root process with parameters (\v, ’\j\'g ,—1).
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In this case, a(vy) = Avys(v —v¢) and B(vy) = m?/z. It follows that
_ 2
for) =12 and h(v) = 2 [’U — (14 %)vt].

The normalized log-asset return process can be expressed as in the
following form

S _ A 2 1
;= In ?O+(r—q)t+§ [ve — Yo — ATt]+ [% (1 + %) - 5] L4 (1 = p?) I, W

Similarly, we have

\U(’U), U, Yt, PYS)
w{ (r=q) (t=9)+2ly—s—A5(t—3)] }
€

A 2\ 1] 1
& | —iw |22 1_|_77_ — 2| — Ziw? (1 — p?) —iu et e | .
7 ox) 2| 2
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Definition of the Hilbert transform

For any f € LP(R),1 < p < co, we define the Fourier transform f by
R oo .
f=Ff :/ eP?f(z) du,
—00
and f = Ff € LI(R) with %+%= 1.

For any f € LP(R),1 < p < oo, its Hilbert transform is defined by the
Cauchy principal value integral

’}-[f(a:)——PV/ f(y) "

and Hf € LI(R) with %+%= 1.
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Two key properties of the Hilbert transform

For any b € R, the Fourier transform of a function multiplied by an
indicator function 1._ ;) Is related to the Hilbert transform of the

Fourier transform function by

F(L(oop) f)(ﬁ)——f(ﬁ) —e@ﬁbH( ~hF(n))(8).

The Hilbert transform can be evaluated based on the Sinc expansion

of an analytic function as follows

w(x—Ilh)
1 — COST

’Hf(:c)——PV/ f(y) = > fU— i h>0,
ZE=D!

[=—00

where h is the fixed discretization step.
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Fast Hilbert transform algorithm

The backward induction procedure in the Fourier domain using the
fast Hilbert transform algorithm for pricing finite-maturity discrete
timer options can be formulated as follows:

(i) We initiate our time stepping calculations at maturity tp. The
generalized Fourier transform of the terminal payoff admits the
analytic formula

K
(a1 +iB1) (a1 + i1 + 1) (ax +iB2)’

Vil 2(¢ B, B2) = —
for j=1,2,---,N.

Here, the constraints a1 < —1 and as < 0 should be observed
in order to guarantee the existence of the above generalized
Fourier transform.
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(ii) For k = N —-—1,N —2,---,1, the numerical approximation of
Ati‘l’o‘Q(Cp;ﬁl,/Bg) is recursively calculated by computing a se-
quence of Hilbert transforms

‘775(:1’&2(@; 51, 582)

B 1 . 7 - Y- N /
— ¢ TA 5Ut‘jj")‘?(gp;51,52) — 5625237‘[ (e @BzBUgl’QQ(Cp;Bl,Bz)) (52)]
Kelax+ipo)B

-  p=1,2,---,N.
(a1 + if1) (a1 + if1 + (o +iB2) ©
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i) We approximate U, 1"*2(¢p; 51, Bo) using the quadrature rule
tr D

J
U b2 (Cpi B, B2) = Y wiVe 2 (G By BV (—w, —u; G, Gp)-
j=1

(iv) For the last step where k£ = 0, the timer call option value is
obtained by

‘/to (an Cpa IO)

J _—rA, .
~ Y e "Tw, /OO /OO o~ (a1+if1)xo ,—(ax+i82) 10
i=1 412 —00 J—00

Vi P2(¢Gs B, B2) W (—w, —u; ¢, Cp) dB1dBo,
forp=1,2,.-- , N.
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Sinc approximation

We consider the evaluation of the Hilbert transform in the following
form

9(B) =H (e7" f(n)) (B),

and the calculation of the two-dimensional inverse Fourier transform

1 0 [ —iBim —iBoTo A
g(x1,20) = 4—7T2/_OO /_Ooe 1le™t72%2g( 81, B2) dB1d5o.

The Hilbert transform can be evaluated by the truncated Sinc ap-
proximation

1 — cos™B-th)

L
— —ilhx 7 h
qn,1.(B) = l:Z_L e f(ih) W(B}:lh)
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The inverse Fourier transform can be evaluated numerically by the
following discretized and truncated operator:

1 M L

9hy M o, 1(21,22) = 7 —5 SN et that2g(mpyg  1ho)hyho.
m=—MI[=—L

The trapezoidal sum approximation has been shown to be highly
accurate, exhibiting exponentially decaying discretization errors.

Computational complexity

The overall computational complexity of the fast Hilbert trans-
form algorithm for pricing finite-maturity discrete timer options is
O(NMJ?Llog L), where N is the number of monitoring instants,
M, J and L are the truncation level parameters in the log-asset
dimension, log-variance dimension and realized variance dimension,
respectively.
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Heston model

So T r q B N A n v Vo
100 1.5 0.015 O 0.087 300 2 0.375 0.09 0.087

Parameter values in the Heston model and finite-maturity discrete timer options

K 0 Hilbert MC RE(%)
-0.5|17.6905 17.6927 -0.0124
90 0 17.5517 17.5551 -0.0194
0.5 | 17.4910 17.4882 0.0160
-0.5 ] 12.3996 12.4099 -0.0830
100 0 12.2804 12.2909 -0.0854
0.5 | 12.2647 12.2692 -0.0367
-0.5 | 8.4174 8.4313 -0.1649
110 0 8.3503 8.3634 0.1566
0.5 | 8.3716 8.3774 -0.0692

Comparison of the numerical results for the finite-maturity discrete
timer call options for varying strike prices K and correlation values p
obtained from the fast Hilbert transform algorithm with the bench-
mark results obtained using the Monte Carlo method (MC) under

the Heston model.
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3/2-model

So T r

q

B N

A

n

v V0

100 1.5 0.015 O 0.087 200 22.84 8.56 0.218 0.037

Parameter values in the 3/2 model and finite-maturity discrete timer options

K | p | Hilbert MC  RE(%)
0.5 | 17.7155 17.7383 -0.1285
90 | 0 |17.5778 17.5892 -0.0648
0.5 | 17.4923 17.5016 -0.0531
0.5 | 12.4366 12.4594 -0.1830
100| 0 |12.3195 12.3328 -0.1078
0.5 | 12.2759 12.2856 -0.0790
0.5 | 8.4608 8.4802 -0.2287
110| 0 | 8.3951 8.4063 -0.1332
0.5 | 8.3897 8.3962 -0.0774

Comparison of the numerical results for finite-maturity discrete timer
call options for varying strike prices K and correlation values p ob-
tained from the fast Hilbert transform algorithm with the benchmark
results obtained using the Monte Carlo method (MC) under the 3/2
stochastic volatility model.
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Sensitivity analysis on volatility of variance n and correlation coeffi-
cient p under the Heston model

e [ he price function may not be a monotonically increasing func-
tion of n.

e \We observe that when p = —0.5, the discrete timer call option
price firstly increases and then decreases with increasing value
of n.

e On the other hand, when p = 0.5, the discrete timer call option
price is a decreasing function of n.
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Sensitivity analysis under the Heston model

0 n | K=90 K=94 K=098 K=102 K =106 K =110
0.15 | 17.6571 15.3986 13.3621 11.5434 9.9315 8.5001
0.5 | 0.3 | 17.7028 15.4356 13.3888 11.5585 9.9342  8.4989
0.45 | 17.6654 15.3651 13.2840 11.4197 9.7630 8.2986
0.15 | 17.5859 15.3234 13.2845 11.4650 9.8537  8.4333
0.5 | 0.3 | 17.5453 15.2842 13.2475 11.4307 9.8226  8.4056
0.45 | 17.4522 15.1898 13.1569 11.3472 9.7483  8.3413

Comparison of the numerical values for finite-maturity discrete timer
call option prices with varying values of strike prices, volatility of
variance and correlation coefficient under the Heston model.




Conclusion

e By decomposing a timer option into a portfolio of timerlets,
we manage to price a finite-maturity timer option based on the
explicit representation of the joint characteristic function of log
asset price and its integrated variance. The computational time
for numerical evaluation of the joint characteristic function under
the 3/2-model can be quite substantially lengthy.

e Our numerical tests on pricing the finite-maturity discrete timer
options under the Heston model and 3/2 model demonstrate
high level of numerical accuracy and robustness of the fast
Hilbert algorithm for pricing options with exotic barrier feature.
The computational times required for pricing under different s-
tochastic volatility models do not differ significantly.
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e \We manage to obtain the closed form formulas for the condition-
al joint characteristic function and moment generating function
of log asset price x4 and integrated variance I;.

e Hedging remains a challenge since the risk factors involve the in-
stantaneous variance and integrated variance, besides the stock
price. How to use a portfolio of stock and variance derivatives
in hedging remains an open question? Note that the integrated
variance determines the knock-out condition.
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