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Adgenda

1. Stochastic volatility models
Asset price, St . dSt = puSy dt + \/VtSt dZ;
Instantaneous variance, V; : dV; = &V,2(0 — V;)dt + eV dW4,
a={0,1}, v ={1/2,1,3/2}; dZdW; = pdt

e Affine stochastic volatility model with simultaneous jumps
e 3/2 - model

Joint moment generating functions / characteristic functions.

2. Analytic pricing of the third generation exotic variance products

N St St, \2
e Gamma swaps: EQ Zk:ls—tf)(lnStkkl)

. S 2
e Corridor swaps: Eg [Z]kvzl (In Wtfl) 1{L<Stk_1§U}

e [ imer options: Knock-out contingent on achieving variance
budgets, subject to a mandated maximum
expiration date.



Key results

e \We manage to derive closed form pricing formulas for discrete
barrier-style variance derivatives (corridor or knock-out feature)
under stochastic volatility models.

e By virtue of the nice exponential affine structure of the Hes-
ton model, instead of deriving analytic approximation formulas
for discrete variance swaps from those of the continuous coun-
terparts, we obtain analytic pricing formulas for the continuous
variance swaps by taking the time interval between successive
monitoring dates to be zero. The direct solution of the contin-
uous variance swap model appears to be intractable.

e Analytic results for the joint characteristic function of the triple:
(In S, V4, J§ Vi du) of the 3/2-model are obtained.



Gamma swaps on weighted discrete realized variance

Gamma swaps allow investors to acquire variance exposure propor-
tional to the underlying level. Given a tenor structure {tg,t1,- - ,tn},
the terminal payoff of the gamma swap is defined by
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where A is the annualized factor.

The share gamma of a derivative with value function V;(St,t) is de-
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cash gamma exposure, the gamma swap provides constant share

gamma exposure.

fined to be S; Unlike the vanilla swap which provides constant




Corridor variance swaps

The underlying price must fall inside a specified corridor (L,U] (L >
0, U < oo) in order for its squared return to be included in the
floating leg of the corridor variance swap.

Suppose the corridor is monitored on the underlying price at the old
time level t;._q for the kth squared log return, the floating leg with
the corridor (L,U] is given by




Downside-variance swaps

T he payoffs of downside-variance swaps and vanilla variance swaps
are sufficient to span all different payoffs of various corridor variance
swaps. An investor seeking crash protection may buy the downside-
variance swap since it can provide almost the same level of crash
protection as the vanilla variance swap but at a lower premium.

Goal: to find the fair strike price of a downside-variance swap with
an upper bound U whose payoff at maturity 7' is given by
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An alternative definition is given by




Finite-maturity discrete timer options

e [ he price of a vanilla option is determined by the level of implied
volatility quoted in the market. However, the level of implied
volatility is often higher than the realized volatility, reflecting
the risk premium due to the uncertainty of the future asset
price movement.

e For a finite-maturity timer call option, the buyer of the option
has the right to purchase the underlying asset at the preset
strike price at the first time when a pre-specified variance budget
is fully consumed by the accumulated realized variance of the
price process of the underlying asset or on the mandated preset
expiration date, whichever comes earlier.

e \We fix volatility and allow maturity to float. This would re-
solve the volatility misspecification risk. As revealed by empir-
ical studies, 80% of the three-month calls that have matured
in-the-money were overpriced.



Variance budget and mandated expiration date

At the initiation of the timer option, the investor specifies an ex-
pected investment horizon 1y and a target volatility og to define a
variance budget

B = J%TO.

Let 7 be the first time in the tenor of monitoring dates at which the
discrete realized variance exceeds the variance budget B, namely,
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Here, A is the time interval between consecutive monitoring dates.

Tp = Min {j

The price of a finite-maturity discrete timer call option can be de-
composed into a portfolio of timerlets.



Constant-elasticity-of-variance process for the instantaneous
variance V;

dVy = V(0 — Vy)dt + €V, dZ,

T he class of stochastic volatility models that use a constant-elasticity-
of-variance (CEV) process for the instantaneous variance exhibit
nice analytical tractability when the CEV parameter ~ takes a few
specific values (0,1/2,1,3/2).

e Heston’s model corresponds to v = 1/2. Though exhibiting the
best analytical tractability, it leads to downward sloping volatility
of variance smiles, contradicting with empirical findings from
market data.

e The choice of 3/2 fits best with the estimation of the CEV pow-
er in the instantaneous variance process using S&P 500 daily
returns data. It maintains a certain level of analytical tractabil-
ity. It can capture the volatility skew evolution better than the
Heston model.



Heston stochastic volatility model with simultaneous jumps
(SVSJ)

Under a pricing measure @, the joint dynamics of stock price St and
its instantaneous variance V; under the Heston affine SVSJ model
assumes the form

ds

b= am)dt+ VAW 4+ (7 - 1) N,
t

dV; = k(60— V) dt+ev/VidW,) + JVdNy,

where W;° and W) are a pair of correlated standard Brownian mo-
tions with dWdW) = pdt, and N; is a Poisson process with con-
stant intensity A\ that is independent of the two Brownian motions.

e J5 and JVY denote the random jump sizes of the log price and
variance, respectively.

e [ hese random jump sizes are assumed to be independent of
WP, WY and Ny.
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Joint moment generating function of the Heston SVSJ model

Let Xy = InS;. The joint moment generating function of X; and V;
is defined to be

Elexp(¢ X1 + bV 4+ )],

where ¢, b and ~ are constant parameters.

Let U(Xy, V4, t) denote the non-discounted time-t value of a contin-
gent claim with the terminal payoff function: Up(Xp, V), where T
is the maturity date. Let - =T —t, U(X,V,7) is governed by the
following partial integro-differential equation (PIDE):
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+ AE[U(X +J5v+JV. 1) - U(X,V, T)].
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The joint moment generating function (MGF) can be regarded as
the time-t forward value of the contingent claim with the terminal
payoff: exp(¢Xp+bVpr++v), so that the MGF also satisfies the PIDE.

Thanks to the affine structure in the SVSJ model, U(X,V, ) admits
an analytic solution of the following form:

U(X,V,7) =exp (¢X + B(O; 7, )V +T(O;7,q) + A(©; 7,q)).

Here, g = (¢ b v)1 and we use © to indicate the dependence of
these parameter functions on the model parameters in the SVSJ
model.
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Riccati system of ordinary differential equations

The parameter functions B(©; 7,q), N'(©;71,q) and A(©; 1,q) satisfy
the following Riccati system of ordinary differential equations:

§F ~1(¢p—¢?) — (5 — pe¢) B+ 5 B2
= rqb + k0B

g¢ — A(E[exp(qus +BJV)-1] - mqb)

with the initial conditions: B(0) =b, N'(0) =~ and A(0) = 0.

Canonical jump distributions

Suppose we assume that JY ~ exp(1/n) and J° follows
J2|JV ~ Normal(v + p;J", 82),

which is the Gaussian distribution with mean u—l—pJJV and variance
52, we obtain

provided that npj; < 1.
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Under the above assumptions on JS and JV, the parameter functions
can be found to be
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The 3/2 model

Consider the 3/2 stochastic volatility model specified as follows:
d Sy
5 = (r — @)dt + VVi(pdW + /1 — p? dW?),

dV; = V(0 — kVy)dt + eV, 2dW2,

where Wl and W2 are two independent Brownian motions.

e [ he speed of mean reversion is now &V, which is linear in V4.

The mean reversion is faster when the instantaneous variance is
higher.

e £ cannot be interpreted as the same volatility of variance in the
Heston model.
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Partial Fourier transform of the triple joint density function
under 3/2 model

Write X; = In Sy and quadratic variation by [} = fg Vs ds. The inte-
grated variance I; is used as a proxy for the discrete realized variance
used in the barrier condition in a timer option. Let G(t,z,y,v;t', 2, ¢y, v")
be the joint transition density of the triple (X,I,V) from state
(z,y,v) at time t to state (2/,7/,v') at a later time ¢'.

The joint transition density G satisfies the following three-dimensional
Kolmogorov backward equation:

oG v v 082G aG 20392G 5 0°G
- = —qg—-— R 0, —
ot (T 1 2) +2 Ox2 +U +U( ! mv) v 2 Ov? tpev OxOv’

with the terminal condition:
G, z,y,v;t, 2,y ,v") =6(x —2")é(y — y)d(v — ),

where §(-) is the Dirac delta function.
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We define the generalized partial Fourier transform of G by G as
follows:

~ oo OO . .y
—00

where the transform variables w and n can be complex numbers.
The partial transform G also solves the above PDE with the terminal
condition being G, z,y,v;t',w,n,v') = “TTMY§(yv — o').

Note that G admits the following solution form:

é(t7 aj? y? v’ tl? w? 777 ,U,) — elwx—l_lnyg(t) U’ tl? w? 777 /U,>7

where g satisfies the following PDE:
v g  2039%g

0 . . .
—8—i = [lw (r —q— 5) — wQ% + inv g—l—[v(@t—ﬁ;v)—l—lwpevz]av—l— 5 92"

with the terminal condition:

g(t',v;t,w,n,v) =8 —-1).
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The double generalized Fourier transform on the log-asset and inte-
grated variance pair reduces the three-dimensional governing equa-
tion to a one-dimensional equation. We manage to obtain

g(t7 v’ tl? w? 777 U/)

1, kK
_ ea(t’—t)ﬂ exp _Atv -+ v/ ( ) 2 (Atv>§+_2 I / At
C Crov! v/ Ct ’

where I». is the modified Bessel function of order 2c,

t/
a=iw(r—q), k=k—iwps, At:eft Os ds
2 s 1 ~ \ 2 : 2_2'
€ [26.ds’ _\/( /4:) lw 4+ w in
= — eJt "s'7° ds, c= —+ — :
2/75 2+52 + £2

Note that ¢ is in general complex and the numerical valuation of a
modified Bessel function of complex order may pose some challenge.
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Solution procedure

It is well known that the reciprocal of the 3/2 process is a CIR

1
process. Indeed, if we define U; = v’ then U; is governed by
t

dUy = [(k + 62) — 0:Us]dt — /U dWry.

For any t' > t, Uy follows a non-central chi-square distribution con-
ditional on Uy.

The corresponding (conditional) density function is given by

1, K
__I__
At AtUt/ _I_ Ut AtUt/ 2 62 2
Uy|Ug) = —exp | — I ox | =/ AULU; | .
ol = ey AV (AR (2 s

t t
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Fair strike of the gamma swap under the SVSJ model

Let X = In Stk. The expectation of a typical term in the floating
leg of the gamma swap is given by

S St \2 X,
E[ﬂ(ln s ) ] = e Xop|et thl(th—th_l)%thl]
Stg Sty_1 -

- 92
— o Xo0f 8_6¢(th_th—1)+th—1]
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2 —~ — —
_ 8_2GB<e;Atk_1,qg)vo+r(e;mk_1,q2>+/\(e;Atk_1,q2>
el

where At { =t 1 —tg, At =t —tr_1, q1 = (¢ 0 0)T, and

p=1
X v (1_¢)th_1
te—10 Vig—1|€

p=1

1
qp = B(©; Aty,q1)
M(©; Aty,q1) + A (O; Aty,q1)

Note that q» has dependence on ¢ through qi. There is no depen-
dence on the initial price level 5.
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Two-step expectation calculations

IO tk -1 tk

After taking the inner expectation according to the tower rule of
conditional expectation, we obtain

X
E[6¢ tletk_la ‘/tk—l]
Xty TB(OAl,a1) Ve +T (O Al,q1)+A(O; Aly,q1)

which remains to be in exponential affine form. Note that e(l_(b)th—l
is later combined with e?“t-1 to give e%-1, 5o the first component
of g- is one.

T he fair strike price of the gamma swap is then given by

AN 52 N N N
Kr(T,N) = eB(O: Aty _1,q2)Vo+T (©;Atk_1,92) +N(O; Aty _1,q2)

N, =1 0¢? p=1
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Asymptotic price formula of the continuously sampled gamma swap

We take the asymptotic limit N — oo of K-(7T,N) to deduce the
closed form formula for the fair strike of the continuously monitored
gamma swap.

1 k0 e(r—d—rtpe)T" _ 7 K0 elr=—d)T _ 1
KF(T’OO)_?[(VO_m—ps_Cb)fr—d—fi—l—ps +(f<;—p€+cl+02> r—d ]’
where

NV +62/2 2 2
cy = KV+52_|_ PJ??)_|_52_|_< PJU)])
1—pm 1—pjm 1—pjm
by V—|-52/2
Cy = i

(1 —pym)?(k—pe)

e T he price formula does not exhibit linear rate of convergence
in At nor the sign of the correction (convergence can be from
above or below) to the continuously sampled counterpart. Al-
so, the fair strike is not quite sensitive to monitoring frequency
(percentage difference in values is less than 0.1% even under
weekly monitoring).
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Downside-variance swaps under the SVSJ model

The challenge in the evaluation of the nested expectation is how
to deal with the barrier indicator term 1{Stk <U}- ‘The expectation
calculation of a typical term gives

St \2
B[(ng) Lsezo

ti1

- 82
= F|FE |:—e¢(th_th—1)
OPp?

- 92
— FE a_eB(@;Atk,ql)V;k_l—|—I‘(@;Atk,q1)+/\(@;Atk,q1)
_8gb2

2
0 E[eB(@;Atk,ql)Vtk_l+r(@;Atk,Q1)+/\(@;Atk,q1)
oloX:

where q; = (¢ 0 0)7.

th—ﬂ ‘/tk—l:| 1{th71§|n U}:| ‘gb—o

lix, <inu} .

lix, <inu} o’ (A)

e For k=1, Xp and Vy are known; so we have

E )1{XO§In U}

$=0

Stl 2 82 B(@'Atl ql)%+r(e'At1 ql)-l—/\(@'Atl q1
|n 1{St0§U} == @6 ' ’ ' ’ ' ’

to
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e For k > 2, the evaluation of expectation in formula (A) requires
the representation of the indicator function 1{th ,<InU} to be

expressed in terms of an inverse Fourier transform.

Generalized Fourier transform of the indicator function 1, Xy, <u}

We take the Fourier transform variable w to be complex and write
w = wyr + iw;. We treat 1{th ,<u} @s 2 function of w and consider
its Fourier transform:

>C —iuw e_lth_lw
e du =

©.@) .
1 —iuw g =/ —InU.
/_OO {th—1§“}e U th_l 0 ) u U

Provided that w; is chosen to be sufficiently negative value, the
above generalized Fourier transform exists. By taking the corre-
sponding generalized inverse Fourier transform, we obtain

—iX w
L [ juwe -1

Ly q<u) = %/ © fw dur.

— 00
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Formula (A) can be expressed in terms of a Fourier integral as

follows:
S\ 2
E (ln Stt ) 1{Stk1<U}]
1 52 : pluw
_ - _E[e—le%l—i—B(@;Atk,ql)VQk1—|—F(@;Atk,ql)—{—/\(@;Atk,ql)}‘ duw,
27 ) _ oy 02 =0 iw
w; (Xo—u 00 .
_ )/ Re<€_iw"(X°‘“)Fk.(wr+le))G'wr, k> 2,
s 0 lw, — w;
where w = wy + iw;, v =1nU, and
02 . . .
Fi(w) = _2eB(ertk—l7QQ)VO+|_(@rtk—17(I2)+/\(@,tk—1>QQ) k> 2
ol0) $p=0
with
—ilw
do = B(©; Atg,q1)

M(©; Aty,q1) + AN (O; Aty,q1)
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The fair strike price of the discretely sampled downside-variance
swap is then given by

52 _ : :
Kp(T,N) = 525 PO A aiorHiOan ) rAean a1 v q, U}|¢:o
n ewi(Xo—u) /OO Re (e—iwr(Xo—u) ZiV:Q.Fk(wT T iwi)) dwr.

s o) lwyr — W

T he fair strike formula still involves a Fourier integral whose numer-
ical evaluation can be effected by FFT calculations.

e [ he fair strike price of the continuously sampled downside-
variance swap can be deduced by taking At — O.
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Linear rate of convergence of discrete realized variance with
the number of sampling dates

For vanilla variance swaps, Broadie and Jain (2008) show that the
discrete variance strike K ,..(n) converges to the continuous variance
strike K7, linearly with At (At =21). That is,

1
K}.r(n) =K}, + O (;) — K, @S n — 00.

Similar results can be extended to the more general stochastic
volatility models (Bernard and Cui, 2012):

as;

St
dV; = u(Vy)dt + o (Vi) dWi.

= rdt+ m(V) (p dWh + /1 — p? dWE)
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Plot of the percentage difference in the fair strike prices of various
discretely sampled generalized variance swaps against sampling time
interval At (in units of year) under the Heston model.

variance swaps (under the Heston model)
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T he vanilla variance swap exhibits a linear rate of convergence with
respect to At.
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gamma swaps (under the Heston model)
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T he convergence of the fair strike prices to the continuous limit can
be from the above or below with vanishing width of the sampling in-
terval. Since the relative percentage difference in fair strike between
discrete gamma swap and its continuously monitored counterpart is
small, so the pricing formula for the continuously monitored gamma
swap provides a highly accurate approximation.
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downside variance swaps (under the Heston model)
0.4

0.37

0.2}

0.1}

percentage difference in fair strike

|
©
=

0 0.005 0.01 0.015 0.02

The convergence trend of the fair strike of the downside variance
swaps can be nonlinear.
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Fair strike against correlation coefficient (under the Heston
model)

— & —— VS

—e— (S

fair strike

Since the corridor feature is sensitive to asset price, the fair strikes
of conditional variance swaps are highly sensitive to correlation co-
efficient, p. The fair strike of the vanilla swap and gamma swap are

almost insensitive to p.
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Fair strike against volatility of variance (under the Heston
model)
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T he fair strike prices of variance swaps and gamma swaps are almost
insensitive to volatility of variance, e.
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Fair strike against jump intensity (under the Heston model)

500

—H— VS

400 ¢

W
o
o

fair strike

T he fair strike prices of the corridor variance swaps show the highest
sensitivity to the jump intensity, .
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Downside variance swaps — choice of the time level for moni-
toring the corridor feature

fair strike
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fair strike
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Comparison of the fair strike prices of the weekly sampled downside-
variance swaps with varying values of the corridor’s upper barrier
when breaching of the corridor is monitored on the stock price at
the old time level (“convention 1") or new time level (‘“convention

2.
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Observations

e [ he difference in the fair strike prices of the two different types
of downside-variance swaps, corresponding to the corridor’'s up-
per barrier U being monitored on the stock price at the old time
level or new time level, can be quite substantial when the upper
bound is below the current stock price Sg (here, Sog=1).

e When U is close to Sp, the uncertainty that the upper barrier
IS breached at the subsequent sampling dates is relatively high.
Therefore, the choice of the stock price either at the old or new
time level that is used for monitoring becomes more significant
when U is close to but below Sp.
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Pricing of timer options under the 3/2-model

We use the quadratic variation I; as a proxy of the discrete realized
variance for the monitoring of the first hitting time. We define 5
to be

TB:min{thjZB}A.

This approximation does not introduce noticeable error for daily
monitored timer options. This is consistent with the observation
that the difference in discrete realized variance and its continuous
counterpart is very small.

Eole™"""8) max(Spary, — K, 0)]
Eole™™ max(Sp — K,0) 1, <7
_I_ e—TTBmaX(STB — K, O)l{TBST}]’

where K is the strike price and r is the constant interest rate.

Co(Xo, 1o, Vo)
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Decomposition into timerlets

The event {rp >t} is equivalent to {I; < B}. Note that g =1¢;44
if and only if Itj < B and Itj+1 > B. Therefore, we have

N-1

{rp < T} = .UO{Itj <B, L, > B}
]:

The price of a finite-maturity discrete timer call option can be con-
veniently computed by decomposing it into a European call option
conditional on 7 > T and a portfolio of timerlets as follows

CO — EO[@ maX(ST K O)]_{[T<B}]
N—1

ZO e rt]""l (maX(St 1 K O)I{It <B}
J

+ Ko

— maX(Stj+1 — K, O)]‘{It]+1<B}>] .
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Evaluation of the timelets

To evaluate the above series of expectations, we derive the ex-
plicit representation for the characteristic functions of (th,ltj) and
(th+1,ltj). Note that

Eq [eintj+i77]tj] _ €iWXO+inIOh(tO, Vo: ti,w, n),
where
/ o0 / / /
h(t, ot wn) = /O g(t, Vi, ' w,m,v") dv
_ -l B—®) (1NT (g 1
F(B) Ct’U Y Ct’U ’
1 R _
&:—§—€%+c, =142

[ is the gamma function, M is the confluent hypergeometric func-
tion of the first kind.
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The expectation calculation
EO e r3+1maX(Stj_|_1 _K7O)]‘{[t]<B}

requires the joint characteristic function of state variables across
successive time instants ¢; and ¢;4 4.

The bivariate joint characteristic function can be obtained as
Eq [eintj_|_1—|—i77[tj]

. . O
= e"’JX0+”7IO/O h(tO,VO;tj,w,n,'v’)g(tj,v’;tj_|_1,w,0) dv’.

T his involves a two-step expectation calculatior_l.XWorking backward
in time from ¢, to t;, we first compute Etj[ew i+1]; next from t;
to ty, we then compute Eole 4 T"4]. Here, we integrate over ¢/,
where v’ is the dummy variable for the instantaneous variance th.

X, +nl,, 10Xy,
B, | "™ | E, [ ]

j j+l
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Discounted risk neutral expectation of payoff

We transform the integration of the product of the terminal payoff
and transition density function from the real domain to the Fourier
domain via Parseval’'s theorem.

One-dimensional Parseval theorem

<f,g>=/

O

© F@)ga) dr = % < Fp(u), Fy(u) >

The Fourier transform formulas of the payoff functions, (Stj+1 —
K,O)l{ltj<B} and (St , — K,O)l{[tj+1<3}, admit the same analytic
representation:

. o0 00 , : Kl-iwe—inB
F(w, =/ / e lwT—iny (T _ gyt dxdy = :
(w,n) —00 J—00 ( ) ly<B} J (iw + w?)in
where x stands for In Stj+1 and y stands for Itj or Itj+1. We consider
the generalized Fourier transform and take the transform variables
w and n to be complex. We write w = wgr + iwy and n = nr + iny,

where wy < —1 and n; > 0.
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The finite-maturity discrete timer option price can be derived as
follows

1 o0 o0 N . .
Co= ;5| | e TP mEole“ W F"iN] dwpdng
474 J—00 J—00
N-1 1

n 0o oo 41
jgo 472 /—oo /—oo

{F(w,mEole™ 1) - P, mEole 41411} dupdg

1 O oo
= [ [ Flw,mHw,n) degdng,
70 —0o0 J—00

where
: : _ _ N-1
H(w,n) = e_"“TGZWXO‘I'”?IOh(tO, Voitn, w, n) + 6IcuXo—I-InIo Z e Ttit1
7=0

O
[/O h(tO7VO;tjawvnvvl)g(tjav,;tj—|—17w70) dv/_h(t07vo;tj—|—l7w7n) .

Computational challenge in the evaluation of the closed form pricing
formula: triple integration is required where the integrand involves
the modified Bessel functions of complex order.
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Plot of the finite-maturity discrete timer call option prices against
variance budget B. The discrete timer call option price reduces to
the vanilla European call option when B is sufficiently large.
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Plot of the finite-maturity discrete timer call option prices against
number of monitoring instants N. The dashed line represents the
finite-maturity timer call option price under continuous monitoring.
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Plot of the finite-maturity discrete timer call option price versus
maturity under two different values of variance budget.
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Conclusion

Analytic procedures

e [ he analytical tractability relies on the availability of the joint
moment generating function of the SVSJ model. The analytic
price formula of the continuously monitored counterpart can be
deduced by taking the asymptotic limit of vanishing time interval
between successive monitoring dates. The analytic procedure
can be applied to other higher moments swaps.

e By decomposing a timer option into a European option condi-
tional on no knock-out and a portfolio of timerlets, we manage
to price a finite-maturity timer option under the 3/2-model of
stochastic volatility based on the explicit representation of the
joint characteristic function of log asset price and its quadratic
variation.
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Pricing behaviors

e T he sensitivity of the fair strike price on sampling frequency is
low for gamma swaps but it can be significant for variance swaps
with the corridor feature.

e The general belief of linear rate of convergence of 1/N, where
N is the number of monitoring instants, is shown to be invalid
for exotic swap products under the SVSJ models.

e [ he fair strike prices of the corridor type variance swaps can be
highly sensitive to the contractual terms in the contracts and the
model parameter values (like volatility of variance, correlation
coefficient, etc).

e [ he price of a timer option may depend sensibly on the choice
of the variance budget and mandated expiration date.
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