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Pari1 Groups and Subgroups

In Exercises 11 through 18, determine whether the given set of matrices under the specified operation, matrix
addition or multiplication, is a group. Recall that a diagonal matrix is a square matrix whose only nonzero entries
lie on the main diagonal, from the upper Jeft to the lower right corner. An apper-triangular matrix is a square
matrix with only zero entries below the main diagonal. Associated with each n x 7 matrix 4 is a aumber called
the determinant of A, denoted by det(A). If A and B are both n % » matrices, then det(AB) = det(A) det(B). Also,
det(J)=land A s invertible if and only if det(4) # 0.

11. All n x n diagonal matrices under matrix addition.

12. All n x n diagonal matrices under matrix multiplication.

13. All n x n diagonal matrices with no zero diagonal entry under matrix multiplication,

14, Alln x n diagonal matrices with ail diagonal entries 1 or —1 under matrix multiphication.

18, All n x n upper-triangular matrices under matrix multiplication.

16. Alln x n upper-triangular matrices under matrix addition,

17. All n x n upper-triangular matrices with determinant 1 under matrix multiplication.
18. All n x n matrices with determinant either I or —1 under matrix multiplication.

19. Let 5 be the set of all real numbers except —1. Define * on S by

axh=a-+b+ab.

a. Show that + gives a binary operation on 5.
b. Show that (5, =} is a group.
c. Find the solution of the equation 2 ¥ x x3 =71 S.

20. This exercise shows that there are two nonisomorphic group structures on a set of 4 elements.

Let the set be {e, ¢, b, ¢}, with e the identity element for the group operation. A group table would then have
to start in the manner shown in Table 4.22. The square indicated by the question mark cannot be filled in with
a. Tt must be filled in either with the identity element e or with an element different from both e and a. In this
latter case, it is no loss of geperality to assume that this element is b. If this square is filled in with e, the table
can then be completed in two ways to give a group. Find these two tables. (You need not check the associative
law.) If this square is filled in with b, then the table can only be completed in one way to give a group. Find this
table. (Again, you need not check the associative law.) Of the three tables you now have, two give isomorphic
groups. Determine which two tables these are, and give the one-to-one onto renaming function which is an
isomorphism.

a. Are all groups of 4 elements commutative?

b. Which table gives a group isomorphic to the group Uy, so that we know the binary operation defined by the
table is associative?

¢. Show that the group given by one of the other tables is structuralty the same as the group in Pxercise 14 for
one particular value of n, so that we know that the operation defined by that table is associative also.

21. According to Exercise 12 of Section 2, there are 16 possible binary operations on a set of 2 elements. How
many of these give a structure of a group? How many of the 19,683 possible binary operations on a set of
3 elements give a group structure?

Concepts

22. Consider our axioms %, %, and & for a group. We gave them in the order %, %, %,. Conceivable other
orders to state the axioms are % B %, BH %, %%, %%, amd H,GF. Of these six possible




