Math 4991, Lecture on May 4, 2020

Yongchang Zhu
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Today’s Plan.

(1). About Project " Meromorphic Functions and Trigonometric Functions”

(2). About Project "Weierstrass Elliptic Functions”
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Meromorphic Functions and Trigonometric Functions

Purpose of this project: To study trigonometry functions using complex
analysis.
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Relations of e* and trigonometry functions:

e? =cosz-+isinz
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cosz (eZ4e %) (e?Z +1)i
cotanz = — = . L = 5
sin z ez —e 1z e’z —1

(1)

Because €27 — 1 = 0 precisely when z € 7Z, we see that the set of poles

of cotan z is 7Z, all poles are simple.
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We will normalize the variable z to consider
cotanmz.
It is easy to see that cotan 7z is an odd function and has period 1, that is,
cotanm(—z) = —cotanrz, cotan7(z + 1) = cotanz.

7 are the poles of cotan 7z.
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Problem 1.

Prove the formula:

1

1 oo
wecotanwz = — + 2z E )
z 1 z2—n

-

Which is equivalent to

1 G 11
t ==+ ).
meotanmz = — + <z+ p n> (3)

n€Z,n#0
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Idea of Proof.

For w ¢ Z, let N be a positive integer, let Cyy be the boundary of the
rectangle with vertices —(N + 3) — Ni, (N + 1) — Ni, (N + 3) + Ni and
—(N + %) + Ni counter-clockwisely
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Let w € C — Z and w is enclosed by Cp. By the residue theorem, we have

1 cotan Tz cotan 7rz cotan z

— ——————dz=res;my—— Z res,—k———  (4)

21l Jg, z—Ww zZ—w zZ—w
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Problem 1.1. Prove that the right hand side of (4) is

So (6) implies that

1 N 2w 1 cotan Tz
cotanﬂw——i—;_kQ)—i—_/CNdz. (5)

™w m(w?
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Recall

oo
_1n2n 2
cos z = Zgzl—z—j&..

= (2n)! 2
oo
_ B (_1)n22n+1 B 23
Sin z = ZW_Z_§+
cos 7z 1+4... 1
cotanmz = — = = — + regular terms
sin Tz TZ 4 ... w4
cotanz 1
res,— =
- w (0 — w)
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Near z = n,

So

Yongchang Zhu

cotanm(z — n) =

L
m(z —n)

+ regular terms

cotan w(z — n) 1
res;— =
= z—w w(n— w)
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Problem 1.2. To prove our formula (2), it is enough to prove

. cotanmz
lim ——dz=0
N—oco Cn Z— W

the contour Cy can be decomposed as the following four contours:

Cn(1) : From —(N + 1) — Nito (N +3) — Ni;
Cn(2) : From (N +3)— Nito (N+ 3)+ Ni;
Cn(3) : From (N+§)+Ni to —(N + 3) + Ni;
Cn(3): From —(N+ 1)+ Nito —(N + 1) — Ni.
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By a change of variable,

cotanmz cotanmz
—dz + ——dz
Cu(1) 2— W v@) - W

2wcotan wz
p— ﬁdz-
Cu(1) 27— W

lim / 2weotannz
Cn(1)

N—co z2 — w?

Prove that
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Then prove

cotanmz cotanmz
——dz + —dz
v 2 W Cn4) 2—W
cotanmz cotanmz
= + dz
CN(2) zZ— W —Z— W

Prove this has limit 0 as N — oo.
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Problem 2.

The purpose of this Problem is to investigate if cotan 7z is an
eigenfunction of operators T,. Recall that if f(z) is a periodic
meromorphic function on C with period 1, i.e., f(z 4 1) = f(z) for all
z € C. Let n be a positive integer, we define a function T,f by

o2k
(Taf)(2) = fFE+-).

n
k=0

Then T,f is a periodic function with period 1 (see Homework). And we
have
T Taf = Tnf.
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Problem 2.1 Prove that for every positive integer m,

(—l)miﬂcotanﬂz = Z #
m! dmz poert (z+ n)mt+l

By Homework, 9= cotan 7z is an eigenfunction of operators T,

|dm
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Problem 2.2. Is cotannz is an eigenfunction of T, for all n?

This is the main problem of this project.
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Problem 3.

The purpose of this problem is to compute the values of Riemann zeta
function at positic 2 and 4 and study the property of ((2m) (m € Z>1).
The Riemann zete function ((s) is defined as

1

ns’

((s) =

n=1

The series converges on res > 1 and has meromorphic continuation on C.
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Problem 3.1. Use the formula (4) to prove that

o

=1
:2”2: . C(4) :Z
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Problem 3.2. Prove that for every even positive integer 2m, Cg':) is a

rational number.
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Hint: by (1),

2miz .
cos e 1
reotanz = o T ( s )i (7)
sin 7z e2miz _ 1

1

1 o
mecotanwz = — + 2z E R
z 1z%—n

n—=
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(%7 + 1)7Tl 1
e2iz _ = ZZZ 22 n2

Consider Laurent expansion of both sides at z = 0,

11 1 i 2%k
z22—n2 n21_2 n2(k+1)

n? k=0
The right hand side is

1 [e.e]
= =) 2¢(2k +2) 22K
V4

k=0

Try to do something for the left side. Compare the coefficients.
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Weierstrass Elliptic Functions

A lattice in the complex plane C is a subgroup A that can be written as
N = Zuwq + Zwo

such that wy and wy are R-linearly independent. An elliptic function for a
lattice A is a meromorphic function f(z) on C such that

f(z) =f(z+w)

forall ze C and w € A.
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The Weierstrass elliptic function is defined as
1
iy < w) .
weN—{0}

We will write p(z, \) for p(z) when there is a need to emphasize the
dependence on A. We have

=2 TP
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¢ (2)° = 4p(2)° — g2 (2) — g3 (9)

where

and
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Every elliptic function for A can is a rational function of p(z,A) and
©'(z,N). The field M(A) of elliptic functions for A is isomorphic to

Frac C[x, y]/ (y2 — (4* — g@(N)x — g3(N))) -
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Problem 1. About Eigenfunctions of Operators 7,7

For every positive integer n, we introduce an operator T, on the space
M(A) by

n—1
B z ki ko
(Tnf)(z) = E f(E + 7&)1 + 7&)2).
ki, ka=0

The operators T,'s satisfies the relation
T Tn= Tmn.

It is easy to prove all the derivatives p(k)(z) (k > 1) is an eigenfunction of
T,, in fact, we have

To 9 (z) = n 2610 (2).
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Question: Is p(z) an eigenfunction of 7,7
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n—1 \
- et X (e :
B [ 2 ; _ 2 2.2
o (z + jwi + kwo) wen—(o} (z + jwi + kwp — nw) nw?
n—1
= p(z,N) + Z p(jwi + kwa, nN\)
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Jj,k=0,not both 0
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Tap(2)

n—1

= n?p(z,\) + n? Z p(jwr + kwa, nN\)
J,k=0,not both 0
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One can prove that p(z) is an eigenfunction of T, with eigenvalue 4.
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Problem 2. Addition Formula of o(z).

Prove that

(@)
oe+w) =3 (22 @ —o) )
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Hint: Fix w such that p(w) and ¢'(w) are finite and non-zero, we consider

F(z)zg)(z+w)_1<m

2
: ) o)+ o)

Step 1. Prove that F(z) is an elliptic function with possible poles at 0, —w
modulo A.
Step 2. Use Laurent expansion of F at z = 0 to show that 0 is not a pole

and F(0) = 0.
Step 3. Use Laurent expansion of F at z = —w to show that —w is not a
pole.
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End
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