Math 6170 C, Lecture on April 29, 2020

Yongchang Zhu
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(1) VIII. §5. Heights on Projective Spaces (Review).
(2) VIII. §6. Heights on Elliptic Curves (Continued).

(3) VIII. §9. The Canonical Height.
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Heights on Projective Spaces (Review)

Let K be a number field,
My be the set of standard absolute values on K.

For each v € Mk, let n, be the local degree at v, i.e.,

ny = [Kv . QW]

where w € Mg is the restriction of v on Q.
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Let P € PV(K) with homogeneous coordinates
P= [Xo,X]_, ce ,XN].
The height of P is defined by

Hik(P) = Nyemmax(|xolv, - - -, [xn|v)™

The infinite product on the right makes sense because almost all the terms
are 1.
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Proposition VIII 5.4.

Let P € PN(K).

(a) The height Hx(P) does not depend on the choice of the homogeneous
coordinates for P.

(b) Let L/K be a finite extension. Then

Hi(P) = Hy(P)IEK],
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Let P € PV(Q). The absolute height of P, denoted by H(P), is defined
as follows. Choose any number field K such that P € PN(K). Then

H(P) = Hy(P)Y/1K:l,
The absolute logarithmic height on projective space is the function
h:PNQ) =R

given by
h(P) = log H(P).
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Theorem VIII 5.6.

Let F : PN — PM be a morphism of degree d. Then there are constants
Ci and G, such that for all P € PN(Q),

C1 H(P)? < H(F(P)) < G H(P)4.
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For a € Q, we define

h(a) = h([a,1]) = log H(a)
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Theorem VIII 5.9.

Let
f(T) = ade+ad,1Td*1+-~+a0 = ad(T—al)--~(T—ad) S @[T]
Then

2*dn;?:1H(a,-) < H([ag, - . .,a4]) < 2d*1r|;f:1H(aj)
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Theorem VIII 5.11.

Let C and d be constants. Then the set

{PePY(Q) | H(P) < C, [Q(P): Q] < d}

is finite.
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VIII. §6. Heights on Elliptic Curves (continued).

Let E/K be an elliptic curve over K (K is a number field). For every
f € K(E), f ¢ K, f defines a surjective morphism f : E — PL.

Definition. Let f € K(E) be a non-constant function. The height on E
relative to f is the function

hf: E(K)—)R

he(P) = h(f(P)).

where h is the absolute logarithmic height.
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Proposition VIII 6.1.

Let E/K be an elliptic curve and f € K(E) is a non-constant function.
The for every C,

{P e E(K)[he(P) < C}

is a finite set.
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Let S be a set, f, g are R-valued functions on S, we write
f=g+0(1)
if there exists constant C;, G, such that
G<f(P)-g(P)=C

for all P € S.
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The relation
f=g+ 0(Q)

is an equivalence relation on the space of R-valued functions on S. That is
f =g+ O(1) implies g = f + O(1)
f=g+ 0(1) and g = h+ O(1) imply

f=h+0(1).
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Theorem VIII 6.2.

Let E/K be an elliptic curve over K and f € K(E) be an non-constant
even function (i.e., f o [=1] = f). Then for all P, Q € E(K),

hf(P + Q) + hf(P — Q) = 2hf(P) + 2hf(Q) + O(].)

That is, as functions on E(K) x E(K),
he(P 4+ Q) + hr(P — Q) and 2hs(P) + 2hs(Q) are equivalent.
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Sketch of Proof.
Let

K(E) = FracK[x,y]/ (y* = (> + Ax + B))

We will prove the case f = x first.
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If P = (le)’1)7 Q= (Xz,yz) € E, then

2
X3:X(P—|—Q): <)/2)/1> — X — X

X2 — X1

2
x4 =x(P—-Q)= <_y2_y1) — X1 — X2

X2 — X1

2(x1 + x)(A+ x1x2) + 4B
(x1 + x2)2 — 4x1x0

(x1x2 — A2 — 4B(x1 + x2)
(x1 4+ x2)? — dx1x0
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The following diagram is commutative

ExE & ExE

{ {
P! x P! P! x P!

1 {

P & P2

where G : (P,Q)— (P+ Q,P — Q)
(to be continued)
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Two vertical arrow E x E — P! x Pl is

(P, Q) = (x(P), x(Q)).

Two vertical arrow P! x P1 — P2 js
([ax, 1], [, Ba]) = [B1B2, 012 + 21, a1 o).
g: P25 P?%is

[t,u,v] — [u? — 4tv,2u(At + v), (v — At)? — 4Btu]
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The above diagram is commutative,
that is, g(c(P, Q)) = o(P + Q,P — Q).

Idea:

h(a(P, Q) ~ hx(P) + h«(Q)

h(c(P+ Q,P—Q)) ~ h(P+ Q)+ h(P — Q)

Because g(0(P, Q)) = o(P+ Q, P — Q), because degg = 2,
so by Theorem 5.6,

h(c(P+ Q,P — Q)) ~2h(c(P,Q))

Because ~ is an equivalence relation, we have

he(P + Q) + he(P — Q) ~ 2(h«(P) + h«(Q))
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~ above means the equivalence relation f = g + O(1) defined earlier.
We prove here

h(a(P, Q)) ~ h(P) + h(Q)

o(P, Q) = [1,x(P) + x(Q), x(P)x(Q)]
Apply Theorem 5.9, we have

h(a(P, Q)) ~ hx(P) + h(Q).
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For arbitrary non-constant even function f € K(E), we use the following
lemma to prove Theorem 6.2 for height function hs.

Lemma VIII 6.3. Let f,g € K(E) be non-constant even functions. Then

deg(g) hr = deg(f) hg + O(1)
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Corollary VIII 6.4.

Let E/K be an elliptic curve and f € K(E) a non-constant even function.
(a). Let Q € E(K), then
he(P + Q) < 2h(P) + O(1)
where O(1) depends on Q.
(b). Let m € Z. Then for all P € E(K),
he([m]P) = m*hs(P) + O(1)

where O(1) depends on m.
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Proof of (a). By Theorem 6.2.,
he(P + Q) + he(P — Q) < 2h¢(P) +2h¢(Q) + C

Note that

H(P)>1 for P e PN(Q)
so h(P) = log H(P) >0

he(P+ Q) < he(P+ Q) + he(P — Q) < 2he(P) +2h¢(Q) + C
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Proof of (b). Since f is even, he(P) = hg(—P), it is enough to consider
m > 1. We use the induction on m. Case m = 1 is obvious.

m =2, use h¢([2]P) + he(O) = 2(hs(P) + he(P)) + O(1). We see (b) is
true.

Assume (b) for 1,2..., m, for m+ 1, we use

he([m +1]P) + hs([m — 1]P) = 2(h¢([m]P) + h¢(P)) + O(1)
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Theorem VIII 6.7 (Mordell-Weil theorem)

Let K be a number field and E/K be an elliptic curve. Then the group
E(K) is finitely generated.

Proof. hs : E(K) — R satisfies the conditions in Proposition 3.1 (Decent

Theorem) and we know E(K)/mE(K) is finite (Theorem 1.1. Weak
Mordell-Weil Theorem). By Prop. 3.1. E(K) is finitely generated.
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One of the results in VIII §7 can roughly described as the heights of
torsion points in E(K) are small.
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VIIl §9. The Canonical Height.

Theorem 6.2 states that for arbitrary non-constant even function
f € K(E), the height function hs : E(K) — R is a quadratic form up to
O(1):

hf(P + Q) + hf(P — Q) = 2hf(P) + 2hf(Q) + O(].)

One can modify hs to a "canonical height” which is an actual quadratic
form.
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Proposition VIII 9.1 (Tate).

Let E/K be an elliptic curve, f € K(E) be a non-constant even function,

and P € E(K). Then the limit
——— lim 4 Nhe([2N]P
deg(F) i, hr(271P)

exists, and is independent of f.
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Proof. We prove the sequence 4~V h¢([2N]P) is Cauchy. By Corollary 6.4

(b) for m = 2, there is a constant C so that for all Q € E(K),

Ihe([2]Q) — 4hs(Q)| < C

For N > M > 0,

47" he([2V1P) — 4~ he(12M]P)]

N-1
=| > (47" he([27MP) — 47 he([27]P))]
n=M
N-1
< > AT Hhe([27M1P) — 4he([271P)|
n=M
N-1
C
S 4" 1C S 4M+1
n=M

Yongchang Zhu Short title 30/41



Proof (continued). This shows 4~V h¢([2N]P) is Cauchy, so the limit exists.
For another non-constant even function g € K(E). Then we have

deg(g)hs = deg(f)hg + O(1),
So

deg(g)4 Nhe(2V]P) — deg(F)4 Vhg(2V]1P) = 47N O(1) — 0.
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One can prove that, for any positive integer m > 1,

lim m~2Nhe([m"]P
deg(f) N r(Im™1P)
exists and is independent of f by the same method.

And the above limit is equal to the limit in the theorem.
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The canonical height on E/K, denoted by h, is the function

defined by
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Theorem VIII 9.3.

Let E/K be an elliptic curve and h the canonical height on E.
(a) For all P, Q € E(K)

h(P + Q) + h(P — Q) = 2h(P) + 2h(Q)
(b) For all P € E(K) and m € Z,

h([m)P) = m*h(P)
(c) h is a quadratic form on E(K), i.e., the pairing
():E(K)x E(K) =R

(P,Q) = h(P+ Q) — h(P) — h(Q)

is bilinear.
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Theorem VIII 9.3 (continued).

(d) Let P € E(K). Then h(P) >0, and
h(P) = 0 iff P is a torsion point.

(e) Let f € K(E) be an even function, non-constant. Then

deg(f)h = hs + O(1)
where O(1) depends on E and f.
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Proof of (e). In the proof of Proposition VIII 9.1, we proved that there is
C such that

4 (2YP) — 4 Mh(2M1P)] < pary

forall Pand 0 < M < N. Take M =0, we have

47" he(12Y1P) — he(P)| < C/4

Take limpy_ oo We get

|deg(f)h(P) — he(P)| < C/4
This proves (e)
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Proof of (a).

For all P, Q, we have

2he(P)+2hf(Q) + Ci < he(P+ Q)+ he(P — Q) < 2h¢(P) +2h¢(Q) + &

2.4 Np(2N1P) +2- 47 Nh(2V]Q) + 47 NG
<4 Nhe (2P + @) + 4 Vhe (2V(P - Q))
2.4 Nhe(2VIP) 4+ 247 Ve (2V]Q) + 47V G

Take limy_,o,, we obtain the desired result.
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Proof of (d). Since h¢(P) >0, so h(P) > 0. It is easy to see that P is
torsion point implies that h(P) = 0.
Conversely, if h(P) = 0, then for any integer m,
h(Im]P) = m*h(P) =0
Hence from (e), there is a constant C such that for every m € 7Z,

~

he([mlP) = |deg(F)A(mIP) — he([mlP)| < C
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Proof of (d) (continued).

Suppose P € E(K').
So the set {P,[2]P,[3]P,...} is contained in

{Qe E(K) | he(Q) = C}

which is a finite set by Theorem 6.1. So P must have finite order.
This proves (d).
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In the remaining lectures, we will discuss modular forms and
Eichler-Shimura Theory.

We will follow
Chapters 8, 9, 10, 11, 12 in Knapp's book " Elliptic Curves”.
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End
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