Math 6170 C, Lecture on May 4 , 2020
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(1) VIl (Knapp). Modular Forms for SL(2,Z).

(2) IX (Knapp). Modular Forms for Hecke Subgroups.
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VIl Modular Forms For SL(2,7Z).

Equivalence classes of lattices in C < Elliptic Curves over C.

N =Zwi + Zw, — C/A

C/AN~C/cN, z+ N+ cz+ cA
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Every lattice is equivalent to Z + Z7 for Im 7 > 0.

Two lattices Z + Z7 and Z + Z7' are equivalent iff

, ar+b

ct+d

for some

<j 3) € SL(2,7Z).

Yongchang Zhu Short title 4/41



Set the upper half space to be
H={reC|ImT > 0}.
The group SL(2,R) acts on H by

ar+ b

cT+d

The set of isomorphisms classes of elliptic curves over C can be identified
with

T =

H/SL(2,7)

the set of orbits.
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A unrestricted modular form of weight k for SL(2,Z) is an analytic
function on H that satisfies

ar+ b
cT +d

for all v = (i Z) € SL(2,Z).

f( ) = (7 + d)*F(7) (1)

It is enough to check (1) for

()7
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For reasons that
(1) S, T generates SL(2,Z).

(2) For each k, the group
GL(2,R); = {g € GL(2,R) | det g > 0}
acts from the right on the space of analytic functions on H by

ar + b
ct+d

(f o [glk)(7) = det(g)? (cr + d) ¥ F( ).

The modular from condition (1) is equivalent to

folglk="f
for all g € SL(2,7Z).
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Examples. k > 2,

Gok(T) = Z W

(m,n)€Z2,(m,n)#(0,0)

is a unrestricted modular form of weight 2k for SL(2,Z).
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If f is a unrestricted modular form of weight k, take v = T, we have

f(r+1)=f(1)

So f has a series expansion

f(r) = Z cnq"

with g = e?™™. This is called the g expansion of f.
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We say an unrestricted modular form f is holomorphic at co and is a
modular form if its g-expansion has ¢, = 0 for n < 0. If also ¢g = 0, we
call f a cusp form.
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If £ is a modular form of weight k,

f(T) = co—l-cle27”'7+...

For each n > 0,

lim e27r/n7- — lim e27r/nxe—27rny =0
T—i00 T—i00
So
lim f(T) = Q
T—i00
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Let Mk (Sk) be the space of modular forms (cusp forms) of weight k for
SL(2,7).

Then M, =0 for k odd.
Apply the condition

AETE0) = (er + ()
to
a b -1 0
g:<c d>:<0 —1>
we get
f(r) = —f(7)
So f(7) = 0.
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My =0 for k=—1<0.

Proof. If f € My, and f #0

f(r) =co+ce®™™ + ..., lim, o f(T) = co.
The function g(q) = co + c1g + ... is analytic on |g| < 1, if f(7) is not
constant, then |g(0)| = |f(io0)| is not a maximum.
1 -1
F(-2) = (~7) " (r)

Take lim;_;j00, we get lim, o f(7) = 0.
This implies that |f(7)| takes a maximum at some point in H, so f(7) is a
constant by the maximum principle.
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My=C
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Mo+ My + -+ + My + ...
is a graded ring,

So+5,+...

is an ideal of ®% o Moy.
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Example. For k > 2,

o) = 2620 + {1 S a0
2k\T) = 2k—1 o02k—-1(N)q

where

0’/(/7) = Zd\n d

So Gy is a modular form of weight 2k for SL(2,Z).
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Theorem

The commutative algebra M = ©2 (Mo is generated by G4 and Gg over
C, and G4 and Gg are algebraically independent over C, so the monomials

{G"Gg' | 4m +6n = N}

is a basis for My,.

Moy = CGox @ Sox
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Let g» = 60Ga, 83 = 140 Gg,

A(7) = ga(7)° — 27g3(7)°

is a cusp modular form of weight 12, A(7) # 0 for all 7 € H.

J(7) = 1728g2(7)*/ A(7)

has weight 0.

) 1 G
j(r) = i 744+ " caq”

n=1

All ¢, € Zo.
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A fundamental domain for SL(2,Z)-action on H is

R = {TEH|—7<R6’T< Tl > 1}

Every point in H is SL(2,Z)-equivalent to some point in R, An interior
point in R is not equivalent to any other point in R. Any boundary point
except 7 = i has exactly another boundary point that is
SL(2,7Z)-equivalent to it.
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Another proof of that fact that A(7) never vanishes.

A(7) = (2m)2qM2, (1 - g")*.

n(r)=e N2, (1-q")
Then

W +1) = e¥29(r), n(~1) = (~ir)in()

where (—ir)% satisfies re(—ir)% > 0.
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Hecke Operators.

For every positive integer n > 2, let

Aﬂ@Z{(iZ)IaqueZ,M—bc:@.

M(n) are closed by left multiplication and right multiplication by elements
in SL(2,7).

M(n) is equal to a disjoint union of finitely many right cosets of SL(2,7Z).

v(n)
M(n) = | SL(2, Z)ov:.

i=1
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We have

Lemma. The integral matrices <8 Z) with ad = n, a>0,d > 0 and

0 < b < d are a complete set of representatives for the right coset of
SL(2,Z) on M(n).

Notice that

<(1J if) <i11 2)(_01 (1)>65L(2,Z),
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Lemma. Let (o)

M(n) = | SL(2, Z)ov:.
i=1
For a unrestricted modular form f of weight k for SL(2,Z), then

folaa]k + -+ folaymk

is independent of the choices of «; and it is also a unrestricted modular
form f of weight k for SL(2,Z).

Proof. The set M(n) is closed under the right multiplication by elements in
SL(2,7). So SL(2,Z) acts on the set of rights cosets of SL(2,Z) in M(n):

SL(2,Z)a - g = SL(2,Z)(ag)
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Therefore ajg = hja,(jy for i =1,...,v(n), hi € SL(2,Z), o is a
permutation of {1,2,...,v(n)}

(folonlk+ -+ folaymlk) o lglk

= folai]ko[glk + -+ f o aymlk o [glk
= foouglk + -+ f ofay,melk

= fo[hioayu)lk+ -+ f o [hy(m(uin)lk
= fofag)lk + -+ f oasumlk
=folar]k+ -+ folaymlk
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We define nth Hecke operator Ty(n) on My by

v(n)
Te(nf = n2 2" fo[aik
1

i=

Proposition 8.16. Let f € My, if f has g-expansion f(7) = >"77; chq".

Then Tx(m)f has g-expansion

Te(m)f = Z bnq"
n=0
where

o0 k-1(m) if n=0
by = q cm ifn=1
Y aigcd(mm) @ om0 >1

Tk(m) carries Sk to Sk.
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Theorem 8.19. On the space My, the Hecke operators satisfy
(a) For a prime power p" with r > 1,

Ti(P") T(p) = Tu(p"™™) + p* 1 Tu(p™)
(b) Tk(m)Tx(n) = Tx(mn) if gcd(m, n) = 1.

(c) The algebra generated by Ty(n) for n=2,3,... is generated by Tx(p)
with p prime and is commutative.
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Other results:

Tok(n) Gox = o2k—1(n) Gak
On Sk, we define an inner product (Peterson inner product) by

(F.h) = /R F(r)R(r)y 2y

here 7 = x + iy. The T(n) are self-dual operators with respect to the
inner product. So Sx has an eigen-basis.
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IX. Modular Forms For Hecke Subgroups.

The principal congruence subgroup '(N) (N is a positive integer) is
defined by

M(N) = {(i 2) €SL(2,Z) | <j Z) = <é ?) mod N}

It is the kernel of the group homomorphism SL(2,Z) — SL(2,Z/NZ)
induced from the ring homomorphism Z — Z/NZ.
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A subgroup H in SL(2,Z) is called a congruence subgroup if H D I'(N)
for some V.

Fo(N) = {(j Z) € SL(2,Z) | ¢ = 0 mod N}

is a congruence subgroup. The groups 'g(/N) are called the Hecke
subgroups.
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Lemma. If H C SL(2,Z) is a congruence subgroup, then for every
g € SL(2,Q), gHg 1 N SL(2,Z) is also a congruence subgroup.
Proof. It is enough to prove that for every g € SL(2,Q), gl'(N)g™1
contains some ['(M). Since SL(2,Q) is generated by

1 +} 0 1
<0 1),L€Z>0,5—(_1 O)

1

it is enough to prove this for g = <é ilL> org=S.

The case g = S is obvious, as S € SL(2,Z) and I'(N) is normal subgroup

of SL(2,7Z).
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) 1 +7
Proof (continued). For g = 0 1L :

g_l a b g = a+% b+dL_LazL_C
c d c d— 7

we see that
g I(NL?)g C T(N)
SO
M(NL%) C gT(N)g™
O
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Let P*(Q) be the set of 1-dimensional Q-subspaces in Q2. GL(2,Q) acts
on P}(Q) . So SL(2,Z) acts on P}(Q).

PY(Q) = QU {oc}

Lemma. (1). SL(2,Z) acts on P}(Q) transitively, i.e., there is only one
orbit.

(2). If H is a congruence subgroup, then there are only finitely many
H-orbits in P(Q). Each orbit is called a cusp for H.
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Let R be the usual fundamental domain in H for SL(2,Z). Let H be a
congruence subgroup, let

SL(2,Z) = | ] Ha;
i=1

then U?_;a;F is a fundamental domain for H.
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Definition. Let H be a congruence subgroup, an unrestricted modular
form of weight k € Z for H is an analytic function f on H with

ar+ b
ct+d

f( ) = (c7 + d)*f(7)

a b
for all (c d) € H.
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Definition. An unrestricted modular form of weight k € Z and level
N > 1 is a unrestricted modular form of weight k for I'o(N).
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Lemma. If f is an unrestricted modular form of weight k for a congruence

subgroup H, for every g € SL(2,Q), f o [g]k is an unrestricted modular
form of weight k for congruence subgroup g ~*Hg N SL(2, 7).

Proof. For u= g thg € g HgN SL(2,Z), so h € H,

(folglk) o [ulx = folgulx = folhglk = (folhli) gl = folglk
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If f is an unrestricted modular form of weight k and level N, take
11

F(r +1) = (7).

we have

So f has g-expansion

f(r) = Z cnq".

nez

We say f is holomorphic at oo if ¢, = 0 for n < 0 and f vanishes at oo
if ¢, =0 for n <O0.
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For f as in the previous page, r € Q, let g € SL(2,7Z) satisfy g - 0o = r.
Then f o [g]« is an unrestricted modular form of weight k for g~ Io(N)g,
which is a congruence subgroup, i.e., g lo(N)g D I'(M) for some M, for

v = ((1) /\1/1) € (M),

(folglk) ok =felglk
implies that

(folgli)(+ M) = (f o [gli)(T)
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So f o [g]k has g-expansion

(Folgl)(r) = cre™muT

nez

f is called to be holomorphic at r if ¢, = 0 for n < 0 and vanishes at r if
¢, =0 for n <0.
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It can proved that the above definition is independent of the choice of g.
And if f is holomorphic (vanishes) at r, then f is holomorphic (vanishes)
at ar for a € To(N).

Definition. A modular form of weight k and level N is an analytic
function on H that satisfies

(1) f is an unrestricted modular form of weight k and level N.

(2) f is holomorphic at all the cusps.

f is called a cusp form of weight k and level N if (2) above is replaced by
" f vanishes at all the cusps”.
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End
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