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1 Variational methods

We discuss an example of the use of variational methods in obtaining existence of solutions.

Theorem 1.1. Let Q2 C R"™ be a smooth bounded open set, withn > 3. Let 1 < p < z—fg Then
there exists a positive function v € C3(Q)) satisfies

€]

—Au=uP in Q
u=0 on 00

Proof. Foru € H}(S2), define the energy functional

\V/ 2
= SV
(Jo lulptt) et
and
m= inf [Iful.

ueHL ()

Clearly, m > 0.

We will show in the below that m is attained by some function in H{ (€2), which will be called
a minimizer. Moreover, we will show that this minimizer will be a desired solution of (I).

Let {ux} be a sequence in H}(€2) such that

Iug) = m ask — oc.

IR
Q

Consequently, uy, is a bounded sequence in H (). Therefore, there exists u € Hg () such that

By a normalization, we may assume that

up — u  weakly in H3 (Q).
Consequently,

/ |Vul|* < liminf/ |Vug|* < m.
QO k—oo  Jo
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Meanwhile, since p + 1 < %, it follows from the Rellich compactness theorem that

up — u  strongly in LPT1(Q).

So,
/ Pt = 1.
Q
Therefore,
Iu] < m,
and thus,
Iu] =m

Since I[|u[] < I[u], we have that u > 0 or u < 0. So we assume that u > 0. Since [, [u[P*! =1,

u # 0.

So we have found a minimizer u for m. This implies that for every ¢ € H}(Q),

0 Iu + ty)].

t=0

T odt

A calculation yield

0:2/Vu-ch—2m/up<p,
Q Q

/Vu~Vg0—m/upg0:O
Q Q

So u is weak solution of (I)) (in the distribution sense) after a scaling (¢ = cu by some proper
positive constant c).

Two regularity theory:

1. W2P theory, that is for ¢ € (1,00), if —Au = f, where f € L9, then u € VVlicq

2. Schauder theory, that is for o € (0, 1), if f € C*, then u € C2%.

These two theories plus Sobolev embedding implies that the solutions of (T) v € C3. This is

called bootstrap arguments. Note that such bootstrap arguments will NOT work when p = %

Finally, u is positive in ) by the strong maximum principle. O

that is

Next, we will show that the equation () does not have non-trivial solutions when p > Z—fg
and when the domain (2 is strictly star-shaped with respect to zero, that is = - v > 0 everywhere
on 0L2. Here, v is the outer normal of €2

Theorem 1.2 (Pohozaev). Letp > Z—J_rg and S is strictly star-shaped with respect to zero. Suppose

u € C%(Q) is a solution of

2

—Au = [uP~tu in Q
u=0 on 0.

Then



Proof. Multiplying x - Vu on the both sides of (2)) and doing some calculations, we have

<n 2>/QIVUI2+;/ Vul(v ) /| -

This is usually called the Pohozaev identity.
Multiplying « on the both sides of (2)) and integrating by parts, we have

/ Vul? = / P+,
(9] (9]
1
OSQ/aQVUIQ(V.x)=<p+1 )/’U|p+l<0 3)

n+2

Thus,

where we used the fact that p > in the last inequality. Therefore, u = 0. O

Remark 1.3. Theoremnalso holds for p = Z—J_rg In this case, it follows from (3) that Vu = 0 on
0%, since x-v > 0. Then by a unique continuation property, v = 0, which is slightly complicated.
However, if one additionally assumes that v > 0 in §2, then

0:/—Au:/up,
Q Q

Remark 1.4. The assumption that § is star shaped is necessary in Theorem For example, if
Q is an annulus, then there exists a positive radial solution of

from which u = 0 follows.

n+2
—Au=unr—2 in
u=0 on 0N

2 Method of subsolutions and supersolutions

We will investigate the boundary -value problem for the nonlinear Poisson equation

{—Au = f(u) inQ

4
u=0 ondf, ¥

where f : R — R is smooth and || f'|| oo (®) < C for some constant C.

Definition 2.1. (i). We say that u € HI(Q) is a weak supersolution of (@) if
/ Vu - Vodr > / f(@)vdz  foreveryv € Hy (), v >0 a.e.
Q Q
(ii). Similarly, we say that uw € H'(Q) is a weak subsolution of (@) if

/ Vu - Vodr < / f(@)vdz  foreveryv € Hy(2), v >0 a.e.
Q Q
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(ii). We say that u € H}(Q) is a weak solution of @) if
/ V- Vodr = / f(@)vdz  for everyv € HL(R).
Q Q

Note that if 4, u € C%(Q2), then we have
—Au > f(a), —Au< f(u).
Theorem 2.2. Assume there exist a weak supersolution u and a weak subsolution u of (4) satis-

Sying

u <0, u>0o0ndNinthetrace sense, u < ua.e. inf.

Then there exists a weak solution u of {@)) such that
u<u<u ae inf.
Proof. Since || f'|| fo(r) < C for some constant C', we can choose a large A > 0 such that
9(2) = f(2) + Az

is an increasing function.
Now we denote ug = u. Given ug, k = 0,1, --- |, we are going to inductively define uj4; be
the unique weak solution of the following liner boundary-value problem

—Auk+1 + )\uk+1 = f(uk) + )\uk in Q
u=0 on 0.

We claim that
u=ug<u <ug <<y <upyy <o <UL 5

To prove this claim, we first note that for k£ = 0,
/QV(UQ —up) - Vo + Mug —up)v <0 forevery v € H(Q), v > 0 a.e.
Choose v = (ug — u1)™, we obtain
/QV(uo —uy) - V(ug —u1) T + AMuo — u1)(uog —u1)T <0
This implies that (up — u1)™ = 0, that is, ug < u;. Now we assume inductively that
Ug—1 < U
Then we have

/ V(ug — ugs1) - Vo + AMug — ugg1)v
Q

= (f(up—1 + Mup_1 — f(ug) — dug))v  forevery v € HE(Q), v > 0a.e.
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Choosing v = (uy, — uy1)" will lead to that (uy, — ugy1)* = 0, that is uy, < ug 1. This proves
the claim on the monotonicity of the sequence {uy,}.

Then we show that u;, < @ for all k. This is true for K = 0. Assume the induction that u; < u,
then we have

/ V(ugs1 — @) - Vo + Mugg1 — @)v
Q
= (f(up 4+ Mg — f(a) — Ma))v  forevery v € H(Q), v> 0 a.e.

and let v = (ugy1 — u)", we have (ug, 1 —u)" = 0, that is up 1 < .
Now, let

u= lim wuy.
k—o00

By dominated convergence theorem, u;, — u in L2(£2). Since || f (uy) Iz2(0) < C(llugll2 +1) <
C(||al|z2 + 1), we have that

sup [kl 772 () < o0

Therefore, subject to a subsequence which is still denoted as {uy},we have up — u weakly in
HZ (). To verify that u is a weak solution of (d)), we notice that

/ Vi1 - Vo + Augpvde = / (f(ug) + Aug)vdz  for every v € Hi(Q).
Q Q

Sending £ — oo and cancelling the term with A\, we have the confirm

/ Va - Vodz = / f(u)vdz  forevery v € Hj ().
Q Q

Note that the monotonicity (3) can also be proved by maximum principle if 4, u are smooth.
Then by the Schauder estimate, we have that every wuy is smooth. Then

—Aug —ugps1) + Mug — upy1) = fup—1) + Aup—1 — fug) — Aug <0

in the classical sense. Since u < ugy1 on 0€2, we have uy, < ugq in €. O

3 The Dirichlet problem: Perron’s method

In this section, we will discuss the solvability of

{—AU:O in €2, ©)

u = on Jf).

Theorem 3.1. Let Q C R" be a bounded open set. Suppose 02 € C?. Let ¢ be a continuous
function on OS). Then there exists a solution u € C?(2) N C°(Q) of (B).

Remark: That 0f2 satisfies the exterior ball condition at every point on €2 would be sufficient.
That is, for every £ € 0, there exists a ball B,.(y) such that B,.(y) N Q = {¢}.
We need some generalized subharmonic functions first.



Definition 3.2. A C°(Q) function u is called subharmonic (or superharmonic) in Q if for every
ball B CC ) and every harmonic function h in B satisfying uw < (>)h on 0B, we also have
u < (>)hin B.

Such subharmonic functions have several useful properties:

1. If w is subharmonic in a connected domain in €2, then it satisfies the strong maximum
principle in §2. That is, if v is super harmonic in €2 with v > w on 912, then either u > v in 2 or
v = u. To prove this, we suppose the contrary that at some point zy € €2, we have

(u—v)(zo) =sup(u—v) =M >0,
Q
but there is a ball B = B, (z¢) such that u — v # M on 0B. Let 4, v be the harmonic functions
respectively equal to u, v on OB (this is can be achieved by Green’s representation). Then one
sees that
M > sup(a — ) > (@ - 0)(20) > (u— v)(xo) = M.
oB

Therefore, every inequality in the above has to be an equality. By the strong maximum principle
for harmonic functions, it follows that &« — v = M. Thus v — v = M, which is a contradiction.

2. Let u be subharmonic in €2 and B is a ball strictly contained in 2. Denote @ as the harmonic
function in B satisfying @ = uw on 0B. We define in 2 he harmonic lifting of u by

U($):{a(x), x € B,
u(z), z=e€Q\B.

Then the function U is also subharmonic in . This can be proved as follows. Let B’ C ) be an
arbitrary ball. Let h be harmonic in B such that h = U on dB’. Then h > u on 9B’, and thus,
h > win B’. Soh > U in B"\ B. Since U is harmonic in B, by maximum principle, we have
h>Uin BN B’. Hence, U < hin B’, and thus, U is subharmonic in 2.

3. Let ug, ua, - - - ,u) be subharmonic in 2. Then the function u(z) = max(ug,--- ,ug) is
also subharmonic which is a trivial consequence of the definition of subharmonic functions.

Now let us prove Theorem A C°(Q) function u is called a subsolution of (6)) if u is
subharmonic, and u < ¢ on 9Q. Similarly, a C°(Q) function v is called a supersolution of (6)) if
v is subharmonic, and v > ¢ on 9f). Denote S be the set of all subsolutions of (6). S # () since
the constant function infyq, ¢ is a subsolution.

Proposition 3.3. The function u(z) = sup,cg y(z) is harmonic in Q.

Proof. Since supyq  is a super solution, we know that v < supyq ¢ for every v € S. Thus, w is
well-defined.
Let y € Q be a fixed point. There exists vy € S such that

vp(y) — u(y).

By replacing v;, with max(vy, inf ¢), we may assume that the sequence {vy } is bounded. Choose
R > 0 such that B = Br(y) CC {2, and define V}, as the harmonic lifting of v; in B. Then V}, €



S. By Harnack inequality and gradient estimate, there exists a subsequence {V},, } converging
uniformly in every ball B,(y) with p < R to a harmonic function in B. Clearly, v < w in B and

u(y) = u(y)-

We are going to show that v = u in B. Suppose v(z) < u(z) for some z € B. Then there
exists w € S such that v(z) < w(z). Let wy = max(V},,,w) and W}, be its harmonic lifting in
B. As before, by Harnack and gradient estimate, a subsequence of Wj, converges to a harmonic
function w in B satisfying v < w < u. Since v(y) = u(y), we have v(y) = W(y), and by strong
maximum principle. v = w, which contradicts with v(z) < w(z) < w(z). O

Therefore, the u obtained in the above proposition is a candidate solution of (6)). In the below,
we will show that this u indeed satisfies the boundary condition uv = ¢ on 9€2, which will finish
the proof of Theorem As along as the boundary 0f) satisfies the exterior boundary, we can
construct some barrier functions for your purpose.

Proof of Theorem For ¢ € 99, there exists a ball B = Br(y) such that BNQ = {¢}. Define

RQ_n*|SU*y|2_n, n>3
w(z) =
—logR+1log|z —y|l, n=2.

Note that w(¢) = 0, w(z) > 0in Q \ {¢}, and w is harmonic.
Let M = supy . Since ¢ is a continuous function, for € > 0, there exists 6 > 0 such that

lp(z) — ()] <e, [r—§l <o
Choose & large enough such that
kw(x) > 2M |z — €] > 0.

Then ¢(£) + £ + kw and p(§) — € — Kw are respectively supersolution and subsolutions of (6)).
Therefore,
p(&) — e — rw(z) <u(x) < @(§) + e + rw(z).

Hence
u(z) = p(§)] < e+ ruw(z).
Since w(&) = 0, we obtain that

u(z) = p(§) asx —¢&.

4 Schauder estimates

We first prove the following Schauder estimates for Possion’s equation.



Theorem 4.1. Let o € (0,1), f € CY(By), and u € C*(By) be a solution of
—Auy = f in Bl.
Then there exists C' > 0 depending only on o and the dimension n such that

[ullc2em, ) < Clllullzoe sy + 1 Flloasy))

Proof. Firstof all, by multiplying some proper constant, we can assume that ||u|| o (g, )+ fllce(;) <
l.Letp=1/2. Fork =1,2,3,---, let v be the solution of

{Avk = f(0) in By,

Vp =Uu On 8Bk,

where By, = B centered at the origin.
Claim 1: ||v, — v]| oo () < CpHk.
This claim can be proved as follows. Let 7, () = p~2*(vy — u)(p*x), where 2 € By. Then

—Avy, = f(0) = f(p*) in B,
U, =0 ondBy,

By the maximum principle (one of the homework problem), we have

k)l e (By) < Clllulloe@my) + 1£(0) = (0" 2) || 1oo (1)) < Cp™,
from which the claim follows.
Claim 2: H’U]€ — Vk+1 HLOO(B]C+1) < Cp(2+a)k.

This is because vy — vt is harmonic in By, and therefore,

ok — Ukl oo (Brys) = V% — Vi1l oo 0By 41y < vk — ullpoo(amy, ) < ok,

where in the last inequality, we use Claim 1.
Let wy = vg41 — vk, wo = v1. Then we know that from Claim 2 that, for every x € By o we
have
(Vg ()] < Cpra=ik,

for p3 < |z| < pi*2,

lu(z) — Z wye(0) — Z Duwy(0) -z — Z %CL’TD2”LU@(O)1"
£=0 =0 =0

%

< fu(@) =Y we(@)| + D> we(a) = > we(0) = > Dwg(0) -z — > %xTDng(om
=0 =0 £=0 =0

=0

F1Y w1 Y Dur0) -2l + 51 3 2T D2uwi(0)al

l=i+1 I=i+1 (=it1
' ) o oo
< p(2+a)(1+1) + QCglx‘SZp(afl)é + Z p(2+a)€ + ‘$| Z 02p(1+a)2
=0 l=i+1 l=i+1

00
+ |x’2 Z Cgpaé

l=i+1
< Cg|$‘2+a.



So we have proved that there exists a second order polynomial P such that
u(z) — P()| < Claf**®

where all the coefficients of the polynomial are universally bounded.
This leads to the conclusion of the theorem. ]

Theorem 4.2. Let e € (0,1), f € C%(By),a;j(z) € C*(By), and u € C*(By) be a solution of
—aij(m)uij(w) = f in Bl,

where A\I < (a;j(z)) < A7 in By. Then there exists C > 0 depending only on o, \ and the
dimension n such that

lullcza(B, ) < Cllullresy) + [1fllces))-
Proof. Let p=1/2. Fork =1,2,3,--- , let v be the solution of
—az-j(O)aijvk = f(O) in Bk,
vy =u on 0By,

where By = B . centered at the origin. Then for v, = vi, — u, we have

p
—a (0950, = f(0) = f(x) + (ai;(0) — as;(x))us;(x)  in By,
Following the proof in Theorem [.1] we can show that

9 2ulon5,,) < Ol Fllcw(, ) + el s, + V2l (3,,): )

where the constant C' depends only on «,n, A. Now that the domain on the two sides of the
inequality are DIFFERENT. Then the conclusion follows from the next iteration lemma. O

M. Giaquinta and E. Giusti, On the regularity of the minima of variational integrals. Acta
Math. 148 (1982), 31-46. Lemma 1.1.

Lemma 4.3. Let h(t) be a nonnegative bounded function defined for 0 < Ty < t < Ty. Suppose
that for Ty <t < s < T we have

h(t) < A(s — 1)~ + B + 0h(s)

where A, B, «, 0 are nonnegative constants, and 0 < 1. Then there exists a constant C > 0,
depending only on o, 0 such that for every p, R, Ty < p < R <11, we have

h(p) < C(A(R — p)™ + B).
Proof. Consider the sequence {t;} defined by
to=p, tjs1—t;=(1-71)7' (R~ p)
with 7 € (0,1). By iteration

k-1
h(to) < 0"h(tx) + <(1_AT)Q(R —p)+ B> S girie,
i=0

We choose now 7 such that 7~%0 < 1 and let k¥ — oo. Then the conclusion follows. OJ



Proof of Theorem[.2| continued. Let
h(t) = [V*u]ca(s,)-

We will show that this h will satisfies Lemma[4.3] Let 0 < ¢ < s < 1. For every z € By, choose
r=s—t. Forx € By, let

ur(z) = u(z +re), a;j(z) =aij(z+rz), fr(z)= r2f(z 4 rx).

Then
—a;j0i5ur(z) = fr(z) in By,

Therefore, the estimate (7)) holds for w,., i.e.,
[VQUT]CO‘(BU4) < Clfrllea(s, ) + lurllLes, ) + ||V2UT||L°°(Bl/2))a
Scaling back, we have
[V2ulgas, u(z)) < Cr 2" (I fllcasy) + el oo sy)) + Cr=21[V2ull oo (B, o(2))-
By a covering, we have
[Vuloasy < Or (I flloasy + Il oe(syy) + CrHIVul oo (s, 1 0)-

(From Gilbarg-Trudinger’s book)We have the following interpolation lemma (the following is not
sharp): there exists C' > 0 independent of s, ¢ such that for all ¢ > 0,

_ _24+a
IV2ull Lo (B, 4y o) < 7 2 [VPUlow(s,) + Ce™ o 172 [l oo 8,)-

Choose € = 3 /2C, we have for some 3 > 0

1 _
[V*ulea(s, < 51V ulco(s) + Cr™2(Ifllce ) + lulle(.)-

Then the conclusion from from Lemma O

5 De Giorgi estimates
Let a;; € L°°(B1) and uniformly elliptic, that is

M < aij(z) <Al in By
for some A\, A > 0.

Theorem 5.1 (De Giorgi, 1958). Let u € H'(B) be a weak solution of
- 8j(aij8,~u) =0 in Bl (8)
Then there exists o € (0,1) and C > 0, both of which depends only on n, A and A, such that

ullca(s, ) < Cliullz2(s,)-
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The proof of this theorem consists of two steps: from L? to L°°, and from L™ to C®.
Proposition 5.2 (from L? to L*°). Let u € H'(B) be a weak subsolution of (), that is,
—0j(ai;0iu) <0 in By.
Then there exists a constant § = 6(n, X, A) such that if |[u™ || 12(p,) < 0, then we have
Ju® [Loo(B,,y) < 1.
Applying this proposition to (v/3 /||u™|| £2(B;))U> We obtain the following theorem:
Theorem 5.3 (from L? to L>®). Letu € H'(B1) be a weak subsolution of (§), that is,
—0j(ai;0iu) <0 in By.
Then
[utlLoo(m,0) < Clr, A M) ut |l 225,
Consequently, if u € H'(B1) is a weak solution of (8)), then
[ull oo, ) < Cln, A A)lullz2(m,)
To prove Proposition we shall use the following Caccioppoli inequality (or energy esti-
mate)

Lemma 5.4 (Caccioppoli inequality). Let u € H'(B1) be a weak subsolution of (§) and ¢ €
C°(By), we have

/ (V(gu™)? < Cln, A, A) / (W )(Ve)?.
B1

B1
Proof. Since u is a subsolution, we have

/ aijﬁiuaj(gﬂu*) S 0.
By

That is
/ aijg023iu+8ju+—|—2/ aijcpu+3iu+8jgp <0.
B1 Bl
Then
1
3 [ T2 < [ asatenosent)
)\ B1 B

<C IVo|*(u™)? + / aij Ot ojut —|—/ aijoutdiut ;0
B1 B1 B
+ / aijgou+8iu8jga
By
<C |v<,0|2(u+)2 + 3(aij + aji)goujL@iuJ“@jgo
B

<c / Vol2(ut)? + [utdi(ut o)yl

<c / Vol (ut) + o (V™).

where in the last inequality we have used Holder’s inequality. O
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Lemma 5.5. Let u € H'(B) be a weak solution of (8). Then u™ is a weak subsolution of (8).
Proof. Exercise. O
Now we can prove Proposition[5.2]
Proof of Proposition We will work on a family of ball
By, ={lz| <1/2+27"}
and the family of truncated functions

up = (u— (1 —27F)T.

Uk:/ uj.
By,

Let ¢ be a sequence of nonnegative shrinking cut-off functions: ¢ = 1 in By and ¢ = 0 in
B¢ . Also, |py| < C2%.

Note that where ug41 > 0,thenu > 1 — 2-k=1 —1_ 97k 4 9-k=1 and thus, ug > 9—k-1
Therefore,

Define

{2 pryrupi1 > 0} C {x € By iy > 27771},

We have from the Sobolev inequality with p = % (orany pifn = 2)

2/p
</|@k+1uk+1‘p) < C/‘V(C,Ok+1uk+1)|2.

From Holder inequality

2/p
2
[loriuenl < ( / m+1uk+1|p) et it > 0},

Therefore,
2
Up41 < C/ V(prpruni)]? - {z : opraurss > 03w,
Using Lemma [5.4] we have
2k 2 2
U1 < C2 / (uk1)” - {2 : Pryrupgr > O}
Supp(ek+1)

The support of 1 in contained in By, and ug41 < ug, we have

2
Uen <2 [k |fa s prauns > 0P
By,

Since
{':U L Pk4+1UE+1 > 0} C {$ S Bk: DU > 2—16—1}'
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we have

2
N =
H{x @ ppr1ukrr > 0}]% < |{z € By : u, > 2_k_1}| < 2% (/ ui) =2nUp.
B

where the Chebyshev inequality was used in the last inequality.
Therefore, we have ,
Uk+1 < C24k(Uk)1+5.

The as long as Uy = § is small enough, we will have U, — 0 as k — oo. This proves that u™ < 1
in By /3. In fact, U, decays faster than geometric sequences. 0

The next step is to prove the regularit from L to C“. The kep step is this oscillation lemma.

Proposition 5.6. Let u € H'(Bs) be a weak subsolution of (§) in Bs. Suppose that v < 1 in
Bs. Assume that |[By 0 {v < 0} > u(> 0). Then u < 1 — v in By /o, where vy depends only on
AN A n, .

In other words, if u is a subsolution and smaller than one, and is “far from 1” in a set of
non-trivial measure, then u cannot get too close to 1 in By /5.

Let us postpone the proof to the end, we shall first use this proposition to prove the following
Holder estimate.

Theorem 5.7. Let u € H'(Bs) be a weak solution of (8) in Bs. Then u € C%(By j3). Moreover,
[ullca(s, ) < Cliullz2(ss)-

Here, each of the constants o and C depend only on n, A, A.

Proof. First of all, we know from Theorem [5.3| that
[ull oo By < Cllullz2(By)-

Denote
0sc ou = sup u — inf u.
Q Q

Consider the function

2 + inf
o) = s (ule) - BRI,
BU

We have that —1 < v < 1in Bs.

Assume that |B; N {v < 0} > |B1|/2, then we can apply Proposition [5.6{on v to obtain
osc p, ,u < 2 — . Hence, osc p, ,u < (1 —~/2)osc p,u.

If |[By N {v > 0}| > |B1|/2, then the same result holds by working with —v.

Therefore, we have proved that

05C B, ,, U < josc B, u )

with 4 = 1 — /2 < 1 depends only on n, A, A.
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Take any z¢ in By /3, and introduce the rescaled functions

ug(y) = u(wo +y/2"), agf) (y) = aij(wo +y/2").

Then ag-c) satisfies the same assumptions as a;;, and uy, is a weak solution of (8) with a;; replaced
(k)

by a;;”. We apply recursively (9) to uy to obtain

sup  |u(zo) — u(@)| < 2[|ul oo (7"
|x—z0|<2k

Then for y such that 27%=1 < |z — 29| < 27, we have
[u(wo) — u(@)| < 2l|ul Lo (87" < Nullzo(y)2 - 27 FFVOREFVFE < Ollul| oo ()| — o],
as long as the « is chosen by 2%y = 1, that is,

_ logy
~ log2 ’

Note that this estimate is independent of the choice of xg. Then the conclusion follows. 0

Now we are going to prove Proposition[5.6] We first note that if the set
{u<0}ynBi| = |Bi| - 6/4

then
[t || 23,y < V3/2,

and thus, by Proposition we have
w<1/2.

So we much bridge the gap between knowing that [{u < 0} N B;| > p and knowing |[{u <
0} N By| > |Bi1| — §/4. The main tool is the so-called De Giorgi isoperimetric inequality, which
rough says that for an H' function u, it must pay in measure to increase from v = 0 to u = 1.

Lemma 5.8. Consider a function w such that [, |Vw*[> < Co. Define

[A] = {w <0} N By,
|E| = {w =1} N By,
ID| = {0 < w < 1} N By.

Then there exists a constant C1 depends only on n such that

Co|D| > Ci(|A||E|' 7).
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Proof. Consider @ = sup(0, inf(w, 1)). Note that Vio = Vw™ x(g<w<1}-
For xy € E we integrate over linesintoz € A

—1 = —w(xp) / —w(tx + (1 — t)xo)

= /0 Vo (te + (1 —t)xzg) - (x — o)

Integrating over A, we obtain that

1
|A] < |/ dt/ Vw(tr 4+ (1 —t)xo) - (z — zo)|dx

/dt/ " 1dr/ [Vt + (1 = t)ao)[rdS(x)
BBT mo ﬂBl
- |/ dt/ / IV (2)|dS(2)
0 0 8Bir(z0)NB1
2
[t [a ] et
0 0 0Bt (z0)NB1

2 r _

<\ etar [etae | Vol g
0 0 8Bt(x0)ﬂBl ”Z - mo’n

< C/ _val)| .
B |

2z — xo|™ L
|V (z)|

<C _—
~  Jplz —wo|" !

dz

Integrating zo € E, we have

1
AlE <0 [ Va)ds [ e
D E

|z — xg|? 1

Note that

/ S </ L= o
g |z =z 1 ~ Jp lz|nt 7

where B is the ball centered at the origin such that |B| = |E|.
Therefore, by Holder inequality,

|A||E| < C|E["/"| D[ / Vao(z)[2dz) 2.
D

Proof of Proposition We consider the following new sequence of truncation

wy, = 2% (u — (1 - 27F))
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Note that wi, < 1 in B9 and is also a subsolution. From the Caccippolli inequality, we have

/ Vw2 < Cy.
By

We also have [{wy, < 0} N By| > p. We will apply Lemma [5.8]recursevely on 2wy, as long as

wi, )2 > 6.
/ot

Note that
{2wg > 1} N Bi| = [{wper > 0} A By| > /B (w},,)? > 6.
1
From Lemma [5.8] there exists a positive constant 3 independent of % such that
{0 < wi < 1/2} N By| > 5.
Therefore,

Hwprr <0YNBy| = [{2w, 1Y NBy| > [{wy O} By |+ 8> - > pu+ ka.

This clearly fails after a finite number of k. At this kg, we have for sure that

wi )2 <6.
/Bl( k’o—i—l) =

Then Proposition[5.2]implies that
Wro+1 < 1/2 in By .
Rescaling back, we have

u < 1—2kotl g gkot2 — g _gkot2 in B .
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