ON THE CONVERGENCE OF ITERATIVE FILTERING EMPIRICAL
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ABSTRACT. Empirical Mode Decomposition (EMD), an adaptive technique for data and
signal decomposition, is a valuable tool for many applications in data and signal processing.
One approach to EMD is the iterative filtering EMD, which iterates certain banded Toeplitz
operators in [°°(Z). The convergence of iterative filtering is a challenging mathematical
problem. In this paper we study this problem, namely for a banded Toeplitz operator T
and x € [°°(Z) we study the convergence of T"(x). We also study some related spectral
properties of these operators. Even though these operators don’t have any eigenvalue in
Hilbert space I2(Z), all eigenvalues and their associated eigenvectors are identified in 1°°(Z)
by using the Fourier transform on tempered distributions. The convergence of T (x) relies
on a careful localization of the generating function for 7" around their maximal points and
detailed estimates on the contribution from the tails of x.

1. INTRODUCTION

Let a = (ay) € I*(Z). We consider the operator T} : [°°(Z)—I1>°(Z) associated with a,

Ta(x) = (Z aﬂkﬂ)kez

JEZ

given by

where x = (z) € [°°(Z). In the signal processing literature T, is called a filter, and it is
a finite impulse response (FIR) filter if a; # 0 for only finitely many k& € Z. Note that
T, is in fact a Toeplitz operator and a FIR filter simply means the Toeplitz operator T} is
banded. In this paper we shall use the terms filter and Toeplitz operator interchangeably,
and only FIR filters and banded Toeplitz operators will be considered. Toeplitz operators
are classical operators that have been studied extensively, see [3] and the references therein.
There is an even larger literature on filters, which we shall not divulge into. In this paper
our main focus is on the iteration of certain type of banded Toeplitz operators. More

precisely, we consider the following question: Let T, be banded and x € {°°(Z). When will
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T2 (x) converge (in the sense that every entry converges) as n—oo? This question arises
from signal and data processing using empirical mode decomposition (EMD), which is an
important tool for analyzing digital signals and data sets [10, 14]. Our study is motivated

primarily by the desire to provide a mathematical framework for EMD.

Signal and data analysis is an important and necessary part in both research and practical
applications. Understanding large data set is particularly important and challenging given
the explosion of data and numerous ways they are being collected today. Often the challenge
is to find hidden information and structures in data and signals. To do so one might
encounter several difficulties with the data: The data represent a nonlinear process and is
non-stationary; the essential information in the data is often mingled together with noise or
other irrelevant information, and others. Historically, Fourier spectral analysis has provided
a general method for analyzing signals and data. The term “spectrum” is synonymous with
the Fourier transform of the data. Another popular technique is wavelet transform. These
techniques are often effective, but are known to have their limitations. To begin with, none
of these techniques is data adaptive. This can be a disadvantage in some applications.
There are other limitations. For example, Fourier transform may not work well for non-
stationary data or data from nonlinear systems. It also does not offer spatial and temporal
localization to be useful for some applications in signal processing. Wavelet transform
captures discontinuities very successfully. But it too has many limitations; see [10] for
a more detailed discussion. These limitations have led Huang et al [10] to propose the
empirical mode decomposition (EMD) as an highly adaptive technique for analyzing data.
EMD has turned out to be a powerful complementary tool to Fourier and wavelet transforms.
The goal of EMD is to decompose a signal into a finite number of instrinsic mode functions
(IMF), from which hidden information and structures can often be captured by analyzing
their Hilbert transformations. We shall not discuss the details of IMF and EMD in this
paper. They can be found in [4, 7, 10, 11, 14, 15, 18] and the references therein.

The original EMD is obtained through an algorithm called the sifting algorithm. The
local maxima and minima of a function (signal) are respectively connected via cubic splines
to form the so-called upper and lower envelopes. The average of the two envelopes is then
subtracted from the original data. This process is iterated to obtain the first IMF in the
EMD. The other IMF’s are obtained by the same process on the residual signal. The

sifting algorithm is highly adaptive. A small perturbation, however, can alter the envelopes
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dramatically, raising some questions about its stability. Another drawback there is no
natural way to generalize EMD to higher dimensions, which severely limits the scope of its
applications. As powerful as EMD is in many applications, a mathematical foundation is
virtually nonexistent. Many fundamental mathematical issues such as the convergence of

the sifting algorithm have never been established.

To address these concerns, a new approach, the iterative filtering EMD, is proposed in
[14]. Instead of the average of the upper and lower envelopes, the iterative filtering EMD
replaces them by certain FIR filters, usually low-pass filters that yield a “moving average”
similar to the mean of the envelopes in the original sifting algorithm. It is shown in [14] that
iterative filtering approach often leads to comparable EMD as the classical EMD, and in
general it serves as a useful alternative or complement. Furthermore iterative filtering EMD
has some advantages over the classic EMD, making it well suited for certain applications

[Mao 2010, 17, 19].

The iterative filtering EMD proposed in [14] has the following set up: let a = (ag)rez be
finitely supported, i.e. only finitely many ax # 0, which we choose so that T,(x) represents

a “moving average” of x. Now let

(1.1) L(x) =x — Ta(x).

The first IMF in the EMD is given by I} = lim, .. £"(x), and subsequent IMF’s are
obtained recursively via I = lim, oo £}(x —I; —--- —I;_;). In practical applications
the process stops when some stopping criterion is met. For a periodic x the convergence
of L™(x) is completely characterized in [14]. However, the convergence for x € [*°(Z) in
general is a much more difficult problem. The main purpose of this paper is to study this

question.

The rest of the paper is organized as follows: In Section 2 we introduced the notations
and state the main theorem. In Section 3 we prove a result on sum of Dirac measures, which
is closely related to the Poisson Summation Formula as well as a classical result of Cordoba
[6]. We use it to characterize all eigenvectors of banded Toeplitz operators on IP(Z) for

1 < p < 00. The proof of the main theorem, which is quite tedious, is given in Section 4.
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2. MAIN RESULT AND NOTATIONS

For any x = (z)kez € [°°(Z) we shall use x to denote the cutoff of x from k = —N
to N, i.e. xy = (yx) such that yp = zx for —N < 2 < N and y; = 0 otherwise. We shall
often also view x = (x)kez € I°°(Z) as a function x : Z—C with x(k) = z;. We say
x = (z1) € I*°(Z) is symmetric if x;, = x_, for all k € Z, and it is finitely supported if
supp(x) :={k € Z : x # 0} is a finite set.

Throughout this paper the Fourier transform of a function f(z) is defined as

F(HE) = (&) = /R F(@)e? 7 .

The inverse Fourier transform of g(&) is

—1 ) = 67271'i£x )
FY(9)() /R g(€)e 27 dg

For each x € I°°(Z) there is an associated complex measure pix := ) ;5 10k, Where &y is
the Dirac measure supported at b for any b € R, i.e. dp(z) = 6(x — b). It is well known that
lx is a tempered distribution. Thus fix is also well defined as a tempered distribution. We
shall often use X to denote iy for simplicity, especially when x is finitely supported; in such

case X(§) is a trigonometric polynomial.

Going back to Toeplitz operators, it is easy to check that for any a € I1(Z) we have

Ta(x)(§) = a(—=&nx(§) = a(=£)x(s).
For any finitely supported a the spectrum of T}, is precisely {a(§) : £ € [0,1)}. Let Z ) =
{0 €10,1) : a(f) = A}. This set will occur very frequently in this paper.
Before stating our main theorem we introduce a few more notations. For any 6 € R let
vg = (™), 7. Tf 0 € Zax then Ty(vg) = Avg. For any x = (z) and y = (yi) in [*°(Z)
define

. 1 _
[x,y] = lim > ki
k
if it exists. One can view this as a form of “inner product.”

One of the main objectives of the paper is to study the convergence of the new sifting
algorithm from which we obtain the IMFs by I, = limy, oo (/ — T, )" (x = I1 — -+ — Ij_1).
Since I — T, is simply the Toeplitz operator Ts_, where d = (dx) with dpo = 1 and o9 = 0
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for k # 0. So we shall focus on iterations of T, for general finitely supported a. Our main

theorem of the paper is:

Theorem 2.1. Let a = (ay) be finitely supported and symmetric such that —1 < a(§) <1
and a(§) # 1. For any x € [°°(Z), if [x,vy| exists for all 0 € Zn; then
(2.1) lim T}'(x) = Z [x, vg|ve pointwise.

n—oo
0€Za,1

Here pointwise convergence means the k-th entry T2 (x)(k) of Ty (x) converges for each
k € Z. Informally speaking, T}'(x) converges pointwise to the “projection” of x onto the
1-eigenspace of T,. Note that the eigenvalues of T, are precisely {a(§) : £ € [0,1)} (see
Section 3), so the condition —1 < a(¢) < 1 is natural. It is not clear whether the condition
[x, vg| exists for each 6 € Z,; is a necessary condition. The following example shows that

lim,, o0 T2 (x) does not exist for a x € [*°(Z).

1

Example 2.1. Let a = (ag) with ap = 3, a1 = a_1 = 1 and a; = 0 for all other k.

2
alg) = sinzg satisfies the hypothesis of Theorem 2.1. Let x = (zj) where x; = 0 for all

kE<0and z, = (—1)""! for 2™ < K < 20D Then it is easy to show that 77 (x)(0) does

1

not converge. In fact every point in [—3, %] is a limit point of the sequence.

3. EIGENVECTORS OF BANDED TOEPLITZ OPERATORS

To study the iterations of banded Toeplitz operators it is natural to ask about their
eigenvalues and eigenvectors in [*°(Z). We state some results here. While these results may
not be new (although we have not found them in the literature), our approach appears to
be.

For any x = (z1) € [°°(Z) the associated measure px is a tempered distribution [9, 13].

Hence its Fourier transform, given by

(3.1) (7x: 8) = (s 8) = Y (k)

keZ
for any ¢ in the Schwartz class, is also a tempered distribution.

Lemma 3.1. Let x € [°°(Z) such that supp(jix) = A is a uniformly discrete set in R. Then

(3.2) fx =Y cplg
BeA
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for some bounded sequence (cg)gen in C.

Proof. Since A is uniformly discrete we may find g € C§°(R) for each 8 € A such that
> gen ¥p = 1 and supp(¥s)NA = {B}. Now for any 3 € A, 95 [ix is a tempered distribution
supported on a single point {3}. It follows that

N
wﬁ)a; = Zaj(s(ﬁj)7

§=0
g ) denotes the Jj-th derivative of 3 (see e.g. Folland [8]). We only need to show that
aj = 0for j > 0forall 5 € A. If not there exists some a* € A such that ¢+ fix = Z;V 0 ajé(])

with an # 0, N > 0.

where ¢

Without loss of generality we assume that a* = 0. Now take a test function ¢ € C5°(R)
such that supp(¢) = [—¢,¢], supp(¢) N supp(vg) = 0 for all 5 # 0, and ) (0) = 0 for
j < N but ¢M)(0) # 0. Set ¢y (z) = ¢p(\z). Then

N

(s o) = (D2 vaiin, 62) = (Wo i, &3 = (Y 405, 61) = awA¥otM(0),

BEA 7=0

which goes to co as A—oo. On the other hand,
[ 83| = (i, @)1 —\AZW( )| = AZ(¢( )|

which goes to C' [, |6(€)| d€ as A—oo. This is a contradiction. Thus jix = > pen €305

It remains to show cg are bounded. Take a test function ¢ € C°°(R) such that ¢(0) =
and supp(¢) = [—¢, €|, where ¢ < inf{|ag — as| : a1, a9 € A, a1 # as}. Applying (fix, @) =
(x, P) to p(x) = ¢(x — ) for each S € A we obtain

el = [ @) = | D wre 95 (k) | < Ixlloe 3 | (k) | -

kEZ kEZ

This proves the lemma. [ |
The following theorem is closely related to a well known result of Cordoba [6], which is

a classic result in the study of quasicrystals.

Theorem 3.2. Let A be a uniformly discrete set in R and = 3 5.\ 565 where (zg) is
bounded. Assume that supp(jr) C Z. Then

(A) There exist ay,...,am € [0,1) such that A = L, (o + 7Z).
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(B) There exist c1,...,cm such that xg = ¢ for all § € oj + Z. Thus

= ch Z Oaj+k-

Jj=1 kEZ

(C) i = Xpen (X7 cie>o* ) .

Proof. By Lemma 3.1 we have i = >, _,ppdr. For ¢ € CG°(R) denote ¢y(x) =
d(Az)e2™ . Then ¢y ,(€) = A Lp(A"L(E —1)).
It follows from (i1, dx ) = (fI, dx.) that

ZPk¢At Z l‘a¢At

keZ acA
This yields

; 1 ~ra—t
(3.3) > PR = 23" a6 ( ).
kEZ acl
Substituting 1/ for A\ we can rewrite the equation as

(3.4) AT koA TR =N " wad (Mo — 1)

keZ acR
where z, = 0 for o € A. Observe that because all x, are bounded and A is uniformly

discrete we have
Jim > zad (Ma — 1) = z,6(0).
However the right hand side of (3.4) has
AT kAR = ATEY T (AT k) e
kEZ keZ
for any t1,to with ¢t — to € Z. By choosing ¢ such that qu ngZ) =% 0 it follows that
x¢, = Tt, whenever t; — to € Z. Thus A must be the union of equivalent classes modulo
Z, i.e. cosets of Z. Being uniformly discrete A can only be a finitely union of cosets of Z.
Hence there exist a1, ...,am € [0,1) such that A = (JiL,(c; + Z). Furthermore, 25 = ¢;
for all § € o + Z. Finally (C) follows directly from taking the Fourier transform of ; and
the Poisson Summation Formula

Z 5/6—1—01 — Z 627riak5k'

keZ keZ
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Remark 1. The condition supp(zz) C Z in the theorm can be replaced with supp(u) C T’
for some lattice I'. In this setting the theorem still holds if the set Z in (A) and (B) is
replaced by the dual lattice I'* of T, and the Z in (C) is replaced by T'.

Remark 2. A theorem of Cordoba [6] draws the same conclusions under the hypotheses

that supp(f) is a uniformly discrete set but requires that the set {zg: 3 € A} is finite.

Theorem 3.3. Let a = (ay) be finitely supported. Suppose T # cI where I is the identity
map. Then X is an eigenvalue of Ty if and only if X € {a(§) : £ € [0,1)}. Furthermore
x € [*°(Z) is an eigenvector of Ty for the eigenvalue X\ if and only if
(3.5) X = Z covo

GEZa’)\

for some constants cg, where Zy » == {t € [0,1) : a(t) = A}.

Proof. For any A = a(t) it is easy to check that v; is an eigenvector of T,. Let A be an
eigenvalue of T, with T,(x) = Ax for some nonzero x € [°°(Z). Observe that F~' (7, (x)) =
aF !(ux). Thus

aF Yux) = AF ), and (a— \)F Y ux) = 0.

It follows that supp(F ! (ux)) € Zax+Z. Thus A € {a(€) : € € [0,1)}, and because T, # ¢ I

the set Zj  is finite. Hence Z, ) + Z is uniformly discrete. Lemma 3.1 implies that
F ' px)= > baba
a€EZg A t+7Z
for some bounded sequence(b,). Theorem 3.2 now applies to F~!(ux) to show that
F N ux)= Y co) Soin
0€Z0 s kel
The structure of px now follows from part (C) of Theorem 3.2, which yields
X = Z covy.
GEZaA

Corollary 3.4. For any finitely supported a = (ay) the operator Ty has no point spectrum
in IP(Z) for any 1 < p < 0o unless T = c1.
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Proof. Clearly any eigenvector for T in [P(Z) is also an eigenvector in [*°(Z) for the same
eigenvalue. If T, # ¢ I then by Theorem 3.3, all eigenvectors of T, in [°°(Z) are of the form
(3.5), which do not belong to [P(Z) for an 1 < p < co. This is easily seen from the fact that
such x are almost periodic so the entries do not tend to 0. Thus T, has no point spectrum

in [P(Z) for 1 < p < oo. |
4. PROOF OF MAIN THEOREM

In this section we assume the hypotheses of Theorem 2.1 and prove the theorm by break-
ing it down into a series of lemmas and estimates. Without loss of generality we assume
that a = (ax) is symmetric and ax = 0 for k > q or k < —gq, i.e. supp(a) C [—q,q]. To

prove the theorem it suffices to prove that lim, e 75" (x)(0) = D _pc 7. | [X, Val-

Lemma 4.1. Let T = R/Z. Then

(41) Jim T60(0) = [ & (€)% () de

and

4.2 lim €)% (€) d€) =
(4.2) Tim (77 (x g / SO0 k)

for any § > 0 such that the intervals {(0 — 0,0 +0) : 0 € Zy1} in T are disjoint.

Proof. Note that a”" is a trigonometric polynomial of degree gn, T2 (x)(0) is the constant

term of a"(—§)Xgn(€). Integrating it over T yields T (x)(0). (4.1) follows from the fact
that a”(—=¢§) = a™(&).
To prove (4.2) we observe that

oo - Y [ wemE = [ @egieHe

QEZa,l
where | — 6| > 0 on E for any § € Z, 1. Thus there exists an € > 0 such that [a(§)| <1—¢
on E. Also [Xgn ()] < [|x]|ocgn, so

n—oo

(4.3) i | [ &(©5(6)de] < tim (1~ &) =
[ |

Throughout this section we shall assume that 6 > 0 is small enough so that {(6—3,0+9) :
0 € Zaa} in T are disjoint. Our next step shows that with small enough § > 0, for any
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€ > 0 the estimate
(14) [ @O d - vl <
|E—0]<é

holds for sufficiently large n. This is achieved by performing a series of delicate estimates.

Obviously Theorem 2.1 follows readily from (4.4).

We now fix any 6 € Z, 1. Note that a <1 so a’(f) = 0 and
a(g) =1 =o€ = 0)"" + O((¢ = )"

near 0, where cy > 0. It follows that a(f +t) = 1 — cpt?™ + hy(t) where hy(t) = O(t*™+1)

is bounded and

5
/ a"(§)xqn(§) d€ = / a"(0 +t)Xgn(0 +t) dt = A(n,0,0) + B(n,0,0),
le—0]<5 -5

where
5
(4.5) A(n,d,0) = / (1 — cot*™) "X (0 + ) dt,
-5
(4.6) B(n,0,0) = /i @@ +o"—(1- cetQm)”) Xqn(0 + 1) dt.

We first prove that lim,, . B(n,d,60) = 0. To do so we study the term a(f + )™ — (1 —
cot®™)™ on [0, d].

Lemma 4.2. Let F,(t) = (1—t*+h(t))" — (1 —t*)" where k > 2 and h(t) = o(t*) is analytic
and nonzero. Let § > 0 be sufficiently small. Then for sufficiently large n the function F,
has only one critical point t, € (0,9], at which |F(t,)| = max,c(o g [Fn(t)] < Cn%.

Proof. Let f(t) = 1 —t* + h(t) and g(t) = 1 — t*. Since h is analytic and nonzero, we
have h(t) = Kt™ + O(t™*!) where m > k and K # 0. Note that F,,(0) = 0 and F,(§)—0
exponentially. But Fn(nfé) does not go to 0 exponentially. Hence F;, has at least one
critical point in (0,0] for sufficiently large n. Let t,, be a critical point, i.e. F/(t,) =0. It
follows that ™~ (t,)f'(tn) — g" (tn)g'(tn) = 0, and thus

n—1 n / n K

(4.7) F ()~ () ;

Claim. lim,,_oo(n — 1)tk = m/k.
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gnj_l (t’ﬂj)

fnj_l(tn])
when K < 0. This is a contradiction. Hence t,—0. Now observe that g(t,)/f(tn) =
1 — Kt™ 4+ O(t™*1). By taking logarithm on both sides of (4.7) we obtain

Km

—(n—=1)Kt;' +O((n — 1)t21+1) - _th”wk + O(t?karl),

The claim lim,, . (n — 1)t¥ = m/k now follows. O

It is clear that if ¢,,—e where £ > 0 then —0 when K > 0, the limit is +o0

We next show that this ¢, is unique for sufficiently large n. This is done by the sign of
F(t,).
F’I’/Z, =n (f//fn—l _ g//gn—l) + n(n _ 1) (f/2fn—2 _ g/29n—2) .

Thus . )
FI/ gnf n—
nf:_z — (f//f _ g//fn_2> + (n _ 1)(f/2 _ g12fn_2>.
At t = t,, we have ?Zj = g—,l. It is not hard to verify that this yields
134 (1Y AN
nf:_22f9<?) —i—(n—l)fg(;) at t = ty,.

One can also check easily that at t = t,,
£ (f1d) = Km(m — k"2 + O™y,
Fo(F g = —EKm{m — K= 4 0,
Thus by the Claim,

F'(t
1—271# = Km(m —k) — lim Kmk(n — 1)t = —Kmk.
n—oo ntn g’n—Q(tn) n—oo

If K > 0, we have F,(t) > 0 on [0,6] and F)/(t,) < 0, which implies that any critical
point t, is a local maximum for sufficiently large n. But any two local maximum must
sandwich a local minimum. Thus there can only be one critical point, at which F,, must
achieve its maximum. If K < 0, F,,(t) < 0 on [0,6] and F)/(t,) > 0. By the same reason
t,, is the only critical point of F,, and it is the minimum. Thus in either case we must have

|F'(tn)] = maXie[o0,4] |5 (t)]. Finally,
[Fa()] < (1= t5)" (1 + EKyt™)" — 1)
for some K; > 0 on [0,0]. It follows from lim, .o ntk = m/k that (1 — t7)"—e% and

(14 Kyt™)" — 1= O(tm=k) = O(nimTik). This proves the lemma. |

Lemma 4.3. lim,,_.. B(n,d,0) = 0.
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Proof. Let F,(t) = a(0+1)" — (1 —cyt®>™)™. Without loss of generality we may assume that
cg = 1. Then F;, satisfies the hypothesis of Lemma 4.2. Let ¢,, be the unique critical point
of F,, on (0,9]. So F,, is monotone on [0,t,] and [t,,d]. A special Mean Value Theorem for
integration (see e.g. Bartle [1], Theorem 30.11) now implies that for some 7 € [0, d],

tn n tn
/ Fo()Km (6 + ) dt = F(0) / Koo (0 + 1) dt + Fo(ty) / <o (0 + 1) dt.
0 0 n

Note that F,(0) = 0 and
qn

‘/qun(0+t dt‘ < C’lzl — O(lnn).
n j= 1j

It follows that
tn
\/ ()% (0 + 1) dt‘—On 2 Inn).

By the same token,
’/ (t)Xqn(0 + 1) dt‘—On 2mlnn)
tn

Thus f05 F,(t)Xgn(0 + t) dt —0. Similarly f_5 F,(t)Xgn(0 + t) dt —0. These combine to
yield lim,, o, B(n,d,6) = 0. [ |

Lemma 4.4. Assume that b,k > 0 and p > 0. For any € > 0 such that be* < 1 we have
¢ 1
/ (1 — btFyP dt < min{iepﬂ, C’nf%l},
0 p+ 1

k
where C = fooo e 05" P ds.

Proof. Using the fact that 1 — 2 < e™ for all x > 0, we have (1 — btk)” < et Make
the substitution s = {/nt we have
p+1 Vne

€
/ (1 —btF)y"Pdt <n= "% et 5P ds.
0 0

. . . Yne _pgk P .
The lemma follows from two estimates. First, the integral fo e sP ds is bounded by

Cy = [ e " sP ds. Second, it is also bounded by ]ﬁ({c/ﬁe)p“. |
Next we concentrate on estimating A(n,d,0). To achieve this, for each £ > 0 we break
Xqn(0 +t) up into three parts:

an 0 +1) = ( Z + Z + Z )xke2mk(0+t) =J1 + Jo + J,

|k|<en® eno<|k|<e~1n® e~lno<|k|<qn
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where o = 51, As a result we write A(n,d,0) = A1(n,d,0,€) + Az(n,d,0,€) + As(n, 6,0,¢),

where

1)
(4.8) Aj(n,a,e,a):/ (1 —cat®™)"J;(0 +t)dt, j=1,2,3.
-6

Note that here all J;(0 + t) depend on n,e, but for simplicity of notations we keep the

dependence in the background.

Lemma 4.5. Let e > 0. Then |A1(n,d,60,¢)| < Cy1\/e for sufficiently large n, where Cy > 0

is independent of n.

Proof. By the Cauchy-Schwartz inequality we have

0

)
|A1(n,5,9,5)]2§/ (1—09t2m)2"dt/ (0 + )2 dt.
=5 -5

2mikt

Using the orthogonality of e on T, we have

E} 1
/ |J1(0+t)|2dt§/2 (0 + D) dt < den”|[x] 2.

-5 %

Also by Lemma 4.4, fi;(l — cpt?™)?" dt < Cn~°. The lemma now follows. [ |

Lemma 4.6. Let € > 0. Then |A3(n,0,0,¢)| < Cse for sufficiently large n, where C3 > 0

1s independent of n.

Proof. We first establish the inequality

0 ] 0 Cno
(4.9) ‘ / (1 — cot?™)me2mikt gy ‘: 2 ‘ / (1 — cot®™)" cos(2mkt) dt |< 22
—0 0
for all [k| > e~!n?, where again o = 5--. The substitution s = n?t yields
) 1 on?
(4.10) / (1 — cgt®™)™ cos(2mkt) dt = — gn () cos(Ls)ds
0 n=Jo
2m

where L = QTZer and gn(S) = (]_ — %)” AAgain7 1 — # < 67% SO gn(s) < 6—0952’”‘

Observe that we have g,(0n%) = O(e=%%"""), ¢/ (0) = 0 and g/, (6n°) = O(ne=5"").

n

Combining these with integration by parts twice on (4.10) we obtain

on? on?
1
/0 gn(s)cos(Ls)ds = O(nefc‘)‘;%) - LQ/O 9n(s) cos(Ls) ds.
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It is easy to check that |g/(s) cos(Ls)| < (a152™ 2 + ags*™~2)e=5”" for some constants

ap,az > 0. Thus 05"0 gn(s)cos(Ls) ds is bounded by [7°(a1s*™ 2 + ags2m2)e=c0s" g,

which is finite. Hence there exists C% > 0 such that

on? " "2
C Cyn*?
[ omereosteanas |< 7 = T

which yields (4.9). Finally by (4.9),

no‘
[A3(n,6,0,9) < Chllxlle D 15 < Cse.

e~ Ino<|k|<gn

Lemma 4.7. Assume that [x,v_g] = 0. Let € > 0. Then |A2(n,d,0,¢)| < Che for suffi-

ciently large n, where Cy > 0 is independent of n.

Proof. Set y = (yi) := (2,e¥™*9)cz. Then y,u(t) = Xgn (0 +t). By the fact that fis(l —
cot®™)"sin(27kt) dt = 0,

0
AQ(TZ, 0, 9,8) = E yk/ (1 _ CetQm)nGQﬂ'ikt dt
-4

end <|k|<e~lnc
0
= 2 Z (Yk + Y—k) / (1 — cgt®™)" cos(2mkt) dt.
o —1p0 0
en°<k<e~ln

Now denote Sy := Zfsz y; and Uy = fg(l — cot®™)" cos(2mkt) dt. Then yj + y_j =

S — Si_1. Using summation by parts

N N-1
As(n,6,0,¢) = Z (Sk — Sk-1)Ux = Z Sk (Ug = Ugy1) — Sm—1Un + SnUn
k=M k=M

where M = |en?] +1 and N = |¢"1n?]. Using the fact |Si| < a1k for some constant a;

and Lemma 4.4 we have
1
[Sv—1Upm| < alen"/ (1-— cetQm)” dt < dle.
0

By (4.9) there exists some az > 0 such that
ne
|ISNUn| < angN 5 < asge ln”m = aoe€.
It remains to estimate T := S 3 Sk (Up — Ugy1). The hypothesis [x,v_g] = 0 implies
that limg_,o Sg/k = 0. Thus for n > No we have supy>,o [Sk/k| < e3. It follows from the
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Cauchy-Schwartz inequality that

9 N—-1 N-—1
2 =] Z Sk b (U — Urp) B0y k:Q)(Z (Uk = Uk41)’)
k=M k=M

Now Uy — Uk = fo (1 — cot®™)" sin(nt) sin(w(2k + 1)t) dt. Observe that the functions
{V/2sin(m(2k + 1)t)} are orthonormal on [0, 1]. Parseval’s inequality yields

N-1 s 2
1
(411) Y Uk -Un)* <5 / (1 — cot®™)2" sin®(rt) dt < % / (1 — cot®™)2¢2 gt
k=M 0 0
By Lemma 4.4

/5(1 — cpt®™)2"2 4t < O~z = Cn 5.
Thus i
TP < aseb(e™"n%)n " = ase®,
These estimates show that for sufficiently large n we have
|A2(n,0,0,¢)| < Cae.
[ |

We can now complete the proof of Theorem 2.1. Let X :=x — 3 ¢,  [x,vg]vg. Then
T2 (x) = T2(x) + Zeezal[x vglvg. Note that x satisfies the hypothesm of Lemma 4.7.
Combining Lemma 4.3 and Lemmas 4.5-4.7 yields T2 (x)(0)—0. Thus

lim T5'(x)(0) = 96222,1[)("’6]‘,0(0) = ae;a,l[x’ve]'
Finally, let 7 be the left shift operator on [*°(Z), i.e. 7((zx)) = (zg+1). Then Taor = T70T,.
It follows that
TE(x)(k) = 7 0 T2 (x)(0) = T3 (7*(x)) (0).

But [Tk(x)a Vo) = [X7V0]62mk0 for 0 € Za1. Thus
Trx)(k) = T3 (769) (0) = 3 b vale™™.
This completes the proof of Theorem 2.1.

Remark: Lemma 4.7 is the only place where the condition [x, vy] exists for all § € Z 1 is
being used. With this condition we may apply summation by parts and the convergence

of S;./k to obtain the necessary final estimates. It is also clear from the proof that we can
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apply summation by parts again to show the following: Let Si(0) := Efsz xj
1= 1<)jj<k 5j(0)/j. Assume that limy_.c Sp(0)/k exists for every 0 € Za 1 then the

Si(0)

YANG WANG AND ZHENGFANG ZHOU

2739 and

conclusion of the theorem still holds. Unfortunately the convergence of Sy (6)/k is equivalent

to the convergence of Si(6)/k. We shall omit the proof here.
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