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ABSTRACT. In this paper, we study the performance of the PCM scheme with linear
quantization rule for quantizing finite unit-norm tight frame expansions for R¢ and derive
the PCM quantization error without White Noise Hypothesis. Using the machine developed
by Giintiirk, we show that the upper bound of PCM quantization error is 6*/2 when N
is big enough, where 9§ is the step size and N is the frame size. When d = 2, using tools
of harmonic analysis, we prove that the bound §%/2 is sharp on average for any unit-norm
tight frame. We extend the result to high dimension and show that the upper bound of
PCM quantization error is §@+D/2 for the equidistributed unit-norm tight frame of R%.
The results of this paper imply that the performance of PCM scheme depends heavily on
the choose of finite unit-norm tight frames.

1. INTRODUCTION

In signal processing, coding and many other practical applications it is important to find
a suitable representation for a given signal. In general, the first step towards this objective
is finding an atomic decomposition of the signal using a given set of atoms, or dictionary.

In this approach, we assume that the signal = is an element of a finite-dimensional Hilbert
N

space H = R? and z is represented as a linear combination of {e;} j=1> L€,
N

(1) T =y e,
j=1

where ¢; are real numbers. In practical application, instead of a true basis, {ej}j»v:l is
N

j:la
matrix whose columns are {e; }é\le We say F is a frame of R? if the matrix F has rank d.

chosen to be a frame. Given F = {e;} we let F' = [e1,...,en]| be the corresponding

The frame F is tight with frame constant A if FF* = AI;. The matrix F” as an operator
F* : RY — RY is often known as the analysis operator with respect to the frame F, where
(F*z); = (x,e;). The adjoint operator given by F : RN — R? Fy = Zjvzl yje; is known
as the synthesis operator with respect to F. We call the operator S := FF™* as the frame
operator. Then {S~le; }évzl is called the canonical dual frame of the frame F. It is easy to
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see that for any = € R? we have the reconstruction formula
N N
-1 -1
(x,e;) (S e)) :Z<£L‘,S ej) €j.

J=1 J=1

2) v =

If F is a tight frame with frame bound A then clearly S~1le; = A~!e;. In particular, for the
important case of finite unit-norm tight frames in which ||e;|| =1 for all j we have A = N/d
and (2) is reduced to

=2l =

N
xr = Z (x,e5) e for all z € RY.
j=1

In the digital domain the representation must be quantized. In other words the coefficients
(x,e;) from the analysis operator must be mapped to a discrete set of values A called the
quantization alphabet. The simplest way for such a mapping is the Pulse Code Modulation
(PCM) quantization scheme, which has A = §Z with 6 > 0 and maps a value ¢ the value in
A that is the closest to . More precisely, the mapping is done by the function

1

t
Qs(t) := argmin. 4|t —7r] = 4 LS + QJ

and the quantization function )5 is called the quantizer. Thus in practical applications
we in fact have only a quantized representation through the quantized analysis operator
9 = Qs((F*z);) = Qs({z,ej)),j = 1,..., N for each € R%. The reconstruction through
the frame operator yields

N
= Qs((z,e))(S"e;)  forall z €R™
j=1

Naturally we may want to ask about the error for this reconstruction.

An important class of frames is the unit-norm tight frames. This paper shall focus on this
class of frames, although the questions we raise and the techniques we use can be applied
to other frames. Let F = {ej};\f:l be a unit-norm tight frame in R%. For each z € R? we
have

g
(3) T = Z cje;, where cj = (z,€j) .
j=1
With PCM quantization and quantization alphabet A = §Z the reconstruction becomes

N
- d
(4) Tr = 231 qj€j, where q; = Qs(cj) € A.
=
Under this quantization we denote the reconstruction error by
Es(x, F) = [lo— 27|
where || - || is 2 norm. An important question is how Es(x, F) behaves for a given frame

F and either for a given x or for a given distribution of x. To simplify the problem, the
so-called White Noise Hypothesis (WNH) is employed by engineers and mathematicians in
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this area (see [7, 1, 4, 5, 6, 11]). The WNH asserts that the quantization error sequence
{z; — qj}é»V:l can be modeled as an independent sequence of i.i.d. random variables that
are uniformly distributed on the interval (—0/2,6/2). With the WNH, one can obtain the
mean square error

MSE = & il il
= &(le -7 = S
It has been shown that the WNH is asymptotically correct for fine quantizations (i.e. as
J tends to 0) under rather general conditions, see [6, 11]. Although the result implies that
the MSE decreases on the order of 1/N, this is in fact quite misleading because the WNH
holds only asymptotically when the frame F (and hence N) is fixed while ¢ decreases to
0, and with a fixed § WNH cannot hold whenever N > d [6]. Furthermore, the MSE only
gives information about the average behavior of quantization errors. There has not been
an in-depth study on the behavior of the error Es(x,F) for a given x and as one fixes
0. This contrast sharply with the study on the quantization error from the Sigma-Delta
quantization schemes, where the quantization step § is typically assumed to be fixed and
rather coarse, see e.g. [4, 5]. One of the objectives of this paper is to study the behavior of
Es(z, F) as we choose different unit-norm tight frames F.

It is well known that with the Sigma-Delta quantization schemes the reconstruction error
will diminish to 0 as we increase the redundancy of the frame F. For unit-norm tight
frames it means that for fixed d by letting N — oo the reconstruction error tends to 0,
even when the quantization is coarse in the sense that § > 0. One naturally asks whether
similar phenomenon also occurs with PCM quantizations, i.e. how much can we mitigate
the reconstruction error Es(z, F) if we increase the redundancy of the frame F, and is it
possible that by increasing redundancy in a suitable way the reconstruction error Ej(x,F)
be made arbitrarily small for all 7

In this paper we attempt a more in-depth study of the PCM quantization error Es(z, F)
with respect to unit-norm tight frames F. In particular we study the asymptotic behavior
of Es(x, F) as we increase the redundancy of the unit-norm tight frame. A surprising result
(at least to us) is that in general the quantization error Es(z, F) does not diminish to 0 no
matter how much one increases the redundancy of the frame F. The following example is
a good illustration.

Example 1.1. We choose 2g = (7,¢)’, 6 = 1/16 and F = {ej}év:l with e; = (COS(QJ%),SiH(%%))T,
j = 0,...,N — 1, which is a 2-dimensional unit-norm tight frame. Then we compute
Es(xg, F) for N = 10,...,2000 and show the result in Figure 1. From the figure one can

see that although as we increase N the quantization error Eg(xo,F) decreases initially, it
settles down to around positive value no matter how much redundancy is increased. Thus
PCM quantization fails to take advantage of redundance.

Of particular interest to this study is a very popular class of unit-norm tight frames
known as the harmonic frames. For any N > d the harmonic frame H$, = {h;v };V: o s
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FIGURE 1. The frame expansion of (m,e)T € R? with respect to the frame
(cos(2mj/N),sin(27j/N))T are quantized using the PCM scheme with § =
1/16. The figure shows the PCM error against the frame size N.

given by
2 omj . 2mj om2j . 2mw2j ordj . omdj|
hé-v— d[cos;\rf], 'n;\rfj,cos;rvj,sin7]:[‘7,...,0057;\7‘7,81117;\[]] ;
if d = 2d is even or
- . AT
B 211 cosQﬂ-j . 27mj 2rndy . 2wdj
V—4 /= —2 sin —>,...,C0S ——, sin ———
j d \/iy N: N7 ’ N ) N )

if d = 2d + 1 is odd. Harmonic frames themselves are a special case of unit-norm tight
frames obtained from uniform frame paths introduced in [2]. Let f : [0,1] — R? be a
continuous function with || f(¢)|| = 1 for all t. It is called a uniform frame path if for any
N > d the set of vectors {f (%)};VZI is a unit-norm tight frame in R%. So the harmonic

frame H‘]j\, is obtained simply by taking N samples of the frame path
2

- . 1T
h(t) = p [cos(t), sin(t), cos(2t), sin(2t), . .., cos(dt), sin(dt)}
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if d = 2d is even or
1 . 1T

2 . . T
h(t) = \/;[ﬂ7 cos(t),sin(t), cos(2t),sin(2t), ..., cos(dt), sin(dt)

if d = 2d + 1 is odd. We examine the limitations of uniform frame paths in terms of its
ability to mitigate quantization errors with increasing redundancies.

Throughout the paper we shall use the notation X <, . Y to refer to the inequality
X < C-Y, where the constant C' may depend on a,b, ..., but no other variable. We now
state our main results in this paper.

Theorem 1.2. Let f : [0,1] — R? be a uniform frame path with bounded f' and set
F = {f(%) évzl. Suppose that x € R? and h(t) := (x, f(t)) is an entire function. Assume
that h"(t) has finitely many zeros in [0,1] and on which h"'(t) does not vanish. Then

/6

Es(x, F) <, 62

for N <1/62 and

for N > 1/8%.

The above theorem shows that iminfyr .o Es(x, F) <, §3/2 for unit-norm tight frames
obtained through frame paths. The question is whether O(5%/ 2) is sharp. Our next result
shows that in R? the bound O(6%/?) is sharp for all unit-norm tight frames. As a result
PCM can only partially take advantage of the redundancies in PCM quantization. We prove

the result by showing that the average quantization error for any unit-norm tight frame in
R? is bounded from below by O(5%/2). Set

1/2

Es(r, F) = ( / %Em,f)r%w) ,

where z,, := r(cos¢,sin)T and r > 0. Then
Theorem 1.3. Set R:=r/§ ande :=R+1/2—- |R+1/2].

(i) Suppose F is an unit-norm tight frame in R?. If e = 0, then

32 §3/2
> — .
(5) Es(r, F) > 375/2 NG
(ii) Suppose F is an unit-norm tight frame in R%. There exists a €9 > 0 such that, when
e € [0,¢eq],
53/2

Es(r, F) > CW

provided R is big enough, where C is a fixed constant.
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(iii) Suppose that F = {ej}j-vzl with ej = [cos(2jm/N),sin(2jm/N)|T. If we choose

5 . T
V8 =216 — 2
then 1
N ]E(S(Ta ]:) = O(N)
with N = #F.

The above theorem shows that for any § > 0 there exists a 79 > 0 such that Es(rg, F) >
6%/2, which implies that the bound O(6%?2) is sharp. However, by (iii) in Theorem 1.3, for

cach r > 0, Es(r, F) tends to 0 with the speed 1/N if § = r7/v/8 — 2¢/16 — 72. The result
implies that, if the norm of « € R? is fixed, one can choose a § such that PCM can take the

advantage of the redundance. In fact, according to the proof of Theorem 1.3, if § satisfies
™

(6) As(rcosf) cosfdf = 0,
then Es(r, F) = O(+), where Ag(t) :=t — Qs(t). It will be an interesting problem to give
the sufficient and necessary condition for the valid of (6).

An immediate consequence is that the bound 0(53/ 2) is sharp for harmonic frames in R%,
as any harmonic frame in R? has a 2-dimensional harmonic frame imbedded in it, and the
lower bound applies to this imbedded 2-dimensional harmonic frame.

Given the limitation of harmonic frames in mitigating PCM quantization errors one
naturally asks whether the error bound O(6%/2) can be improved. It turns out that this
is possible if we distribute the frame elements more evenly on the unit sphere S¥~1. A
sequence of finite sets A, C S ! with cardinality N,, = #A,, is said to be asymptotically
equidistributed on S if for any piecewise continuous function f on S we have

1
lim — flv) = f(z)dv
n—oo N’VZ 'UgA:n ZESd 9
where f are piecewise continuous functions on S¢ and dv denotes the normalized Lebesgue
measure on S*"1. We have

Theorem 1.4. Let Fy, be a unit-norm tight frame in R?. Assume that F, are asymptotically
equidistributed on S¥~t. Then for any x € R? we have

lim Ej(z, F) <4 §la+1/2,

Asymptomatically equidistributed unit-norm tight frames in R? can be obtained via the
spherical t-design [10] and other methods. We conjecture that the bound §(d+1)/2 i sharp
for any unit-norm tight frame in R?. If the conclusion holds, it implies that asymptotically
equidistributed unit-norm tight frames in R¢ are optimal unit-norm tight frame for PCM
quantization.

Xu: I believe that the constant should be in the form of 24/2 4n Theorem 1.4.
However, it is non-trival to estimate the comnstant. Anyway, I suggest to remove
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the following paragraph though I believe that <t is true: Interestingly, a corollary
of Theorem 1.4 is that there indeed exist tight frames in R? (but not unit-norm)

such that by increasing redundancy the PCM quantization error will decay to O.

The idea is that by the above theorem we can take F, in R" such that

Es(x, F,) < Com+1/2,

Now, project F, onto R? we still have a tight frame F, in RY (but usually no
longer unit-norm). Then for any z € R? we will have

Es(z, Fp) < ComHD/2

The paper is organized as follows. After introducing some preliminaries in Section 2, we
give an up bound of Es(z,F) under the WNH, which is valid with high probability, in
Section 3. We present the proof of Theorem 1.2 in Section 4. The proof of Theorem 1.3 is
given in Section 5. We finally give the proof of Theorem 1.4 in Section 6.

2. PRELIMINARIES

Hoeffding’s inequality [9]. Let X1,..., Xy be independent random variables. Assume
that for 1 < j < N, Pr(X; — £(X}) € [aj,b;]) = 1. Then for the sum of variables,

S = X1+ +Xn

we have the inequality

Pr(|S —&(S)| >t) < 2exp (— 2 ) )
Yo (b — ay)?

which are valid for positive values of .

Discrepancy and uniform distribution (see also [8]). Let {uj}év:l be a set of
points in [—1/2,1/2) identified with the 1-torus T. The discrepancy of {uj}é-vzl is defined
by

#({u 15 NI
N

Disc({uj};v:l) ‘= Supjscr — ||

where the sup is taken over all subarcs I of T.

We also need the following two well-known results:

Theorem 2.1. (Koksma’s inequality) For any sequence of points uy,...,uy in [—1/2,1/2)
and any function f :[—1/2,1/2) — R of bounded variation,

1 N 1/2 N
(7) w2 fwg) = [ f(t)dt] < Var(f) - Disc({u;}5,),
j=1

—-1/2

where Var(f) is the total variation of f.
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Theorem 2.2. (Erdéos-Turdn inequality ) For any sequence of pointsuy, ... ,uy in[—1/2,1/2),
and any positive integer K,

Dlsc({un}n 1)

N
%Z o2miku; |

j=1

22

N\
?’r\

Exponential sums. By Erdés-Turdn inequality, to estimate the discrepancy, we need
to compute the exponential sums

n
S = Z 6271'z'f(m)
m=1
where f is a real-valued function. We shall use the truncated Poisson formula and van der

Corput’s Lemma to estimate S.

Theorem 2.3. (Truncated Poisson formula) Let f be a real-valued function and suppose
that f' is continuous and increasing on [a,b]. Put « = f'(a) and 8 = f'(b). Then

Z o2mif(m) — Z / 2l =vT) gr 4 O(log(2 + B — ).
a<m<b a—1<v<B+1

Lemma 2.4. (van der Corput) Suppose ¢ is real-valued and smooth in the interval (a,b)
and that |¢\")(t)] > u for all t € (a,b) and for a positive integer r. If r = 1, suppose
additionally that ¢' is monotonic. Then

b
/ ewﬁ(t)dt‘ el

where Cy is a constant depending on r.

Euler-Maclaurin formula. Suppose ¢ is smooth in the interval [a,b], where a and b
are integers. Then

b p
— [ oy + @@ + 60)/2+ 3B,/ (697 0@) - 69V ®) + B,
a ]:2

where B; are the Bernoulli numbers and

Bl < o [ 0l

3. THE ERROR BOUND UNDER THE WNH

In this section, given z € R?, we derive a bound for Es(x, F), which is valid with high
probability, under the WNH. As a conclusion, Es(z, F) tends to 0 with probability 1 when
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#F — oo. Recall that F = {ej}évzl is a finite tight frame in R? and F' = [ey,...,en] be
the corresponding matrix whose columns are {e; };VZI We define the variation of F' as

N-1
o(F)i=min ) ley(s) = epgenl-
j=1

Then we have

Theorem 3.1. Under the WNH, for each fived x € R? and ¢ € (0,1/2), we have

- do
Pr (|1: — Iy < W(U(F) + 1)> > 1 — 2N exp(—2N%).

Proof. The WNH implies that z; — ¢; € [=9/2,6/2) and E(xj — q;) = 0. To this end, we set
J
uj = Z(ﬂfk - qk), ug := 0.
k=1
Then, by Hoeffding’s inequality, we have
Pr(juj| < NY226) > 1 - 2exp(—2N%/5) > 1 — 2exp(—2N%),

for j=1,...,N. We obtain that

N
Pr( ()(u| < N'Y*¥e5) | > (1-2exp(-2N*))Y > 1— 2N exp(—2N*).
j=1
Noting that
d & d
Bs(z,F) = D (x5 —ay)e; = N > (uj —uj1)e;
j=1 j=1
d N N-1
= N Zujej ZUJGJ'H
j=1 j=1
d N-1
= N |- uj(ej — ej1) +unen |,
7j=1
we have
d- NV/2tes d-6
Es(2, F) < ————(o(F) +1) (o(F) +1),

N
with probability 1 — 2N exp(—2N?2). O
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4. THE PROOF OF THEOREM 1.2
Let f : [0,1] — R? be a uniform frame path and set F := {ej}é-v:l with e; = f(%)
For z € R%, we use {cj}évzl to denote the corresponding sequence of frame coefficients

with respect to F, i.e. ¢; = <x,f(%)> Let {q; é\le be the quantized sequence which is
obtained by PCM scheme, i.e. ¢; = Qs(x;). The resulting quantized expansion is

We set

Then we have

d N N

z—Ir = > (e —apes =~ Y (uj —uj—1)e;
J

i—1 j=1

2|~

hE

N—-1
Uj€j — E Uj€54-1
J=1

20

-1

d
N uj(ej—ej+1)+uNeN s

‘(2
|

1

J
which implies that

d N-1

(8) |z — 27| = NH

uj(ej — ejy1) +unenl|.
j=1

Hence, when working with the approximation error written as (8), the main step is to find
a good estimate for u;.

Lemma 4.1. Suppose that there exists an entire function h, such that
for anyd < N and1<j <N, ¢;=h((j—1)/N).

Suppose furthermore that h'"(t) has finitely many zeros in [0,1] and on which K" (t) does
not vanish. Then

1I<n§?§v|uj| <n VNlog N6 + /N6 + N&*/2.
<<
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Proof. Set y,, :== xp, —q, and Gy, := yn /0 = (x,, — qn)/d. Recall that we use Disc(-) to denote
the discrepancy of a sequence. Koksma’'s inequality implies that

J 1/2
5 Zgn Zyn _/ ydy
n=1
< jéDisc({@n}f;:o.

Using Erdos-Tiran inequality, one has

luj| = =jo |~

K

1 1
for any K € N, Dlsc({yn}n 1) < ? EZ
k=1

§ : 27wikyn

n=1

?;NM—‘

Now we need to estimate

J
E :627rikgn .
n=1

Set
9) Xn() == h(-/N).

Then we have
Yn = Xn(n) modulo [-6/2, §/2).
Let {z}7, be the set of zeros of A" in [0, 1], and let 0 < o < 1 be a fixed constant to be

specified later. Without loss of generality, we suppose z; < z¢41,t = 1,...,n" — 1. Define
the intervals I; and J; by
fort=1,...,n", I = [Nz — N® Nz + N,
fort=1,...,n" =1, J = [Nz + N% Nz — N,
and

Jo =1[1,Nz; — N and Jp» = [Nzp+ + N%, N].
If 21 =0, we modify I; as [1, N] and no longer need Jy. Similarly, if z,~ = 1, we change
I« as [N — N N] and remove J,-. Note that
[1,N] C JoULUJyU-- Ul U Jpys
Noting h"'(z;) # 0, by Taylor expansion, we have
forn € NN J;, ﬁ:%<h
provided N is large enough, which implies that

G

k
for n € NN Jg, <p ]gXX;(n)\

N3-a.§
Since h € L>*(R), by (9), we have

for n e NN Jy, Xy(n)| <n

L
5 N-o
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Note than X, is a monotonic function in J; and set

k k
= min —X] = - X .
o= min < Xn(n), = max <Xy(n)

Then, a simple observation is that 8; — a; <, ﬁ,—’%.

Using the truncated Poisson formula and van der Corput’s Lemma, we obtain that

Z 627rikg]n Z e?kaN (n)/o

neNNJe neNNJe
. (m)
< / 2T ar| 4 O(log(2 + By — o))
t—1<v<p+1 Je
2k Q2w X _ 2k
ZY 19 i( oT) log(2 4+ ==
< (N5+ )/Jt dr| + O(log( +N5))

k 0 2k
ZN(I=a)/2 —NB—)/2 =
<, \/;N +\/;N +O(log(2+N5))

The estimate above is also valid if we restrict n € [1, ], i.e.,

Z 27r1kyn < \/>N(1 a)/2 \/>N(3 a/2+0 log(2+%))

neNNJN[1,5]

We also have the trivial estimate:

Z 627rikg]n < IN.

neNNI;

Hence, we have

2k
Z 2mikn < 2Na \/>N1 @)/2 \/>N3 a/2+0 log(2+m))

Now, we can estimate Disc({gjn}ﬂ:l) as follows:

K
1
f KeN, D n — —
or any K € isc({y } +j E A

Z 27ikyn,
=1
1 1 1 N 1-a k
<p, E+} k<2N +2[N \/7N +Olog(2+N5)))
1 K1
E 5 2N logK+2\/ N2 ,/ N +OZ% ))).
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We choose K = |V N ] and a = 1/2. Then

luj| < j8Dise({Gn}_,

Jo 3/2 2 )
<p =+ | VNlog N6 + 2V N5 + N§*? + O(6log Nlog(2 + ——
0
< 2=+ (VNlog No +2v/NG + No¥?),
VN

which follows

max |u;| < VNlogN§+ VNG§+ N2,

1<j<N

O
Proof of Theorem 1.2. Set y; := x; — q;. We consider
e —Znll = Zy]e]H
d d

(10) = NH ; uj(e; —ej+1) +unen|| < R max lu;,
where the last inequality follows by |le; — eji1]| = Hf(]T) — (%)H < % with || f'|| being
bounded. Lemma 4.1 implies that

1 0  (logN)-9d
(11) N 1maX ’U/]’ <<gc N + W —+ 63/2.
A simple observation is that
12 < —
(12 max{y/ 1 A < /5

when N < % Combing (11) and (12), we have

1 0 1
ngaév]uj] <z A\ when N < 5
which implies that

0
le = 27| <o\
N

provided N < 5%

We now turn to the case where N > 5%. To this end, in the basis of (11), we only need
to prove that

5 Slog N
N JN

max{
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Indeed, N > 1/62 implies that \/% < §3/2. Moreover, we have

(510gN: 0 logN< 0 < 532
\/N N1/4 N1/4 — N1/4 —

provided N is big enough. The claim follows.

5. THE PROOF OF THEOREM 1.3
Throughout the rest of this paper, we set
As(t) = 1= Qs(t).
Then we have
Lemma 5.1. Suppose that v > 0,5 > 0. Set R:=r/0 ande := R+ 1/2— |R+1/2].
(i) Ife =0, then
32 Vr T g

(ii) There exists a 9 > 0 such that, when € € [0, o],

As(r cos ) cos 0db.

53/2 ™
— < As(r cos ) cos 0db,
VT —r

provided R is big enough, where C1 is a fized constant.

C

Proof. We first consider the case with € = 0. Note that

As(rcos ) cos 0df = 2 / As(r cos ) cos 0db
0

—Tr

= Q/OW(TCOSH—&RCOSH+1/2J)cos€d0
= 7T7“—25/OTFI_RCOSG+1/2J cos 0do
(13) = 5<7TR2/0WLRCOS(9+1/2J costO) .
If R =1/2, then a simple calculation shows that

™

As(rcosf)cosdf = 78 /2

—T
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which implies the conclusion. To this end, we only need investigate the case R € Z>1 +1/2.
Weset L:=—-R+1/2€ Zand U := R+ 1/2 € Z. We now consider

/ | Rcosf +1/2] cos 0df
0

arccos((j—1/2)/R)

= Z / cos 0d6

rceos((j+1/2)/R)

U-1
= JW1=((—1/2)/R? ~= V1—((j +1/2)/R)?)
=L
JU72 U-1
= G+DVI=(G+1/2)/R)? =Y jvV1-((+1/2)/R)?
j=L—1 j=L
U—2 U—2
= VI-((G+1/2)/R? = () VR - (j+1/2)))/R
=L =L
sy j
(14) - (2\/R2 i+ 1/2)2) /R.
7=0
Set 1; := arccos((j + 1/2)/R) — arccos((j + 3/2)/R). We claim that
. R-3/2
(15) /0 LRCOSQ—F%JCOSQCIZQ:R Z sinwj—i—% 1—4—]1%2.
§=0

Indeed, the claim can follow from the following calculation

R-3/2

R Z sin v

R3/2 ) —3
= R . <J+ N R 2)\/R2—(J+2)2>

J=
R—5/2
N, > 2[R~ (
1 1 1
= /O\_RCOSH+2JCOSHd9—2H1—4R2,

where the last equation follows from (14). Moreover, by Taylor expansion, we have

—_

R—3/2 - 1

— < —
jzo P = arccos(QR) ~ 3R
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which implies that

R-3/2

(16) 2R Y Y+ 1< 7R
j=0

Then, combining (15) and (16), we obtain that

R— 3/2
T 1
(17) 2R E 1 —sing;) < TR — 2/ | Rcosf + = | cos6db
0 2

Noting that 1; — sint; > 0, we have

R—3/2

(18) > (W —sinty) > p_gp — sintp_g)

j 0
4
> 37r2¢R 32 = (arccos(l —1/R))?

8v2
7R_3/2.
372

Combining (13), (17) and (18), we arrive at

™

As(r cos ) cos 0db

—T

= 5<7TR—2/ LRCOSG—F;JCOSGdG)
0

o 16v2697

= 372 \/77

We next consider the case € # 0. Using the similar method as before, we have

R-1/2—¢
1 2e €
/LRCOSG—i— —]cosfdd = R Z sin;_1 — qll—rRQ_q_(R_g_l_g) E_(ﬁ)g

and

7R =2R Z i1 +2V2eR -1+ = R1/2+0(R3/2).

7=0
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Then
TR — 2/ | Rcos6 +1/2] cos 6db
0
R—-1/2—¢ 98
= 2R ng (j—1 —singpj_1) —2(R+1—¢) 7 (E)2
V2 3/ 1
+2V2eR + 7% +O(R3/2)
, 2V/2 1 1
> 2R(YRr_3/2—c — SiNYp_3/9_c) + (T53/2 —2(1 - 8)@)ﬁ + O(w)
(V2 F2e V26 2v2 5 1 1
(19) = ( 2 + 5 2(1 — &)V/2e \/E+O(7R3/2)'

Note that there exists a ¢g > 0 such that

V2 22_ v2e) + 2\3@53/2 —2(1 —e)V2e

is positive when ¢ € [0,eq], which implies that

s Cl
7rR—2/ Rcosf +1/2]| cosfdl > —
. /2] NG

when R is big enough, where C is a positive constant. The conclusion follows.

17

O

Proof of Theorem 1.3. We suppose Ty, = r[cosiy,sing]l and F = {ej}é-v:l with e; =

[cosB;,sin6;]T,6; € [0,27). Set R :=r/§. Then

Es(ye, F) = *HZAa (rcos(8; — vo))ej]|

20
= N” Z A1(Rcos(0; —o))e;l-
=1

Let
p, ._ | cos Yo sinty
Yo T 1 _gintby  cos g

Then a simple observation is that

25
(20) Es(wy,, F) = NH Z A1 (Rcos(0; — vho)) Py,ejll-
j=1

Denote pur = % Z;VZI dg; where Jp; is the Dirac measure at 6;. Then we can rewrite (20)

as
Es(wyq, F) = 20[|[(Hr * pnr) (2o) ],
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where * is the component-wise convolution operator and

cost
Hp(t) := Ai(Rcost) [ Csint } .
Note that
2m 1/2
B 7) = ([ (BlsFPav)
0
V26 ——
= 20|Hp* prlz = —= (O I1Hr * nr (b))
NS
keZ
V26 ; X
= L I Pl
kezZ
where ||-||z2 and ||-|| denote the L? norm of vector functions and £2 norm of R?, respectively.
Since i7(0) = 1, it follows that
V3 N
Es(r,F) = %<||HR<0>||2 + Y IHrB)Pask)?)
keZ\{0}
V20, -
> Hr(0)].
> )]
We still need to estimate Hg(0). Note
R 27 27 cost
Hgr(0) = Hpg(t)dt = Aq(Rcost) [ . } dt
0 0 —sint
_ 02” Aq(Rcost) costdt '
0
By (i) in Lemma 5.1, when ¢ is small enough,
2w 1 2m 1 9 5
Aj(Rcost)costdt = / As(rcost)costdt > 6\2[ -
0 (5 0 s r
which implies that
32§32
>_"c 7
E(;(T',.F) = 3715/2 \/;

Similarly, (ii) can be proved by (ii) in Lemma 5.1.

We now turn to (iii). A simple calculation shows that

» As(rcos ) cos0df = mr — 45@

provided r < § < 2r. The result implies that

Hgp(0) =0
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if
5— rw
8 — 216 — 72
Also, note that fiz(k) = 0y with N = #F. Hence,
/s 1/2
20 .
Es(r,F) == | > IHr(kN)|
N
keZ\{0}
According to Riemann-Lebesgue Lemma,
. 1
Hi(N)|| = O0(=).
I1HR(N)] = O()
The conclusion follows. O

6. THE PROOF OF THEOREM 1.4

To prove Theorem 1.4, we first introduce a lemma.

Lemma 6.1.

/Ag(TCOSG)COSQ(SiHG)d_IdQ <g 8Ud+2)/2,
0

Proof. Similar with Lemma 5.1, we set R := r/J§. To state conveniently, we only consider
the case R+ 1/2 € Z. The other case can be proved by a similar method. A simple
observation is that

/ As(rcos ) cos O(sin 0)41dh =
0

(21) o <R /Ow(cos 0)?(sin ) 1dh — /7r | Rcos + %J cos f(sin 9)d1d9> .

0

Then, we consider
" 1 . vd—1
| Rcos + §J cos f(sin )~ do
0
R-1/2 arccos((j—1/2)/R)

= Z / cos O(sin 8)4~1dh

j=—R+1/2 rccos((j+1/2)/R)

R-1/2
= LS = (G- 12/RHYE - (1 - (G + 1/2)/ R
j=—R+1/2
] R—1/2
(22) = = Y a-(U-12/RP

j=—R+1/2
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As we shall see later,
R—1/2

(23 Y A G-y

j=—R+3/2
- R / (cos 0)2(sin 0)4—Ld0 + O(1/RY/2),
0

Then combining (21), (22) and (23), we reach the conclusion.
We remain to argue (23). We set

1 N\ d/2
f@) = = (1= (e -n/er)) .
Then the left side of (23) equals to Zf:_jﬁig /9 f(4). Recall that Euler-Maclaurin formula
S 10 = [ f@des (R 3/2)+ [(R-1/2)/2
= Ri3/2 ~R+3/2

P
+ 2B/ (F9 V(R +3/2) — fUNR-1/2)) + B,
7j=2
where B; are the Bernoulli numbers and
92 R*l/?
E,)| < / ) (2)|da.
’ P’ (27’[’)p 7R+3/2 ’f ( )|

Note that
R—1/2 R+1/2 1
fa:dx:/ flx)dx + O(—+).
/—R+3/2 (=) —R+1/2 (=) (Rd/Q)
Let 6 = arccos((2z — 1)/2R). We have

R+1/2 R [T T
/ f(x)dx = / (sin)4T1dg = R/ (cos 8)*(sin §)?~1d#,
—R+1/2 d Jo 0

where the last equality follows from the integration by parts. Then we arrive at

~1/ .
/R ! ros = R/O (0059)2(Sin9)d_1d0+0(#).

—R+3/2
Note that 1
f(=R+3/2)=f(R—-1/2) < R
and 1
FUDR+3/2) = fUDR-1/| <G 2 522

Hence, to prove (23), we just need estimate the error term in Euler-Maclaurin formula. We
first consider the case where d is an even number. We take p = d 4+ 1 in Euler-Maclaurin
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formula, and then E, = 0 with f0) = 0 provided j > d 4+ 1. Then (23) follows when d is
eveln.

We turn to the case where d is odd. We consider the jth derivative of f. Recall that
0(x) = arccos((2x — 1)/2R) is a function about x. Then, using the new variable 0, f(x) =
(sin@)?/d and @'(x) = —1/(Rsinf). A simple calculation shows that

() = f(0)f(z)= —%(sin&)d_2 cos b,
1 : - : -
f'@) = = ((d —2)(sin )44 — (d — 1)(sin )¢ 2) .
Then, by induction, f(zj)(x) is in the form of
1 . _
ﬁ Z ijd(SHl H)d Zk, Ck,d € R,
J<k<2j

while (1) (z) is in the form of

1 . _
T Z C,’§7d(51n 0)4=2k cos 0, C’,;jd e R.
JH1<k<2j+1

We take p = (d + 3)/2 in Euler-Maclaurin formula. Then

1 arccos(—1+1/R) 1 1
|Ep| <p R+1)/2 /arccos(l—l/R) Sin? 9d9 < Rd/Z
when p is even. Similar argument also holds when p is odd. O

Proof of Theorem 1.4. We denote the number of the non-zero entries in x by ||z||o, i.e.,

lello == #{j: 25 # O}.
The proof is by induction on ||z||o. Note that

N,
d+1

lim Ej(z,F,) = lim ||LZA5(:U-6J)GJH
=1

n—00 n—oo " N, 4
J

= (d+ 1)H/esd As(z - z)zdw||.

We begin with ||z|o = 1. Without loss of generality, we suppose = = [21,0,...,0]7 € R
and consider lim,, .o, Fj5(x, F,,). By the sphere coordinate system, each z = [z1,. .., z4] € S¢
can be written in the form of

[cos 61, sin 0] cos O3, sin 61 sin O cos O3, . .., sin b - - - sin Gd}T

)

where 01 € [0,7) and §; € [-7,7),2 < j < d. To state conveniently, we set

O = [0,7) X [-m,7) X -+ X [-7,7), Sm(0) = HsinGj
j=1
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and
Ja(0) = ’(sin 01)(sin 02)42 - - (sin 4_1)| .

Noting that
dw = J4(0)d6, ---db; and As(x121)zjdw = 0, j>2
zcSd
we have

lim Bz, Fy) = (d+ 1)”/ NG
n—oo ZESd

= (d+1)

A(s (:L‘lzl)zldw
zeSe

Ags(x1 cos 0;) cos Oy (sin 0)4 | (sin Bo) 42 - - - (sin Oy_1)|db; - - - dby
0cO

= (d+1)

<4 5(d+2)/2
where the last inequality follows from Lemma 6.1.

For the induction step, we suppose that the conclusion holds for the case where ||z]|o < k.
We now consider ||z]jp < k + 1. Without loss of generality, we suppose z is in the form of

0,...,0,Zd k11, -->2qr1) € RITL We can write [z4, 241 1] in the form of (r cos @g, 7 sin ¢g),
where r € Ry and ¢g € [0,27). Then
d—1
T-Z= Z TS (0) cos O, + 7sin by - - -sinfy_1 cos(0g — o) =: T'(po).
m=d—k+1

A simple observation is
2

2
( Ag(T((po))Sd,ﬂg)Jd(e) COS Hdd9> + < Ag(T(¢0))Sd,1(9)Jd(0) sin Gdde)
0cO 0cO
2 2
= ( As(T(0))Sq—1(0).J4(6) cos Gdd9> + ( As(T(0))S4_1(0)J4(0) sin edd9> .
0cO 0O

Then we have

lim Bz, F) = (d+ 1) / As(z - z)zdw]
n—o00 zeSd

d 1/2
= (d+1) ( > A5(T(0))Sm—1(8)Ja(8) cos 0,,d6)* + ( Aé(T(SDO))Sd(H)Jd(H)dG)Q)
et Joco 6co

d 1/2
= <d+1>< ST (] As(T(0))Sm—1(8)Ja(6) cos 0,,d6)? + ( A5<T<0>>Sd<9>Jd<9>d9>2>
med—tt1 /0O SC)

<4 5(d+2)/2

where the last inequality follows from the fact ||z|lo < k provided g = 0.
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