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ABSTRACT. The B-encoder, introduced as an alternative to binary encoding in A/D con-
version, creates a quantization scheme robust with respect to quantizer imperfections by
the use of a [-expansion, where 1 < 8 < 2. In this paper we introduce a more general
encoder called the Ba-encoder, that can offer more flexibility in design and robustness
without any significant drawback on the exponential rate of convergence of the obtained
expansion. Mathematically, the Sa-encoder gives rise to a dynamical system that is both
very interesting and challenging.

1. INTRODUCTION

Computer and digital information technologies are everywhere in our lives today. A key
step that makes all those technologies possible is to convert analog data into digital ones,
a process known analog-to-digital conversion, or A/D conversion. With we demand for
higher precision and more cutting-edge technologies, the mathematics of A/D conversion
algorithms plays a key role in this quest.

One of the most basic problems in A/D conversion concerns the representation of a signal
x coming from a continuous media into a string of characters in a finite alphabet. Probably
the best known scheme is the binary representation. In this scheme, a finite or infinite
string of binary digits is obtained to represent x € [0, 1) in the following way

ro = X
(1.1) by = Q(2wn 1)
Tp = 2wp_1— by,

where the function @ is given by

0 ift<l,
(1.2) Qt) = { 1 otherwise.

The function Q(t) is called a comparator or a quantizer. Perfect reconstruction of x is given
by
[e.o]

(1.3) = b2

n=1
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It is well know that the binary representation gives exponential accuracy in the sense that
N

T — Z bp,27"
n=1

One important drawback of this A/D encoder is the fact that the binary representation
is unique for all x that is not a dyadic rational, which has two binary representations.
The significance of this drawback comes from the fact that in practice analog devices have
inherent imprecisions. Thus if the comparator Q(¢) in (1.2) makes a wrong decision this
error cannot be corrected. Thus the encoder based on binary expansion is inaccurate if the
comparator Q(t) is imprecise. Indeed, in practical applications it is more suited to model
the comparator (quantizer) @ by the following @ with some build-in randomness:

< 27N,

0 if t <,
(1.4) Qf(t) = Oorl ifvy<t<uw
1 otherwise,

where the values of v; and v, are not known precisely, though, they lie in a known range.
With such a “flaky” comparator the A/D encoder based on binary expansion will fail with
high probability, see [2].

To address this concern the #-encoder for A/D conversion was recently introduced in [1]
and studied in more detail in [2] and [4]. This encoder is based on the so-called S-expansion,
which is analagous to the binary expansion but uses a value 1 < 8 < 2 in place of base 2.
The B-encoder achieves exponential accuracy in the order of O(8~V), but more importantly,
with suitably chosen 3 the (-encoder is robust against imprecise comparators (). In this
paper we introduce a variant of the B-encoder called the Sa-encoder, where the introduction
of a secondary parameter « allows more flexibility in the scheme while achieving the same
exponential acuracy as in (-encoder.

2. THE -ENCODER

The so called (-encoder is based in the [-expansion introduced originally in [10] as
a particular case of an f-expansion. There, Renyi introduced the posibility to use non-
integral bases to represent real numbers. Then, given a non integer § > 1, if 0 < x < 1 it
is possible to express

(2.1) x = ibnﬁ_”.
n=1

The digits b, can be chosen recursively as

rg = =,
(2.2) bp = [Brp-1],
Tp = an—l - bna

where [-] denotes the integer part. At each step, 0 < b; < [#]|. There is an immediate
gain using this representation instead of the representation obtained by an integral base:
There are many possible choices of {b,} that still yield a valid reconstruction for = with the
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expansion (2.1). In fact it is proved (see Sidrov [11]) that for almost every = € (0,1) there
are uncontably many of such representations. Taking advantage of this fact, Daubechies,
DeVore, Giintiirk and Vaishampayan [2] introduced the idea of a S-encoder for A/D conver-
sion, which enables one to overcome the imprecision of the comparator Q. (This is often
referred to as the i.e. the flaky quantizer problem.) They proved the following theorem:

Theorem 1. Let 1 < <2, 0<z<1, 1<y <y < (B-1)"" and Q; as defined in
(1.4), and define zh, bl by the algorithm

$£ = X
(2.3) b= Qs(Bxl )
fo = Bxifl — bfl

Then, for all N € N

N
0<az—> b <unp™

n=1

Note that v; > 1. This means that even though the g-encoder allows certain imprecision
on the quantizer, it does not allow the quantizer to err upward, i.e. reading off a 0 as a 1.
The scheme would fail if this occurs. This drawback can be overcome by replacing Qf(t)
with Q¢(t — 0) where § is known to have 0 > v». This requires a conservative estimate
of v1. In this paper we propose an alternative approach. We introduce the Sa-encoder
as a variation of the B-encoder. With a secondary parameter « this encoder allows added
flexibility.

3. THE [Ba-ENCODER

As it has been already discussed, a (3-expansion of a real number z € [0, 1] is any collection
of digits {by }nen such that
=) b

neN
Such expression is far from unique. A very intuitive way to obtain such a collection of digits
is described by (2.2), and thus we will call this specific F-expansion of = as its canonical
expansion. In this chapter we will analyze another way to obtain G-expansions, and will seize
on the properties of this alternative method to obtain a stable scalar quantization scheme
where the implementation can be given with some freedom unavailabe in the G-Encoder.

3.1. A Non-Canonical pg-Expansion. We will introduce a non-canonical (-expansion,
that we will call a fa-expansion. This one is similar to the G-expansion in that it still uses
a possibly non-integer § as the base. However, unlike in the (-expansion the digits b,, are
obtained at each stage using an amplification factor « instead of 3. More precisely, for any
0 <x <1 we set xg = x and obtain b, x, for n > 1 using the following scheme:

(31) bn = Laxn—lJ,

Ty = Brp_1— by
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Observe that x, 1 = 87! (z, + by) for every n > 1, and therefore, nesting this identity
we obtain for any N € N the expression

N
T = B_NxN + Z b,
n=1
or equivalently,

N
(3.2) =Y b =p"Nay.
n=1

In order for perfect reconstruction z = > | b, 3" we will need B~ Nazn — 0, preferably
at an exponential rate. To make it happen, let {t} denote the fractional part of t. Then
x = |z] + {z}, and

ry = faxy-1—bn
= fBay_1— |ary_1]
= PBry_1—oaxy-1+{ary 1}
= (B—a)zy_1+{axn_1}

N
= B-a)Vz+ Z{awn,l}.
n=1

Since 0 < {t} < 1, it follows that (8 — a)Vz < 2nx < (8 — a)Vz + N, and
BNB-a)Ne < Nay < BN((B- )Nz + N).

Thus if we set 8 > 1 and 0 < o < 8 we will ensure a perfect reconstruction with exponential
rate convergence. Furthermore, all x, > 0 and hence all digits b,, are nonnegative. For
quantization applications, the magnitude of x,, matters because it determines the magnitude
of b,. Since these digits b, must come from a finite alphabet we shall require that z,, be
bounded. A necessary condition is 8 — o < 1. In what follows we focus on the case
0 < B —a < 1. We ask the following questions: Are {b,} bounded, and if so, what is the
upper bound?

Lemma 2. Let 1 < 3, a < 8 and f — o < 1. Define T(x) = pfx — |ax| and set w =
1—(B—a) ™t Let K = [w(B—1)] where [y] denotes the least integer greater than or
equal to y. Then the fived points of T are {k(3—1)"1:0<k < K}.

Proof. First we notice that T'(z) > (6 — a)z implies that T'(x) > = if x < 0. So T cannot

have a negative fixed point. Now, notice that if T'(z) = = then Sz — k = x where k = |ax].

Thus # = k(8 — 1)71. So all fixed points must be in the form of z = k(8 — 1)~! for some

integer £ > 0. We shall determine which of these k’s actually yield fixed points. To do so, let

x = k(B—1)"! be a fixed point. Then Bz — |az| = x. It follows that |az| = (8 — 1)z = k.
Now |az| = ax — {ax}. So we have ax — k = {ax}. Note that

ok 1-B8+a)k &

51 T 51 Loy

axr — k =
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Thus we have k[w(8 — 1)]7! = {az} < 1, which yields k < w(B — 1) or equivalently,
k < K. Conversely, if 0 < k < K and = = Bﬁl
show that x is a fixed point. |

Proposition 3. Let 1 < o < and f — a < 1. Define T(x) = Sz — |ax] and set
a(B—1) w

3.3 M=|———"7—"7"—"—|.

) Fiecen

Let 7= M(Ba ' —1)+1. For any 0 < x < 7 we have 0 < T"(z) < 7 for all n > 1.

Proof. Note that T'(x) = (8 — a)x + {ax} so T'(x) > 0 for x > 0. Furthermore, as a < 8

we have o~ 1w(B—1) < w(B—1), where w = [1— (B—a)]~!. Thus M < [w(B —1)]. Hence
(M —1)(8—1)"!is a fixed point. For z < Ma~!,

T)<(B-a)z+1<(f—a)Ma ' +1=1.
If M < [w(B —1)], then M(8—1)"! would be also a fixed point by Lemma 2 along with

a(f—1)
Al = (8 — )]

Therefore, T'(z) < x for every x € [M

1M = ol — 1], then (M~ 1)(5 - 1)
r>Ma ™t T(x) <z

As it was just proven, 0 < z < 7 implies 0 < T'(z) < 7. The iteration step is trivial. 1

M
<M:>M(Ba_1—1)+1§ﬁ.
L 7). Hence T'(z) <
1is the largest fixed point of T. Thus for every

Proposition 4. Let 1l < a < and 8 —a < 1. Let M and 7 be as in Proposition 3. For
any x € [0,7) define xo = x and xy,, by, forn > 1 by b, = |ax,_1]| and x, = Tp_1 — by.
Then 0 <z, <7 and b, € {0,1,..., M}.

Proof. Notice that z, = T™(zp). By Proposition 3 we have 0 < z, < 7. Also, by

b, = |ax,—1] it is enough to prove that Tae < M + 1. Now, it follows from « < (3 that
a(f—1) > (o —1). Thus

a—1 a(f—1)
=) “B- -]
Hence a—1 < M[1 — (8 —«)], which yields 7 = M(8—a)+a< (M+1)a "l =b, <M. R

3.2. The fa-Encoder vs. the S-Encoder. The fa-expansion described in the previous
section leads naturally to a quantization scheme assuming a perfect quantizer. When a
flaky quantizer is used, it can still yield a perfect reconstruction with suitable chioces of the
parameters.

Given the conditions 1 < a < 3, 8 — a < 1 we now consider the following general
Ba-enocder given by the scheme xg = z,

bn = Q(axn—l)a
(34) Ty = Brp_1— by
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where @ is a quantizer that such that Q(¢) € {0,1,..., B — 1} for some integer B. The
case B > 2 corresponds to a multi-bits quantizer, which is increasingly used in applications.
Note that @ may have build-in uncertainty as in the 1-bit flasky comparator Q ¢- Our main
concern is to keep xny bounded for every N.

The first natural question is: what bounds should x have to in order to have stability?
Note that if 2o < 0, then z1 = Brg — Q(axg) < Bro. Thus 2y < BNy, making the
sequence diverge to negative infinity. Hence x,, should be positive. On the other hand, note
that if z is bounded for all N, then by (3.2) one has that

TN = hm ZbN"‘” i -1Hp" ?__11

With 0 < z,, < % we have x = Y 7 | b, 87", and thus the exponential accuracy

N
(3.5) 0<z—» b <p "

The theorem below shows that even with an imprecise (multi-bits) quantizer @, which we
shall denote by Q) ¢, we can make {x,} bounded by suitably choosing the parameters 3 and
.

Theorem 5. Let B be a given positive integer and let B,a > 1 such that 1 < 8 < B,
0<fB—a<l. Foranyxel0,1) deﬁnexgzx and

by = Qplax) ),
where the quantizer Q¢(t) € {0,1,...,B — 1} has the property Qf(t) = j implies that
teljaf ™ B (u+7)], with p= (B —1)(8—1)"'. Then 0 <z}, < for all n and hence
N

0<z-> b <us ™.

n=1

Proof. Note that § < B implies i > 1, and therefore asg < u. Now :z:fl = ﬁxf;fl - bfl and

(3.2) is valid regardless of how b£ are chosen. Therefore it suffices to prove that 0 < a:fb < u.
Let’s now examine the respective subintervals.

Assume that 0 < 2, < mu. If Qf(aacf) = j then azd, € [joB™', a8 (1 + j)]. Thus

G871 <l < B7H(u+ j)- Tt follows that 0 = B(j~ )—JS:CZ;HSB[B Hu+5)]—J=n

By induction on n we have 0 < xfl < mu for all n. [ |

By Proposition 4 we may choose B = M + 1 where M = {%w This Sa-encoder
gives a robust multi-bits encoder. A special case is to choose 5 and a so B = 2, which leads
to a robust 1-bit Sa-encoder. The following theorem is a corollary of Theor.me 5, which is
a generalization of the 1-bit (-encoder.
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Theorem 6. Let1 < f <2 anda > 1. Let Q¢ be as in (1.4. Assume that f(f—1) < a < 3
and af~t <y <y <aB Y B—1)"1 and ). Then for any x € [0,1) the encoder given by

l‘g = ,
(3.7) b= Qplazx]_y),
z = 5$£_1 —bf,

has the property that for all N € N

N
0<z-) big<(B-1)""g N

n=1

3.3. Imprecise a-Multiplication. An imprecise quantizer is not the only problem that
can arise in a real application. The multiplication via analog circuits can potentially be
another source of inaccuracy. Thus, by performing two multiplications in the Sa-encoder
we introduce an extra source for potential errors. In this section, we show that the -
multiplication in the Sa-encoder does not have to be very accurate, by allowing each a-
multiplier to multiply a different value each time. We prove the following theorem.

Theorem 7. Let B be a given positive integer and let 3,a, > 1 such that 1 < 8 < B,
% < f—an<1. Forany x € 0,1) letxg::c and

b = Qplanl_),
:1:7]; = ﬁ'rflfl_bfu

where the quantizer Qf(t) € {0,1,...,B — 1} has the property Qs(t) = j implies that
t € [jlsupag)B~, (inf ag) B~ (p + 4)] and Qf(t) = B — 1 if t > (infog)p, with p =
(B—1)(3—1)". Then, 0 < zf, < ju for all n and hence

N

0<z—Y b " <us ™.

n=1
Proof. Note that trivally, for any integer n and 0 < j < B one has that

[(sup ax)B~1, (inf ag) B~ (1 + 5)] € anB ™, anB (1 + 7))

Then, using the same argument as in the proof of Theorem 5 we only need to prove the
set of intervals I; = [j(sup o), (inf ay)(p + j)] cover [0, (inf ay)pB]. Note that 0 € I
and (inf ag)p € Ip_1, and the lower endpoints (as well as the upper endpoints) are in an
increasing order. Thus the only thing left to prove is that I; N Iy # (). For this it suffices
to prove (j + 1)supay < (u+ j) inf ag. Note that by assumption we have

p+7.

(B (B-1)8

> .
P R B B - WPk

(5-1)=
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4. ERGODIC PROPERTIES OF THE (Ja-ENCODER

In the previous chapter we discussed the Sa-Encoder. The scheme defined in (3.1) gives
rise to the dynamical system x,+; = T(x,), where T'(x) = Sz — |ax|. Beyond its practi-
cal applications, this system is interesting on its own from a mathematical point of view,
specifically, the ergodicity of 7', on which we will focus in this section.

4.1. Invariant Sets for T. Let 1 < 6, a < fand 8 — a < 1. As in Lemma 2, denote
T(z) =pr— |az|,w=[1—-(8—a) tand K = [w(B —1)].

For simplicity we will introduce the following additional notation. For 0 < k < K let
k 0 — « 80—«
4.1 A= —— =k 1 =k .
( ) k (,8 — 1) ) gk < o ) + 1, Ck < o >

By Lemma 2, A\ are the nonzero fixed points of T. Observe that the map T'(z) = (8 —
a)x + {ax} is piecewise linear with discontinuities at yx = k/alpha. It is easy to see that
& = limgﬁ_}ykf T(x) and ¢ = limx_)ylj T(x).

Proposition 8. If i and j are indices such that \i—1 < ¢ and § < Nj, then ¢ < &;.
Furthermore the interval ¥ = [(;,&;] is T-invariant in the sense that T'(V) = V.

Proof. Note that

Aict <G
< G+Hl-(pP—0a)
Gi-1+1
= &1

Hence j > i —1, ie. i < j, and therefore ¢; < ¢;.
Now for any 0 < i <n, § <ia~ ' < (i + l)of1 < &11, and also we have
T ([ia™", (i + Vo) =[Gy &ira)-
Thus regardless of how ¢ and j are chosen, as long as 0 < ¢ < j < n we would have

T(V) D W. Now, as (; < (j4+1 and & < &1 for any i, we only have to prove that for the ¢
and j described in the statement, T ([¢;, i, &;]) € ¥ and T ([jot,&;]) € .

Note that

sup T'(z) =& <§;.

r<ia—1l
Also, as \j_1 < ¢; <ia~ !, if one takes ¢; < & < ia~! then T({;) < T(%) < &. Observe that
T(x) — z is continuous and increasing on ({;, ia™ ') interval, and because \;_1 < Z and A\;_;
is a fixed point, one has that T((;) > ¢;. Therefore if (; < Z < ia~! then T(Z) € ¥. An
analogous argument proves that T' ([jofl, gj]) C W¥. Note that by definition, ¥ is a closed

set and we have T'(V) C W C T(V¥), so T' (V) = . [

Of the invariant sets described by Proposition 8, the smallest of them is [(,, &,] where
m = max{i : \i—1 < ¢} and n = min{i : § < A;}. We shall denote it by Qg, or © where
the choice of « and f is clear from the context.
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4.2. Li-Yorke Theorem and Ergodicity of T for K = 1. As it has already been proved,
given o and B with > 1, a < f and f — a < 1 we have T'(2g,) = 2, Note that T' is a
piecewise monotone C'*° function. Furthermore, let Q* be the set where both 7" and dT'/dx
are continuous. Then

inf >1

d
reN* 7T(:L')

dzx

In [7], Lasota and Yorke proved that under these conditions there exist at least one non-
negative function f of bounded variation such that the measure p with du = fdm (where
m is the Lebesgue measure) is invariant under 7, in the sense that

)= [ sam= | Ly Jm = (7).

In a more general setting, let 7 : I — I be piecewise twice continuously differentiable.
Denote I* the set of points where d7/dx exists, and assume that

(4.2) inf > 1.

zel*

%7' ()
We will refer to the points of I —I'* = {x1,...,z} as the points of discontinuity. For x € I,
let A(z) be the set of limit points of 7"(x), that is

o0

(4.3) Az) = () {m (@) iy

N=1

An important property of this set is that it is fixed under 7, i.e. 7(A(z)) = A(z). Let F
be the set of f € L'(I), such that f is an invariant density under 7. In [8], Li and Yorke
proved the following theorem.

Theorem 9. Let 7 : I — I be a piecewise continuous and twice continuous differentiable
interval map satisfying (4.2). Then, there exists a finite collection of sets Ly, La,..., Ly
and a set of functions {f1, fa,..., fn} such that

(1) Each L; is a finite union of closed intervals,

(2) Li N L; contains at most a finite number of points when i # j;

(3) each L; contains at least one point of discontinuity xj, 1 < j < k on its interior;
hencen < k;

fi(x) =0 forxz ¢ L; and f(x) > 0 for almost all x in L;;

(4)
(5) filx)dx =1 for1 <i<n;

(6) ng € F satisfy both (4) and (5), then g = fi almost everywhere;
(7)

(8)

EN|

every f € F can be written as f = Zaifi for suitably chosen {a;}";;
i=1
8) for almost every x € I there is an index i such that A(z) = L;.

Now assume that 1 < § < 2and (f—1) < a < . Then T'(z) = Sz — |ax| generates a 1-
bit quantization for every = € [0,1). Now, by Proposition 8 we have Q5, = [a~!3—1,a714].
This interval contains a unique point of discontinuity for 7' and T”. By Theorem 9, up to
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normalization, there exists a unique non-negative function f € L! such that the measure
dp = fdm is invariant under T'. As this measure is unique, T is ergodic with respect to p.

Indeed, the density of this function can be given in a closed form. In [9], Parry proved
that if 7 is a linear transformation (mod 1), (i.e. 7(x) = bx 4+ a (mod 1) for real numbers
a and b), then the function

1 1
xz<7™(1) z<7"(0)
where 70(2) = x by definition, is the density of an invariant measure of 7 (potentially
signed). Now if o and 3 are the parameters of a 1-bit Sa-encoder, we can define b = 3,

a=(B—-1)(—a)a"!, and f(z) =z — (B —a)a~t. Then T(z) = f~(7(f(x))). By Parry’s

theorem, the function
1 1
g(z) = Z @ - Z @
z<T"(Ba~1) z<T"((B—a)a~1)

is the density of an absolutely continuous signed measure on 23,, and by Li-Yorke’s Theo-
rem, such a measure is necessarily unique up to a re-scaling factor. Therefore, the density
of the unique normalized invariant measure under 7" is

1 1 1
flz) =% > > |
F mn —1 ﬁ n —1 /8
z<T"™(Ba~1) z<T"((B—a)a—1)

where F' is a normalizing factor.

4.3. Invariant Sets of T for K > 1. A natural question at this point is: If K > 1, is
there a unique (up to scaling) measure pu, that is absolutely continuous with respect to the
Lebesgue measure and ergodic with respect to 77 The answer in general is no.

Consider the Sa-encoder with aw = 3/4 and (§ = 3/2. In this case it is easy to show that
K = 2 and Qg, = [1,3]. One may check that T has two different invariant sets, namely
[1,2] and [2,3]. Therefore, by the theorem of Li and Yorke, there is a measure invariant
under 1" for each of these intervals, each one independent of the other.

Notice that in this case, A1, £ and (2, as defined in (4.1), are all equal. Our simulations
suggesst that if for every index ¢ the three numbers )\;, & and (;41 are distinct, then the
system is indeed ergodic. One may conjecture that in this case there is a unique invariant
measure which is ergodic. We leave this as an open question.
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